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Abstract

We show that the compact quotient I'\G of a seven-dimensional simply connected Lie
group G by a co-compact discrete subgroup I' C G does not admit any exact G,-structure
which is induced by a left-invariant one on G.
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1 Introduction

A Gy-structure on a 7-manifold M is a reduction of the structure group of its frame bundle
from the linear group GL(7, R) to the compact exceptional Lie group G,.

The existence of a G,-structure on M is characterized by the existence of a 3-form
@ € Q3(M) satisfying a certain nondegeneracy condition. This 3-form induces a Riemann-
ian metric g, and an orientation on the manifold, and thus a Hodge star operator x,.

When ¢ is closed and co-closed, namely dp =0 and d %, ¢ =0, the intrinsic tor-
sion of the G,-structure vanishes identically, the Riemannian metric 8o is Ricci-flat, and
Hol(g(p) C G,, see [3, 11]. In this case, the G,-structure is said to be torsion-free. A G,
-structure defined by a 3-form ¢ satisfying the weaker condition de = 0 is said to be
closed. A closed G,-structure is called exact if [p] =0 € HiR(M), namely if ¢ = da for
some a € Q*(M).

Currently, many examples of compact manifolds admitting closed G,-structures are
available, see [6, 16, 17, 19, 20] for examples admitting holonomy G, metrics, Fernandez
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et al. [9] for an example obtained resolving the singularities of an orbifold, and [1, 4, 5, 7,
8, 12, 18] for examples on compact quotients of Lie groups. However, it is still not known
whether exact G,-structures may occur on compact 7-manifolds. A negative answer to this
problem was given in [10, 13] in some special cases. In [10], M. Fernandez and the first
and third named author of this paper proved that there are no compact examples of the
form (I'\G, @), where G is a simply connected solvable Lie group with (2, 3)-trivial Lie
algebra g, namely b,(g) = 0 = b5(g), I C G is a cocompact discrete subgroup (lattice), and
@ is an invariant exact G,-structure on I'\G, namely it is induced by a left-invariant exact
G,-structure on G. In [13], Freibert and Salamon showed that the same conclusion holds,
more generally, when the Lie algebra of G admits a codimension-one nilpotent ideal.

Motivated by these results, in this article we investigate the existence of invariant exact
G,-structures on compact quotients of Lie groups, without considering any extra assump-
tion on the properties of the group. In particular, we prove the following result.

Theorem 1.1 A potential compact T-manifold M with an exact Gy-structure @ cannot be of
the form M = I'\G, where G is a seven-dimensional simply connected Lie group, T" C G is
a cocompact discrete subgroup, and the exact Gy-structure @ on M is invariant.

The proof of this theorem will be divided into two parts: in Sect. 2 we focus on the case
when G is non-solvable, while we investigate the solvable case in Sect. 3. We shall deal
only with Lie groups that are unimodular, as this is a necessary condition for the existence
of lattices [21].

There is a one-to-one correspondence between left-invariant exact G,-structures on G
and G,-structures on the Lie algebra g = Lie(G) that are exact with respect to the Cheval-
ley—Eilenberg differential. This allows us to investigate the existence of exact G,-structures
at the Lie algebra level. We recall that a 3-form ¢ on g defines a G,-structure if and only if
the symmetric bilinear map

. 1
b, :gxg— ANg*, b,(v,w) = chOALB AP, (1.1)

satisfies the condition det(bq,)l/ 9 # 0 € A”g* and the symmetric bilinear form
g, i=det(b,)°b, 1 gxg— R

is positive definite, see e.g. [15]. In particular, for any choice of orientation on g, the map
b, :axg— A7g* =~ R has to be positive or negative definite.

By [12], there are 4 non-solvable unimodular Lie algebras admitting closed G,-struc-
tures, up to isomorphism. Three of these Lie algebras are decomposable, and a direct com-
putation with the aid of the software Maple 21 shows that b, is never definite for every
exact 3-form @ = da on each one of them (see Proposition 2.1). The remaining Lie algebra
is indecomposable, and we show that the corresponding simply connected Lie group does
not admit any lattice (see Proposition 2.1). These results prove Theorem 1.1 in the case
when G is non-solvable.

We then focus on the solvable case. Here, there is a further constraint that has to be
taken into account. Indeed, a solvable Lie group admits lattices only if it is strongly uni-
modular [14] (see Sect. 3 for the definition). The proof of Theorem 1.1 when G is solv-
able follows then from Theorem 3.2, where we show that a seven-dimensional strongly
unimodular solvable Lie algebra g does not admit any exact G,-structure. To achieve this
result, we first observe that every such Lie algebra is a semidirect product g = 8 X, R, for
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Exact G,-structures on compact quotients of Lie groups 903

some codimension-one unimodular ideal 8 of g, which must be solvable and non-nilpotent
by [13], and some derivation D € Der (8). The strongly unimodular condition on g is then
encoded into the derivation D, while the existence of an exact G,-structure on g implies
the existence of a certain type of SU(3)-structure on 8. Using these constraints together
with the classification of six-dimensional unimodular solvable non-nilpotent Lie algebras,
we show that none of these Lie algebras can occur as an ideal of a strongly unimodular
solvable Lie algebra admitting exact G,-structures. As in the proof of Proposition 2.1, the
computations are done with the aid of the software Maple 21.

1.1 Notation

Given an n-dimensional Lie algebra g, its structure equations with respect to a basis
B =(e!,...,e") of g* are specified by the n-tuple (de', ..., de"), where d denotes the
Chevalley-Eilenberg differential of g. The basis of g with dual basis B* is denoted by
(eq,...,€,).

The shortening e/ for the wedge product of covectors e/ A & A ek A ---is used through-
out the paper.

2 The non-solvable case

In this section, we deal with the case when the simply connected unimodular Lie group
G is non-solvable. We claim that, in such a case, there are no compact 7-manifolds of the
form I'\G admitting invariant exact G,-structures.

By [12], we know that G admits left-invariant closed G,-structures if and only if its Lie
algebra g is isomorphic to one of the following

q; = <—€23,—2€12,2613,0, —é, 1646 — Y, le47>;
2 2
4 = (—e”,=2€",2€5,0,—e®, —p e, (1 + we’), -1<pu< —%;

a5 = (—623,—2612,26‘13,0, —u e45,ge46 M My 5647)’ 4> 0:

4= (_623’ 262,263, 14— 25 _ M 15 _ 657!2667,0).

The first three Lie algebras appearing in the previous list decompose as q = 31(2,R) @ r,
where t is a four-dimensional unimodular centerless solvable Lie algebra, while the Lie
algebra q, is indecomposable.

The proof of our claim follows from the next two propositions.

Proposition 2.1 A seven-dimensional unimodular non-solvable Lie algebra ¢ does not
admit any exact G,-structure if it is decomposable.
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904 A.Fino et al.

Proof By [12], g is isomorphic to one of q;,q,, q;. For each one of these Lie algebras,

we consider the generic 2-form a = 21 <i<j<T aijeij, where a; € R, and we use the struc-
ture equations to compute the expression of the generic exact 3-form ¢ = da. In detail, we

obtain

e Lie algebra q;

@ = —2ay, ' — 20,5 €' — 2ay5 €' — 2a,; €' + 2a5, €' + 2a55 €' + 2a54 €'

1 1
+2ay eV 4 a5 - 5“169146 + (016 _ Ea”)em —ay, & — a5
236 237 us 1 246 1 247 345
— g€ — a7+ ays ¢ = Sar e + (a%— 5a27>e +asse
1 346 1 347 1 456 467 1 457,
= 56¢" + (a3 = 5y )¢ = Sasg e +ag ¢ — (a5 + Sasy s

e Lie algebra q,

@ = —2ay, ' — 20,5 €' — 2a,5€'*0 — 2a,; €' + 2a5, €' + 2a55 €' + 2a54 €'

+2a5 €' +ay5 e +agu e — a1+ p) eV —ay, e — a5

236 237 245 246 247 345
—age —ap e fay e Faxpue ™ —ay(1+pu)e™ +asse

+azepn e —ag;(1+ ) &Y — asg(1 + p) e + aszp P’ + ag; &

e Lie algebra q;

@ = =2ay, ' = 2a,5 €' = 2a,5¢'% — 24,7 €' + 2a5, €' + 2a55 €' + 2054 €'

1 14 1 14 1 14 234
+2a3; " +aspue® - (5a16u+a17>e 6 (Ea”,u —a16>e T—ay,e?

23 236 247

1 1
— a5 — a5 — a7 +apsp e ~ (5“26/” + az7>3246 - (5“27# - a%)e
1 1 1
+assu e — (5“36# + 037)6346 - <§a37;4 - 5136)6347 - (5“56# - “57)9456

1
- <§a57,u + a56>e457 +agu e

Now, a direct computation with the aid of the software Maple 21 shows that in each case
the bilinear map b(p defined in (1.1) satisfies b(p(ei, e;) =0, for i =5,6,7. Consequently,
@ = da does not define a G,-structure on g,, for k = 1,2, 3. O

Proposition 2.2 Let Q, be the simply connected Lie group with Lie algebra q,. Then, Q,
does not admit any lattice.

Proof The Lie algebra q, is isomorphic to a semi-direct product of the form 31(2, R) IX ¢,
where the semisimple part is spanned by e|,e,,e;, and the four-dimensional radical
r = R X, R3is almost abelian, with R = {e,), R? = (e, es, ¢5) and

-1 0 0
=ad,|p=[0 —10f
0 0 2
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Exact G,-structures on compact quotients of Lie groups 905

In particular, the radical of Q, is the almost abelian Lie group R X, R3, where the one-
parameter group u : R — Aut (R?)is defined by the condition du(f) = exp(tD).

Now, by [23, Prop. 1.3], if Q, has a lattice, then also its radical does. By [2], in such a
case there must be some ¢ € R ~ {0} such that

e’ 0 0
expD)=| 0 e’ 0
0 0 &
is conjugate to a matrix in SL(3, Z). This is not possible by [2, Lemma B.4]. O

3 The solvable case

We now assume that G is solvable. As shown in [14], a simply connected solvable Lie
group admitting lattices must be strongly unimodular according to the following.

Definition 3.1 Let G be a simply connected solvable Lie group with Lie algebra g and
nilradical n. For each positive integer i > 1, let n' := [n, n"'] denote the i term in the
descending central series of n, where n° = n. The Lie algebra g is strongly unimodular if
for all X € g the restriction of ad , to each space n’/n™' is traceless. In this case, the Lie
group G is said to be strongly unimodular.

As the name suggests, strongly unimodular Lie groups are unimodular, but the converse
does not hold in general, see for instance [10].
The proof of Theorem 1.1 in the case when G is solvable follows from the next result.

Theorem 3.2 A seven-dimensional strongly unimodular solvable Lie algebra g does not
admit any exact G,-structure.

Before describing the strategy of the proof, we discuss some preliminary results. Let g
be a unimodular solvable Lie algebra endowed with a G,-structure ¢. Then, it has a codi-
mension-one unimodular ideal 8, and we can consider the g -orthogonal decomposition
g = 3 ® R, where R denotes the orthogonal complement of 8. As a Lie algebra, g is then a
semidirect product of the form g = $ X, R, for some derivation D of 8. The G,-structure @
on g can be written as follows

p=wAnty,

where # := 2’ is the metric dual of a unit vector z € R, and the pair (e, ) defines an
SU(3)-structure on 8. In detail (see also [15]):

a) ® € A’8*is a non-degenerate 2-form, i.e., @ = 0 Aw A @ # 0;
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906 A.Fino et al.

b) w € A38*is a negative stable 3-form, namely a stable 3-form whose associated quartic
polynomial satisfies A(y) < 0. Here, A(y): = —tr(Kz) where K, € End (8) is defined
as follows. Let A:A°8* — & ® A®8* be the 1somorphlsm 1nduced by the wedge prod-
uct A 1 A°8* @ 8" — A°8*, then K,,(v) ® @ = A(L,y A ), for all v € 8. In particular,
Ki = AMy)Id,, so that (o, y) determines an almost complex structure

J:8— 38, J=;Kw; @3.1)

V=4y)

¢) 1 is primitive with respect to w, i.e., w A @ = 0. This is equivalent to w being of type
(1, 1) with respect to J, namely w(J+,J:) = @
d) the symmetric bilinear form g := w(-,J-) is positive definite.

Remark 3.3 More generally, given a stable 3-form y on 8, one can define the endomor-
phism K, by choosing any volume form Q on 4 in place of >, and the sign of A(y) does
not depend on this choice. Moreover, if A(y) < 0, the almost complex structure J depends
only on y and on the orientation of 8. Changing the orientation, one obtains the almost
complex structure —J. Finally, we recall that y is a negative stable 3-form if and only if the
contraction 1,y has rank four for every non-zero vector v € 8.

Using the definition of the Chevalley—Eilenberg differential d of g, we also see that
dn = 0. Indeed, for every x,y € g we have

d’?(x’y) = _n([x’y]) = _g(p(z’ [x’y]) =0

since [x,y] € 3 = (z)lgw.

Assume now that @ is an exact G,-structure on g = 3 X, R, namely ¢ = da for some
@& € A’g*. By [13], we know that if g is strongly unimodular, then the solvable ideal 8 is
not nilpotent.

We can write & = a + f A 5, where & € A?3* and f € 8*. Then,

p=da+Darn+dfAn= (21ﬂ+D*a)/\n+cAla,

where d denotes the Chevalley—Eilenberg differential of 8, and the action of D € Der(8) on
A?8* is defined as follows

D*a(x,,x,) = —a(Dx,,x,) — a(x,, Dx,),
for all x;,x, € 8. From this, we see that 8 has an SU(3)-structure defined by the pair
w :=dpf + D*a, v i=da. (3.2)

In particular, y is an exact stable 3-form on 8.

The previous discussion highlights some necessary conditions imposed by the exist-
ence of an exact G,-structure on a seven-dimensional (strongly) unimodular solvable Lie
algebra g = 8 X, R. To show Theorem 3.2, we can then proceed as follows. The ideal
38 is a six-dimensional unimodular solvable non-nilpotent Lie algebra. The Lie algebras
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Exact G,-structures on compact quotients of Lie groups 907

satisfying these properties are classified up to isomorphism, so we can investigate each
case separately. First, we determine which of these Lie algebras do not admit any nega-
tive stable exact 3-form, and we rule them out. For each one of the remaining Lie alge-
bras, we consider the generic derivation D € Der (3) and we determine the conditions
guaranteeing that the extension g = 8 X, R is strongly unimodular. Then, we investigate
whether a generic pair (w,y) of the form (3.2) can define an SU(3)-structure on 3. If
this is not the case, then we rule 8 out. As we will see, none of the six-dimensional uni-
modular solvable non-nilpotent Lie algebras passes both tests. From this, the proof of
Theorem 3.2 follows.

Remark 3.4 If the derivation D € Der (3) is not nilpotent, then the nilradical of ¢ = 8 X, R
coincides with the nilradical n of 8. Otherwise, it is given by n X, R.

The structure equations of all six-dimensional unimodular solvable non-nilpotent Lie
algebras can be found in the literature. Here, we consider the list given in [2, Appendix A],
where the classification results of various preceding works have been meticulously col-
lected. The structure equations of the decomposable unimodular Lie algebras can be deter-
mined from the tables A.1, A.3, A4, A5, A.6, A7 in [2], and they are listed in Table 1 of
Appendix A, where the unimodular Lie algebra g3 2 not appearing in Table A.1 of [2] is
also included (see [22]). The structure equations of the unimodular indecomposable Lie
algebras are given in the tables A.9-A.19 of [2], and we refer the reader to it for the list.

In what follows, the non-abelian Lie algebras are denoted as in [2], namely we use the
symbol g, to denote the k™ Lie algebra of dimension n appearing in the list of non-iso-
morphic n-dimensional solvable Lie algebras. Moreover, superscripts like g”% denote
the values of the real parameters on which a Lie algebra depends. Finally, we denote the
n-dimensional abelian Lie algebra ng, by R".

We will investigate the decomposable and the indecomposable case separately.

3.1 The decomposable case

We begin considering the Lie algebras listed in Table 1 of Appendix A. The next result
shows that most of them cannot occur as an ideal of a unimodular solvable Lie algebra
admitting exact G,-structures.

Proposition 3.5 A six-dimensional unimodular decomposable solvable non-nilpotent Lie

algebra 3 admits negatlve stable exact 3-forms lf and only if it is isomorphic to one of the
—1,-1

following: a7, @ 63, 95 30 ‘OR, 855 OR 95 5 OR.

Proof Let & be one of the Lie algebras appearing in Table 1, and let (', ..., €% be the
basis of 8" used to describe the structure equations. We consider a generic 2-form
=Y <i<6 %ij ¥ € A’8*, where a; € R, and we compute its Chevalley-Eilenberg dif-

ferential da using the structure equations. Then, we determine the quartic polynomial

A(d) as explained before. Notice that we are free to choose the 6-form ¢!23%% in place of a

generic non-zero element in A°8* representing w?, since the sign of A(da) does not depend
on the choice of orientation for 8. The Lie algebras for which A(da) > 0 are the following
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908 A.Fino et al.

g34 1) g31 : Mda) = 4a3 a3,
a4, @ 93,5 D Mda) = 4(at, + ats) (a3, + ad);
95 1 Mdo) = (a}, +a3,)"
95Dl Mda) = ((ay, + a25)2 + (a5 — a24)?) (@14 — as)* + (ays + az)?);
9?:1_92#2@"% D Mda) = 4(1+p) ajag;

455 OR : A(da) = 164],a%;

44

gszg@lR : AMda) = 16 p? a14 16,
-3/2 2

955 OR: A(da) = “14“16

As for the Lie algebras of Table 1 that are not 1som0rphlc to any of the previous ones nor to
one ofg (4} 93 o 95 30 63 R, g5 5 69 R, 95 e 69 R, we have A(da) 0. On the remalnlng
Lie algebras there exist exact 3-forms da such that A(da) < 0. The expression of A(a’a) for
these Lie algebras will be given in the proofs of the next propositions. a
_2\(7)\7e are left with the decomposable Lie algebras g34 @ 934, gs%z DR, gsl ToR,

5 55 © R. We divide the discussion into three propositions, as we use different strate-
gies to rule them out.

Proposition 3.6 The Lie algebras g5 30 €B R and g5 pye %@ R cannot occur as an ideal of a
strongly unimodular solvable Lie algebra admitting exact G,-structures.

Proof Let 8 = 3530 43 @ R, and consider the basis (¢, ..., %) of 8* for which the structure
equations are those given in Table 1, namely

95_2{)3 OR = (_ez4 _ %els,_e% + %625’ ‘5‘635’_645’0’()).
Let B= (e, ..., es) be the basis of 8 with dual basis (¢!, ...,e%). The generic derivation

D € Der (8) has the following matrix representation with respect to the basis B

a, a, 0 as a 0
0as a ag —la3 0
D= 0 0 2as—a; O —§a60 i
00 0 a—as —a, 0
00 0 0 0 o0
00 0 0 a; ag

wherea, ..., a3 € R.
The nilradical of 8 is n = (e, e, €5, €4, €4), and it has the following descending central
series

n’=mn, n'=(e,e), n={(), n'={0},k>3

From this, we see that the Lie algebra ¢ = 8 X, R is strongly unimodular only when
a; =as=ag=0.
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Exact G,-structures on compact quotients of Lie groups 909

We now consider a generic 2-form « =3 <i<6 % e and a generic 1-form
p= Zl . Be* on 8, and we compute the forms

w=dp + D*a, v =da.

Then, for the values of the parameters a; and b, for which @3 # 0and

Mda) = g( 123 a7+ 20160601203 — 100:120:]6(123 40112205160136 + 0‘12"’;@) <0,
we determine the almost complex structure J using the formula (3.1). Notice that the sign
of J depends on o’ being a positive or negative multiple of the volume form ¢'2**°, Now, a
direct computation shows that w(e;, Je;) = 0, for i = 1, 2, 3. Therefore, the pair (w, y) can-
not define an SU(3)-structure on 8.
Similar computations for the Lie algebra

ggéso @ R = (2614, —624 _ 635,625 _ 634,0, 0’0)

show that the derivation D must have the following matrix representation

a 0 0O0a O 0
0 a3 a4 as ag 0
D= 0 —ay a; a5 —as 0
0 0 00 O 0 ’
0 0 00 O 0
0 0 0a a3 —a; —2a,

and that whenever
~ 2 2 2 2
Ada) = 4(0526 + a36) (a12 + a13) + 16 a23a16(a12a36 - a130{26) <0,
we have

1 2
(e, Je) w(eg, Jeg) = m 16 afé (a§6 + a§6) (afz + af3) (al + 2a3) <0,
a

whence the thesis follows. O

Proposition 3.7 The Lie algebra g;}‘ @ g;‘ cannot occur as an ideal of a strongly unimod-
ular solvable Lie algebra admitting exact G,-structures.

Proof Let$ = g3 LD g;i, and let B* = (¢!, ..., €) be the basis of 3* for which the structure
equations are

13 23 46 56
g34®g34 ( e’,e”,0,—e",e ,0)

Let B = (e, ... , ¢) be the basis of 8 with dual basis B*. Then, the nilradical of 8 is the abe-
lian ideal n = (e, e,, €4, €5), and the generic derivation D € Der (8) for which 8 X, R is
strongly unimodular has the following matrix representation with respect to B
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910 A.Fino et al.

a, 0a, 0 0 0
0 a3 a4 O 0 0
D= 0000 0 0
0 0 0 as 0 ag |
0000 —as—a3;—a, ag
0000 0 0

where a; € R.
. . N . 6 k
—_— 1 —
We consider a generic 2-form a = ) 1<i<j<6 al-jef, a generic 1-form g =) i1 prefon 3,

and the forms @ = df + D*a and w = da. We have

w=—apla + cz3)e12 + (—aya;3 — azay, — ﬂ,)613 —apa, + as)e14 + a5(as + a3)615
+(—ayayq — agayy — aga15)e' + (@01, — a3053 + fr)e” — ay(as + az)e’
+ aps(a; + azs)e25 + (—az30y5 — agty, — a8a25)626 + (—a,ay4 — azo, — a5a34)e34
+ (41035 — Ay a5 + 3035 — Ays + Asaas)e” + (—aya16 — Ayt — dgltyy — dgzs)e™®

45 46 56
+ oys(a) + az)e™ + (—asayg — agays — Pyle™ + (a)asg + azasg + asasg + agtys + Ps)e”,
and

w=— a0 — 256! — a10e' + a6 — a5 + aye

26 _ g, 0 4 gy, e — ay e

234 + ays 6235

+ a266236 + aye

123456

Choosing the volume form e , We compute

Ay) =16 ay4 a5 @y ps.

Assuming that A(y) < 0, we determine the almost complex structure J induced by y and
the chosen orientation. We now show that there exists a nonzero vector x € 8 such that
w(x,Jx) = 0. From this, the thesis follows.

Let us consider the family of nilpotent derivations S € Der (8) having the following
matrix representation with respect to B:

005000
005,000
000000
00000 s
00000 s,
000000

where s5; €R, and let F :=exp(S) € Aut(8). From the pair (o, y), we obtain the pair
(F*o, F*y) with associated almost complex structure Jz.,, = F ~loJoF.

We claim that there exists a choice of the real numbers s; for which F*w(e;, ¢¢) = 0 and
Jpe,(e3) € (e3, €). This implies that o(x, Jx) = 0 for x = Fej, as

o(Fey, JFe;) = F*w(es, Jp. e3) = 0.
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Exact G,-structures on compact quotients of Lie groups M

Comparing
Fry = a256235 _ a256256 + a246234 + a246246 _ 0‘159135 _ alselsé _ a14el34 + a]4el46
— (o483 + o158, + 0{16)(3136 + (483 + o584 + ar26)e236
+ (a8 + Ay, + a34)e346 — (o158 + o558, + a35)e356,
and
Frw(es, e5) = — ays,(a1483 + Q1) + a154(ap58, + 35) + a354(a;58; + Az5) — 35, (X85 + ag)

—(assy + ag)(a48) + oSy + a3y) + (assy — ag)(a 58, + oys8, + a35)
— Ay (@483 + 1584 + 016) — (A3 + Aoy + ),

236

, 6346, 3

we see that the latter is zero if the coefficients of e'3, e % in the expression of
F*y vanish, namely if the following linear system in s,, $,, 53, 54 is compatible

®1453 + Ay554 = — e,
U483 + (ps584 = — e,
U14S) + Ay = —Azy,
®y58) + ApsSH) = —ss.

Under the assumption A(y) = 16 a4 @5 ay4 a5 < 0, the system has a unique solution
(3,,5,53,5,). Let F € Aut(8) be the automorphism corresponding to the choice s; = 5, for
i=1,2,3,4. Then,

235 256

Ty 234
Fy = ayse™” — ap5e™° + ayye

246 35 156 46

1 134 1
+ay e —ase T —ase T —apue T Fagge T,

and F*w(e;,eg) = 0. A computation then shows that J Fy€3 € (€3, ¢6), and the claim fol-
lows. O

Proposition 3.8 The Lie algebra gg;’;l @ R cannot occur as an ideal of a strongly uni-
modular solvable Lie algebra admitting exact G,-structures.

Proof Let3 = g;;’;' @ R and let B* = (¢, ..., ¢°) be the basis of 3* for which the structure
equations are

(—6‘14, -2, +¢%,0,0, 0).

Let B = (e, ... , ¢) be the basis of 8 with dual basis B*. Then, the nilradical of 8 is the abe-
lian ideal n = (e, e,, €3, ¢4), and the generic derivation D € Der (8) for whichg = 8 X, R
is strongly unimodular must have the following matrix representation with respect to 3

a 0 0a, O 0
0a; 0 0 ay 0

D= 0 0 as aq ag 0
000O0OO 0 ’
000O0O 0
00 0 a;,a3 —as—a;—a

where g; € R.
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. . ie . 6 k
B - i - =
We consider a generic 2-form a = ¥, ;¢ a;¢ and a generic 1-form f = ¥, fie* on

3, and we let o = Eiﬂ +D*aandy = da. Then

w=—ap(a; +a3)e” —a;(a, +as)e” + (—aya, — ajza, — aa; — py)e'
+ (—aysa, — appa, — a3a5 — aygag)e’® + ajg(as +as)e'® — ay(as + as)e”

+ (@1205 — ap4a3 — @36 — 0‘26“7)6’24 + (—apsa3 — ay3a6 — ayag — /32)625

+ oy (ay +as)e®® + (o130, — a3405 — azea7 + f3) € + aze(a; +az)e®

+ (ap3a4 — a35as — azeag + f3) ¥ + (aueay — @160 + ayeas + aygas — asgag) e’

+ (=150, + apay + @306 — @350 + asgiy — ageag)e®

56
+ (0‘5601 + 5603 — Axeay + Aseds — 0‘36‘16)5 )

and

125 4 o124) _ g o135 — g e — a0e!%0 — ape? + ayy e — a26e256

346 + 6356).

v = ap(e
+ (35 — 0534)e345 + az6(e
We will prove that there are no values of the parameters a,., a;, B, for which the pair (o, )

defines an SU(3)-structure.
Let us assume that @’ # 0 and

Ay) = 4(0’260’36“120’13 — Q3036015 %6 + 0’130‘160’23“26) <0.

Up to changing the sign of @, we can assume that the corresponding orientation is e!234%,
We can then determine the almost complex structure J induced by the pair (w, ) and con-
sider the bilinear form g = w(-,J-). Let g; 1= g(e;, ¢;) be the components of the matrix

associated with g with respect to the basis 5. We must have

D) a3 a6 a3ty azg # 0,

as otherwise g;; = 0, for at least one i € {1,2,3,6}.
We now focus on the compatibility condition @ A y = 0, which is equivalent to a sys-
tem of five polynomial equations in the variables a,, a;;, f;. We compute

(wAw)e, ey, es,ey,e5) = 2(a15005(as + as) — aja36(a; +az)) =: zy,

(wAy)e, e, es,es,eq) = =2(a3ax5(a; + as) + apaz6(a; +az)) =: z,,

and we use the equalities

S _Ba_Be_ 86 _ ()W)
= = = 172 ,

app Ay U36 36
813 831 862 826 Y~
—_—= = —:——:—Z1 —ﬂ(l[/)’
a3 a3 O X6
816 861 832 823
i il il RS RVAV I
A6 Qg 3 a3

to conclude that every solution of the system must give

i) gle;e) =0, fori,j € {1,2,3,6) withi # .
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The three equations
((U/\W)(ez, 6’3,34,95795) =0, (a)/\y/)(e,,e3,e4,65,eﬁ) =0, (CU/\I[I)(6|,62,£’4,€5,€6) =0,

determine a linear system in the variables f,, f5,, f;, which has a unique solution under the
constraint (i). The remaining equations

(oA W)(€1,€2,€3,€4,€5) =0,
(a) A ll/)(31,32,33,34,36) = 03 (33)
(0w Ay)(e,e,,e3,e5,e5) =0,

do not contain the variables f,’s, and we can solve the system (3.3) in the following cases:

(A) apr03006036 + 0@ 6003036 + A 301603056 # 0, namely (3.3) is a compatible linear
system in the variables a,, a,, as;

(B) a1, 306036 — 0116003035 — A130603%6 7 0, namely (3.3) is a compatible linear
system in the variables a;, a,, a;.

Indeed, if the two polynomials above are both zero, then @, @5 ay a3 = 0, which con-
tradicts the condition (i). In both cases (A) and (B), we can use the constraint to solve the
system (3.3). Then, we have w A w = 0, and the bilinear form g = w(-,J-) is symmetric.
We now show that g is never positive definite.

To simplify the computations, we can proceed as follows. Let us consider the derivation
S € Der (8) whose matrix with respect to the basis B is

000s, 00
0000s,0
000s3530
0ooooo0oyf
000000
000000

where

_QpQ3q — AppQ3s + Q3054 — Ays0o;

s

2ap,a13

5y = _ Gpply — @pQ35 — dj3dny + &y503 ’
2a5a43

53 = Qo34 — X pQ3s — X304 — ‘1150’23.
2ap,a13

Then, the automorphism F = exp(S) € Aut (8) is such that

124 135 146 234

+e') —aze' —age! — ayye™t — a5 + ayg (e346 +e

Fry = ap(e 356),

Notice that A(F*y) = A(y). Moreover, this choice of F guarantees that the condition (ii)
is satisfied also by the bilinear form F*g = F*@(:,Jp.,,-), where Jp..,, = F~'oJoF. In addi-

tion, the subspaces V| = (e}, e,, €3, ¢¢) and V, = {e,, e5) are Jp. -invariant.
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914 A.Fino et al.

Let Q be the matrix associated to F*g with respect to the basis B. We will show that
there are no values of the parameters a,, a;;, f; for which Q is symmetric and positive defi-
nite. If that was the case, then it would be possible to construct a F*g-orthonormal basis
(v, ..., vg) starting from B in such a way that

6
hi4ei + h64e6’ Vs = 2 hijeja
i=1 i=1

v; =he;

i

i=1,2,3,6, V4=

i

4

where hy, > 0, for 1 < k < 6. Consequently, there would exist an invertible 6 X 6 matrix
P= (pi]-), given by the inverse of H = (hl_v]-), such that

0=PP,
and whose entries satisfy the following conditions
P >0, psy=0, p,=0,forl<k<6andi#kin{l,2,3,6}. (3.4)
Moreover, the following quantities should all be positive

Frgley,e))  apag Frgley,e;)  appan; Frg(es, e3) o33
—_—— 5 — ) _—— .
Frg(eg, e6) Utze  Frgleg,eq)  aigass  Frgleg, eq) 160

(3.5)

Let &C R be the (non-empty) open subset where all of the previous conditions hold.
Notice that condition (i) is satisfied by every 6-tuple (@}, @3, @6, Ap3, Upg, U35) € E.

Since (JFXW)’ 0 = —0J.,, we determine all 6 X 6 invertible matrices P = (p;) whose
entries satisfy the conditions (3.4) and for which

Z := (Up,)' (P'P) + (P'P)p,,

is the zero matrix. On &, this boils down to solving a system of 17 equations in the
unknowns iz under the constraints (3.4). The sub-system {Zij =0]ij=1,2,3,6, i<}
has the following solution

pi=p App0y3 Py =p ¥1p0o3 P =p 303
n= 66\/— > P2 = Pes v P33 =Pes\[ T
Ar6%36 X16%36 A16%26

for any choice of pgc > 0. The positivity of the quantities in (3.5) together with conditions
(3.4) ensure that the sub-system {Z,, =0|i=1,2,3,6} can be solved with respect to the
unknowns py, for i = 1,2,3,6, and one has that the solution also solves the sub-system
{Zs=0]i=1,2,3,6}. We are then left with the equations Z,, =0, Z,s =0, Zss = 0.
The equation Z,, = 0 has the following solution

Q16023
Pas = (1 + —)1’45’
A1 %36

and by the positivity of the quantities in (3.5) we must have p,s > 0. Finally, the equations
Z,s = 0 = Zss hold if and only if

20 AMFW)
(12036) P35 + = —Pis =0,

and we thus obtain
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V—AF*y)

2| a6

Pss = P4s>
Summing up, when (a;,, &3, &, Xa3, Ao, A36) € &, then all 6 X 6 matrices P satisfy-
ing the conditions (3.4) and (Jp.,)'(P'P)+ (P'P)Jp.,, =0 constitute a family & of
matrices depending on two positive real parameters pg, and p,s, and on real parameters
P15>P25>P355 Pes-

Now, if Q was symmetric and positive definite, then there would exist a matrix P € &
such that Q = P'P. In particular, the following identity should hold

QJp., = P'Plp.,. (3.6)

Assume that (a;,, a3, a6, p3, Upg, @3¢) € & is given. In the cases (A) and (B), which
ensure that Q is symmetric, we consider the system of equations corresponding to the
matrix identity (3.6), where P is any matrix in &?. This consists in 15 equations in the
unknowns ays, Qpy, Az4, Azs, Augs Asg, dus Ag, A7, dg, and as, in case A), or as, in case (B).
With the aid of a computer algebra system, it is possible to show that there are no values of
the unknowns for which the system can be solved. This gives a contradiction.

For the reader’s convenience, we now describe the relevant steps leading to the con-
clusion. Let M := QJp.,, — P’PJF*W. In case (A), the entries Mj;, for i,j € {1,2,3, 6} with
i <, are all proportional to the same polynomial and one has M; = 0 if and only if

2
Peg Q03006036 + Q101603036 + X130 60X)3006

4= W(F*
A16026%36 (F*y)

We now consider the equations M, = 0 and M;; =0,i € {1,2,3,6}, which can be seen as
a linear system of eight equations in the unknowns ay, d¢, a; and ag. This system admits a
unique solution on &. We are left with the equation M,s = 0. On &, M,s can be seen as a
second degree polynomial in the unknowns a;s, @4, @34, X35, Ayq, As6. We claim that M5 is
always non-zero. Thinking of M,s as a polynomial in 5, we first compute its discriminant
A, which is a second degree polynomial in the remaining unknowns. To show the claim,
we think of A, as a second degree polynomial in a,, and we prove that it is always nega-
tive. First, we observe that the leading coefficient of A, is negative on &. Indeed, its sign is
determined by

—®c%)3 (0‘12“36 — Q309 + 0‘16“23)’

and the quantity inside the brackets has the same sign of @4a,; on &. The discriminant A,
of A, can be seen as a quadratic form in p;s, Pas, P35> Pas» Pes» Which is negative definite on
& since pys > 0. Therefore, A; < 0. An analogous discussion shows the thesis also in case
B).

a

3.2 The indecomposable case

We now consider six-dimensional indecomposable unimodular solvable non-nilpotent
Lie algebras. Their structure equations with respect to a suitable basis (X, ..., X,) can be
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916 A.Fino et al.

found in the tables A.9—A.19 of [2], where the Lie algebras are gathered together accord-
ing to their nilradical. Notice that there are a few misprints in [2] that must be corrected as
follows:

e Lie algebra gg‘;s of Table A.12: [X;, X4] = 5X5, [X5, Xs] = —4X5;
e Lie algebra gZ’éS of Table A.15: [X,, X¢] = IX, + X5;

e Lie algebra g> 72 of Table A.19: [X3, X;] = X,.

6,135
In the following, we will keep on denoting the basis of a Lie algebra by (e, ..., ¢,) and the
corresponding dual basis by (¢!, ..., €%).

The next general result rules out the Lie algebras listed in tables A.9, A.10, A.15 of [2].

Proposition 3.9 Let 8 be a six-dimensional unimodular solvable non-nilpotent Lie algebra,
and denote by n its nilradical. Then, every exact 3-form da € A38* is not stable, whenever
n is isomorphic to one of the Lie algebras R, g | @ R, gs 4, where g3 | and g5 , denote the
three-dimensional and the five-dimensional Heisenberg Lie algebra, respectively.

Proof We have 8 =~ n X4 R, where S € Der (n) is a derivation of the five-dimensional nil-

potent ideal n. We choose a basis (e, ..., ¢eg) of 8 so that n = (e, ..., e5) and R = (eg).
Then, we can write every 2-form a € A23* with respect to the dual basis (e, ..., e as
follows

! 6
a=a,+a Ae’,

where a, € A’n* and @’ € n*. We will prove that da is never stable by showing the exist-
ence of a non-zero vector x € n for which the 2-form 1 ,da has rank at most two.

When 8 is almost abelian, namely n & R, the Chevalley—Filenberg differential of « is
given by

da = S*a, Ae®.

Thus, for every non-zero vector x € n we have rda = (1,5*a,) A €. Consequently,
. da A 1, da = 0 and the claim follows.

Let d, denote the Chevalley-Eilenberg differential of n. Whenn = g; | & RZorn 5.4
we can choose the basis (', ..., e°) of n* in such a way that dnek =0, fork =2,3,4,5, and
d,e' = e” when n = g;; @ R? while d,e' = ¢ + ¥
then obtain

when n & g5 4. In both cases, we

lelfia = (1, S*ay) A€,

1

and from this we see that 1, da has rank at most two. O

For every Lie algebra 8 not isomorphic to one of those considered in the previ-
ous proposition, we first have to compute the expression of the generic derivation
D € Der (8), consider the extension g = 8 X, R, and determine for which derivations
D it is strongly unimodular. Then, we have to show that there are no pairs (w, y) of the
form (3.2) defining an SU(3)-structure on 8. We shall deal with this problem in the next
propositions.
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Proposition 3.10 The indecomposable unimodular solvable non-nilpotent Lie algebras
listed in [2, Table A.11] (nilradical g4, @ R) cannot occur as an ideal of a strongly uni-
modular solvable Lie algebra admitting exact G,-structures.

Proof Let 8 denote one of the Lie algebras listed in Table A.11 of [2], and let (e, ..., ¢4) be
the basis of 8 for which the structure equations are those given in that table. The nilradical
ofisn = (e, e,,e3,¢4,€5) = g, @R, and its descending central series is

n’=n, n'=(e,e), n={(e), n={0},i>3.

Let D be a generic derivation of 3, and consider the extension g = 8 X, R. Then, a com-
putation shows that g is strongly unimodular only when e, € ker D and the image of the
restriction of D to the subspace (e, e;) C 8 is (e,). Now, we determine the expression of
the almost complex structure J induced by a generic negative stable exact 3-form da and
the volume form ¢!23*36, and we observe that Je, € (e,, e,, €3). Since [e, e,] = 0 = [e,, €3],
we see that

w(e,,Jey) = (21/3 + D*a)(e,, Je,) = —f([e,y, Jey]) — a(De,, Je,) — aley, Die,) = 0.

Since the previous discussion holds for every @ € A28* and f € 8* such that @’ # 0 and da
is stable, the thesis follows. O

Proposition 3.11 The six-dimensional indecomposable unimodular solvable non-nil-
potent Lie algebras listed in Table A.12 (nilradical gs,), A.13 (nilradical gs,), A.14

(nilradical g5 3), A.16 (nilradical gs5), A.18 and A.19 (nilradical g;; @ R) of [2] can-
not occur as an ideal of a strongly unimodular solvable Lie algebra admitting exact G,
-structures.

Proof Among the Lie algebras mentioned in the statement, gé}i”l, gg% and ggfé (all with
nilradical g5 ) are the only ones depending on a real parameter. When 8 is one of these Lie
algebras, then g = 8 X, R is strongly unimodular only for a certain value of the parameter.
As we will see, this fact will be relevant to rule out two of them, namely gé;il’l and gé’%.
Thus, we begin assuming that § is any of the Lie algebras considered in the statement, with
the exception of gé;ﬁl’l and gg%.

For each Lie algebra 8, we consider the basis (e, ..., es) for which the structure equa-
tions are those given in [2], and the generic derivation D € Der (3) such thatg = 8 X, Ris
strongly unimodular. We fix the volume form ¢!%3*3° and we compute the almost complex
structure J induced by the generic negative stable 3-form y = da. Then, arguing as in the
proof of Proposition 3.10, we consider the generic non degenerate 2-form w = df + D*a,
and we observe that the properties of D and J allow us to single out (at least) one basis
vector e; in the nilradical of 8 such that w(e;, Je;) = 0. For the sake of clarity, we give the
details in the case when 8 is isomorphic to the Lie algebra 96_,25' The discussion in the
remaining cases is similar, but it depends both on the specific expressions of D and J one
obtains and on the structure equations of the nilradical of 8.

The nilradical of 95,25 is gs 1, and we can choose a basis (ey, ..., es) of it in such a way
that the only non-zero brackets are [e3,e5] = e, and [e4, e5] = e,. Now, a generic deriva-
tion D of § = ggf;s for which g = 8 X, R is strongly unimodular satisfies De; € (e;) and

(ey,e,) C ker D. Moreover, the almost complex structure J induced by a generic negative
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stable exact 3-form da and the volume form ¢!234%6

we have

satisfies Je, € (e, e,, e3). Therefore,

w(ey,Je)) = —p([e;,Je]) — a(De,, Je,) — ale;, DJe;) =0,

and the claim follows.

We are then left with the Lie algebras g
is needed in order to rule them out.

Ifg = gé{%, we consider the basis (e, ..., €%) of 3* for which the structure equations are
the following

24211
6,54

4p.p

6.70 andg

where a different type of approach

(626 —pel® = &35 16 _ o2 _ ¥ 3 e 4 6% 34 636’_4p€56’0)’ pER.
The nilradical of 8 is n = (e}, e,, e3,¢,,e5) = g5, and the only non-trivial terms in its
descending central series are

0

n=n, n'=(e,e).

Moreover, the generic derivation of 8 has the following matrix representation

a a, a3 0 a, as
—aya, 0 a ag ay
D= 0 0 a3 a, 0 —3pa, —aq
0 0 —a,ag 0 —3pag +a,
0 0 0 0 —ag+a,  —4pa,
00 0 O 0 0

In order to obtain a strongly unimodular extension g = 8 X, R, we must have a¢; = 0 = ag
and 0= tr(ad e [,1) =2p (notice that the nilradical of ¢ coincides with n when
a; = 0 = ag). We can then conclude observing that the quartic polynomial associated with
the generic exact 3-form da on 8 is

. ) 2 2
A(da) = 4“12((“13 - (124) + (a14 + 61{23) >
2 2 2 2
— 1607, p* (3203 + 1300 — a7, + a2 — a3;),

and thus A(da) > 0 when p = 0.

Finally, we consider 8 = g?;il’l, whose structure equations with respect to a basis
(e', ..., e% of 8* are the following

(—e'® — e, =1 — e, (1 + 20, (2 + De*®, (2 + 2De°°,0), [€R.

As in the previous case, the nilradical of 8is n = (e, €,, €3, ¢4, €5) = gs.1- Let D € Der (3)

be a generic derivation and consider the extension g = 8 X, R. Requiring g to be strongly
unimodular gives
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a 0 a 0 aj a,
0 —a; 0 a, ag a;

D= 0 0 a 0 0 a(-1-2))
0 0 0 —a; 0 ay(—2-0 |
0 0 0 0 0 ay(-2-2)
0 0 0 0 O 0

and 0 = tr (ad e |41) =1+ 1. We now compute the generic 2-form o = dp — D*a and the
generic 3-form y = da, and we consider all possible values of the parameters a,, a;;, § for
which w® # 0 and

AMy) = 160:%20(240513 < 0.

We then determine the almost complex structure J induced by (w, y), and we conclude
observing that w(e;, Je;) = 0, fori = 1,2, 3, 4. Notice that, when/ + 1 # 0O, the Lie algebra g
is not strongly unimodular and w(e;, Je;) is proportional to / + 1, fori = 1,2, 3, 4. O

We still have to examine the indecomposable Lie algebras listed in [2, Table A.17],
namely those with abelian nilradical R*. In the next result, we rule out all of them but
g’ll’b_]]_a’_l_b . This last Lie algebra will be considered in Proposition 3.13.
Proposition 3.12 Let 3 be a Lie algebra that is isomorphic to one of those listed in Table
A.17 of [2] but g“’b’_l_a’_l_b. Then, 3 cannot occur as an ideal of a strongly unimodular

6,101
solvable Lie algebra admitting exact G,-structures.

Proof Assume first that 8 is not isomorphic to one of ggzl_lli_"/ 2 ggi’fgc’_c, ggf’l_gl. Let
(e, ..., eg) be abasis of § for which the structure equations are those given in Table A.17 of
[2], and consider the generic derivation D € Der (8) such that ¢ = 8 X, R is strongly uni-
modular. Then, arguing as in the proof of Proposition 3.10, we obtain that for every non-
degenerate 2-form w = dff + D*a and every negative stable 3-form y = da there exists (at
least) one basis vector e; in the nilradical R* of 8 such that w(e;, Je;) = 0. As before, this
depends on the expressions of D and J in each case under exam.

For the remaining Lie algebras of Table A.17, we obtain different types of contradic-

. . ~1 - -1 .
tions. If 8 is one of g, l‘f’s’c‘ ‘ gg’ll”lg , we can proceed as above and conclude observing that

CO(63, J€3) (0(64,.164) <0.

a,—1,—a/2

e 7, we consider the basis (e, ..., €% of 8* for which the structure

Finally, if 3 =g
equations are

a-1,-a/2 15 16 26 4 35 45 35 Q4 45
g :(ae —el e, —=—e” —eP e+ =-¢7,0,0), a#0.
6,114 2 2

Then, we choose the volume form ¢!234% and we compute the quartic polynomial A(da),

oy — i 2a% Lo
for a generic @ = lei<js6 ae € A°8%, obtaining

Ada) = (a(a305 + @14003) — 2013055 — 20‘140‘24)2 +4(—azay + 0‘140‘23)2 2 0.
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Proposition 3.13 The indecomposable Lie algebra gg’}]’b_ll_“’_l_b cannot occur as an ideal

of a strongly unimodular solvable Lie algebra admitting exact G,-structures.
_ ab—l-a—-1-b

Proof Let 3 = 96101

structure equations are

, and consider the basis B* = (¢!. ..., e°) of 8* for which the

(ae® +be'®, —(a + e — (b+1)e*,¢%,¢*,0,0),

withab £ 0and (—a— 1)+ (=b—1)2# 0. Let B= (e, ..., eg) be the basis of 8 with dual
basis B*. We will study the cases a = —1and a # —1 separately.

Assume that a = —1. Then, the nilradical of 8 is the abelian ideal n = (e, ¢,, €5, ¢,), and
the generic derivation D € Der (8) for which g = 8 X, R is strongly unimodular has the
following matrix representation with respect to B

a 00 0 a, —ayb
0a; O 0 0 ay
D= 0 0 as 0 0 a
000 —as—az—a;ag 0 |
000 0 0 0
000 0 0 0

where a; € R.
Leta =), _; <j<6 aijeif and f = Z[il B,.e* be a generic 2-form and a generic 1-form on 8,

respectively. Then, the forms (w, ) given by (3.2) have the following expressions

® = —ap(a; +ay)e'? —aj3a; +as)e + ay(a; + as)e'* + (—a,a;5 — agay, — py)e'
+bp —ajas —aso, — a6a]3)616 — aylas + a5)623 + ayy(a; + a5)624
+ (ay0y — a3y5 — Ag@y,)e™ + (=b ayay, — b fy — a3ty5 — dgy3 — f)e
+ azy(a; + a3)e34 + (aya;3 — asazs — aga34)€35
+ (=bayo 3 + a0y — asazg + ﬁ3)e36 + (a a5 + ayap, + azoys + asoys + ﬂ4)e45
+ (=baya s — a,a 6 + a,05 + agazs — a8a46)656
+ (=bayo, + a oy + azaue + a0 + a5ty + a6a34)e46

and

W =a12(el25 + ') + a13(el35 — (1 + b)e'3%) — onbel46 + a24(—e245 + (1 + b)e**%)

345 456

+ ay30670 — @3, (% + 30 + (=bat;5 — a16)e"0 + a5 (1 + 5)e?0 — 1357 + ayee

Assume that A(y) < 0, and let J be the almost complex structure induced by y and the
orientation ¢!23%° We will show that there exists a nonzero vector x € 8 such that

w(x,Jx) = 0. To prove this, we consider the nilpotent derivation S € Der (3) with associ-
ated matrix

0000s;, —bs

00000 s,

g_|00000 s
0000s, 0 [
00000 0
00000 0
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and the automorphism F = exp($). With similar computations as in the proof of Propo-
sition 3.7, we see that there exist certain s;, 1 <i <4, such that F*w(es,es) =0 and
Jpy (€5) € (5, ¢4), where Jp.,, = F~'oJoF . This follows comparing

Fry =(x12(6125 + ') + a13(el35 — (1 + b)e'®) - ba14el46 + ba23ez36
Fagy (= + (1 + b)e*™) — a3 (¥ + )
—(bays, +bajs + a5, +aj3s; + a16)6156
+(1 + D)(—ay,ys; + ays, + 0:25)6256
H(a138) — @38y — a35)€7°0 + (D ayys) — pysy — @385 + agg)e™,
with

%
Fro(es,eq) = —a;s,(bas + o585y + o383 + ot6) + a1 5,(Q — X3485 — XpyS5)
+a35, (=8| + oy5) + az54(ba; 48 — Q3485 + Ayg)
+assy (=138, + a35) + A58, (bay,Ss) — A48y + )
—ay(ba s, + bays + a8y + o383 + bs) + a,(—app8) + a8y + Ays)
Fag(—138) + @348y + @35) + ag(=bayys) + @yy5) + X3485 — Aye)
and observing that F*w(es,eq) = 0 if the coefficients of e'>®, €236, ¢35 and ¢*% in the
expression of F*y vanish. This last condition gives the linear system
ba s, + bajs + a8, + aj383 = —ayg,
—®p8) F Ay = — Qs
X351 — ¥3454 = A3s,

bays) = @8y — @3y83 = —ayg,

which has a unique solution (5,,5,,55,5,) under the constraint A(y) < 0. The choice
(51,55, 53, 5,4) gives
F*W — (112(6125 + 6’]26) + (113(6’]35 _ (1 +b)€136) _ (114b€]46 + a23be236

+ a24(_€245 + (1 + b)6246) _ (x34(e345 + 8346),

and F*w(es, es) = 0. From the expression of F*y, we observe that Jp.,.es € (es, €g). In
detail,

1
5 V—AF*y) Jp 65 = —((b+ Dajzay + apazy) es + (a0, — aj30,) €.

We then have that w(x, Jx) = 0 for x = Fes.

Let us now focus on the case a # —1. The nilradical of & is still the abelian ideal
n = (e, e,,e;3,€,), and the generic derivation D € Der (8) for which g =8 X, R is
strongly unimodular must have the following matrix representation with respect to B
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a, 0 0 0 a %
a,(1+b)
0a; O 0 ag = ——
D= 00 ds 0 0 dg
000 —as—a3—a;ag O
000 0 0 0
00O 0 0 0
where g; € R.
Let
t '=—;(2b2a2a — 20202030 4 Uy Oy + APDP a2, 02, — 2a%bot; 503 Ay
2 a(l+a) 13924 13%14%23%24 14 23 12%13%24%34
—2a%ba 040305, + 20> b(ll3l)!24 2a? ba13a14a23a24 + 2?b2a12a13a241x34
+ 2ab%a 0,030 — 2ab al3a14a23a24 + 2ab? a14a23 +a‘aj,a,

2
—2a% a0 300405 + @° a13a24 - Zaboc12 s+ 2abayay30405, — 2abay, oy 405505,

— 2aba,3a,405304 + b?a? + 2b% ), 0y4 005034 + b a2

12 34 23)'

We will study the cases #, # 0 and #, = O separately.

If 1, # 0, we claim that there exists a nonzero vector x € $ such that w(x, Jx)=0. The
discussion is similar to the previous case. Here, we consider the nilpotent derivation S with
matrix representation

0000s, =
0000%3{?
g=|00000
0000s, O
00000 O
00000 O

and the automorphism F = exp(S). Requiring the coefficients of e, ¢23¢, ¢33, %6 in the
expression of F*y to be zero gives the following linear system in the variables s;,1 < i < 4,

1+b

@13a83 — Absy — TS, +aps) = —aae +bas,

—0y3530 + a sb+bas—a — 383 + AySy = —(1 + D)ays + (1 + a)a
(¥3530 T Xy Sy0 T ~ A58, 1251 7 G383 T X484 = 25 26
+b 1+b _

Tra 00387 = p3bsy + T @38y + @138, 0348, = a3,
13b b _

Tia 000482 = Wpy$yh — ~ 1y S) — Gy — W3y83 = —0ye.

This system has a unique solution (5, 5,, 53, 5,) under the constraint #, # 0. In such a case,
we have F*w(es, eg) = 0 and Jp.., e5 € (es, €5), whence the claim follows.

If t, = 0, we claim that g = w(-, J-) cannot be definite. To prove this, suppose by contra-
diction that g is positive (or negative) definite, and consider g’ := \/T(y/) g. Then,

8y = 4apaay,((@) +as +as)a = bas + a)),
g5 = dapyazaz((a) + ay + as)a — bas + a)),

8y = —4aap03,((a) + ay + as)a — bas + ay).
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Therefore, a0 403000403, # 0, and the polynomials p; ‘= a,a34, Py 1= @4ay; and
D3 = —a3a,, must have the same sign.

Since b(a + 1)ay; # 0, the condition #, = 0 can be seen as a second order equation in the
variable a;,. We can solve it provided that a(b + 1)a ;a,,(a — b)b a3, > 0, obtaining the
solutions:

+

|
= T D <a(b + 1)aty3t0y + (@ — D)oty + 21/ (@b + Daystg(@ — b)a12a34)).

A case by case analysis ensures that the condition a(b+ l)aza,4(a —b)bjasz, >0
is not compatible with the constraint on p,,p,,p;. To check this, assume that
a(b + Dajzay,(a — baj,as, > 0 and that p; and p; have the same sign. Then, we can dis-
tinguish the four cases:

(1) apazy, > 0,030, <0,a-b<0,ab+1) >0,
(2) apaz >0,a300, <0,a-b>0,a(b+1) <0,
(3) apazy <0,a300, >0,a-b<0,ab+1) >0,
4) apagy <0,a3004 >0,a—-b>0,a(b+1)<0.

Under the assumptions of case (1),

+ 1 - :
ot oy = —m(\/—a(b F Dasg, ¥ V== ey, )

If in addition p, and p, have the same sign, then b(a + 1) < 0. This condition is incompat-
ible with the inequalities a < b and a(b + 1) > 0, since these conditions imply a < b and
—a < ab < —b. In the remaining cases, we can proceed in a similar way. O

Appendix A.

In this appendix, we list the structure equations of all six-dimensional unimodular
decomposable solvable non-nilpotent Lie algebras that exist up to isomorphism.

Remark A.1 As for the Lie algebras appearing in Table 1 and depending on some parameters,

with the exception of g’;; 2P all of the corresponding simply connected Lie groups admit a
lattice for certain values of the parameters, see [2].
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Table 1 Isomorphism classes of six-dimensional unimodular decomposable solvable non-nilpotent Lie

algebras

3 (de', de?, de?, de*, de’, de®)

gmea[R2 (—e'3,€%,0,0,0,0)

934$g31 (=e",¢%.,0,-¢%,0,0)

g34®g (e3 2.0, —¢%, % 0)

93469935 (—e'3, 2,0, —¢%, % )

glsea[R2 (—e%,¢'3,0,0,0,0)

835 ® g5 (—e?,e'3,0,-¢%,0,0)

9(3)5@925 (—e "61350’_656’646’0)

g42 ® R2 (=2e14, 62 4 ¥ ¥ 0,0)

ggs‘” '@ R2 (e, —pe?, (p + 1)e*,0,0,0), p € [-3,0)

/’1’ ® R2 (2pe'*, —pe** — e, e** — pe’4,0,0,0), p > 0

948 ® R2 (=B, —¢ ¢ 0,0,0)

g4.9 ® R2 (=B, —¢¥ ¢0,0,0))

g7 ®R (=’ —pe?, —qe®, —re®,0,0), -1 < r<q<p<1,pgr#0,p+q+r=-1
gy ®OR (—€,0,-¢%,¢%,0,0,0)

gp—z—p SR (€15 =3, e _pe (2 4 p)e®3,0,0), p > —1
95 S OR (—el5 635, 25 _ 35 _o¥5 369 ()0)
ggluzqqr DO R (e, (1 +2g)e®, —ge> — re®,re® — qe*,0,0), g € [-1,0],q # —%,r #0
95 14 DR (—e®,0,—¢%,¢%,0,0)
95 L ®R (—e5 =635, %5 ¢35 _ %5 %5 0,0)
o 1: SR (—e!3 — €25, —¢25 &3 — ge®S, qe¥ 4 ¢%,0,0), 9 £ 0
g’s’ 1_;” DR (—pe'® —eP, e — pe®, pe®® — re®, re® 4 pe®,0,0),r #0
g5 LOR (_825 — o35, 15 _ 45 o5 035 (), 0)

2192” 2 o R (—e? — (1 +peld, =¥, —pe®, (2p 4+ 2)e*,0,0), p £ —1
9520®R (—eB — ¥, —e%,¢%,0,0,0)
95 2 @ R (—e?? 2e15 —eB, —e? — % ,4¢%,0,0)
92 ;’5’ DR (—e?? Zpe p€25 + ¥, e —pe35,4pe45,0, 0),p#0
gSZG@R (—eB — e, e, —%,0,0,0),e = +1
g;;éz DR (_ez3 + 1615 %ezs —e35,—e35 _ 45’0’0)
g;‘;{feaR (—e* — ZeP5, -3 4 1e25 ie” —e%.,0,0)
gglﬁ_l@R (—e'*, — 65 24+e35000)
9;250 AR (2eM, —e¥ — ¥ 2 —¢34,0,0,0)
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