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Abstract

This work is concerned with both higher integrability and differentiability for linear
nonlocal equations with possibly very irregular coefficients of VMO-type or even
coefficients that are merely small in BMO. In particular, such coefficients might be
discontinuous. While for corresponding local elliptic equations with VMO coefficients
such a gain of Sobolev regularity along the differentiability scale is unattainable, it
was already observed in previous works that gaining differentiability in our nonlocal
setting is possible under less restrictive assumptions than in the local setting. In this
paper, we follow this direction and show that under assumptions on the right-hand
side that allow for an arbitrarily small gain of integrability, weak solutions u € W*>2
in fact belong to W;(;f for any s <t < min{2s, 1}, where p > 2 reflects the amount
of integrability gained. In other words, our gain of differentiability does not depend
on the amount of integrability we are able to gain. This extends numerous results in
previous works, where either continuity of the coefficient was required or only an in
general smaller gain of differentiability was proved.
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1 Introduction
1.1 Nonlocal equations

We study the Sobolev regularity of weak solutions to linear nonlocal integro-
differential equations of the form!

Lju=f inQcCR", (1.1

where Q2 C R” is a domain (= open set) and A : R” x R” — R is a coefficient. In
addition, for some fixed parameter s € (0, 1) the nonlocal operator L, is formally
given by

_ Ax, y)
Lau(x):=p.v. —H(u(x) —u(y)dy, x €. (1.2)
Re |x — y|n T

Throughout the paper, for the sake of simplicity we assume that n > 2s. Furthermore,
we require that the coefficient A is measurable and that there exists some constant
A > 1 such that

A < Ax, y) < A foralmostall x, y € R". (1.3)
Moreover, we assume that A is symmetric, that is,
A(x,y) = A(y, x) foralmostall x,y € R". (1.4)

We define L£y(A) as the class of all such measurable coefficients A that satisfy (1.3)
and (1.4).

Building on the results and techniques from our previous work [43], the aim of
this paper is to show that under appropriate regularity assumptions on A and f, weak
solutions to (1.1), which are initially assumed to belong to the fractional Sobolev space
W52(R"), in fact belong to higher-order spaces Wl "7 (Q) for some p > 2 and any
s <t < min{2s, 1}. For the relevant definitions of these spaces, we refer to Sect. 2.

Concerning our precise notion of weak solutions, denoting by W;* (Q) the set of
all functions that belong to W*2(IR") and are compactly supported in 2, we have the
following definition.

2n

Definition Given f € Ll’;;zs (), we say that u € W*2(RR") is a weak solution of the

equation L u = f in , if

A
/ n / n ) ) — u()) ) — () dydx = /Q fodx Vo e W(Q). (1.5)

Jx =yt

1 Supported by SFB 1283 of the German Research Foundation.
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1.2 VMO coefficients

Before stating our main results, we need to recall our notion of coefficients with
vanishing mean oscillation which was introduced in [43].

Definition Letd > 0and A € Ly(A). We say that A is §-vanishing in a ball B C R”,
if for any > 0 and all xo, yo € B with B,(xp) C B and B,(yo) C B, we have

f f |A()C, y) - Z}’,)C(),y()|dyd'x S 5?
By (x0) Y Br(y0)

where Ay o, y0: =1, (1) 8, () ACs V)dydx.
Moreover, we say that A is (§, R)-BMO in a domain 2 C R" and for some R > 0,
if for any z € Q and any O < r < R with B,(z) € R, A is §-vanishing in B, (2).
Finally, we say that A is VMO in €, if for any § > 0, there exists some R > 0 such
that A is (8, R)-BMO in Q.

Let us briefly put the above definition into a more classical context. In case A belongs
to the classical space of functions with vanishing mean oscillation VMO(R?") (see e.g.
[34, Section 2.1.1], [19] or [46]), then A is also VMO in R". However, our assumption
that A is VMO in Q is more general, in the sense that we essentially only assume
A to be of vanishing mean oscillation in some arbitrarily small open neighbourhood
of the diagonal in 2 x €2, while away from the diagonal in 2 x €2 and outside of
Q2 x Q A is not required to possess any regularity at all. In particular, any coefficient A
that is continuous in an open neighbourhood of the diagonal in Q2 x € is VMO in €.
Nevertheless, continuity close to the diagonal is not essential in order for a coefficient
to be VMO.

Indeed, the class of discontinuous VMO functions is actually rather rich. For
instance, assuming that 2 contains the origin, if for some o € (0, 1) we have

sin ([log(|x| + [yD|*) +2 ifx #0or 0
A, y) — |Sim Qo + yDI) +2 ifx #00ry 2 16
0 ifx=y=0
or
sin (log|log(|x| + +2 ifx #0Qor 0
Alr. y) — [sinogllog(ixl +1yDD +2 it x £ 00ry a7
0 ifx=y=0

in an open neighbourhood of diag(€2 x €2), then A is VMO in 2. However, in both
cases A is discontinuous at x = y = 0.

1.3 Main results

We are now in the position to state our main results.
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Theorem 1.1 Let Q C R” be a domain, s € (0, 1) and A > 1. If A € Lo(A) is VMO
in Q, then for any weak solution u € W*2*(R") of the equation

Lau= fin<,

any p € (2,00) and any s <t < min{2s, 1}, we have the implication

np
n+Q2s—t)p t,
FeLl Q) = ue W, Q).
If we are only interested in arriving at the conclusion that u € Wl "7(Q) for some fixed
t and some fixed p, then it suffices for A to be small in BMO, as our second main
result indicates, in which we also state an explicit estimate on the solution.

Theorem 1.2 Let Q C R” be a domain, s € (0,1), A > 1 and R > 0. Moreover, fix
some p € (2, 00) and some s <t < min{2s, 1}. Then there exists some small enough
8§ =38(p,n,s,t,N) > 0, such that if A € Lo(A) is (§, R)-BMO in 2, then for any
weak solution u € W2 (R") of the equation

Lau=f in€,

we have the implication

np

n 2r Hp
FeLi® Q) = ue W, P(Q).

loc

In addition, for all relatively compact bounded open sets Q' € Q" € Q, we have the
estimate

[ulwery < C ([“]Wﬂ(R") N ) (1.8)

Lnt+Q@2s—t)p (Q//)
where C = C(n,s,t, A, R, p, 2, Q") > 0.

We stated Theorems 1.1 and 1.2 in terms of the higher integrability exponent p
at which we arrive. Since in some circumstances it might be more natural to instead
prescribe the integrability of the source function f, we also state the following refor-
mulation of Theorem 1.1.

Theorem 1.3 Let Q C R” be a domain, s € (0,1), A > 1, fix some s <t <

min{2s, 1} and let f € L l()c (R2) for some q € (%, oo). In addition, assume

that A € Lo(A) is VMO in Q. Then for any weak solution u € WS2(R"Y) of the
equation Lsu = f in Q, we have

e [T @, o< 2
Wlof(ﬂ)foranyp € (l,00), ifq > 5
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Since forany s < ¢t < min{2s, 1} we have #&’Siﬂ < 2, Theorem 1.3 in particular
implies the following higher differentiability result for nonlocal equations with right-
hand side in L2.

Theorem 1.4 Let @ C R”" be a domain, s € (0,1), A > 1 and [ € LIOC(Q).
In addition, assume that A € Ly(A) is VMO in Q. Then for any weak solution
u € WS2(R") of the equation Lau = f in 2, we have u € W;(ﬁ(Q)for anys <t <
min{2s, 1}.

Remark 1.5 Actually, the conclusions of Theorems 1.1, 1.3 and 1.4 also remain valid
for a class of coefficients A that in general might not be VMO, including in particular
irregular coefficients that are translation invariant inside of 2.

More precisely, our approach is flexible enough in order to include the case when
A € Lo(A)satisfies A(x, y) = a(x—y) forall x, y € Q and some measurable function
a : R" — R, but is not required to satisfy any additional regularity assumption. For
a more elaborate discussion regarding this extension of our main results, we refer to
Remark 8.1.

1.4 Local elliptic equations with VMO coefficients

From the point of view of the regularity theory for local elliptic equations, our main
results can be considered to be somewhat surprising. In order to illustrate this at first
glance surprising nature of our main results, let us briefly consider local second-order
elliptic equations in divergence form of the type

div(BVu) = f inQ, (1.9)

where the matrix of coefficients B = {b;;}} ;_; is assumed to be uniformly elliptic
and bounded. As it is for instance rlgorously established in [25], the Eq. (1.9) can be
thought of as a local analogue of the nonlocal equation (1.1) corresponding to the limit
case s = 1. Therefore, it might be intuitive to guess that the regularity properties of
solutions to the nonlocal equation (1.1) should in some sense correspond to the ones
of the Eq. (1.9). However, it turns out that in the context of higher regularity, this is
not true at all.

A classical fact (see e.g. [39, 49]) is that if the coefficients b;; are continuous in 2

np

andif f € L7 (Q) for some p > 2, then weak solutions u € Wll’z(Q) ofthe Eq. (1.9)

loc

belong to Wl oc P($2). While for equations with general measurable coefficients such a
gain of regularity is not achievable, it was nevertheless realized later (see [19]) that the
above assertion remains true if the continuity assumption on the coefficients is relaxed
to assuming that the coefficients belong to the space of functions with vanishing mean
oscillation VMO(£2) (see alsoe.g. [2, 4, 21, 30] for some more general developments).
In addition, if one is only interested in obtaining Wllo’f regularity for some fixed p,
then similar to our Theorem 1.2, in more recent years it was observed that it suffices
for B to be small in BMO, see [8, 9]. However, in contrast to our main results, the
results mentioned above do not yield any differentiability gain.
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And indeed, in order to gain any amount of differentiability along the Sobolev scale
in the setting of local equations, a corresponding amount of differentiability has to be
imposed on the coefficients, which can already be observed in one-dimensional exam-
ples (see e.g. [32, section 1]). Thus, in the setting of local elliptic equations with VMO
or even continuous coefficients in general no differentiability gain at all is attainable.
In contrast, our main results show that in the setting of nonlocal equations with VMO
coefficients, the differentiability of weak solutions improves quite significantly. Let
us give some further illustrations of these improved regularizing effects of nonlocal
equations contained in our main results.

In fact, in the case when s < 1/2, we are able to almost match the optimal Calderén—
Zygmund-type Sobolev regularity for the fractional Laplacian, which corresponds to
the case when the coefficient A is constant. Namely, it is known that for the weak
solution of the Dirichlet problem

(=A)Y’u=f inQ
u=20 ae. in R"\ €,

we have u € Wifc’p(Q) whenever f € LP(2) for some p € [2, 00) (see [5]), while
our main results show that despite the presence of a general VMO coefficient A in
(1.1), for s < 1/2 weak solutions of (1.1) still belong to Wlto’f(Q) for any t < 2s

whenever f € Llpo -(€2). This is in sharp contrast to the setting of local second-order

equations, since weak solutions u € WIL’S(Q) to the Poisson equation Au = f in Q
belong to Wli‘f (2) whenever f € L? (R2), gaining a full weak derivative, while as

mentioned above, in the presence of é(/)i\/IO coefficients in (1.9) in general not even a
gain of fractional differentiability can be expected.

In the case when s > 1/2, our main results only yield differentiability for any
t < 1, so that in this case we are no longer able to almost match the optimal Sobolev
regularity for the fractional Laplacian. However, this seems natural to us, since we
do not expect that the differentiability of solutions to local second-order equations
can be exceeded by solutions to corresponding nonlocal equations of lower order.
Nevertheless, for s > 1/2 our main results in particular show that weak solutions to
nonlocal equations with VMO coefficients of the type (1.1) almost share the amount
differentiability that weak solutions to local equations with VMO coefficients of the
type (1.9) possess, despite the fact that the order of such nonlocal equations is lower.

1.5 Previous related results

By now, there is a substantial amount of works concerning the regularity theory for
weak solutions to nonlocal equations of the type (1.1).

This is especially true concerning regularity results of purely nonlocal type, in
the sense that the obtained results do not have analogues in the regularity theory of
local elliptic equations. This line of results was started in the papers [32] and [47],
where it was demonstrated that in the case of general bounded measurable coefficients
A € Ly(A), weak solutions to nonlocal equations of the type (1.1) are slightly higher
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differentiable and higher integrable, provided the right-hand side satisfies f € L;’OC

for some g > % Our main results show that under the additional assumption that
A is VMO, the conclusions of the results in [32, 47] can be improved to gaining larger
amounts of differentiability and integrability.

Concerning results on higher Sobolev regularity for nonlocal equations of the type
(1.1),in [36] Mengesha, Schikorra and Yeepo proved results similar to our Theorem 1.1
in the case when 2 = R” and under the assumption that the mapping x — A(x, y)
is globally Holder continuous for some arbitrarily small Holder exponent. Since this
Holder continuity assumption on A in particular does not include discontinuous coef-
ficients of VMO-type like (1.6) and (1.7), in [36, p. 10] the authors raised the question
if the regularity gain they obtained remains valid for coefficients that merely belong
to VMO. Therefore, one of the main achievements of the present paper is that our
main results confirm this conjecture to be true, even establishing the desired regularity
in the slightly more general case when the coefficient is merely assumed to be small
in BMO. Moreover, in contrast to [36] we are also able to include translation invari-
ant coefficients that do not satisfy any smoothness assumption, see Remark 8.1. In
addition, we argue on a completely different set of techniques in comparison to the
ones applied in [36]. Namely, while the key ingredient in [36] is given by commutator
estimates, our approach is based on a delicate interplay between comparison estimates
and so-called dual pairs (see Sect. 1.7).

Furthermore, in [43] we proved weaker versions of the main results in the present
paper, in the sense that the differentiability gain obtained in [43] depends on n, s and
in particular the amount of integrability that we are able to gain, while in our main
results stated in Sect. 1.3 an arbitrarily small gain of integrability suffices in order to
gain differentiability in the full range s < ¢ < min{2s, 1}. For this reason, the amount
of differentiability gained in [43] only matches the one in this paper in the case when
a very large amount of integrability is prescribed on the right-hand side f, while in
general the differentiability gain in this work exceeds the one obtained in [43] by a
very substantial amount.

This is probably illustrated best in the setting of our Theorem 1.4: For f € L? (),

loc

[43, Theorem 1.3] only implies that u € W;{;z(Q) for any ¢ in the restricted range

ns+4s? .
, ifs <1/2
s<t< t,,’szz{ n+2s =U

— 452 .
mAd ifs > 1/2,

In particular, e.g. forn = 2 and s = 1/2, [43, Theorem 1.3] yields differentiability
for any t+ < 2/3, while in this case our Theorem 1.4 yields differentiability for any
t < 1. In higher dimensions, the improvement in differentiability gain becomes even
more visible. In fact, for any s € (0, 1) and any fixed ¢ > 0, there exists some large
enough n = n(s, €) such that t, ; < s + &, so that the gain of differentiability in [43]
is in general very small in the case when f merely belongs to LZZOC(Q). On the other

hand, for f € L? () our Theorem 1.4 implies that u € Wl’o’f(Q) in the whole range

loc
s <t < min{2s, 1}, independently of n.
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Moreover, in [42] for p € (2, 00) it was proved that weak solutions u to (1.1)
np

belong to W;OCP () whenever f € L;:;Yp () and A is continuous in  x €2, which
corresponds to the case of no differentiability gain as in the setting of local equations.

Also, in the case when f € LZZOC(Q) and A € C*(2 x ), by using difference
quotients, in [16] it was shown that weak solutions to (1.1) belong to W;{;?(Q) for any
t < 2s, which also follows from our Theorem 1.4 in the case when s < 1/2. In other
words, in this case we not only do not need C* regularity of the coefficient A, but not
even continuity of A in order to achieve this higher differentiability result. In fact, it
is sufficient for A to be VMO in Q.

More results regarding Sobolev regularity for nonlocal equations are for example
proved in [3, 6, 22, 26, 28, 29, 35, 37, 40], while various results on Holder regularity
are proved in [7, 11-15, 17, 18, 23, 24, 27, 33, 41, 44, 45, 48]. Furthermore, for some
regularity results concerning nonlocal equations similar to (1.1) in the case when the
right-hand side is merely a measure, we refer to [31].

1.6 Some remaining open questions and possible extensions

First of all, while as we discussed in Sect. 1.5 the differentiability gain in [43] is in
general substantially smaller than the gain we achieve in our main results, the main
results in [43] hold also for certain nonlinear generalizations of the Eq. (1.1), while
in this paper and also in [36] only linear equations are considered. Thus, a natural
question is if the improved differentiability gain in the present paper remains valid for
nonlinear equations.

In addition, in [36] the lower bound we imposed on A in (1.3) is only assumed to
hold at the diagonal, so that another naturally arising question is if the lower bound on
A can be relaxed to hold only at the diagonal also in the case when A is merely VMO.

Furthermore, in [1], in the case of the fractional Laplacian, that is, in the special
case when A is constant, a global regularity result corresponding to our Theorem 1.3
was proved under the additional restriction that g < ﬁ, which is sharp when dealing
with regularity up to the boundary. In view of this global regularity result, another
interesting question is to what extent the conclusions of our main results, which deal
with local regularity, remain valid up to the boundary.

Moreover, we believe that our approach is flexible enough in order to generalize
our main results to include so-called local weak solutions as considered e.g. in [6], [7]
or [41], essentially only assuming that u € WISO’CZ(Q) and the finiteness of the nonlocal
tails of u. However, since including this slightly more general notion of solutions
would require a revision of the previous work [43] and most notably [32], we decided
not to insist on this point.

Finally, another feature of our approach is that it also enables us to prove local W':?
estimates in the case when the right-hand side f in (1.1) is replaced by the fractional
Laplacian or even by sums of more general nonlocal operators, see Theorem 7.7 and
Remark 7.8.
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1.7 Approach

Before commencing with the technical part of the paper, in this section we give a
heuristic summary of our approach, in particular since we believe that the techniques
displayed in this work have the potential to be useful in a large variety of situations
involving nonlocal equations.

As mentioned, in the previous paper [43], we proved weaker versions of the main
results in the present paper, gaining only a restricted amount of differentiability that
depends on the amount of integrability we are able to gain. This was achieved by
introducing ideas that on the one hand allow to prove suitable comparison estimates in
our nonlocal setting, and on the other hand allow to combine various highly nontrivial
covering techniques introduced in the papers [10, 32]. Our approach in this paper
essentially combines the techniques implemented in [43] with some novel insights
that enable us to gain differentiability independently of the integrability gain. Since an
in-depth heuristic description of the philosophy of the approach from [43] was already
given in [43, Section 1.5], here we focus on emphasizing the main novelties of the
approach used in this work compared to the one applied in [43].

The objects at the heart of the approach from [43] are certain fractional gradients
given by so-called dual pairs. Namely, for some fixed 6 € (O, %), we define a Borel
measure ;o on R?" as follows. For any function u : R* — R and (x, y) € R¥" with
x # y, we define the function

_lu@ —u)

U(xv y): |x_y|3+€

(1.10)

In addition, for any measurable set £ C R2" get

dxdy

E)y=[| ————.
HE) Elx—y=%

(1.11)

For any domain 2 C R”, we then clearly have u € W* 2(Q) if and onlyifu € L3(Q)
and U € L2(Q2 x €2, u), so that in some sense the function U and the measure p are
in duality. Regarding larger exponents, by a simple computation, for any p > 2 and

Si=s+6 (1 — %) > s we have

ue WSP(Q) ifandonlyif ue LP(Q)andU € LP(Q x @, ). (1.12)

Therefore, a key feature of this approach to fractional-type gradients is that by proving
higher integrability of the gradient-type function U with respect to the measure u, we
do not only gain regularity along the integrability scale of fractional Sobolev spaces,
but also a substantial amount of higher differentiability! In [43], this property of such
dual pairs of the type (U, ) was then exploited by proving that in the restricted
range 0 < 6 < min{s, 1 — s}, we have U € Ll’i)C(Q x 2, ), which in turn then
also gives some higher differentiability as indicated above. However, the amount of

differentiability gained in this fashion is in general strictly smaller than the amount
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we gain in our main results, since a small amount of integrability gain also only yields
a small gain along the differentiability scale. In the present paper, we overcome this
issue by considering also fractional gradients and dual pairs of higher order. More
precisely, the key idea is to iteratively replace the function U by fractional gradient-
type functions of the type

lu(x) —u(y)l

Uy (x, y):= P (1.13)
and the above measure © by measures of the form
dxdy

e e = (1.14)

where s < o < min{2s, 1} and 6,:=s + 6 — «. In a similar way as above, for any

p>2and&::a+9(l —%) > «, we have

u e Wa’p(Q) ifand only if u € L?(Q)and U, € LP(Q2 x 2, ug). (1.15)

With these notions in place, let us now briefly sketch the further approach and in
particular the iteration argument that leads to achieving Wlt(;f regularity for any s <
t < min{2s, 1}.

First, we observe that instead of directly proving the desired regularity for nonlocal
equations of the type Lqu = f, for technical reasons it is more appropriate for us
to first focus on proving regularity for equations of the type L u = (—A)®g, where
(—A)* denotes the fractional Laplacian. This is because once we are able to transfer a
sufficient amount of regularity from g to u, in view of the known H?*? estimates for
the fractional Laplacian, we can then first transfer regularity from f to some solution
g of (—A)*g = f and then from g to weak solutions u of (1.1). Thus, we focus on
proving that for weak solutions to Lqu = (—A)®g, for any s < t < min{2s, 1} we
have the implication

geW,) = uew)’. (1.16)

Instead of proving this implication directly, roughly speaking we focus on proving
implications of the type

Gy e Ll

(QxQ, ) = Uy e L (2% Q, 1) (1.17)

loc Ioc

forany o € [s, min{2s, 1}), where G, is defined in the same way as U,, with u replaced
by g. Since 6, decreases as « increases, this exactly leads to the implication (1.16) for
any s <t < min{2s, 1}.

In order to prove the implication (1.17), we make use of a covering argument
implemented in detail in [43]. The main idea is to cover the level sets { M(UO%) > kz}
of the maximal function of U, by dyadic cubes in order to show that these level sets
decay sufficiently fast with respect to 4y, which in view of standard measure-theoretic
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arguments then implies the desired implication (1.17). However, since the above level
sets are subsets of R?" instead of R”, in our setup we have to run an exit time argument
in R?" instead of R” in order to cover the level set of U by Calderén—Zygmund cubes
in R?" which leads to rather severe technical difficulties. In particular, since close to
the diagonal the information given by the equation can be used much more efficiently,
an additional cover of the diagonal in terms of balls is constructed. However, since a
large part of this technical covering argument works almost in exactly the same way
as the one applied in [43], as indicated before, in this paper we primarily focus on
the nontrivial modifications necessary in order to prove the implication (1.17) in the
higher-order case when o > .

Namely, probably the most crucial complication in contrast to [43] arises in the
arguments applied in order to control the measures of the balls in the mentioned
additional diagonal cover. In [43], the central tool in order to achieve this is given by a
comparison estimate. More precisely, in [43] the function U was locally approximated
in L2 () by a corresponding function V', which is given as in (1.10) with u replaced by
a weak solution v of the corresponding homogeneous equation L 4,v = 0 with locally
"frozen" coefficient Ag. Equivalently, it was proved that the difference w:=u — v
is small in W*?2 whenever g is small in W*2, which can be shown by testing the
equation with w itself. The mentioned covering argument then essentially allows to
transfer regularity from v to u. More precisely, in [41] it was shown that such weak
solutions v to homogeneous equations with locally constant coefficients belong to C#
for any 0 < B < min{2s, 1}, which suffices in order to transfer enough regularity
from v to u in order to obtain the desired result.

In contrast, proving such a comparison estimate for higher-order fractional gradients
is more involved, since in this case the order of the gradient-type function no longer
matches the order of the equation already in L?. We resolve this issue as follows. In
order to show that Uy, is close to V,, in L2(jty) or equivalently, that w = u — v is small
in W2 whenever g is small in W2, roughly speaking we additionally assume that
w satisfies an estimate of the form

[wlye2 S [wlys2 + [glwen + tail terms (1.18)

for some m > 2. This additional estimate then essentially allows to reduce the problem
of proving the smallness of w in W*2 to showing the smallness of w in W*2, which
was already done in [43]. In addition, while in [43] it was necessary to locally freeze
the coefficient A, since in view of the Sobolev embedding the main results in [43]
already imply a C# estimate for any 0 < 8 < min{2s, 1} in the case when A is merely
VMO, in our situation freezing the coefficient is no longer necessary. However, in
order to arrive at our main results, it then still remains to remove the assumption that
the estimate (1.18) holds.

We achieve this as follows. Since in the case when o = s the estimate (1.18) holds
trivially, in this case (which corresponds to [43]) we already achieve some higher
differentiability or more precisely, we obtain that the implication (1.16) holds for
some small enough #; > s. But since due to the linearity of the equation, w = u — v
also satisfies the equation Low = (—A)%g, the estimate (1.18) is therefore also
satisfied for ¢ = ¢#;. Thus, through the procedure we sketched above, we obtain that
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u and w satisfy the implication (1.17) for « = 1, leading to the estimate (1.16) for
some #; > t1, exceeding the amount of differentiability obtained in [43]. Iterating this
procedure finitely many times then indeed leads to the estimate (1.16) in the full range
s <t < min{2s, 1}.

1.8 Brief outline of the paper

The paper is organized as follows. In Sect. 2, we define the fractional Sobolev spaces
W*-P and mention some of their properties that we use throughout the paper. In Sect. 3,
we then further discuss the notion of fractional gradients given by dual pairs introduced
in the previous Sect. 1.7.

The rest of the paper is then devoted to the proof of our main results. In Sect. 4
we implement the approximation argument for higher-order fractional gradients men-
tioned in Sect. 1.7. In Sect. 5, we turn to proving certain good-A inequalities, both at
the diagonal and far away from the diagonal. These good-X inequalities then allow to
carry out an adaptation of the covering argument from [43, Section 7] for higher-order
fractional gradients. Since the covering argument needed in our setting follows very
closely the steps in [43, Section 7], in Sect. 6 we only explain the required adaptations
in order to arrive at the desired level set estimate. In Sect. 7, this level set estimate is
then used along with some delicate iteration arguments in order to prove a priori esti-
mates for weak solutions. Finally, in Sect. 8 these a priori estimates are then combined
with smoothing techniques in order to arrive at our main results.

1.9 Some notation

For convenience, let us fix some notation which we use throughout the paper. By
C,cand Cj, ¢;,i € Ny, we always denote positive constants, while dependences on
parameters of the constants will be shown in parentheses. As usual, by

By (x0):={x € R" | [x —xo| <}

we denote the open euclidean ball with center xo € R” and radius r > 0. We also set
B,:=B,(0). In addition, by

Qr(x0):={x € R" | |x — x0loc <71/2}

we denote the open cube with center xo € R” and sidelength r > 0. Moreover, if
E C R" is measurable, then by |E| we denote the n-dimensional Lebesgue-measure
of E.If0 < |E| < 0o, then for any u € L'(E) we define

Egzz][Eu(x)dx:%/;:u(x)dx.

As indicated in Sect. 1.7, throughout this paper, we often consider integrals and func-
tions on R?" = R” x R”. Instead of dealing with the usual euclidean balls in R*", for
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this purpose it is more convenient for us to use the balls generated by the norm

|1(x0, yo)|1:= max{|xol, [yol}, (x0, yo) € R*".

These balls with center (xq, yp) € R2" and radius r > 0 are denoted by B, (x0, yo)
and are of the form

By (x0, yo) = By (x0) %< B, (yo).

In the case when xo = yg we also write B, (xg):=B, (xg, xo), we call such balls
diagonal balls. We also set B,:=8,(0). Similarly, for xg, yo € R" and r > 0 we define
9, (x0, y0):=0r(x0) X Qr(y0) and Q,(x0):=2Q, (x0, xo) and also Q,:=Q,(0).

2 Fractional Sobolev spaces

Definition Let Q C R” be a domain. For p € [1, 00) and s € (0, 1), we define the
fractional Sobolev space

Ws‘p(Q)::{ueLP(Q)’/[Mdydx<oo}
QLJIQ

o=y

with norm

1/p
lullws.r@yi= (Il gy + [Wlsney)

where

lu(x) — u(y)|? Yp
5, = — = dvd .
Hehweriey (/Q o |y T

In addition, we define the corresponding local fractional Sobolev spaces by

Wl Q):={uelL]

loc

() | u € W*P(Q') for any domain Q" € Q}.
Also, we define the space
WP ()= {u € W2R") | u = 0inR" \ sz} .

We use the following fractional Poincaré inequality, see [38, Section 4].
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Lemma 2.1 (fractional Poincaré inequality) Let s € (0, 1), p € [1,00), r > 0 and
xo € R"™. Forany u € L?(B,(xg)), we have

ulx) —u P
/ lu(x) — 1B, x)|” dx < Cr*? / (x) Ery)l dydx,
By (x0) By (xo) /B, (xo) 1X — Y|P

where C = C(s, p) > 0.
Proposition 2.2 Let Q@ C R" be a Lipschitz domain, s € (0, 1) and p € [1, 00).
e [fsp < n, then we have the continuous embedding
WP () <> L5 ().
e Ifsp = n, then for any q € [1, 0o) we have the continuous embedding
WP (Q) — L1(Q).
o If sp > n, then we have the continuous embedding
WP (Q) — C° 77 (RQ).

In addition, if sp > n and Q2 = B (xg) for some r > 0 and some xy € R", then for
any u € W?(B,(x0)), we have

[M]Cs % By = < Clulws.r(B,(xo)) 2.1

where C = C(n, s, p) > 0.

Proof The above three embeddings follow from [20, Theorem 6.7, Theorem 6.10,
Theorem 8.2]. Let us now prove (2.1). Define u, (x):=u(rx + x¢). Applying the third
of the above embeddings to i, :=u, — (u,) B, € W*P(By) and then using the fractional
Poincaré inequality (Lemma 2.1), along with changes of variables leads to

P =lu,] ,-

C*" 7 (B, (x0)) P (B

= [ur]Cs_%(Bl)

1

_ p
<c (// [22y (x) ur+(y)| ddx—{—/ Iﬁr(x)|1’dx)p
B1 J By |x_y|n P B
1
» 1
<// [ty (x) — ur(y)] ddx)p
B1 J By |)C— |n+Sp
1
_ p 5
(/ / |ue () MEB})' dydx)p,
(x0) J By (xg) X — yI"TP
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where C1 and C depend only on 7, s and p. Since the factor ¥~ cancels out on both
sides, the proof is finished. O

For the following Lemma, we refer to [43, Lemma 2.4].

Lemma 2.3 (fractional Sobolev—Poincaré inequality) Let s € (0,1), p € [1, 00),
r > 0and xo € R". In addition, let

([ v
[1, 00), if sp > n.

Then for any u € W% P (B,.(x¢)), we have

1 1
1 B » 1
<][ |u(x) — 1, (x| dx) ! <Cr* <][ / Mdydx) ' ,
By (x0) B, (x0) I B (xg) X — yI"TP

where C = C(n, s, p,q) > 0.

For p € (1,00) and s € (0, 2), denote by H*”(£2) the standard Bessel potential
spaces on 2, see e.g. [43, Section 2]. The following embedding result follows from
[51, Theorem 2.5], where it is given in the more general context of Besov and Triebel—
Lizorkin spaces.

Proposition2.4 Let 1 < pp < p < p1 < 00, s € (0,2), so,s1 € (0, 1) and assume

that Q@ C R" is a smooth domain. If so — % =5 — % =5 — %, then

WP (Q) < HYP(Q) > WIPH(Q).

Unlike the first-order Sobolev spaces WP () on a bounded domain  C R”, the
fractional Sobolev spaces W* 7 (£2) are not contained in each other as the integrability
exponent p decreases. Nevertheless, the following result essentially shows that the
mentioned inclusions are almost true.

Proposition2.5 Let 1 < pg < p < oo, s € (0,1) and assume that @ C R" is a
smooth bounded domain. Then for any t € (s, 1), we have

WP (Q) — WSP(Q).

In addition, if @ = B,(xq) for some r > 0 and some xo € R", then for any u €
WP (B, (x0)), we have

n

LU R
[lws-r0(B, gy < Cro 27 [ulwer(B, (xo))» (2.2)

where C = C(n, s, t, p, po) > 0.
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Proof By [43, Proposition 2.6], for 0 < & < min {t —s, 27”, 2n <1 — ﬁ)} we

have W'P(Q) — W!%P0(Q). Since by [20, Proposition 2.1], we also have
W8P0 (Q) «— WSP0(Q), we arrive at the embedding W7 (Q) — W5 P0(Q).

In order to prove (2.2), set u, (x):=u(rx + xo). By using the above embedding with
respect to i,:=u, — (u,)p, and then the fractional Poincaré inequality (Lemma 2.1),
along with changing variables we conclude that

</ / () —u(y>|f’°dydx)p'o
B, (x0) JBr(xg) X — y[" PO
1
— P 70
_ r%—s (/ / |ur(x) ur(y)| Odydx) Po
By J B |X— |n+Sp0
1
n p 7
Clr"O =S (/ / |ur(x) ur+(t)’)| d dx—i—/ |’lzr(x)|pdx>l
By Y By |x_y|n P B
1
P 1
<C2r"0 —s (/ / luy(x) — ur(y)| X)) = W, dx)p
B1 J By |X—y|n+tp

1
g ulx)—u I3 ?
— Cyrio it v(/ / |1 (x) (ert)l ddx) ,
B, (x0) /B (xg) X — yI"TP

where C1 and C; depend only on n, p, po, s and ¢. This proves (2.2). O

IA

3 Fractional gradients on R?"
3.1 Basic properties of dual pairs
Fix some ¢t € (0, 1) and some 6 € (O, %) We define a Borel measure (g on R2" a5

follows. For any function u : R” — R and (x, y) € R*" with x # y, we define the
function

~ux) —u(y)]
Ut p(x, y)ZW 3.1
For any measurable set £ C R2" get
dxdy
E . 3.2
o (E):= /|x G (3.2)

The following Lemma follows by a straightforward computation, see [43, Lemma
3.1].
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Lemma 3.1 Let p > 2 and set tg:=t + 0 (1 — %) Then we have

ue WPP(Q) ifandonlyif u € L?(Q) and U; g € LP(Q2 x 2, 1g)
and

U ollLr@x.u0) = [Ulwio.r(q)-

The next Proposition contains some further important properties of the measure 1tg
which we use frequently throughout the paper, usually without explicit reference. For
a proof, we refer to [43, Proposition 3.2].

Proposition 3.2 (i) Forallr > 0 and xy € R", we have
1o (B (x0)) = po (By) = er 2,

where ¢ = c¢(n, 6) > 0.
(ii) (volume doubling property) For any (xq, yo) € R*", any r > 0 and any M > 0,
we have

1o (Bazr (x0, ¥0)) = M" 2 1 (B, (x0, y0)).-

We will also frequently use the following relation between fractional gradients of
different order.

Lemma33 LetO <s <t <1, p>20c¢ (O, %) and set 6;:=s + 0 — t. Then for
anyr > 0, any xo € R" and any u € WP (B, (xp)), we have

U? dug SC][ U/l due,,
]éro:o) 50 By M

where C = C(n, s,t,0, p) > 0.
Proof Using thattp +6,(p —2) —sp —0(p —2) = 2(t — s), we have

e |u(x) —u(y)|?
U dug = Cir™" 2"/ / dydx
‘émmXﬂ ) I B xg) [ = PO

_ Clr_n_zg lu(x) — M(y)|p Ix — y|2(t—s)dydx
(x0) J By (xg) |X — Y| HPHO(P=2)

ulx) —u P
< Czr—n—29+2(t—s)/ / Jue( )H ngl—z) dydax
By (x0) / B, (xg) |X — y|rTIPTOLP

ulx) —u P
B (x0) J B, (xg) |X — y|rTPTOLP
= f Ut[,,(%du“@’
B, (x0)

where all constants depend only on n, s, ¢, 6 and p. O
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3.2 The Hardy-Littlewood maximal function

Another tool we use is the Hardy—Littlewood maximal function with respect to the
measure [4g.

Definition Let F € L 110 . (R?", 119). We define the Hardy—Littlewood maximal func-
tion
MF :R*" — [0, oo] of F with respect to 11y by

M(F)(x, y):=My, (F)(x, y):= Sup][ |Fldug,
p>0J8,(x,y)

where

1
|Fldpg:=—n——— |F|de.
]€3p(x,y) po(Bp(x, ¥)) JB,(x.y)

Moreover, for any open set £ C R?*, we define
ME(F):=M(FxE),

where x is the characteristic function of E. In addition, for any » > 0 we define

M2r<F)<x,y):=sup][ |Fldue.
By (x,y)

p=r
and
Mzr,E(F)5=Mzr (Fxe) -

The following result shows that the Hardy-Littlewood maximal function is well-
behaved in the context of L? spaces. Since in view of Proposition 3.2 1y is a doubling
measure with doubling constant 2"+2¢  the result follows directly from [50, Chapter
1, Section 3, Theorem 1].

Proposition 3.4 Let E be an open subset of R*".

(1) (weak p-p estimates) If F € LP(E, jug) for some p > 1 and A > 0, then

C
po (Ix € E | Mp(F)(x) > A)) < A—p/ \FIPdpe.
E

where C depends only on n, 0 and p.
(i) (strong p-p estimates) If F € LP(E, ug) for some p € (1, 0o], then

IME) e ) < CUF|ILr(E, 1ng)s

where C depends only on n, 6 and p.
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The following result is a direct consequence of the Lebesgue differentiation theorem
with respect to g, see [43, Corollary 3.5].

Proposition3.5 Ler F € LloC (R?", 1g). Then for almost every (x, y) € R?*, we have
[F(x, y)| < M(F)(x, ).
In addition, for any open set E C R*" and any p € [1, 00], we have

NELr(E,pug) < IMEIDLr(E,1p)-

4 An approximation argument
From now on, we fix some s € (0, 1) and some parameter
0 € (0, min{s, 1 — s}) “4.1)

to be chosen later. In addition, for the fractional gradients Uy g, Vs and G of
functions u, v, g : R” — R and the measure pg, we are going to use the abbreviated
notation

U:=Usg, V:=Vso, G:=Gsg, pni=pg.

Definition Given g € W*2(R"), we say thatu € W*2(R") is a weak solution of the
equation L u = (—A)*g in @, if

A
L[ 2 e — um e = ooy

x _ y|n+23

_C,”/ / gtx) - fii)((p(x)—(p(y))dydx Vo € W),
R JRe [X — Y]

In addition, we also need the following definition.

Definition Let Q be a domain and consider functions & € W*2(R") and f €
2n
L+ (2). We say that v € W* 2(R") is a weak solution of the Dirichlet problem

Lav=f inQ
v=~nh ae. in R"\ Q,

if we have v = h a.e. in R"” \  and

A
/ n / AT ) — u ) 00) — oy = /Q fodx Vg € Wy ().

[x —ypr+2

The following comparison estimate follows from [43, Proposition 5.1] by taking
A=Aand f = f=0.
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Proposition4.1 Let xo € R, r > 0, g € Ws’z(R") and A € Lo(A). Moreover, let
u € WS2(R") be a weak solution of the equation

Lau=(=A)’g in By (xo), (4.2)

and let v € W52 (R") be the unique weak solution of the Dirichlet problem

4.3)

Lav =0 in By (xg)
vV=u a.e. in R" \ By (x0).

Then the function w:=u — v € Wg’z(Bzr (x0)) satisfies

_ 2
/ (w(x) —w(y)) dydx
n Rn

lx — ylr+as
2

1
0 2
< Cu(By(xo)) | Y2740 (]g ()G2du> ,
2k - (X0

k=1

where C = C(n,s, 0, A) > 0.

We continue by fixing some further notation and some assumptions which we will
use throughout the rest of this paper. From now on, we fix some A > 1, some § > 0
to be chosen small enough, some coefficient A € Ly(A) that is §-vanishing in Bs,
and some p € (2, 0c0). Moreover, we fix another number g € [2, p) and define

. nf?xq, ifn > agq @.4)
Qo= 2p, ifn <oagq. '

In addition, we fix a number m in the range

C[2(n—5)
2<m<min{———,p 4.5)
n—2s
and define
qo:=max{m, q}. 4.6)

Furthermore, we fix some function g € W*2(R") and a weak solution u € W*2(R")
of the equation

Lau = (—A)’g in Bs, 4.7
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and set

00 l 1
)\ozzMo(Zz—k(S—") (][3

2 2
Uzd,u> + <][ U(fdua)
k=1 2k5n Bs,
o0 3 1
+ 8_1 Zz—k(S—Q) (f szﬂ) + <f GZ[OdMa> “ >’
k=1 Boksy, Bs,

where My > 1 remains to be chosen large enough. From now on, we also fix some
number

(4.8)

o € [s, min{2s, 1})
and assuming that 8 > « — s, we define a corresponding parameter by
Op:=s +0 —a >0 4.9)

with associated gradient-type functions

Ug(x,y) :=Uqgpg,(x,y) = %
lg(x) — g(¥)]
Go(x,y) = Gag,(x,y) = Tx =yt

and with associated measure

dxd
o (E):=ug, (E) = / Mﬁ, E C R*" measurable.

In addition, from this point on we assume that for any xog € R”, r > 0 such that
B, (x9) C Bsy, and any weak solution ug € WS2Z(R") of L aug = (—A)*g in B, (x),
we have a higher differentiability estimate of the form

/ / (uo(x) — up(y)) (o) = o) )
I'LDt(B (.X())) By j2(x0) Y Byj2(x0) |.X— |n+2a

1
o0 2 1
- C(Zz_k(s—e)) ][ U2du) + (][ ngﬂa> (4.10)
k=1 Bk, (x0) B, (x0)

1

o0 2
+ ) k=6 ][ G*dpu )
; Bk, (x0)

=
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where C = C(n, s, o, 0, A,m) > 0 and

_ o) — uo(y)|

Uo(x, y): X [0

Lemma4.2 Let M > 0, x0 € B, r € (0, ‘/77’) and A > Ag. Then for any gy > 0,
T
there exists some small enough 6 = §(eo,n,s, o, 0, A,m, M) € (0, 1), such that

under the assumptions that
M, (U (x0) < M3, Mg, (GL)(xg) < MADS®, (4.11)

for the unique weak solution v e W*>(R") of the Dirichlet problem

{LAU —0 in Be (x0)

) (4.12)
v=u a.e. in R™ \ Bg,(x0)
and the function
lu(x) —v(x) —uly) +v(y)l
W (x, y):i= : . (x,y) e R, (4.13)
|x — y|otte
we have
/ Wadpe < €237 1o (B (x0)). (4.14)
Bar (x0)
Moreover, the function
_v) — vyl 2
Va(x,y).zm, (x,y) ER”
satisfies the estimate
[1VallLoo By, (xo).dpa) < NoA (4.15)

for some constant Ny = No(n, s, o, 0, A, M) > 0.

Remark 4.3 In the above Lemma and in the rest of this paper, the Hardy-Littlewood
maximal function is always considered with respect to the measure (.

Proof Fixxo € Bz andr € (0, %").Letl € Nbedetermined by 2~r < /i < 2Ir,
note that [ > 2. Thzen for any k < [, by (4.11) we have

][ Uldug < MA?, ][ GOdpy < MA90§D, (4.16)
sz4r(x0) sz3r(x0)
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On the other hand, in view of (4.8) and the inclusions

szﬁ(xo) C Boii-14,(x0) C sz4ﬁ(x0) C Byksys

we have

1 1

Z o —k(s-6) ][ Uldp)| = 2-0-D6=0) Z ) —k(s—6) ][ Udp
=1 Bk g (x0) Boiti-14,(x0)

k=1
1

o 2
<Y 2k M][ Uldu 4.17)
k=1 Boksy

b (Ba )
1

(o] 2
=G Z 27ke=0 <][ Uzdﬂ) < Cio,
k=1 Bos,

where C1 = C1(n, 8) > 0. Moreover, by Lemma 3.3 for any k <[ — 1 we have

f vasef v
Bk 4, (x0)

Bk 4, (x0)

where C, = Ca(n, s, o, 8). Now combining the previous display with (4.17), (4.16)
and the facts that & < s and A > A, we arrive at

1

) 2
3 gke0) ][ Uldu
k=1 By, (x0)
1

-1 % o] 2
< Z sz(sfe) (][ UzdpL> + Z 27k(s7(-?) (f Uzdll,)
k=1 By, (x0) k=l By, (x0) (4.18)
;=1 % 00 %
=Gy e (f Uédw) + 2 (f Uzdu«)
k=1 Boky, (x0) k=l By, (x0)

1 o0
<MY 27HD 4 cpig < G,
k=1

where C3 = C3(n, s, «, 0, M) > 0. In a similar way as in (4.17), we have
1 1

0 2 o0 2
> ok <][ szu> <C )y 27keD (][ szu) < Ciho8.
k=1 By, (x0) k=1 ks

B
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Therefore, using Lemma 3.3 along with Holder’s inequality, we obtain

1

00 2
Zz—k(s—@) (f sz“)
k=1 Bk, (xo0)

-l I
<} Y arken (][ Gﬁdua> £ akeo) (][ szﬂ>
k=1 BZk 3r (xo) k=l BZk3r (xo)

(4.119)

1 =1 % > 2
2 —k(s—0 —k(s—0 2
<C3y 2 ][B Glduy |+ 27469 ][ G*du
k=1 k3, (%0) k=l Bk, (x0)

1. X
< CIMans Y 27D 4 Ciags < Cads.
k=1

1
2

Since w:=u — v is a weak solution of Lyw = (—A)%g in Bg,(x0), w satisfies the
estimate (4.10), which combined with Proposition 4.1, Holder’s inequality, (4.16) and
(4.19) yields

- 2
/ W2dpg < / / (w(x) wg’)) dydx
By (x0) By JBy, X =yt

ua(B (x0)) (w(x) —wk))?

dyd
= LB o) Jen Jee s P
+ Capta By (x0)) (][ GZZ&’M)
Ber (x0)
1\ 2
0 2
+ Capra (By(x0)) Zz_k(s_g) (][ sz/,b)
k=1 Bk, (x0)
2
q0
< Cs11a (B, (x0)) (f cgw@
BGr(XO)
I\ 2

o 2
+ Cspaa (B (x0)) [ Y 274077 (f szu)
sz3r (xo0)

k=1
< Copa(Br (x0))A28% < 222 11 (B (x0)),

where all constants depend only on n, s, o, 0, A, m, M and the last inequality was
obtained by choosing § sufficiently small. This proves (4.14).
Let us now proof the estimate (4.15). Define

in{s, 1 — 0 . 26,
b= L0 (g mings, 1)), poi=
2 6o — 6

€ (2,00).
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Since A is §-vanishing in Bs, and therefore (8, 5n)-BMO in Bs,, by [43, Theorem
9.1], after choosing 8 smaller if necessary, we have v € W*+00(=2/0).P0(By (x())
and thus Vs g, € L?(Bs,(x0), 1g,). Therefore, [43, Corollary 8.6] yields the estimate

1

1 00 2
p n —k(s—6 2
(][ Vs,god“%) <Gy ke ][ Viadie |
Bar (x0) Bk, (x0)

k=1

where C7 = C7(n, s, po, 6o, A) > 0, and therefore

1
1 2
[V]ys+000-2/p0).20 (Byy (xg)) = C71e6, (B (x0)) 70 Zka(S*GO) (][B Vsz,eodﬂ90>
2k4,.(x0)

k=1
1
n 0 2
< Cor t)?)eo —6p+0 Z 2—k(s—9) ][ Vzdu
- k=1 By, (x0)

o0 3
=Cgy 27K60 ][ Vi)
k=1 Bk, (x0)

where Cg = Cg(n, s, po, 0o, A) and we used that

n 4+ 26y
Po

—6p+60=0.

Since s + 6p(1 —2/po) — % =s+6 = o+ 6,, combining the previous display with
the fractional Sobolev embedding given by (2.1) yields

Catt By (x0)) = COLVlws+d00-2/00).00 By, (x0))

o > (4.20)
<Cio Z 27kE=0) ][ Vi)
sz4r (X())

k=1

where C9 and Cjo depend only on n, s, po, 8, A. Now in view of Proposition 4.1
along with (4.16), (4.19) and (4.18), we have

e} 2
3 g keo) ][ V2
k=1 By, (x0)
oo 2
<Y 2k ][ Udy
k=1 By, (x0)

1
(wx) —w(y)? )2
+C B W) = W 1
! (M(Br(xo) R JRn |x_y|n+2s yax
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1

00 b
< Zz—k(s—e) <][ Usz>
k=1 By, (x0)
0 3
+Cp2 224{(“9) (][ szu) < Ci32,
sz3,(x0)

k=1

where all constants depend only on n, s, «, 8, A, M. Therefore, combining the last
display with (4.20) yields

NVallLo B, (xo).dua) < [V]catou By, (xg)) < NoA,

for some Nog = No(n,s,a, 0, A, M) > 0, which proves the estimate (4.15). This
finishes the proof. O

5 Good-1 inequalities

In this section, we prove some good-X inequalities which serve as key ingredients in
the covering arguments from [43, Section 7]. Although the proofs of the results in
this section are similar to the ones of the corresponding good-A inequalities in [43,
Section 6], since the presence of higher-order fractional gradients requires quite a few
adaptations, for the sake of coherence we nevertheless provide most of the details.

5.1 Diagonal good-A inequalities

We start by proving good-A inequalities at the diagonal, which are somewhat akin to
corresponding ones in the local setting, see e.g. [8, 10].

Lemma 5.1 There is a constant Ny = Ng(n,s,a,0,A) > 1, such that the fol-
lowing holds. For any ¢ > 0 and any k > 0 there exists some small enough

8 = d(e,k,n,s,0,0, A,m) € (0, 1), such that for any . > Ao, any r € (0, */TE)
and any point xo € Q1 with

e ({06 3) € Brxo) | Mg, WD 3) > N3R}) = kepa (Brx)), (5.1)
we have

B, (o) © | (x. v) € B, (o) | M, (UD)(x., ) > 32}
N{(x9) € B, (o) | M, (GE) (x. y) > A%08%}

(5.2)

Proof Let &9 > 0 and M > 0 to be chosen and consider the corresponding § =
d(eg,n,s,0, A,m, M) € (0,1) given by Lemma 4.2. Fix ¢,k > 0, r € (0, 4),
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xo € Q1 and assume that (5.1) holds, but that (5.2) is false, so that there exists a point
(x’, y") € B,(xg) such that

M, (UD(',y) < 22, Mg, (G20) (x, y') < A905%.

Thus, for any p > 0 we have

][ xBs, Uzd e < 32, ][ XBs, GLd g < 17089, (5.3)
By(x'.y") B,(x'.y")

Observe that for any p > r, we have B, (xo) C Ba,(x’, y') C Bs,(xo). Together with
(5.3), we obtain

o (Bap(x', y")
][ XBs, Ugdtq < ———2— 1= x5, Vgt
B (x0) Ha (Bp (x0)) Bap (')
< HaB3px0)
e (Bp(xo)) Bap(x,y")
< 3n+29a)\2

XBs, Uldiie

and similarly

Mo (BZp ',y
Mo (Bp (x0))

][ XBs, Ggod,ua < 311+200 240890
BZ/)(X/’)’/)

f XBs, Ggod:ua =<
Bp (x0)

so that U, and G, satisfy the condition (4.11) with M = 3"+2% Therefore, by
Lemma 4.2 the weak solution v € W*2(R") of the Dirichlet problem

Lsv =0 in Bg,(xg)
v=u a.e. in R" \ Bg, (xp)

satisfies
2 242
/ Wad:u'ot = “5‘0)L ta (Br(x0)), 54
Bar (x0)

where Wy, is given as in (4.13). In addition, also by Lemma 4.2 there exists a constant
No = No(n, s, a, 0, A) > 0 such that

Vel 2 ooy, (xgy) < NoA>- (5.5)
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Next, we set Nd:=(max{4N§, 5"+20«1)1/2 5 1 and claim that
{3 € Bty | M, WD, ) > N2 y
{09 € Box0) | Mgy (WD, ) > N2} o
To see this, assume that
(x1.31) € {x € B, (0) | M () (WD (k. ) = N2} (5.7)

For p < r, we have B, (x1, y1) C By(x1, y1) C Bar(x0), so that together with (5.7)
and (5.5) we deduce

][ Uzdpa < 2][
By (x1,y1)

(W2 +v2) dua
By (x1,y1)
< 2][ W2d 1o+ 211Val 2o, o1 )
By (x1,y1)

=< ZMBzr(xo)(Wg)(xl’ yi) + 2||V0‘||%°°(32r(m)) = 4N§)\2'

On the other hand, for p > r we have B, (x1, y1) C B3, (x', y") C Bsy(x1, y1), s0
that (5.3) implies

f XBSn Ul)%d“'a
By (x1,y1)

ta(B3p(x', ') 2
S — XBs, Ugd it
1o By (x1, yO) Iy, ey =
- Ma(Bsp(x1, y1))

2 n—+20q 42
< XBs, Ugdptg < 5" 77407
1By (xts y0) s o gy 01

Thus, we have

(x1,y1) € {(x, ¥) € By (x0, y0) | M, (U)(x, y) < Nﬁkz] ’

which implies (5.6). Now using (5.6), the weak 1-1 estimate from Proposition 3.4 and
(5.4), we conclude that there exists some constant C = C(n, 6,) > 0 such that

o ({(x, Y) € By (x0) | M, (UD(x, y) > Nc%)‘z})

< e ({(x, ¥) € Br(x0) | MB,, () (W) (x, ) > N&)P])
C

Wzdua
Ng»? /Bz,oco) ¢

=
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C
= ~aHaBr(x0)e) < exa(Br(x0),
0
where the last inequality is obtained by choosing & and thus also § sufficiently small.
This contradicts (5.1) and thus finishes our proof. O

5.2 Off-diagonal reverse Holder inequalities

While in the setting of local elliptic equations of the form (1.9) proving analogues of
the above diagonal good-A inequalities is sufficient in order to establish the desired
Sobolev regularity, in our nonlocal setting which involves fractional gradients defined
on R?", it is also necessary to prove an analogue of Lemma 5.1 on balls that are
far away from the diagonal. However, since far away from the diagonal the equation
cannot be used very efficiently, in this situation no useful comparison estimates are
available.

In order to bypass this loss of information, as in [43] we replace the comparison
estimates used in the diagonal setting by certain off-diagonal reverse Holder inequali-
ties with diagonal correction terms, which in view of an iteration argument in the end
will still be sufficiently strong tools in order to deduce the desired regularity.

For this reason, in addition to the assumption that u satisfies the estimate (4.10),
from now on we assume that for any r > 0, xg € R"” with B, (xg) C Bs,, U, satisfies
an estimate of the form

1

é o) 2
f Ugdu«a S Cq(ZZ_k(S_Q) f UZdM
By j2(x0) k=1 Bk, (x0)

1 3
+ <][ Ggod,m)qo + Y 27k ][ G*dp )
B (x0) k—1 Bk, (x0)

where C, depends only on g, n, s, a, 8, m and A.

(5.8)

Proposition 5.2 Letr > 0, xo, yo € R" and suppose that for some y € (0, 1] we have
dist(By(xo), B+ (y0)) = yr. Then we have

1
* a%
(o)
By (x0,y0)
o
Scnd (f Uad/’LOl>
By (x0,y0)
1

r o4Oy 0 k(s—0) ) 2
+C d( . ) < 2707 ][ Utdp
" dist(By(xo), B, ()’0)) ](2:; Bk, (x0)

1

1 00 2
+ <f GZOdMa> % + szk(;Y*Q) f sz,bL )
Bar (x0) =1 Bk, (x0)

@ Springer



S.Nowak et al.

1352

a6y o0 %
r ) <Zz—k(s—9) ][ U2dp
k=1 sz,(m)
1

+ Cha < -
8 dist(B,(x0), B (y0))
% %) 2
+ <][ GZOdua) + Y 27ke=0) ][ G*du )
Bar (yo) —l Bk, (y0)

where Cpg = Cuq(n, s, o, 0, A, y,m,q, p) > 1 and g is given by (4.4).
Proof Choose points x| € B, (xo) and y; € B, (yo) such that dist(B, (xo), B-(y0)) =
|x1 — y1|. For any (x, y) € By (xg, yo), we observe that

|x — y| < |x1 = y1l + |x1 — x|+ |y1 — ¥l
< dist(B; (x0), B (y0)) + 2r < 3dist(B;(x0), B-(y0))/y.

Together with the definition of dist(B, (xo), Br(y0)), for any (x, y) € B, (xo, yo) we

obtain
RS b <3/y. (59)
dist(B,(x0), B (y0))

Thus, by taking into account the definition of the measure 1, we conclude that

ot < (B, (30, 30)) = Sl (5.10)
dist(B, (x0), B, (o) — 17000 = Gt (B, (x0), B, o)y
where ¢; = c1(n, y,0y) € (0,1) and C; = Cy(n,6,) > 1. By (5.10) and (5.9), we

have .
(.0
By (x0.y0)
— 9 q,
lu(x) — u(y)| )dydx>

dist(B, (xo). B (yo))" e / /
 (v0) J By (vo) X — y | 2atai (et

1

*
o

Q|

<

Clr2"

< Cadist(B, (x0). By (y0)) @) (][ ][ |u<x)—u<y>|43dydx)q“,
r(x0) Y Br (y0)

where Co = Ca(n, y,60y) > 1. In view of Minkowski’s inequality, we can further

estimate the integral on the right-hand side as follows

L

1
. a5 _ * 9%
(f ][ |u<x>—u(y>|%dydx) §<][ |u(x>—u3,<xo)|%dydx)
1 (x0) Y B (0) By (x0)

=1

R#|

4

+ (][ lu(x) — ﬁBr(yo)lq;dydx>
Br()’O)

=
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+ [UB, (xg) — UB, (yo)| -
—_—

=13

By using the fractional Sobolev—Poincaré inequality (Lemma 2.3) and then the esti-
mate (5.8), for I; we obtain

1
_ q ~
Iy < Car® ( / / [u(x) uiy)| dydx)q
B (x0) J B (xg) X — "4
1
= Cyr® L/ / lu(x) —u(y)|9)x — y|(q—2)0a dyd q
o (B (x0)) JB,(xo) /B, (x0) Ix — y|"—20a+a(@+ts)
1
[u(x) —u(y)|? g
< Csr® (rqea ][ ) —ul?,
By(xp) 1x — y|?@t

q
= C5ra+0°‘ <][ Ugdua>
Br(XO)
1

o0 2
< Cq C51"a+9a Z 2—]((‘?—9) f Uzd/./L
k=1 BZkr(XO)
1

€ 00 2
q
+ (J[ Ggodua) D) ket ][ Gy
Bay (x0) k=1 Bk, (x0)

where C3, C4 and Cs depend only on n, s, o, 8 and 6. In the same way, for I, we
deduce that

1

0 2
12 S chsrol-Fea Z 2—k(S—9) <ﬁ U2dﬂ>
2k, (Y0)

k=1
1

1 00 2
+ (][ Ggodua> 4 S oke0) ][ Gdpu
Bar (y0) k=1 Bk, (v0)

Finally, by the Cauchy—Schwarz inequality, (5.10) and (5.9), for I3 we have

Is < ][ ][ () — u(y)ldydz
r(x0) Y Br (yo0)
Y
< (f ][ () — u(y)| dydx)
By (x0) Y Br(y0)

1
C / / ) )j
= — u(y)Pdyd
= <dist(Br(x0)a Br(yo))"_w"ﬂa(lgr(xo, yO)) B, (x0) o) |u(X) u()’)| yax
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1

2
< Co (][ u(x) — u(y)|2dua)
B, (x0,0)

1
2
< Cydist(B, (x0), B, (y0))* % (][ Uozzd,ua) ,
By (x0,y0)

where C¢ = C¢(n, y,60y) > 1 and C7 = C7(n, y, 6,) > 1. The claim now follows by
combining the last five displays, so that the proof is finished. O

5.3 Off-diagonal good-A inequalities
In what follows, we fix some ¢ € (0, 1) to be chosen small enough and set

_ CpaCy.9CyNg10'"

Neg:= 10 : (5.11)

where Ny = Ny(n,s,a,0, A) > 1is givenby Lemma 5.1, Cp,y = Cyy(n, s, o, 0, A,
y,m,q, p) > 1is given by Proposition 5.2 with y to be chosen and

o
1< Copi=) 27479 < oo, (5.12)
k=1

while C, = Cy(n, s, a, 0) > 01is given by Lemma 3.3 with t = «. Moreover, for all
re (0, ‘/72) and all (xg, yo) € Q1 we define

~ r
» X0, Y0) == . 5.13
P20 0 =GB, ko). By 0) e

Lemma5.3 Forany A > Ao, 1 € (O, 4) and any point (xo, o) € Q) satisfying
|xo — yo| > B/n + Dr and

M ({(x, ¥) € Bi, (30, 30) | My, (UD (. ¥) > Nﬁqxz}) > et (By (xo, y0)),
(5.14)

we have

By (x0, 30) € { (3. 9) € By (0, 30) | Miss, (UD(x, 3) > 22
U {3 € By o, y0) | Mar,ss, U, ) > 3" N3G (r, v, yo) 20032

U {3 € By o, y0) | Mar,ss, U0 3) > 3" N3G, x0, yo) 20022

U {9 € By (30, 50) | Mar, s, (G5, ) > 342G 1, xg, y0) 000
{

U 9) € By (o, 30) | Mar,ss, (G, y) > 3721, xo, yo) #0500}
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Proof Assume that (5.14) holds, but that the conclusion is false, so that there exists a
point (x’, y') € B% (x0, yo) such that

Mp,, (UDHG',y) < 22,
M, B, (UD ', x)

< 3n+29a Nja(”, X0, yo)—Z(a+9a))\2’
Mz B, (UD(. )

< 31+20a Nja(r, X0, yo)—z(awa)/\z’
Mo, s, (GI)(x, x")

< 3"‘1’29&5(},, X0, yo)*tﬂ)(vﬂr%))qu7
Mz, Bs, (GI)(Y. ¥

< 3n+29a$(r’ X0, yo)—40(0+9a)kq0'

Therefore, for any p > r we have

][ XBs, Usd i < 22, (5.15)
By (x',y")
f XBS" Ujdﬂa S 3’1""290 Nt?g(rﬂ xO’ yO)_2(a+0°‘))x2,
B ’
" (5.16)
][ X85, Ugditer < 3" NG (r. 0, yo) 0022
B,y
and similarly
f XBS" Gg()dua S 3n+29a$(r7 -x01 yO)qu(aﬁ}e&))\tqov
B ’
" (5.17)

]ES XBs, G0d g < 3" P(r, xg, yo) P )50,
p(.V,)

Since for any p > r we have B, (xq, yo) C Ba,(x', y") C Bs,(xo, yo), from (5.15)
we deduce

ta(Bap(x', y))
][ xBs, Ugdpq < ———L—2=—
B, (x0,y0) Ma (Bp (x0, ¥0))

][ xBs, Uld g < 3"T20)2, (5.18)
BZp(x/)

Since for any p > r we have B, (xo) C Bz, (x’), together with (5.16) we observe that

Mo (82,0 (x/))

2
XBs, Uydita <
pr(xo) e Ma(Bp(XO))
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][ XBs, Uzd g < 6" 2% N3 (r, xo, yo) 2@ +0))2 (5.19)
BZ/)(X/)

and similarly by using (5.17) instead of (5.16), we obtain

Ma(B2p(x/))
G‘IOd « < —
]g,,m) Mo D e = (B (x0)

][ XBs, GLd 11 < 6" (r, x, yo) @00 0 (5.20)
BZp(x/)

By the same reasoning, (5.19) and (5.20) hold also with x¢ replaced by yy. Next, we
claim that

{()C, y) S Bﬁr(XOv yO) | MBSV’(U(%)(X, )’) > Ngz,q)\'z}
2 (5.21)

C {(x, V) € By (x0,50) | MB, o (x.y0) (U)X, y) > Nf,qxz}.
2 5T
To see this, assume that
(x1,y1) € {x € Bs, (30,30 | M5, 2 (x0.00 (U, ¥) = Nf,q)?} . (5:22)
Tr

For p < /nr, we have B, (x1, y1) C B sz (x1,y1) C By (x0, yo), so that along
2 r
with (5.22) we deduce

][ Ugdia < M8, ; (0.0 (Ug) (1, 1) < N2 2%
By (x1,y1) et

On the other hand, for p > /nr we have B, (x1, y1) C B3,(x’, y") C Bs,(x1, y1), so
that (5.15) implies

Mo (Bsp(x1, y1))

2 2 n+26y 42 2 42
XB,,UdH« <— XBnUdpL <5 *AT < NS A
~{B,,(x1,y1) ST /'L(X(Bﬂ(xlv 1)) Bi,(x',y") e &d

Thus, we have

(er.y1) € { (e 9) € Brxo. yo) | Mas,, (U y) = 2,32
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which implies (5.21). As in the proof of Lemma 4.2, let / € N be determined by

201y < /n < 2'r, note that | > 2. Then for any k < [, by (5.19) and (5.20) we have

g Ugdﬂa < 6"+29"‘A2$(r, 0, yo)—Z(ot+00z)7
2kM,(X0)
2 (5.23)

][ Gdp < 620050 (r xo, yo) 2@,
sz 3/n (x0)
Tr

Moreover, in view of (4.8), the inclusions

BZk%(Xo) C ng+1713~2j,(x0) C szs%(xo) C Boxs,

and the fact that 5 (r, x0, yo) < 1, we have

1
o0 2 o0 2
3 2 ke0) ][ Ul | =270-D6-0 3 k=) ][ Uldu
k=l B aym (x0) k=1 B iy g, (x0)
2 v

I (5.24)
= Zz_m_ﬁ) M][ Uldp | <1022 < 10272008, x0, yo) ~@F%).
k=1 2 (szg) Boks,

Together with (5.23) and the assumption that A > Aq, along with using Lemma 3.3,

we obtain

1
2

. 1
ke ][ Udp
k=1 B aym, (x0)

2

-1
sc,y ot |f Uddue
k=1 B, ;fj,(xﬂ)

<621 C, 4CuN2G(r, x0, y0) "% + 10298 (r, x0, yo) ~ @) xg

ol—

1
00 2
" Z 9—k(s—0) (][ Udy (5.25)
o

Baga, ()

< 10"Cy6CaNgg(r., x0, o)~
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By a similar reasoning as above, (5.24) holds also with U replaced by G, so that along

with Lemma 3.3 and Holder’s inequality, we deduce

o
Z 2—k(s—0) f sz’u
k=1 B

3ym (X0)
2k¥r

I-1 2
< Cop 27K ][ Goduq
k=1 sz 3ﬁr(x0)
2
~ 3
+ Z 2—]{(&—9) f G2d[/(/
k=l B3 (x0)
2
1
-1 90
<, Y 2k ][ Gdug
k=1 By aym o)
=-r

BI—

o0
—k(s—0) 2
+) 2 ]g G*dp
k=l

Sk 3 (x0)
e

< 10"Cy.9Co(r, x0, yo) ~@H)5.

(5.26)

Again, by the same arguments as above (5.25) and (5.26) also hold for x( replaced

9o 4a

by yo. Therefore, together with the weak 3+ — = estimate for the Hardy-Littlewood
maximal function, Proposition 5.2 with y = #ﬁ (5.18), (5.25), (5.20), (5.26) and

taking into account (5.11), we arrive at

Ha ({(x, ¥) € By, (xo,30) | Mg, (Ug)(x, y) > Niqxz})

< la ({(x, ¥) € B, (30, 30) | M, 5 o) (U (x,y) > Nf,ﬁ})
2 "

v [ b
B m (x0.y0)
Tf

*
Ao

< N;gurqqq& CZ;W (B¥r (xo, yo)) (][B - U(fdua)
3/n (X0,)0
TF

g% (+6y)

1

2
3 2 it
" Jnr/ Zz—k(s—e) ][ U2du
k=1 sz zTﬁ’(XO)

dist (er(xo), Baﬁr(y0)>
2 2
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*

1\ 9«

6w o :
+ ][ Gldug |+ 2740 ][ G*dp
33ﬁr(xo) k=1 sz 3/n (x0)
=

45 (a+6a) 1

00 2

. 3/nr/2 Zz—k(s—H) (][ Uzdu)
dist (BM;*(XO)’ BJﬁr(yo)) k=1 B2k¥r(}’())

2 2

1
6o :
- ][ Glduy, |+ 2740 ][ Gdu
Bs /zr (yo) k=1 B aym 00
Tr

< No 0030 €5 (3vn)" % ug (B (o, v ) (33408

%

6% (Om) G xg. y0) ) 109 €L CIF N Fr, . yo) 94030 )

< &g (Bg(xo, yo)) ;

which contradicts (5.14) and thus finishes the proof. O

Next, we restate the previous Lemma in terms of cubes instead of balls, which
is vital in order to make it applicable in the context of Calderén—Zygmund cube
decompositions as used in the covering argument in [43, Section 7]. In analogy to the

quantity @(r, xo, o) defined in (5.13), for any r € (o, %) and all xo, yo € R” with
|xo — yo| > «/nr, we define the quantity

.
, X0, = . 5.27
U X0 0= 50, o). 0 G0 O21)

Since the proof of the following result works almost exactly like the one in [43,
Corollary 6.4] by using our Lemma 5.3 instead of [43, Lemma 6.3] and by replacing
in [43] the measure u by uy, the function U by U, and the parameters s and 6 by «
and 6, respectively, we omit the proof and instead refer to [43, Corollary 6.4].

Corollary 5.4 For any > > Lo, 1 € (O, ‘4) and any point (xg, yo) € Q1 satisfying
Ixo — yol = 3+/n + 1)r and

ta ({6, 3) € Q0. y0) | My, WDk, v > N2,32)) > ea(Q: (o, o)),
(5.28)

we have
Mo (Qr ()C(), yO))

= (2 (ua ({9 € @30 | My, WD y) > 22))
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+ ¢, %0, 70)" " e
x (o3 € Qrx0) | M, WD, ) > Nig(r,x0, yo) 2032 )
+ ¢, %0, 0)" " e
x ({03 € Qr000) | Mgy, WD, 3) > Nig (., xo, yo) 2032 )
+¢(r, %0, 0)" " e
x ({63 € Qo) | Mis,, (G, ) = ¢ x0. yo) 0t a0} )

+ ¢ (r, x0, Y0)" 2% g

X ({(X, y) € Qr() | Mp,, (GP)(x, y) > ¢(r, xo, yo)—qo(0a+a)kqo}) )

6 Level set estimates

By combining the good-X inequalities given by Lemma 5.1 and Corollary 5.4 with a
technically involved covering argument, it is possible to deduce a level set estimate
which will then imply the desired L? estimate for U, with respect to pq. Since the
mentioned covering argument was already implemented in great detail in [43, Section
7] and up to some minor straightforward adjustments the argument needed in our
setting works exactly like the one in [43, Section 7], we omit most of the technical
details leading to this level set estimate.

More precisely, in the arguments of [43, Section 7], we need to replace the ball
Ba, by Bs,, the function U by Uy, the measure u by uy and the parameters s and
0 by o and 6, respectively, while the good-A inequalities given by [43, Lemma 6.1,
Corollary 6.4] need to be replaced by our corresponding good-A inequatilities given
by Lemma 5.1 and Corollary 5.4. If in addition, we take into account our different
definition (4.8) of the number A in comparison to [43, Formula (5.10)], we arrive at
the following level set estimate, which corresponds to [43, Corollary 7.8].

Proposition 6.1 Assume that the estimate (4.10) is satisfied in any ball contained in
Bs,, with respect to a and that the estimate (5.8) is satisfied in any ball contained
in Bsy, with respect to q. Then there exists some gy = &o(n, 0y) € (0, 1), such that
the following is true. Let ¢ € (0, gg] and let § = 6(e,n,s,a,0, A,m) > 0 be given
by Lemma 5.1. Then after choosing the number My = My(n, 6,) > 0 in (4.8) large
enough, for any . > Ay we have

o ([ € @1 1 M, WD) > N2,32))

£
<o My, (U2)dp
()&2 QIH{MBS},,(U(%)>)\2} 5 o o

1

e / Mg, (GP)dpa ),
§90r40 QM{MBSn (GZO)>6‘10A40} > “ *
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where C = C(n, o, 6y) > 0.

We remark that the number &g arises from the restriction [43, Formula (7.26)] adapted
to our setting, that is, we have

1
= —mmmMmMmM8M@M8
07 Ay e

for some ¢ = c¢(n,6,) > 1. In addition, the number My needs to be chosen large
enough in [43, Formula (7.7)] adapted to our setting. More precisely, in our setting
[43, Formula (7.7)] needs to be replaced by

Ko (i(x, y) € Q1 | Mg, (U(f)(x, y) > Nz%)”zl)
+ o ({(x, y) € Ql | M35n (GZO) (x, y) - )qu})

: Nz?)‘z /BSn Uocd//“ot - )‘% Bsy, Goz e

IA

Cy / 2 Cy
— Usdiy + — GPdp, < keuy(91),
Nj)% B, a@la )\go 5, a Ao Ha(Q1)

where all constants depend only on 7, s, & and 8 and the last inequality is obtained by
choosing M large enough in (4.8) and taking account our definition (4.8) of A¢.

7 A priori estimates

In order to establish a priori estimates for weak solutions to the equation Lau =
(—A)*g, we need the following standard alternative characterization of the L” norm
which follows from Fubini’s theorem in a straightforward way.

Lemma 7.1 Let v be a o-finite measure on R" and let h : Q2 — [0, +00] be a v-
measurable function in a domain Q C R". Then for any 0 < < 0o, we have

/ WPy = ﬁfoo M (x € Q| h(x) > 1)) da.
Q 0

Proposition 7.2 Letq € [2, p) andq € (qo, q)), where qq is given by (4.6). Then there
exists some small enough § = §(n, s, a,0, A,m,q,q) > 0 such that if A € Lo(A)
is 8-vanishing in Bs, and g € WS2(R") satisfies G € Li(Bsy, ty), then for any
weak solution u € WS2(R") of the equation Lu = (—A)*g in Bs, that satisfies
Uy € L5(85n, W), the estimate (4.10) in any ball contained in Bs, with respect to o
and (5.8) in any ball contained in Bs, with respect to q, we have

N (= :
][ Uddp, | <C > 27k ][ Uldu
Bi2 k=1 Bs,
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1 00 %
+ <][ szua> gt Z G ][ G2du ,
Bsy k=1 Boks,,

where C = C(n,s,a,0,A,m,q,q, p) > 0.

Proof Let ¢ to be chosen small enough and consider the corresponding § =
8(e,n,s,a,0, A,m) > 0 given by Lemma 5.1. Then by using Lemma 7.1 mul-

tiple times, first with B = g, h = MBSn(UO%)% and dv = dug, then with
B=q—2,h= Mg, (U(f)% and dv = Mp,, (U(f)dua, and also with 8 = ¢ — qo,

1
h = Mp,, (G&)® anddv = Mp,, (G&)d 1, a change of variables, Proposition 6.1
and the definition of N, 4 from (5.11), we obtain

/Ql (M, D) dia

= q~/ooo W g (Q1 N [MBS,,(Ug) > ,\2}) d

(SN

~ oo _
=q~N;{q/ AT g (Q1 0 My, WD) = N232)) i
0
i [, 1 2 2 42
:qN;{q/ 37 g (Q1 0 My, WD) = N232)) i
0
~ co
+aN, / 37 g (Q1 0 My, WD) = N232)) i
0
< GN{ g1a(QDAG
~ oo
+ C1gNe 4e f Aq—3 / Mg, (U2)dpodr
0 Qin| M, W)>12}
- 0o
+C1§Ngq8’q(’/ )»‘1"10’1/ \ M, (GP)d pgd
0 Qin| My, (GE)>s1050 |

=GN y1a (QDAY

R

+C]acndcs,QNdlolonsl_a/q‘; /Q <M85n(UD%)) dug
1

~ q
+ C1g N6~ / (Mps, (GI0)) 0 d g,
Qi
where C1 = Ci(n, s, a, 6) > 1. Next, we set

_4h
g:=min {80, (2clacndcs,9caNd101°") % } :
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so that ¢ is a valid choice in Proposition 6.1 and moreover, we have

[y

C13CpgCy9CyNg10"0e1 /00 < —

[\

Since in addition by assumption we have U, € L4 (Bsy, 1a), by Proposition 3.4 we
have

q
2

fQ (MBSn(U§)> dpg < oo,
1

so that we can reabsorb the second to last term on the right-hand side of the first display
of the proof in the the left-hand side, which yields

7 = 5 — q
/Q (M, (UD))? dpte <2GN 41a(QDAY +2C1GNE 67 /Q (Mg, (GD)) w0 d
1

Now in view of Propositions 3.5 and 3.4, taking into account the definition of Ao from
(4.8) along with using the estimate (4.10) with ug = u and Holder’s inequality, we
obtain

N

1
Ulddpg < — / Msy, (U2)* dita
]Esl/z 1t (Bi/2) ( o )

< (Al MBS,, (G0)) 0 dp )

1

o] 2
k=1 Bs,

1

1) 7 %
+ ) a7keD ][ Gldu| + (J[ U(fdua)
k=1 sz5)1 Bsn
q _
+ <][ qudua> ) + C3/ Gldpy
B5n BSn

1

00 2
k=1 2k5n
: 5
szu> + (][ Gg’dua>
BSn

o0
£ g ko) <][
k=1 B
PN
q0 ~
+ <][ Gg“dua> ) +C4/ Glduy
85,, BSn

2k 5n

@ Springer



1364 S.Nowak et al.

<Cs ( i k=0 (é

k=1

>
Uzd/,L>

00 % q 5
+ Y 27k6e0 ][ G*dpu ) +c5][ Gldu,,
k=1 szsn Bsu

where we also used that m < ¢y < ¢ and all constants depend only on
1/q

. O
5

2k 5p

n,s,a,0,A,m,q,q and p. This proves the desired estimate with C = C
Corollary 7.3 Consider some q € [2, p) and some q € (qo, q5). Then there exists some
small enough 8 = 8(n,s,a,0, A, m,q,q) > Osuchthatif A € Lo(A) is §-vanishing
in By and g € Ws’z(R") satisfies G, € Lq(Bl, Ue), then for any weak solution
u € WS2(R") of the equation L yu = (—A)*g in By that satisfies U, € LqN(Bl, Ua),
the estimate (4.10) in any ball contained in By with respect to « and (5.8) in any ball
contained in By with respect to q, we have the estimate

o0

1
~ q
f Ugdﬂol < C(sz(SG) f Uzdu
By Bk

k=1 7.1)

1 00 %
~ q
+<][ ngua) + Y 27k60 ][ Gdu )
By k=1 By

where C = C(n,s,a,0,A,m,q,q, p) > 0.
Proof There exists some small enough r; € (0, 1) such that for any z € By /2, we have
Bspr, (z) € By. (7.2)
Fix some z € By > and consider the scaled functions u,, g, € W* 2(R™) given by
U (x):=u(rix +z), g:(x):=grx+z)
and also
A (x,y):=Arix +z, 11y + 2).

Since A is §-vanishing in B, we see that A clearly is 6-vanishingin B 1 (—z) D Bs,.
Snr
Furthermore, in view of (7.2), u isaweak solutionof L4 u; = g;inB_1 (—z) D Bsy.

Snry
Now fix some r > 0 and some xo € R” such that B, (xg) C Bs,. Then again in view

of (7.2), we clearly have
By r(rixo +z) C By,
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so that by the assumption that the estimate (5.8) holds for any ball contained in By,
the estimate (5.8) holds with respect to the ball B, (r1xo + z). Together with changes
of variables and taking into account (4.9), by straightforward computations similar to
[43, Formula (8.2)] it is now easy to verify that the functions

_ [tz (x) —uz(y)l

(Ua): (x, y):= _1g:) — 8]

v (Ga)z(x, y)=

|x _ y|a+9¢, |x _ y|a+0a

_ uz(x) — uz(y)l

lgz(x) — g:(¥)]
Uste, yi= S O =180 — 8:9)

’ Gz(x,Y):— |x_y|5+6

satisfy the estimate (4.10) in any ball contained in Bs,, with respect to « and the estimate
(5.8)in any ball contained in Bs, withrespectto ¢. Since in addition the assumption that

Uy € L9(By, iug) clearly implies that (Uy). € LY (le (-2)° Ma) C LI (Bsy, 1ta),
nrl
by Proposition 7.2 we obtain that

’L o0
Ua)ldie _C< 2 kG=6) ][
(ﬁm( )2 u) <a Y (B

%
U?d,u)
k=1

1 00 %
~ q
+<][ (Ga)?dua> + Yy 27O ][ Gdu )
Bsy, k=1 Biks,,

where C4 = Ca(n,s,a,0,A,m,q,q, p) > 0. By combining the last display with
another straightforward computation involving changes of variables (cf. [43, Formula
(8.3)]), we obtain

e %
) <e(Er (o)
By 2 k=1 szSnrl(z)
1 1
- q o0 2
+ (f szﬂa> +Zz—k(§‘—0) (f szﬂ) >’
85""1 () k=1 BZkSnrl (2)

where again Cs = Cs(n,s, o, 0, A,m,q,q, p) > 0. Since {Brl/z(z)}zeBl/2 is an

2k5n

open covering of the compact set B /2, there is a finite subcover {Br1 12(z J-)}j.v=1 of
By /2. Thus, summing up the above estimates applied withz = zj over j =1,..., N
in essentially the same way as in the last display in the proof of [43, Corollary 8.3]

yields the estimate (7.1), which finishes the proof. O

In view of another straightforward scaling argument (cf. [43, Corollary 8.4]), we
also have the following scaled version of Corollary 7.3.
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Corollary 7.4 Letr r > 0 and z € R" and consider some q € [2, p) and some § €
(qo, g}). Then there exists some small enough 6 = §(n,s, o, 6, A, m,q, q) >0
such that if A € Lo(A) is 8-vanishing in B, (z) and g € W**(R") satisfies G, €
Lq(Br (2), Jta), then for any weak solution u € W*2(R") of the equation Lyu =
(=A)*g in B,(z) that satisfies U, € L‘7(B, (2), 1e), the estimate (4.10) in any ball
contained in B, (z) with respect to a and (5.8) in any ball contained in B,(z) with
respect to q, we have the estimate

N s %
<][ Ugdua> < C( Z 7—k(s—0) (][ Uzdu>
By () k=1 By,
N - :
(h ) oEr (fow) )
Br(2) k=1 Bk, (2)

where C = C(n,s,a,0, A,m,q,q, p) > 0.

Next, we use an iteration argument in order to drop the assumption (5.8) and obtain
higher integrability all the way up to the exponent p.

Proposition7.5 Letr > 0,z € R", s € (0, 1) and p € (m, 00), where m satisfies
(4.5). Then there exists some small enough 6 = §(p,n, s, o, 0, A,m) > 0 such that
if A € Lo(A) is 8-vanishing in Br(z) and g € WS2(R") satisfies G € LP(B.(2), w),
then for any weak solution u € WS2(R") of the equation Lau = (—A)*g in B.(2)
that satisfies U, € LP(B,(2), tg) and the estimate (4.10) in any ball contained in
B, (z), we have

1
7 [ee}
Br/z(z) k=1 szr(Z) (7 3)
1\

1 oo 2
+ (][ Gé’dua) "4 Z 2 —k(s=6) ][ G*dp )
B, (2) k=1 sz,(z)

where C = C(n, s, o, 0, A,m, p) > 0.

=

[e¢]

Proof Define iteratively a sequence {g;}7° of real numbers by

q1::25 qi+1:= min{(CIi + (qi)*)/zv p}’
where as in (4.4) we let

ngi

(g)* =
ai 2p, ifn <ag;.

ifn > ag;
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Since for any i with n > «aq; 4| we have

ngi ngi qi 4s
. 2 - = - > O’
<ql+n—aqi)/ " n—aq) 2 2m—a)

there clearly exists some i), € N such that g;, = p.

Since the estimate (5.8) is trivially satisfied for ¢ = ¢; = 2, and in view of
the additional assumption that U, € LP”(B,(z), iy) We in particular have U, €
L7 (B, (2), ig), if we choose § small enough such that Corollary 7.4 is applicable
with ¢ = 2 and § = ¢, then all assumptions of Corollary 7.4 are satisfied with
respectto g = q; = 2 and ¢ = g, € (min{m, g1}, (q1)*), so that we obtain

b e :
][ UPdpe | < C<Zz"‘“‘9> ][ Uldp
Br2(2) k=1 BZkr(z)
(7.4)
z & :
+ <][ Gzzcma) + Y 27k60) ][ Gdu )
B (2) =1 Bk, (2)

where C1 = Ci(n,s,a,0,A,m,p) > 0.1f i, = 2, then g2 = p and the proof
is finished. Otherwise, we observe that since r and z are arbitrary, the estimate
(7.4) holds also in any ball that is contained in B,(z), so that that the estimate
(5.8) is satisfied with respect to ¢ = ¢ in any ball contained in B,(z). Since also
Uy € LP(B,(2), bo) C L92(B,(2), L), if we choose § smaller if necessary such that
Corollary 7.4 is applicable with ¢ = g, and § = g3, then all assumptions of Corol-
lary 7.4 are satisfied withrespecttog = gz andq = g3 = (q2+(¢2)*)/2 € (q2, (q2)*),
so that we obtain the estimate

1

2

U 2du>

UBdu, < Cz( 27K ][
Br2(2) “ ¢ B
1
5o f
+ <f Gg3dua> + ZZ*k(ng) f szﬂ >,
B (2) =1 Bk, (2)

k=1
where C2 = Ca(n,s,a,0,A,m, p) > 0.1f i, = 3, then g3 = p and the proof is
finished. Otherwise, iterating this procedure i), — 1 times and using that ¢;, = p also
leads to the estimate (7.3). O

2kr(2)

Finally, by another delicate iteration argument we also drop the assumption that the
estimate (4.10) holds, achieving an a priori higher differentiability estimate for any
s <t < min{2s, 1}.

Proposition7.6 Letr >0,z e R", s € (0,1), s <t < min{2s, 1} and p € (2, 00).
Then there exists some small enough § = 8(p, n, s, t, A) > 0 such that if A € Lo(A)
is 8-vanishing in B, (z) and g belongs to W*2(R") N W' P (B, (z)), then for any weak
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solution u € WS2(R") N WP (B,(z)) of the equation L au = (—A)°g in B.(z), we
have

[lwer s, 0 < € (Wl + [8lwer (s, @) + [8lwse@n) . (7.5)
where C = C(n,s,t, A, p,r) > 0.

Proof Fix some s < t < min{2s, 1} and some p € (2, 00). All constants in this
proof will only depend on n, s, t, A, p and r. First of all, the assumption that u €
WP(B,(z)) implies that Uy = Uy, € LP(B(2), ite) for any s < o < min{2s, 1}
such that o + (1 — %) Oy <'t.

Let § > 0 be to be chosen small enough, fix some 0 < y < min{2s, 1} — ¢ and
choose the parameter 6 by #:=min{s, 1 — s} — y € (0, min{s, 1 — s}), so that in
particular ¢ < s+ 6. In addition, define sequences of parameters {m}ren and {€ }ren
by

1 2n —3s p
= —mi 14+ =
" kmm{n—Zs +2}

1 2(n — 2n —
+ <1 - E) min{—rin_ Zz),p} € <2, min{—’in_ 2?,[7})

and
2
gri=1——€(0,1).
m

In particular, note that as indicated above, for any k € N the parameter m; belongs to
the range given by (4.5). Define inductively further sequences of parameters {# }ren,
and {60, }ken, by t0:=s, 0;,:=06 and

exby

ti=tp—
ki=lk—1 + >

Opi=s+60—1t;, k>1.
Let

2n —
&= lim & =1—2/min {M,p} > 0.
k— 00 n—2s

Since the sequence {fx}ien, is strictly increasing and bounded by s + 6, the limit
ty:=limy_, o 1 exists and satisfies t, = 1, + %’(s +6 —t,), whichleadstot, = s +6.
Thus, since we have t < s + 6 = t,, there exists a non-negative integer % such that
Iy < tbut g >t Also, define

_ -
1-2/p°

9;: 9~:=9;+t’k“—s
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and note that since p > my, we have

t— 17, + €70
OZSMSQQ;:S'FQ_?];,
P
k

which implies that
O<§§9 < min{s, 1 — s}.

Thus, g also belongs to the range (4.1) and the relation (4;9) is satisfied for 6, = 6;,
a =ty and with 6 replaced by 6, that is, we have 6; = s + 60 — .. In addition, observe

that
2
p

Ifk = 0, then since for ¢ = ty = s, the estimate (4.10) is tr~iVially satisfied with
m = 2, by Corollary 7.5 with 6, = 6; and with 6 replaced by 6, for § small enough
we have

1
14
(ulwer (B, ) = ][ UfethGr
By 2(2)
1
00 2
—k( 2 ~
(Z O, v
p Bk, (2)
. 1
Pk i—9) 2 ’
+ (f : Q,d'uet) + 22 (s ][ Gs,é'd,u[gv )
B (2) =1 Bk, (2)

<GC;3 ([M]W.Y«Z(Rn) + [glwrr (s, @) + [g]ws,Z(Rn)) .
In the case when k = 0, the proof is finished. If on the other hand k> 0, then for

any x9 € B,(z) and any r’ > 0 such that B, (x9) C B,(z), using Proposition 2.5,
Corollary 7.5 with p replaced by m along with Lemma 3.3 yields

1

1 / / (u(x) — u(y))? dydx :
1, By (x0)) Ji, 000 JB, 0 X = Y720
1

- Ju(x) —u(y)™ mr
Byt p(x0) J By 3 (x0) |x — y|rtmi+ei/2)

1
_n 2 ulx) —u(y)™ "
= Cq(r') m ™ / / et )n+m(i)J|r£ gydydx
By jy(x0) J By (xg) [X — y [T
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1

1

my 2

- ][ G"hdu +§ 2ks=0) ][ G’du )
B,(xo) Bk, (x0)

1

o0 2
k=1 sz,/(xo)

A oo 2
n ][ G™. dpg, 4N pkG—6) ][ Gy )
( By ,; B,/ (x0)

for 8 small enough and any weak solution u € W*2(R") of Lau = (—A)*g in B,(2).
Thus, since in addition C7 does not depend on r and r’, we conclude that the estimate
(4.10) is satisfied in any ball contained in B, (z) with respect to @ = t; and m = m.
Therefore, in the case when k = 1, once again by Corollary 7.5 with 6, = 6, (which
is applicable since m| < p) and with 6 replaced by 6, we see that

1
» o0 _ 2
[M]Wt'p(Br/Z(Z)) = C8 f Ut]:ﬂ[d,ugr < C9 ( Z 2_/((5—9) f Ufgd/,bg
Brp By, () 7

k=1
1

2
+ (][ due) + 3 2k ][ G*dug
B.() ‘ Z By, 0

< Cio ([ulws2gny + [g]W'~ﬂ<B,~<z>> + [8lws2@n)

for § small enough, so that in this case the proof is finished. If k> 1, then since
my > my, for any x9 € B,(z) and any ' > 0 such that B,/(xg) C B,(z), by
Proposition 2.5, Corollary 7.5 with p replaced by m, and Lemma 3.3, for any weak
solution u € W% 2(R") of Lyu = (—A)°g in B,(z) and § small enough we have

1
! [ / @ —un? o\
16, (B, (x0)) —————5—dydx
(I"l’gtz (Br/ (XO)) Br’/Z(XO) r’/Z(XO) |x -y |l’l+2t2 )

1
N e ) —un™ "™
<Cu(r ittt ) AYAr
B, /3(x0) J By p(x0) |X — ¥l !

B
_n_20 ulx) —u ma "2
=Cn@r) m m / / € )n+ngl|£20 )dyd
B )3(x0) /By p(x0) X — ¥l g
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1
mp
Br’/z (x0)
1

o0 b
< C13<22_k(s_9) ][ Uldp
Bk, (x0)

k=1

1
my 00
—k(s—6 2
+ ]é G;rll>29r1 due,, + ZQ (s—6) ][ G du
1 (x0) k=1 Bk, (x0)

o0 2
< C14<22k(‘90) ][ U’du
k=1 sz,/ (x0)

1
miz o
n ][ G™. dug, 4 N kG0 ][ G2y )
( B,/ (x0) 2,8 : 1; sz,/(xo)

where C14 does not depend on r and r/, so that (4.10) is satisfied in any ball contained
in B,(z) with respect to « = f and m = my. Thus, if k=2, again by applying
Corollary 7.5 with respect to 6, = 6, and with 6 replaced by 6 we see that the desired
estimate (7.5) holds, so that in this case the proof is finished. If k > 2, then iterating
the above procedure k times also leads to the estimate (7.5), which finishes the proof.

O

=
N———"

D=

We are now able to prove an a priori W/'? estimate for equations of the type
Lau = (—A)%g in the case when A is small in BMO.

Theorem 7.7 Let @ C R" be a domain, s € (0,1), A > 1, s <t < min{2s, 1},
p € (2,00) and R > 0. Then there exists some small enough§ = 5(p,n,s,t, A) >0
such that if A € Lo(A) is (8, R)-BMO in Q and g belongs to W*2>(R") N WHP (),
then for any weak solution u € W**(R") N WP (Q) of the equation L yu = (—A)*g
in Q and any relatively compact domain Q' € Q, we have

ulwery < C (ulwsag@ny + [glwer) + [8lws2@n) - (7.6)
where C = C(n,s,t, A, R, p, 2, Q) > 0.
Proof Fix arelatively compact bounded domain Q' € Qandleté = §(p, n, s, 1, A) >
0 be given by Proposition 7.6. There exists some r € (0, R) such that for any z € &/,
we have B, (z) € . Since A is (§, R)-BMO in €, for any z € Q" we conclude that A

is 8-vanishing in B, (z). Also, since u € W"P(2), we have u € W"P(B,(z)) for any
z € Q. Therefore, by Proposition 7.6, for any z € Q' we obtain the estimate

(ulwir B, 2 = C1 (lws2@ny + [&lwir s, ) + [8lws2@ny) - (7.7
where C; = Ci(n, s, t, A, p,r).
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Since {Br /2 (z)} .cqy 18 an open covering of € and Q' is compact, there exists a

finite subcover {Br 2 (z,')}fvz1 of Q' and hence of . Now summingoveri = 1,..., N
and using the estimate (7.7) forz =z; (i = 1, ..., N) yields
N

wr() = Z[”]W’ "P(Br2(zi))
i=1
N (7.8)
Z [M]Wr 2(Rn) + [g]W‘ P(Br(2)) + [g]VVY 2(Rn))

=G ([”]W“ﬂz(R") + [glwrr (@) + [g]W.V,Z(Rn)) ,

where C, = Ca(n,s,t, A, p,r) > 0. Since N depends only on € and 2, while
r depends only on R, Q" and £, this proves the estimate (7.6), so that the proof is
finished. =

Remark 7.8 Since it might be useful in some applications, we remark that the statement
of Proposition 7.7 can be generalized to the setting of a right-hand side that is given by
a more general nonlocal operator or even by sums of more general nonlocal operators.
Forsome! € Nandi =1, ..., 1, consider measurable functions D; : R” x R” — R
such that

)
Z |D;(x, y)| < A for almost all x, y € R". (7.9)
i=1

In addition, fix functions g; € W*2(R") N WP () and letu € W*2(R") N WP ()
be a weak solution of the more general nonlocal equation L u = Z§=1 Lp,gi in Q,
that is, assume that

A
[ f ) @) — u () p) — o)y

" x _ y|n+2s

D;
_ Z / [ P w0~ 00 ) — edvdx Vg € Wit(@).

|x _ y|n+2s

Then the following is true. For s, t and p as in Theorem 7.7, there exists some small
enoughé = §(p,n,s,t, A) > Osuchthatif A € Lo(A)is (8, R)-BMO in 2 for some
R > 0, then for any relatively compact domain Q" € €2, we have the a priori estimate

i I
[ulwrr@y < C ([M]w-az(Rn) + Z [gilwrr@) + Z [gi]Ws,Z(Rn)> , (7.10)

i=1 i=1

where C = C(n,s,t, A, R, p, 2, Q) > 0.
This is true since the statement of our comparison estimate given by Proposition 4.1
remains valid for weak solutions u of such equations of the form L s4u = 2521 Lp,gi,
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which can be easily seen by using the bound (7.9) in the estimation of the appropriately
adapted integral I in [43, Proposition 5.1], while the adaptations required to account
for the summation overi = 1, ..., [ are straightforward and do not change the proofs
in any conceptually significant way.

8 Proofs of the main results

We are now in the position to prove our main results.

Proof of Theorem 1.2 Fix relatively compact bounded domains ' € Q9 € Q" € L,
where we assume that € is a smooth domain. Let § = §(p, n, s, ¢, A) > 0 be given
by Theorem 7.7 and let {1/,,,}7>_; be a sequence of standard mollifiers in R" with the
properties

Y € C(Bim), ¥m =0, / Um()dx =1 forallmeN. (8.1
RVI

Forany m € Nand x € Q,,:={x € Q | dist(x, 02) > 1/m}, we now define

fnz(x):z/;zf(Y)wm(x —y)dy.

Next, observe that there exists some large enough mg € N, such that Q" C €, for all

np
m > my. Since f € L"t(h "7 () and Q" € Q, by standard properties of mollifiers
we have

m— 00

fm —— f in L’l+<25 77 (Q") (8.2)

and f,, € L (") for any m > my. In addition, for any m > m, by [42, Proposition

4.1] there exists a unique weak solution u,, € W$2(IR") of the Dirichlet problem
Lauy, = f in Q.” 83)
Uy = U ae. inR"\ Q".

Since wy,:=u — u, € WS’Z(Q”) is a weak solution of the equation L w,, = f — fi
in ", in view of using wy, itself as a test function in this equation, along with Holder’s
inequality and the fractional Sobolev inequality (see [20, Theorem 6.5]), we obtain

5 (wm(x) wan (1))?
Wi2(R) / / Al oy
=A"! (f — fim)wndx
M- fmlle(m)ll mlle(Rn
< C]||f meLnJr(és ’)p(Q//)[ m]Ws,Z(Rn)y
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where C; = Ci(n, 5,1, p, A, Q") > 0, so that along with (8.2), we deduce that

k— 00

[Wm lws2 @y < Gllf = fm”LnHé’s’ 7 —>0

and
mli—{noo[um]WLZ(Rn) = [M]WS,Z(RYI). (85)

Next, for any m € N let g,, € W*2(R") be the unique weak solution of the Dirichlet
problem

(=A)'gm = fm inQ"

8.6
gm =0 ae inR"\ Q". 8.0

Then by a similar reasoning as in (8.4), each function g,, satisfies the estimate
gmlws2@ny < Coll full 00, (8.7

L ntQ@2s—t)p (Q//)

where C> = Ca(n, s, t, p, Q") > 0. In addition, by the local H>*>? estimates for the
fractional Laplacian (see [43, Theorem 4.4]), we have the estimate

lgmll e oy o S Callmll e (8.8)

where C3 = C3(n, s, 1, p, 0, 2”) > 0. Also, by Proposition 2.4, we have

< n
Lgmlweriop < Callgml oo ae (8.9)

where C4 = C4(n, s, t, p, 20) > 0. In view of (8.3) and (8.6), u,, is a weak solution
of the equation

Lauy = (_A)ng in Q".
Since f,, € L®(R2"), by [43, Theorem 1.4] we have u,, € Cloc(QO) for any B €

(0, min{2s, 1}) and thus u,, € WP (). Therefore, by Theorem 7.7, (8.7), (8.9) and
(8.8), we have

mlwir@y < Cs ([umlws2@ny + [gmlwir@o) + [8mlws2@m)

=< C6 <[”m]Wx,2(Rn) + ||fm||]‘n+(2rfrp—t)p(gz//)> P

where all constants depend only on n, s, ¢, A, p, ', Q" and (. Combining the pre-
vious display with Fatou’s Lemma (which is applicable after passing to a subsequence
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if necessary), (8.5) and (8.2), we conclude that
WP () < lim inf[um]wr,p(g/)
m— 00

<C7 mh—I>noo <[um]w.r,2(Rﬂ) + ||fm||L,H(2nApt)p(Q//)> (8]0)

= (7 ([M]WM(R”) + “fHLWz"s’Tp(m)) ,
where C7 = Cy(n, s, t, A, p, Q', Q") > 0. This proves the estimate (1.8).

The assertion that u € Lf;c(Q) now follows by a simple iteration argument for

which we refer to the proof of [43, Theorem 9.1], so that we conclude thatu € Wz P (Q).
This finishes the proof. O

Proof of Theorem 1.1 The case when ¢t = s follows directly from [43, Theorem 1.1].
Next, fix some p > 2, some s < t < min{2s, 1} and consider the corresponding
6 =46(p,n,s,t, A) > 0 given by Theorem 1.2. Since A is assumed to be VMO in €2,
there exists some R > 0 such that A is (8, R)-BMO in Q. Thus, by Theorem 1.2 we

np
obtain that u € Wlto’f () whenever f € L/""®7"7 (), which finishes the proof. O

loc

Proof of Theorem 1.3 Fix some t such that s < ¢t < min{2s, 1}, some g €

2
(WSA” ) and some f € Lloc
we have n > (2s — t)q and set p.:% > 2, so that we have g = %
and thus f e Ll”ot(zY 7 (Q). Therefore, by Theorem 1.1 we obtain u € Wlof (Q) =
tn (23 )
Wloc ! (Q)

If on the other hand ¢ > 5, then for any p € (2, c0) we have % <gq

_np

and thus f € L/"® 77 (Q), so that again by Theorem 1.1 we obtain u € Wloc (R).1In

loc
view of Proposition 2.5, the conclusion that u € W, Uf (2) for p € (2, 00) and for any
t in the range s < t < min{2s, 1} also implies that u € Wloc () for any p € (1, 00),
so that the proof is finished. O

Proof of Theorem 1.4 Fix some s < t < min{2s, 1} and some ¢’ such that t < ¢/ <
min{2s, 1}. Since f € L? () and < 2, Theorem 1.3 implies that u €

¢ _2n
Wl(m” o ’)(Q) Since % > 2, by Proposition 2.5 we arrive at u € Wlt(;f(Q),
so that the proof is finished. O

loc n+2(2¥+t )

Remark 8.1 As already indicated in Remark 1.5, our main results remain valid for
another class of coefficients A that in general might not be VMO in Q2. Namely, the
conclusions of Theorems 1.1, 1.3 and 1.4 remain true if instead we assume that there
exists some small ¢ > 0O such that

}}in}) sup |[A(x+h,y+h)— A(x,y)| =0 forany compactset K C A8.11)
—U x yek
lx—yl<e
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In fact, in the present paper we only use the assumption that A is VMO in €2 in order
to ensure that the Holder estimate for corresponding homogeneous equations given
by (4.20) holds, which in this case is guaranteed by the results from [43]. If instead A
satisfies the assumption (8.11), then this Holder estimate actually follows from [41,
Theorem 1.1] combined with [43, Lemma 5.1], so that our proofs and main results
remain valid under the assumption (8.11).

As mentioned, the condition (8.11) is for example satisfied in the case when A €
Lo(A) is translation invariant in €2, that is, if we have A(x, y) = a(x — y) for all
x,y € € and some measurable function ¢ : R?” — R. Since in this case A is
otherwise not required to satisfy any additional smoothness assumption, A might not
be VMO in 2 but still satisfies (8.11).
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