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Abstract

We construct and analyze a domain decomposition method to solve a class of singu-
larly perturbed parabolic problems of reaction-diffusion type having Robin boundary
conditions. The method considers three subdomains, of which two are finely meshed,
and the other is coarsely meshed. The partial differential equation associated with the
problem is discretized using the finite difference scheme on each subdomain, while
the Robin boundary conditions associated with the problem are approximated using a
special finite difference scheme to maintain the accuracy. Then, an iterative algorithm
is introduced, where the transmission of information to the neighbours is done using a
piecewise linear interpolation. It is proved that the resulting numerical approximations
are parameter-uniform and, more interestingly, that the convergence of the iterates is
optimal for small values of the perturbation parameters. The numerical results support
the theoretical results about convergence.
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1 Introduction

Singularly perturbed problems (SPPs) arise in the mathematical modeling of several
practical problems in engineering and applied mathematics, for example, in describing
the theory of gyroscopes [25], in studying linear spring-mass system without damping
but with forcing and a small spring constant [31], in variational problems in control
theory [10], etc., where the higher order derivative appears multiplied by a small
parameter. The fascinating aspect of SPPs is that their solutions have boundary and/or
interior layers (the regions in which there are steep gradients). Because of this reason,
classical numerical schemes are not appropriate to accurately and efficiently solve
these problems. This has led to the development of special numerical approaches
for SPPs. The developed numerical methods for SPPs are called as parameter-robust
or parameter-uniform or uniformly convergent, meaning that the convergence of the
method is independent of the involved parameter. They are developed considering
fitted operators, fitted meshes, and domain decomposition approaches [1, 2,9, 11, 14—
16, 26, 28-31, 35]. Further, some recent advancements in finite difference methods
can be seen in [3-6].
Consider the following SPP

Lu = us(x,1) — ety (x, 1) +alx, Dux, 1) = f(x, 1), (x,1) € 2:=Dx (0,T], @))
with the Robin boundary conditions

M(Ov t) - \/Eux(()? t) = gl(t)’ u(]’ t) + \/Eux(l»t) = gr(t)’ t € (0’ T]v (2)
u(x,0) = gp(x), x €D, 3)

where D = (0, 1), a(x,t) > « > Oon Q, and 0 < ¢ < 1is known as the perturbation
parameter. It is known that problem (1)—(3) has a unique solution exhibiting boundary
layers near x = 0 and x = 1 [12, 22, 37]. Such problems arise in the modelling of
certain types of bioswitches [41].

Singularly perturbed problems similar to (1)—(3) with Dirichlet-type boundary con-
ditions have been studied extensively in the literature (see [7, 18, 20, 24, 27, 34, 38] and
the references therein). However, there are only a very few studies of such problems
with Robin boundary conditions (RBCs) [12, 13, 22, 37]. Note that all these studies
are based on the fitted mesh approach.

Domain decomposition is shown to be a very versatile and effective approach for
solving problems in ordinary and partial differential equations [8, 17, 32]. The original
approach dates back to 19th century [36]. However, the approach flourished more in
the last three decades. Schwarz waveform relaxation (SWR) is a special approach that
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is very popular for solving time dependent problems [32]. In this technique, the space-
time domain is split into several subdomains. Then, on each subdomain across the
whole time interval the solution is computed and the exchange of time-space bound-
ary values takes place. We can treat the subdomains differently using this approach.
Also, we have the flexibility to locally address any singularity in the solution. Fur-
ther, a non uniform mesh can be avoided with this approach. Lastly, one can speed-up
the computations by implementing it on parallel computers. Domain decomposition
methods for SPPs have been developed in [19-21, 33, 34, 39, 40] and the references
therein. Note that in all these works model problems with Dirichlet boundary condi-
tions are considered. Moreover, we are not aware of any studies involving the domain
decomposition approach for SPPs with Robin boundary conditions.

Hence, the objective of this paper is two-fold: first, to introduce a domain decom-
position method of SWR type to numerically solve problem (1)—(3), and second, to
present a parameter-uniform convergence analysis of the introduced method. We con-
sider a space-time partitioning of the original domain using the Shishkin transition
point. The PDE associated with problem (1)—(3) in each subdomain is discretized by
the finite difference scheme, while the Robin boundary conditions of problem (1)—(3)
are approximated by a special finite difference scheme to maintain the accuracy. Then
aniterative algorithm is introduced, where transmission of the information to the neigh-
bours is done using the piecewise-linear interpolation. We discuss parameter-uniform
convergence of the constructed method using auxiliary problems that separates the
discretization and iteration errors. Note that the convergence analysis of domain
decomposition methods for problems with Dirichlet boundary conditions cannot be
straightforwardly applied to the present method due to the presence of the Robin
boundary conditions. Firstly, we require a different definition of auxiliary problems
to handle the Robin boundary conditions. The boundary and initial conditions of the
auxiliary problems in earlier works are simply defined using the exact solution of the
problem, but that is not entirely true for the present problem. Secondly, we require
a more complex constant coefficient problem (in Theorem 3.2) and altogether differ-
ent barrier functions (in Theorems 3.2 and 3.3) for bounding the error between the
auxiliary solution and the Schwarz iterates. It is proved that the resulting numerical
approximations are parameter-uniform and, more interestingly, that the iteration con-
vergence is optimal for small . Finally, numerical results are provided to support the
convergence theory.

The rest of the article is organized in different sections as follows. Section 2 provides
a priori bounds for the solution derivatives, and Sect. 3 includes the development of
the SWR method for problem (1)—(3). Section4 includes the convergence analysis of
the developed method. Finally, in Sect. 5, we present the numerical results for two test
examples confirming our convergence theory.

Notation: C denotes a generic positive constant which is independent of the param-
eters N, M, e, and k. For v € C(Q), let us define v;,j = v(x;, t;). Here, ||| is used
to define the maximum norm on a closed and bounded set Q, and ||.|| ON.M is used to
define the corresponding discrete maximum norm.
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2242 S. Kumar et al.

2 Asymptotic behavior

We discuss a priori bounds on the solution derivatives of (1)—(3). The existence of a
unique solution of problem (1)—(3) is established in the following lemma.

Lemma 1 Suppose a. f € CHPPI(@). g1 g € CF (0. T]), g € C*(D),
B € (0,1), and the compatibility conditions up to the first order are true. Then,
problem (1)—(3) has a unique solution u € CCHBITBI2) (Q).

Proof See [23, Chapter IV, Section 5]). O

In the following lemma, crude bounds for the derivatives of u are given.

Lemma2 Suppose a, f € CAHBITE/D(Q), g4, g € c* (10, 1), gp € CHA(D),
B € (0,1), and the compatibility conditions up to the second order are true. Then,
problem (1)—~(3) has a unique solution u € C#B2+8/2(Q). Moreover, it holds

91 t+azy, A
‘WQSCB Jor 0 < q142¢2 <4, @
Proof The proof follows from the arguments in [37, Theorem 5]. O

The above bounds are not enough for the convergence analysis in Sect. 4. We require
to split # into regular and singular parts, and bounds for their derivatives as given in
the following lemma.

Lemma3 Suppose a, f € CHHP2H/2(Q), g, g, € CF (10, T)), gy € COH(D),
B € (0,1), and sufficient compatibility conditions hold. Then, one can split u as

u = uy + up, where uy and uy are the regular and singular parts, respectively,
satisfying

o8 ur (e, 0] < C(1L+£279072), 5)

109y (x, 1)| < Ce™N1/2 (e(—W"‘/” + e““‘”v"‘/”) : (6)

for(x,t)eﬁ,OSql <4,

Proof The lemma can be proved following the arguments in [37, Theorem 6]. O

3 The domain decomposition method

We partition €2 into 2, = D, x (0,T], p = £,m,r, where Dy = (0,2p), D, =
(p, 1 —p), D, = (1 —2p, 1) with the parameter p defined by

1 e
p:mm{z, 2\/glnN}. 7
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Here, p is chosen as the Shishkin transition parameter [9, 26], which enables us to have
fine meshes (for small €) on 2, and €2, (the subdomains corresponding to the boundary
layers). Further, we discretize each subdomain €2, with a uniform mesh in both the
spatial and temporal directions. On each spatial subdomain D, = [a, b], we define a
uniform mesh Bg ={xpi=a+ihy,i=0,...,N, hy, = (b —a)/N}. When the
domain is obvious, for convenience, the term p will be dropped from the subscript in
Xp;i- On the interval Q; = [0, T, we define a uniform mesh ﬁﬁw ={t;j =jAt, j=
0,...,M, with At = T/M}. Here, M and N are discretization parameters in time
and space directions respectively. Defining Dg = Eg NDp, and QM — 5?/[ N, T],
the mesh Qg’M corresponding to €2, is defined as Qg’M = Dg x QM. Further, we
define Q)" = D) x QM and M = {xp0) x QY. ypiM = (o) x QM
y[i\”,;M = BZ X {tp}. Then, on each Qg’M, p = £, m, r, the discretization of (1) is
defined as follows
LYMU i j o= B Upiij — 683U j + i jUpij = fij. (tpeinty) € QY M,

where

[FSUp = FoUplij

hp

F;Up;i,j = (Up;i-i-l,j - Up;i,j)/hpv F;Up;i,j = (Up;i,j - Up;i—l,j)/hp,
and B; Up:i,j = (Upii,j — Upii j-1)/At.

’

2 _
‘SxUp;i,./ =

We discretize (2) as follows

Fé\’sMUz(O, 1j) = Ug(0, 1)) — JeF U (0, 1) + 2"735(an + BT U, 1))
=g+ 3= f 0.1, 1; € Q)
®)
I MU (L) = Up (L) + VEF Up (L)) + 3% aUr + By Un)(L 1)

=g (tj) + 2”7'5f(1, t), tjeQM.

Note that we have approximated the boundary conditions using a special discretization
scheme. If we had used the standard upwind scheme for the discretization of the
boundary conditions we would have obtained only first order accuracy. Therefore, we
use a special discretization scheme for the boundary conditions, which is based on
improving the truncation error to maintain second order accuracy.

Consider Q" = (ﬁé\,’M\ﬁm) UﬁZM U(ﬁiv’M\ﬁm). To compute as the
approximate solution of problem (1)—(3) the algorithm is defined as follows. We start
the iterative process with U0 (x;, 1 ;) as the initial approximation, defined as follows:
U x;,0) = gr(x),0 < x; < 1; U0 (x;, tj)) =0,0<x; < 1,0 <t; <T.
Suppose Z; Z is used to denote the piecewise-linear interpolant function of Z at ¢;.
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2244 S. Kumar et al.

For each k > 1, we solve

LYMult =y in Q)M
rp M Uf0,1) = ge(t)) + 5= £ 0.17) if 1 € @),
uM@p, 1)) = ;0% 2p, 1)) iftj € QM,
U (xi,0) = g (x) if x; € 52] ,
LMy =y in QM

UM(1 = 2p, 1)) = U1 —2p, 1)) if 1; € QM
k .
rV My, ) = g.()) + s fLg) ify e QY

UM (i, 0) = g (x) ifx; €D
LpMupt = f in Y,
Ul (o, 1)) = ;UM o, 1)), fori; € QM
UM = p.1j)) = ;UM = p. 1)) fortj € QM.
Un (1, 0) = go(x7) for x; € Diy.

We then compute U*1 by
vl in @) M\ Q.
oW =1 ol oy ©)

m El

v in @M\ Q.

r

The iterations are performed until
N+ — W v < tol

is reached, where tol is a specified user tolerance.

For p = ¢, r, m, suppose the operator ’1},N’M is defined as ’]'pN’MZ(y,tj) =
Z(y,1p), y = p, 20, L—p, 1 =2p,1; € Q" and 7VMZ2(0,1)) =
FéV’MZ(O, 1), ’]}N‘MZ(L tj) = FfV’MZ(l, tj), tj € Qf"[ Now using the arguments
in [37, Theorem 7] we can prove the following maximum principle for Lg’M.
Lemma4 Suppose Z,, p = m,r, L, satisfies Z,(x;,0) > 0 for x; € Eg and
TN Z,x0,1) =0, TV M Z,(xn, 1) > 0,1; € QM.

Then, if LY Zi 5 = 0in QM. it holds that Z,y,; ; = 0in 2 ™.

The stability of the numerical scheme is given by the following lemma.

Lemma5 For any mesh function Z,, we have

N.M N.M L NM
NZpllsn.m <max (17,7 Zpll N, 1T " Zpll Nom s N Zpll Noms =1L Zpll ovom -
QP P yp,l P Ypr yp.b o ’ QP

@ Springer



Parameter-uniform convergence analysis. .. 2245

Proof Suppose OF(x;, tj) = © & Z(x;, t;) is a mesh function with
1
_ N.M N.M N.M
o —max{HTp Zpll o T M Zy 1 N Zpl] s, 1L Zp||QgVM}.

Then, it is easy to verify that ’]zN’MdDi(xo, tj) =0, T,N’M@i(xlv, tj) > 0,t; € Qf”,

CIDi(x,-, 0) > Oforx; € Bg, and Lg’MCDi(x,-, tj) >0, (x;, 1)) € Qg’M.Hence, from
Lemma 4, the proof follows. O

4 Convergence analysis
We now establish that the method gives parameter-uniform approximations to the

solution of problem (1)—(3). Further, we prove that the iterative process converges
optimally for small . We consider the following auxiliary mesh function

U=17, ino"M (10)

where ﬁp, p = £, m, r, are such that

LYMU, = f in @)™,

T MU0, 1) =Y MUk, 1)) for1; € @M,

Ue2p,t;) =up,t;) fort; € QM,

Uy(xi, 0) = u(x;, 0) if x; 652/,
Ly"U, = f in ",
Un(p,tj) =u(p,tj) fort; € QM,
Un(l1—p,tj))=u(l —p,t;) fort; € QM,
Uy (xi,0) = u(x;, 0) if x; EBZ,

LYMU, = f in @V,

U,(1=2p,tj) =u(l —2p,t;) fort; e QM,
rYMU, 1,6 =N MUk, 1) for 1 € @M,
U

. —N
r(xi,0) = u(x;, 0) ifx; €D, .
Here, the discrete operators LéV’M, L,IZ’M, Lﬁv’M, FfV’M, and Fév’M are the ones that

were defined in the previous section. The main difference between these problems and
the problems in the previous seciion is that we LEed the solution u of prc&lem (DH-(3)
in the boundary conditions for Uy at (2p, t;), U, at (1 — 2p,1t;), and U,, at (p, ;)
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2246 S. Kumar et al.

and (1 — p, t;). By the triangle inequality, we get
llu — UM o < Nl = Tllgyan + 11T — UM . (11)

The following lemma gives the bound of the first term on the LHS of the inequality
in (11).

Lemma 6 Suppose u is the solution of (1)~(3) and U is the auxiliary mesh function
defined in (10). Then

llu = Ullgvn < C(AL+ (N "InN)?). (12)

Proof Note that (u — Uy)(2p, t;) = 0 for t; € M. On the other hand, from (1)~(2)
and (8) it follows that

M —Tp©,1) = <u — JeFfu+ %((m + B u) — (u — euy) — %f) ©.1))

he
= <\/E(Mx - Ffuw+ ﬁ(au ff+uz)> ©.1;) + 2\[(3 u—ur)0,15)

hy
_f(ux —F+u+ 2 uxx) 0,t)) + —~= 5 —u)(0,1)), tj € Q{VI

[

Using Taylor expansions and (4) we get

hye
M -0, z,)\_ VER2 ugx (. r,><|[xoxl]+4[ — L) s G gy
< C(At+ (N TinN)?).
Now

LYMu—Tp) =@M - Lyu= (B;u - u,) —e (a}cu - um) inQ¥ M p=emr (13)

and

(tj —1j—1)
2

Ly M =T ] =

&2
llueze (xi s -)“[11-71,11-] + Ehp Huxxxx(-, tj)||[xi—lvxi+l] s (14)

where we have used Taylor expansions to get (14). Since iy, < C/eN~!In N, using
(4) it follows from (14) that

‘L?”M(u —Ug)l-,,-‘ < C(Ar+(N"'InN)?) in@l M.
Hence, by Lemma 4 with C(At + (N~'In N)?) & (u — Uy);, ;, one gets
lu = Uellgy.m < C(A1 + (N"'InN)?).
14
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A similar analysis gives

lu = U,llgvm < C(AL+ (N"'InN)?).

Suppose p = 1/4. Then, we have h,, = 0.5N~! and e~! < C1In®> N. Again, using
(4) it follows from (14) that

‘LZ’M(M —Um)i,,-‘ < C(Ar+(N"'InN)?) inQVM.

Ifp= 2\/§ln N, then h,, < CN~!. For (B; u — u;) use Taylor expansion and (4)
to get

‘(Bt_u — u,)i’j‘ < CAt in QnA{’M.

For s((Siu — Uyy) use the decomposition u = uj + u>, Taylor expansions, and (5)-(6)

to get
821/11 32”2
832—)<8 52u; — 82uy — 212
(xu Uxx il = ((xm 9x2 y + || oxu2 92 y
%u Lt 9%u Lt
< Ceh?, —1(4 ) +Ce H—2(2 1)
dx [xi—1,%i41] dx [xi—1,%i+1]

< CN?2+42CePVYe < CN72.

Thus, L,]X’M(u — Um),',j ) < C(At+(N"'InN)?) in Q,,A;’M. So, applying Lemma 4
to C(At + (N~ 'InN)?) £ (u — U,,), one gets

e = Upllgr.m < C(AL + (N"'In N)?).
This completes the proof. O

The following notation will be used in the next two theorems.

pll =max| max | — ;0" h2p. 7)1, maxer—I,-U[k”)(1—2p,z,->|],

leQ[ tjEQ,

pp =max{ max |(Un —Up(p,tj)l, max |Um—Up)(A—p,tj)]¢.
tjEQ;V[ tjEQ{V[

We will show the parameter-uniform convergence of the method in two cases: when
p= 2\/5 In N and p = 1/4. In the next theorem, for p = 2\/5 In N, we first obtain

a bound of ||[U — U [l]||§N,M and then combine it with Lemma 6 to get a bound of
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[lu — U [1]||§N,M. So, this result demonstrates that only one iteration is enough to
achieve the required accuracy.

Theorem 1 Suppose u is the exact solution of (1)~(3) and UM is its approximation
obtained after the first iterate of the proposed method. Then, for p = 2\/§ InN, it
holds

lu — U“1||§N,M < C(Ar+ (N 'InN)?).
Proof Observe that

LYMT,-u™ =0 in )M,

T — UM, 0)=0 for x; € Dy ,
FZ’M(UZ - Ul ,1;) =0 forz; € @M,
(T — U@, 1))l < ! fort; € Q).

For an arbitrary mesh function Y, let us define

hy

TNMy©,¢:):=Y(0,t:) — VeFY (0, t;
7 0,1;) (’)ﬁx(’)+2ﬁ

@Y + B Y)(0,1)).

For (x;,t)) € ﬁév’M, consider
= 1
=) = e £ Te = U] @iy,
where x, solves

B; xe —85)%)([ +ax; =0in Q?”M,

o o [1]_BE —Ag
xe(xi,0) = B§1N*A§2N

Y Mxe0,1) =0 fort; € @M,
xe(2p, tj) = plll fort; € QM

for x; € 52\7’ (15)
with
A =2ehy —2e(&) — 1) + hia, B =2/eh; —2e(& — 1) + h2a,
and &,i = 1, 2, are as follows
E&l=A1+A and & =i — A2

with

o o o fa p fa
=1+ (2 /%) cam=2(2/2) 1+(2/2).
! +(N e) 2 (N e) +<N e)
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The solution of (15) is given by

L ‘/’51 52

= B/A, (16)
prs s g @ /

xe(xi, tj) =

which is monotonically increasing and satisfies x; > 0 in ﬁév’M. Thus, one gets
. —N .
XF@i, 0= 0if x; €Dy, TV MxF0,4) >0, x*2p. 1)) =0 if 1; € QY

and LéV’MXi(xi, tj) > 0if (x;,1)) € Q?’M. Hence, applying Lemma 4 to x*
obtain

_ . —N.M
|(U£_Ue[1])i,j| < xe(xi tj), if (x;,t;) €
. —N.M, = .
Further, since x; < p for (x;, t;) € @, " \Q, it follows from (16) that

N/2 N2
megl P =87 o2&l — &l
xe(xi, ) < pl! =p N/2

p& — &) (e — eN) (08

+§N/2)

This implies that

xe(xi, 1) < u 0 =& /5 .
R e A

Now, since ¢ > 1and & /& < 1, we have (9> — &2 /EN) /(9 — €2 /&) < Co. Thus,
one gets

ng C,u[l]
xe(xi, 1) < plll WS
1

(,051 f;‘

For p = 2¢'/?a~1/21n N, it holds

-N
gV < <1+ﬁ\/§> <4N2, ifN =1,
NV ¢

having used A, > 2 (%\/g ) and the arguments in [26, Lemma 5.1]. Further, since
pth < €, we have x¢(x;,tj) < CN~2 in ﬁév’M\ﬁm. Thus, we have
U, — U ]||7NM _ <CN72% (17)

\Q

@ Springer
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Similarly, it is

U, — U}1]||§N.M\§m <CN72 (18)

Next, consider U, — U,[n] ! Wwhich satisfies

LNM@,, —uly =0 inQNM

U — UM (x;,0) =0, ifx; €D,

(T — UMY 0.t = (U — ;U N (0. 1))
<|Um —Up. )| + 1T — UM (o, 1)
<u,+CN72% 1eQM,

and

(U — U = p, 1) = |(Up — Z;UMYA = p, 1) < |(Up — T = p, 1))
HU, = UM = p. 1)
< lp +CN2 fort; € Qf”,

since the mesh points (p, #;) and (1 — p, ¢;) belong to Qév’M and QM respectively.
Therefore, Lemma 4 gives

U — U lgvn < o+ CN72, (19)
Combining (17), (18), and (19), we obtain

U — UMgvm < pp+CN72. (20)

Since (p, t;) € §5’M and (1 — p,t;) € §£V’M, by Lemma 6 one gets u, < C(At +
(N"'InN )2). Hence, using (20) and Lemma 6 in (11) the proof is complete. O

In the next theorem, for p = 1/4, we first obtain a bound on ||U — U k]| |§N,M and
then combine it with Lemma 6 to get a bound on ||u — U] |§N,M.

Theorem 2 Suppose U is the approximation of the exact solution u of (1)~(3),
generated by the k-th iterate of the method. Then, for p = 1/4, it holds

Il — UM < € ((5/6)" + (At +(N"'In N)Z)) . Q1)
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Proof The following notation is used

v = max {11, = U, o 11T = UB g, 1T = UW g |
Mm)zlnax{lnaXI(Ue Un)Cp. )], max (U, — n»(l—-zp,qn}.
tieQM tjeQ,
We have
YT —uy=0  inlM
U - U@, 00 =0, ifx €D,
r) M@ - U, 1) = 0if 1; € @,
(T —UM@p. 1)) < p if 1 € @M.
We define
+ Xi + /e (1
V(i 1) = 1 12+J.(U Uy (i, 1),

which verify that W¥(x;, 0) > 0, x; € Dy : TN MWE(0, 1) > 0, W*(2p, 1)) > 0,
1 € Qiu;

LY MuE(x, 1)) = (x’ + “/_) pMa, 1) £0>0, (x, 1) € M
P

So, Lemma 4 gives

77 [1] X + \/E
U,—U )| < — . 22
[(Uy ¢ DLt = (2,0—}-\/5 (22)
. —N.M, = .
Since x; < p for (x;,t;) € Qp " \Qy, it follows from (22) that
1T - UMigon, g, < Sl (23)
¢ ¢ ﬁzv \5771 - 6“ ’
Similarly, we have
10, — U < 2l (24)
r Y lightg,, = gt

For Um — U,[,,”, we have
LYM@, — Uy =0 inQ¥M, (T, — U, 0) =0, if x; € Do
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2252 S. Kumar et al.

and fort; € QM,

_ _ 5
(U — U, t))] = 1T — Z;UM 0, 1)) < 1 + gu[”
(since (p. 1)) € 2"

_ — 5
(U = ULHA = p,tp)| = (U — LU = p, 1)) < pp + Zp!

6
(since (1 — p, 1;) € 2 ™).
Therefore, Lemma 4 gives
T (1] ST
1T = U < pp + 2l (25)

We next obtain an estimate for [, Since (2p, tj)and (1 —2p, t;) belong to ﬁnj\:’M,
it follows that

U 5
(Ue — ;UM 2p, )] < pap + pp + =l

6
T [ S
and  |(U, —Z;U )(I—Zp,tj)liuzp+up+gu .
Thus, /2! < Hop + Hp + %,u[”. Therefore, it holds that
(1121 5 (1
max{v'', u }S/\+8M s A= p2p + pp.
After repeating the above arguments one gets
max{vl, uH ) <5 gu“‘]-
We simplify this to get
W < 6+ <8> s
Thus, it is
5\ k
v < 6a + (8) ptt, (26)

Further, since (2p, t;), (1-2p, ;) € §Z’M, (p,tj) € §y’M, and(1—p, t;) € §£V’M,
by Lemma 6 A < C(Afr + (N~'1n N)?). Since ut'! < C, using (26) and Lemma 6 in
(11) the proof is complete. O
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e=10"

time 1.0 space

Fig. 1 Solution plots for Example 1 taking N = 64, M = 16, and various values of &

5 Numerical results

Numerical results considering a couple of examples are given that verify the conver-
gence theory.

Example 1 Consider

Julet) e% + (1 4+xe Dulx,1)= fx, 1) (x,1) € Q=D x (0, 1],

Fl
u(0, 1) — ﬁgx—zm, 0 = g(0) t e (0. 1],
u(l,0) +e55(1, 1) = g- (1) 1€ (0,1],
u(x,0 =0 x €10, 1].

where f, g¢, and g, are such that

e—H/IVE f o=/ Ve

2
YN — cos“(mx)

ulx,t)y=t

The solution plots for various values of ¢ are given in Fig. 1. Note that the boundary
layers are close to x = 0, 1. Taking the tolerance error tol = N~2, we compute the
approximate solution and denote it by UY-2’. We then evaluate parameter uniform
errors and convergence orders as follows

N,A N,A N,A ENA!
AL _ At AL
E —%%XEs and R _10g2<E2N’Al/4>,

where Eé’v'A’ = ||lu — UN’A’||§N,M are the maximum pointwise errors. Table 1 dis-

plays the computed errors E év At EN.ALand parameter uniform orders RY 2! for
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$69'1T 8S9'T 609'T we'l wend
S0-HS88°€ 70-H8ST'T Y0-HCL6'E €0-HTITT €0-H0ES € wnd
S0-H$88°€ 70-H8ST'1 Y0-HCL6'E €0-HTITT €0-H0€ES € 8
S0-H$88°€ Y0-H8ST T Y0-HCL6'E €0-HTITT €0-H0ES € L
S0-HS88°€ 70-H8ST'1 Y0-HCL6'E €0-HTITT €0-H0€ES € 9
S0-HS88°€ 70-48ST'T Y0-HCL6'E €0-HTITT €0-H0ES € S
S0-H$88°E Y0-H8ST'T Y0-HCLE'E €0-dCITT €0-90€S°€ 4
S0-HE9T 1 S0-PS0°S $0-H020°C $0-H£90°8 €0-9S61°€ €
90-9$6C'1 90-4181°S S0-HTLOT S0-HT6T'8 PO-HE61°E 4
L0-9¥L9°T 90-4690'1 90-4$8C't SO-HTILT S0-H558'9 1=d

F/ST0O=1v y/ST0 =1V F/ST0O=1v F/STo=1v ¥/ST0 =1V
¥201 = N US=N 95T=N 8°I = N Y9=N a—01 =3

1 o[dwrexy 103 S19PIO 90UITISAUOD puE SIOLT | d|qel
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10 =10

time 1.0 space

time 10 space time 10 space

Fig.2 Solution plots for Example 2 taking N = 64, M = 16, and various values of ¢

Table 2 Iterations for Example 1

e=10"" N=64 N =128 N =256 N =512 N = 1024
At =025/4  Ar=025/42  Ar=025/43  Ar=025/4*  Ar=025/4°

S - Y N NIV SR

4
1
1
1
1
1
1
1

—_ = = = o= A
—_ e e o — — o A
G S Y
—_ = = = = = N W

Example 1. Clearly, we can confirm the parameter uniform convergence from this
table. In addition, Table 2 gives the iterations needed for convergence; from this, we
observe that one iteration is enough to get the desired results for very small values of
€.

Example 2 Consider
dur) _ o uer) ”“ 0 1y e, 1) = £ (x,1) € (0, 1) x (0, 11,
u(O 1) _‘/_g 0,1 = —(128/35)71_1/2 721 e (0,11,
u

w(l, 1) + e (1, 1) = —(128/35) 7~ 1/217/2 1 € (0, 1],
u(x,00=0 x €0, 1].

The solution plots for various values of ¢ are given in Fig. 2. Note that the boundary
layers are close to x = 0, 1. Since the solution is unknown, we compute another
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approximate solution to calculate the uniform errors and uniform convergence orders

Fig.3 Error plots for Example 1 taking N = 64, M = 16
as follows

A — max EN-A
&

s

)

(UPN-A A (1) — UNA (g, 1)), EN
where U?N-A1/4 is obtained taking in each subdomain 2N + 1 points

N.AL — max
(xi,lj)EQN'M
EN,A[
N.At _
R™™ =log, <E2N,At/4

&

E

in space and

At /4 mesh size in time, but using the same subdomain parameter p as is considered for
A The error plots for various values of ¢ are given in Figs. 3 and 4 for Examples 1

UN s
and 2 respectively.

»A and uniform convergence rates RY-2" for

EN
2 are tabulated in Table 3, showing the uniform convergence of the method.

The computed errors E év At
Table 4 gives iterations

Example

that are performed to achieve the convergence for Example 2.

One can see that only one iteration is needed to get the solution up to the desired
pringer

accuracy for very small values €.
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Table 4 Iterations for Example 2

1024

N =

N =512

N =256

128
At = 0.25/42

N =

N =64

e=10"7

At =025/4%  Ar=025/4

At =0.25/43

At =0.25/4

space

0

1

time

7
7
)
Ui

space

0’

time

space

1

time

space

0

time

Fig.4 Error plots for Example 2 taking N = 64, M = 16, and various values of &

An SWR technique to solve singularly perturbed parabolic reaction-diffusion equa-
tions with Robin boundary conditions is developed and analyzed in this paper. The
original domain is initially divided into three overlapping subdomains. The problem is

6 Conclusions

pringer
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discretized using the backward difference and central difference schemes for the time
and space derivatives, respectively. It is shown that the proposed scheme is uncondi-
tionally stable. Error analysis is also discussed in this work, and it is demonstrated
that the proposed approach is uniformly convergent with order almost two in space
and one in time. Furthermore, it is shown that for small values of ¢, one iteration is
sufficient to achieve the specified accuracy. The idea discussed in this paper can also
be extended to singularly perturbed semilinear differential equations having boundary
conditions of Robin type. Further, it is our intention in the future to extend the SWR
technique to higher dimensional singularly perturbed problems.
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