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Abstract It is well known that if a finite set A C 7Z tiles the integers by
translations, then the translation set must be periodic, so that the tiling is
equivalent to a factorization A @ B = Zj of a finite cyclic group. We are
interested in characterizing all finite sets A C Z that have this property. Coven
and Meyerowitz (J Algebra 212:161-174, 1999) proposed conditions (T1),
(T2) that are sufficient for A to tile, and necessary when the cardinality of A
has at most two distinct prime factors. They also proved that (T1) holds for all
finite tiles, regardless of size. It is not known whether (T2) must hold for all
tilings with no restrictions on the number of prime factors of |A|. We prove
that the Coven—Meyerowitz tiling condition (T2) holds for all integer tilings of
period M = (p;p; pr)?, where p;, Pj, Pk are distinct odd primes. The proof
also provides a classification of all such tilings.
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1 Introduction

We say that a set A C Z tiles the integers by translations if there is a set
T C Z such that every integer n can be represented uniquely as n = a + ¢ with
a € Aandt € T. Throughout this article, we assume that A is finite. It is well
known (see [35]) that any tiling of Z by a finite set A must be periodic, i.e.
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The Coven—Meyerowitz tiling conditions 367

T = B & MZ for some finite set B C Z such that |A| |B| = M. Equivalently,
A & B is a factorization of the cyclic group Zy,.

We are interested in determining which finite sets A C Z have this property,
and, in particular, in a characterization proposed by Coven and Meyerowitz
[2]. In order to state their conditions, we need to introduce some notation.
By translational invariance, we may assume that A, B C {0, 1, ...} and that
0 € AN B. The characteristic polynomials (also known as mask polynomials)
of A and B are

AX)=) X Bx)=)_ x".

acA beB

Then the tiling condition A @ B = Z, is equivalent to
AX)BX)=1+X+--+ X" mod (x" —1). (1.1)

Let ®;(X) be the s-th cyclotomic polynomial, i.e., the unique monic,
irreducible polynomial whose roots are the primitive s-th roots of unity. Alter-
natively, ®; can be defined inductively via the identity

X" —1= l_ICDS(X).

s|n
In particular, (1.1) is equivalent to
|A||B| = M and &4(X) | A(X)B(X) for all s|M, s # 1. (1.2)

Since ®; are irreducible, each ®4(X) with s|M must divide at least one of
A(X) and B(X).
The following result is due to Coven and Meyerowitz [2].

Theorem 1.1. [2] Let Sy be the set of prime powers p® such that ® e (X)
divides A(X). Consider the following conditions.

(T1) A(1) = ]_[SGSA D (1),
(T2) if s1,...,5k € Sa are powers of different primes, then &g, g (X)
divides A(X).

Then:

e if A satisfies (T1), (T2), then A tiles Z.;
e if A tiles 7 then (T1) holds;
e if A tiles 7 and | A| has at most two distinct prime factors, then (T2) holds.
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368 I. Laba, I. Londner

While (T1) is relatively easy to prove, (T2) turns out to be much deeper and
more difficult. Coven and Meyerowitz [2] proved that if A satisfies (T2), then
A ® B = 7y, where M = lem(S,) and B is an explicit, highly structured
“standard” tiling complement (defined here in Sect.2.4). We prove in [24]
that having a tiling complement of this type is in fact equivalent to (T2). In
this formulation, (T2) bears some resemblance to questions on replacement of
factors in theory of factorizations of abelian groups (see [45] for an overview
of the latter).

The proof of Theorem 1.1 in [2] is based on an inductive argument. Coven
and Meyerowitz use a theorem of Tijdeman [48] to prove that if A tiles the
integers, then it also tiles Z; for some M which has the same prime factors as
|A|. Hence, if |A| has at most two distinct prime factors, we may assume that
so does M. The authors then use Sands’s theorem [38], which states that, in any
tiling A @ B = Zj; with M divisible by at most 2 primes, at least one of A and
B must be contained in pZ s for some prime p| M. Coven and Meyerowitz use
this to decompose the given tiling into tilings of smaller groups while keeping
track of the (T2) property. We also note that if |A| is a prime power, then the
Coven—Meyerowitz characterization simplifies further since (T2) is vacuous;
in this case, the result had been proved earlier by Newman [35].

The Coven—Meyerowitz proof does not extend to the general case. Sands’s
factor replacement theorem is false if M has three or more prime factors, with
counterexamples in [26,44]. On the other hand, we prove in [24, Corollary 6.2]
(using a relatively minor modification of the argument in [2]) thatif A@ B =
Zy, and if |A] and | B| share at most two distinct prime factors, then both
A and B satisfy (T2). (See also [40,47].) Thus the simplest case that is not
covered by these methods is when |A| = |B| = p; pj px, where p;, p;, pi are
distinct primes.

Our main result is the following theorem.

Theorem 1.2. Let M = pl.2 p? p,%, where p;, pj, px are distinct odd primes.
Assume that A ® B = Zy, with |A| = |B| = p;pjpk. Then both A and B
satisfy (12).

We also obtain a classification of all tilings A @ B = Zjy;, where M =
pl.2 p? p,%. Our main results in that regard are Theorems 3.1 and 3.2. Since those
theorems require some notation and definitions, we postpone their statements
until Sect. 3.

The proof of Theorem 1.2 relies on the methods and concepts introduced
in [24]. In order to keep this article reasonably self-contained modulo results
that can be used as black boxes, we provide a summary of the concepts and
results that we will need here, specialized to the 3-prime setting, in Sect. 2.

We then state our classification results in Sect. 3.1. In Sect. 3.2, we discuss our
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The Coven—Meyerowitz tiling conditions 369

strategy and the main new ideas of the proof. The rest of the paper is devoted
to the proof of Theorems 1.2, 3.1, and 3.2.

Since [2], there has been essentially no progress on proving (T2), except
for a few special cases that either assume particular structure of the tiling
(see [4,22]) or are covered by the methods of [2] as in [24, Corollary 6.2]
(see [40,47]). However, there has been recent work on other questions related
to tiling. For instance, Bhattacharya [1] has established the periodic tiling
conjecture in Z?, with a quantitative version due to Greenfeld and Tao [13].
There has also been interesting work on tilings of the real line by a function
(see [19] for a survey and some open questions).

The Coven—Meyerowitz tiling conditions have implications for the ongoing
work on Fuglede’s spectral set conjecture [10]. Fuglede conjectured that a set
Q C R” of positive n-dimensional Lebesgue measure tiles R” by translations
if and only if it is spectral, in the sense that the space L?(£2) admits an orthog-
onal basis of exponential functions. While the conjecture has been disproved
in its full generality in dimensions 3 and higher [8,9,20,21,34,46], significant
connections between tiling and spectrality do exist (see [5] for an overview of
the problem in dimension 1), and there is a large body of work investigating
such connections from many points of view. In higher dimensions, the conjec-
ture has been proved for convex sets in R", by losevich, Katz and Tao [14] for
n = 2, Greenfeld and Lev [12] for n = 3, and by Lev and Matolcsi [30] for
general n. There have been many recent results on special cases of the finite
abelian group analogue of the conjecture [6,7,15-18,31,32,40-42,49].

If (T2) could be proved for all finite integer tiles, this would imply the “tiling
implies spectrum” part of Fuglede’s spectral set conjecture for all compact tiles
indimension 1, as well as for all cyclic groups Z ;. This follows from the results
of [23,27,28]. Proving (T2) for specific tiling problems does not resolve the
full conjecture, but it does imply that the conjecture holds in those settings.
In that regard, our Theorem 1.2 combined with [23, Theorem 1.5] and [24,
Corollary 6.2] has the following immediate corollary.

Corollary 1.3. Let M = pi2 p? p,% be odd.

(1) The “tiling implies spectrum” part of Fuglede’s spectral set conjecture
holds for the cyclic group Zy. In other words, if A C Zy tiles Zyy by trans-
lations, then it is spectral.

(ii) Let A C Z be a finite set such that A mod M tiles Zy;, and let
F = U cala, a + 1], so that F tiles R by translations. Then F is spectral.

Indeed, let M and A be as in Corollary 1.3.1f |A| # p; pj pr, thenboth A and
B satisty (T2) by [24, Corollary 6.2]. If on the other hand |A| = p; p; pk, then
both A and B satisfy (T2) by Theorem 1.2. In both cases, spectrality follows
from [23, Theorem 1.5]. (While Theorem 1.5 in [23] is stated for unions of

@ Springer



370 I. Laba, I. Londner

finite intervals as in (ii), the same argument applies in the finite group setting.
See e.g. [5].)

After this paper was completed, we were able to extend Theorem 1.2 and
Corollary 1.3 to the case when M = 1’1‘2 p? p,% is even. Thus, both results are
now known to hold with no restrictions on the parity of M. See the follow-up

article [25] for details.

2 Notation and preliminaries

This section summarizes the relevant definitions and results of [24], specialized
to the 3-prime case. All material due to other authors is indicated explicitly as
such.

2.1 Multisets and mask polynomials
Throughout this paper, we will assume that M = p." p;j pi¥.where p;, pj, pi
are distinct primes and n;, nj, ny € N. The indices {i, j, k} can be thought
of as a permutation of {1, 2, 3}; however, we will always use i, j, k for this
purpose, freeing up numerical subscripts for other uses. While the full proof of
Theorem 1.2 requires that n; = n; = n; = 2 and that p;, p;, px # 2, many
of our intermediate results are valid under weaker assumptions as indicated.
We will always work in either Zjs or in Zy for some N|M. We use
A(X), B(X), etc. to denote polynomials modulo X M _ 1 with integer coef-
ficients. Each such polynomial A(X) = )", ez, WA (a)X? is associated with
a weighted multiset in Zj;, which we will also denote by A, with weights
w4 (x) assigned to each x € Zyy. (If the coefficient of X* in A(X) is 0, we set
w4 (x) = 0.) In particular, if A has {0, 1} coefficients, then wy is the charac-
teristic function of a set A C Zjys. We will use M(Zyy) to denote the family
of all weighted multisets in Zj;, and reserve the notation A C Zy, for sets.
If NIM, then any A € M(Zj) induces a weighted multiset A mod N
in Zy, with the corresponding mask polynomial A(X) mod (X" — 1) and
induced weights

wIX(x) = Z wa(x"), x € Zy.

x'€Zpy:x'=x mod N

We will continue to write A and A(X) for A mod N and A(X) mod XV — 1,
respectively, while working in Zy .

If A, B € M(Zy), we will use A + B to indicate the weighted multiset
corresponding to the mask polynomial (A + B)(X) = A(X) + B(X), with
the weight function wa4+p(x) = wa(x) + wp(x). We use the convolution
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The Coven—Meyerowitz tiling conditions 371

notation A * B to denote the weighted sumset of A and B, so that (A* B)(X) =
A(X)B(X) and

Wap(X) = (wa xwp)(x) = Y walx — »wp(y).
YE€Zym

If one of the sets is a singleton, say A = {x}, we will simplify the notation and
write x x B = {x}* B. The direct sum notation A& B is reserved for tilings, i.e.,

A @® B = Zjy; means that A, B C Zj; are both sets and A(X)B(X) = %
mod XM — 1. We will not use derivatives of polynomials in this paper, hence
notation such as A’, A”, etc., will be used to denote auxiliary multisets and

polynomials rather than derivatives.

2.2 Array coordinates and geometric representation

For v € {i, j, k}, define M, := M/p)’ = ]_[K#U p*. Then each x € Zj; can
be written uniquely as

x = Z Ty ()My, 7,(x) € Zpo.
veli,j,k}

This sets up an isomorphism Zj; >~ ani &) an Ie) ank , and identifies each
i i k

element x € Zj; with an element of a 3-dimensional lattice with coordinates
(7w (x), j(x), mi(x)). The tiling A @ B = Zy can then be interpreted as a
tiling of that lattice.

For D|M, a D-grid in Zy; is a set of the form

A(x,D):=x4+DZy ={x' € Zy : D|(x —x)}

for some x € Zys. In other words, it is a coset of the subgroup of order M /D
in Z M-

A few special cases have a geometric interpretation of interest. A line
through x € Zj; in the p, direction is the set £,(x) := A(x, M,), and a
plane through x € 7y perpendicular to the p, direction, on the scale M, s
is the set IT(x, p3") := A(x, py").

An M-fiber in the p, direction is a set of the form x * F),, where x € Zy,
and

F,={0,M/p,,2M/p,,...,(py — 1)M/p,}.

Thus x % F, = A(x, M/py). A set A C Zy is M-fibered in the p, direction
if there is a subset A’ C A suchthat A = A" * F,.
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372 I. Laba, I. Londner

For N|M, we define

N
" rad(N)’

D(N)

whererad(N) is the radical of N, i.e., the product of the distinct primes dividing
®j ek

N. Explicitly, if N = pf” p; .pk with 0 < «, < n,, then

D(N) = pl?”'p;./jp}:k, where y, = max(0, o, — 1) forv € {i, j, k}.

We will also write N, = M/p, forv € {i, j, k}.

2.3 Divisor set and divisor exclusion

For m, n € Z, we use (m, n) to denote the greatest common divisor of m and
n. We will also write p® || m, where p is prime and « is a nonnegative integer,
if p*|m and p**! { m.

For N|M and A C Zj;, we define

Divy(A) :={(a—a',N): a,a’ € A}

When N = M, we will omit the subscript and write Div(A) = Divy(A).
Informally, we will refer to the elements of Div(A) as the divisors of A or
differences in A. A theorem due to Sands [38] states that A & B = Z,y if and
only if A, B C Zy are sets such that |A| |B| = M and

Div(A) NDiv(B) = {M}.

We will refer to this as divisor exclusion.

In cases when we need to indicate where a particular divisor of A must occur,
we will use the following notation for localized divisorsets. If A, Ay, Ay C Zy
and ag € Zy;, we will write

Divy (A1, Ap) :={(a1 —az, N) : a1 € Ay, a2 € Az},
Divy (A, ag) = Divy(ag, A) := Divy (A, {ag}) = {(a —ag, N) : a € A}.

For example, if A & B = Zjy, we will often need to consider Div(Ay, Aj),
where A1 and A, are restrictions of A to geometric structures such as planes
or lines.
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The Coven—Meyerowitz tiling conditions 373

2.4 Standard tiling complements

Suppose that A & B = Zyy, and let
Ay (A) = {av €12, o) B (X)|A(X)}.

The standard tiling complement A° (see Fig. 1) is defined via its mask poly-
nomial

ay—1 ay—1
=T TI (1+XMvPv 4o x P DM )
Ve{i’jsk}aUEQ[U(A)

Then A”(X) satisfies (T2) and has the same prime power cyclotomic divisors
as A(X). For each prime power s|M, ®; divides exactly one of A and B ([2]),
hence A’ is also uniquely determined by M and B. Coven and Meyerowitz
proved in [2] that if a finite tile satisfies (T2), it has a standard tiling comple-
ment. We prove the converse in [24].

Proposition 2.1. Let A ® B = Zy. Then A’ @ B = Zyy if and only if B
satisfies (12).

We say that the tilings A @ B = Zy; and A’ @ B = Zyy are T2-equivalent
if

A satisfies (T2) < A’ satisfies (T2).

Since A and A’ tile the same group Zj; with the same tiling complement
B, they must have the same cardinality and the same prime power cyclotomic
divisors. We will sometimes say simply that A is T2-equivalentto A’ if both M
and B are clear from context. Usually, A" will be derived from A using certain
permitted manipulations such as fiber shifts (Lemma 2.11). In particular, if we

M/p}
»M/p AP e
B’ e
3338 WMy xap
44+
M/p;

. b pb ; . — R
Fig. 1 The standard sets A”, B® C Zl’izl’i with p; =3, pj =5 and d>pl_z<Dp§|A, @p, Pp;|B
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374 I. Laba, I. Londner

can prove that either A or B in a given tiling is T2-equivalent to a standard
tiling complement, this resolves the problem completely in that case.

Corollary 2.2. Suppose that the tiling A @ B = Zy is T2-equivalent to the
tiling A ® B = Zy. Then A and B satisfy (T2).

2.5 Box product
Let A C Zy; and N|M. For x € Zy;, define
AZ[)C] =#aecA: (x —a,N) =m}.

We may think of Af,\; [x], with x fixed and m ranging over the divisors of N,
as the entries of the N-box AN [x] = (Af,\; [XDmn [24]. If C € M(Zpy), we
write

AZ[C] = Z wg(x)Af,\f[x].

XGZN

In particular, if C C Zjys, we have AZ [C] =) .cc A,IX [c]. Furthermore, if
X C Zpy and x € Zyy, we define the restricted box entries

ANIx|X1=#ae ANX: (x —a, N) =m).
If N = M, we will usually omit the superscript and write AY[x] = A, [x],

AM[x] = Alx], AY[C] = A,,[C], and so on.
If A, B C Zy, we define the box product of the associated M-boxes as

1
(AIXLBIYD) = D —————AplxByly].
L5 ¢ (M /m)

Here ¢ is the Euler totient function: if n = ]_LL:1 q.', where q, ..., q are
distinct primes and r, € N, then ¢ (n) = I_LLZI(qL — 1)qf‘_1.

Theorem 2.3. ([24]; following [11, Theorem 1]) If A ® B = Zy, then

(AM[x],BM[y]) =1 Vx, y € Zy. 2.1)

2.6 Cuboids

Definition 2.4. (i) A cuboid type T on Zy is an ordered triple 7 = (N, §, T),
where:
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The Coven—Meyerowitz tiling conditions 375

o N =Tl,ejupv' " isadivisor of M, with O < & < n, for each v,
o 5= (5.5, 50, with0 < 8, < n, — a,
e the remplate T is a nonempty subset of Zy .

(i1) A cuboid A of type 7T is a weighted multiset corresponding to a mask
polynomial of the form

A(X) = Xfl_[(l — XM,

veY

where J = Js := {v : 8, # 0}, and ¢, d, are elements of Zj, such that
(d,, N) = N/piU for v € {i, j, k}. The vertices of A are the points

Xe=c+ Y edy: €= (e)veg € {0, 1,

vey

with weights wa (x¢) = (—1)2Zve3 &,
(iii) Let A € M(Zn), and let A be a cuboid of type 7. Define

AT[Al=ANIA = T1= > wa(xe)Aylxe =T,
€c{0,1}k

where we recall that x x T = {x + ¢ : t € T}, so that

ANlxe # T]:= Y ANlxe +1].

teT

Informally, a cuboid type 7 = (N, §, T) is a class of cuboids A on the scale
N, defined as in (ii) (so that § indicates the greatest common divisors of the
differences in A with N), together with the evaluation rule in (iii) given by the
template 7. Thus, when we say that A is a cuboid of type 7, this just means
that A satisfies the condition in (ii) which is independent of 7'; however, the
evaluation A7[A] depends on all of A, N, A, and T'. For consistency, we will
also write A7 [x] = A%[x * T]forx € Zy.

An important special case is as follows: for N|M, an N-cuboid is a cuboid
of type 7 = (N, 8, T), where N|M, T(X) = 1, and §,, = 1 for all v such that
pv|N. Thus, N-cuboids have the form

A(X) = X¢ ]_[ 1= x%), (2.2)
pvIN

with (d,, N) = N/p, for all v such that p,|N. We reserve the term “N-
cuboid”, without cuboid type explicitly indicated, to refer to cuboids as in
(2.2); for cuboids of any other type, we will always specify 7.
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376 I. Laba, I. Londner

Cuboids provide useful criteria to determine cyclotomic divisibility prop-
erties of mask polynomials. We say that a multiset A € M (Zyy) is T -null if
for every cuboid A of type 7,

AT[A] = 0.

Note that this is a property of A that depends on all of N, §, and T'.

For A € M(Zy), we have ®y(X)|A(X) if and only if AY[A] = 0 for
every N-cuboid A. This has been known and used previously in the literature,
see e.g. [43, Section 3], or [16, Section 3]. In particular, for any N|M, ®y
divides A if and only if it divides the mask polynomial of AN A(x, D(N)) for
every x € Zy.If N = M, we will follow the convention from Sect.2.5 and
use the simplified notation A%[A] = Ay[A]

More generally, if for every m|N the polynomial ®,,(X) divides at least
one of A(X), T(X), or A(X) for every A of type 7 = (N, 4§, T), then A
is 7-null [24, Lemma 5.3]. We use such cuboid types to test for divisibility
by combinations of cyclotomic polynomials. In particular, the following are
special cases of Examples (1)—(3) in [24, Section 5.3] with M = p?i p’;j pzk .

e Assume thatn; > 2,andlet 7 = (M, 4§, 1), with §; = 2 and dj =0 =1.
Then

q)MCDM/pi |A < Ais 7 -null.

If n; = 1, the same is true with §; = O (instead of §; = 2).
e Assume that n; = 2, and let 7 = (M, 4, T), where §; = 0,6; = & =1,
and

xXM/pi _q

T(X) = — 14 XM/} 4.4 x(PimDM/p}

xM/vi — 1

If @y Py, ,2|A, then Ais T-null.

2.7 Tiling reductions

The general formulations of the tiling reductions below are provided in The-
orems 6.1, 6.5, and Corollary 6.6 in [24]. The additional assumption that
pv || |B| in Theorem 2.5 ensures that in any tiling A’ @ B’ = Zy, with
|A’| = |A| and |B’| = |B|/pv, |A’| and |B’| have only two common factors.
Hence the assumption (ii) of [24, Theorem 6.1] is satisfied by [24, Corol-
lary 6.2], and we deduce that A and B both satisfy (T2). The assumption that
pyv |l |A| in Corollary 2.7 serves the same purpose.
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The Coven—Meyerowitz tiling conditions 377

nj  ng

Theorem 2.5. (Subgroup reduction) [2, Lemma 2.5] Let M = p?i PPy
Assume that A ® B = Zy, and that A C p,Zy for some v € {i, j, k} such
that py || |B|. Then A and B satisfy (T2).

Theorem 2.6. Assume that A ® B = Zy; and D |A for some v € {i, j, k}.
Define

Ap,=laeA: 0<ma)<pl~'—1}.

Then the following are equivalent:
(i) For any translate A’ of A we have A}, & B = Zyp,.

(ii) For every d such that p}"|d|M, at least one of the following holds:

Qq4lA,
ch/puq)d/p% ... q>d/p3” | B.

Corollary 2.7. (Slab reduction) Let M = p;" p;j piX. Assume that A ® B =
Zy, and that there exists a v € {i, j, k} such that D |A, py || |Al|, and
A, B obey the condition (ii) of Theorem 2.6. (In particular, this holds if A is
M-fibered in one of the p;, p;, pi directions.) Then A and B satisfy (T2).

2.8 Saturating sets
Let A® B =7Zy,and x, y € Zy;. Define

Axy={a€eA: (x —a,M)=(y— b, M) for some b € B},
Ay

={a€A:(x—a M) eDiv(B)} = | ] A,
beB

We will refer to A, as the saturating set for x. The sets By  and B, are defined
similarly, with A and B interchanged.

By divisor exclusion, A, = {a} foralla € A. For x € Zy \ A, saturating
spaces are more robust, but are still subject to geometric constraints based on
divisor exclusion.

Lemma 2.8. (Bispan lemma) [24, Lemma 7.7] Let A® B = Zy. For x, x' €

Zym such that (x — x', M) = p}’ p‘;j ik, with0 <« < ny, define

Span(x,x) = | J MG, p*™h),
Vi, <ny (2.3)

Bispan(x, x’) = Span(x, x") U Span(x’, x).
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Then for any x, x', y € Zy, we have
Ay y C Ax y UBispan(x, x'),
and in particular,

A, C ﬂ Bispan(x, a). 2.4)

acA
The following special case will be used often.

Corollary 2.9. Let A® B = Zy.

(1) Suppose that x € Zy \ A satisfies (x —a, M) = M/p, for somea € A
andv € {i, j, k}. Then

Ay C (x, pyv) UIl(a, pyY). (2.5)
(ii) Ifx € Zy \ A satisfies Ap/p,[x] > 2 for some v € {i, j, k}, then
Ay C I(x, pi).
Proof. Let x, a be as in (i). Then
Bispan(x, a) = I(x, p?i) U T(a, p?"),
so that (2.5) follows from (2.4).
Suppose now that Ay, [x] > 2, and let a,a’ € A satisfy a # a’ and

(x —a,M)= (x —a’, M) = M/p,. Then (2.5) holds for x and a, as well as
for x and a’. Taking the intersection, we get

Avc (e, Py TG, i) 0 (TG, Py UTIGE, pio))
= I(x, p").
as claimed. |

In the sequel, whenever we evaluate saturating sets, we will always start
with geometric restrictions based on Lemma 2.8 and Corollary 2.9.

2.9 Fibers and cofibered structures

The following is a simplified version of the definitions and results of [24,
Section 8]. In the exposition below, we focus primarily on the case M =
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pl.2 p? p,%, which contains all of the main ideas and will be sufficient for our
purposes most of the time. The more general case is covered in Lemma 2.13.
We refer the reader to [24, Section 8] for more details.

Let N|\M,c € N,and v € {i, j, k}. Assume that p,|N. An N-fiber in the
py direction with multiplicity c is a set ' C Zjs such that F mod N has the
mask polynomial

F(X) =cX(1 4+ XN/Pv 4 x2N/pv oo x(o=DN/Poy - mod (XN — 1)

for some a € Z);. We will say sometimes that F' passes through a, or is rooted

ata. A set A C Zy is N-fibered in the p, direction if it can be written as a

union of disjoint N-fibers in the p, direction, all with the same multiplicity.
Fiber chains in the p, direction are translates of sets that tile (M/ p}))Z; for

some y with 1 <y < n;. For M = p? pjz. p,%, the only fiber chains of interest

that are not fibers on some scale are multisets F with mask polynomials

F(X)=cX%(1 4+ XMv 4 x2Mo 4 ... 4 X(Pg—l)Mu%
velij,k}, aeZy, ceN.

If F C Zjs is an M-fiber in the p,, direction, we say that an element x € Z
is atdistance m from F if m|M is the maximal divisor suchthat (z—x, M) = m
for some z € F. Itis easy to see that such m exists.

Let A ® B = Zjy. We will often be interested in finding “complemen-
tary” fibers and fibered structures in A and B, with the following special case
occurring particularly often.

Definition 2.10. (Cofibers and (1,2) cofibered structures) Let A, B C Zyy,
with M = p} p3pi, and let v € {i, j, k}.

(1) We say that F C A, G C B are (1, 2)-cofibers in the p, direction if F
is an M-fiber and G is an M/ p,-fiber, both in the p, direction.

(i) We say that the pair (A, B) has a (1,2)-cofibered structure in the p,
direction if

e Bis M/p,-fibered in the p, direction,
e A contains at least one “complementary” M-fiber F' C A in the p,
direction, which we will call a cofiber for this structure.

The advantage of cofibered structure is that it permits fiber shifts as described
below. In many cases, we will be able to use this to reduce the given tiling to
a simpler one.

Lemma 2.11. (Fiber-Shifting Lemma) [24, Lemma 8.7] Let A & B = Zy.
Assume that the pair (A, B) has a (1, 2)-cofibered structure in the p,, direction,
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with a cofiber F C A. Let A’ be the set obtained from A by shifting F to a
point x € Zy at a distance M/p,% from it. Then A’ ® B = Zy, and A is
T2-equivalent to A’'.

In order to identify (1, 2)-cofibered structures in (A, B), we will use satu-
rating sets, via the following lemma.

Lemma 2.12. [24, Corollary 8.11] Assume that A @ B = Zy, with M =
pizpﬁp,%. Suppose thatx € Zy\A, b € B,M/p, € Div(A),and A, C £, (x)
for some v € {i, j, k}. Then

AN R XIBY L [D] = ¢(p)).

with the product saturated by a (1, 2)-cofiber pair (F, G) suchthat F C Aisat
distance M/p,%from x and G C B is rooted at b. In particular, if Ay C £,(x),
then the pair (A, B) has a (1, 2)-cofibered structure in the p, direction.

We now return to the more general case when we do not assume that
ni = nj = n; = 2. In this case, the inclusion Ay C ¢, (x) implies a more
complicated cofibered structure, described in [24] in terms of fiber chains. We
will only need the following fact, which is a consequence of Lemmas 8.7, 8.8,
and 8.10 (i) of [24].

Lemma 2.13. Assume that A® B = Zy, with M = p!" p:fj pir. Suppose that
x € Zy\A, M/p, € Div(A), and A, C £,(x) for some v € {i, j, k}. Then:

(1) There exists a single exponent y with2 < y < n; such that

AM It [x]B} b1 =) forall b € B. (2.6)

(i) Ay is a disjoint union of M-fibers in the p,, direction.

(iii) Let A’ be the set obtained from A by shifting A, to x. More precisely, let
a € Ay, andlet A’ C Zy be the set such that for all z € Zy,

wa(2) ifM/p} tx —z,

wa () = walz —x+a) ifM/p)|x—z.

Then A’ ® B = Zy, and A is T2-equivalent to A'. Moreover, x x F,, C A’.

Proof Part (i) follows from [24, Lemma 8.8 (ii)], with y > 2 since x ¢ A and
M/ p, € Div(A).

Part (ii) follows from [24, Lemma 8.10 (ii)]. The lemma asserts, in particular,
that either the cofiber Ay must be M-fibered in the p, direction, or else every
b € B must belong to a fiber chain in B that is M-fibered in the p, direction
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(see [24, Definition 8.2]). However, the second alternative is not possible since
M/p, € Div(A).

Finally, (iii) follows from [24, Lemma 8.7], with A, as a cofiber as provided
by [24, Lemma 8.10 (ii)]. O

3 Classification results
3.1 Classification results

We are now ready to state our classification results and provide a more detailed
outline of the proof. Let A @ B = Zy;, where M = p;”p;jpzk. By (1.2), we
have ®;(X) | A(X)B(X) forall s| M such thats # 1. In particular, ®, divides
at least one of A(X) and B(X). Without loss of generality, we may assume
that @ /| A.

We have @A if and only if &y, divides ANA (x, D(M)) forevery x € Zy
(see Sect.2.6). This implies structure results for restrictions of A to such grids.
Let A := A(a, D(M)) for some a € A, so that AN A is nonempty. It is easy
to see that ® /| F, for each v € {i, j, k}. By the classic results on vanishing
sums of roots of unity [3,29,33,36,37,39], ®j, divides A N A if and only if

ANMNX) = Y 0uX)FX),

veli, j.k}

where Q;, Q;, Oy are polynomials with integer coefficients depending on
both A and A.

A particularly simple case occurs when A(X) = Q,(X) F,(X) for a single
v € {i, j, k}, so that A is fibered on all D(M)-grids in the same direction.
However, much more complicated structures are also possible. For instance,
A N A may be M-fibered in different directions on different D(M)-grids A,
or there may exist a D(M)-grid A such that A N A contains nonintersecting
M-fibers in two or three different directions. An additional issue is that the
polynomials Q;, Q;, Qx are not required to have nonnegative coefficients. In
such cases, there may be points a € A such that a * F,, ¢ A for any v, due to
cancellations between M -fibers in different directions.

Our classification results, and our proof of (T2), split into cases according
to the fibering properties of A. Theorems 3.1 and 3.2 summarize our main
findings in the unfibered and fibered case, respectively.

Theorem 3.1. Let A ® B = Zyp;, where M = pi2 p? p,% is odd. Assume that
|Al = |B| = pipjpr, PmlA, and there exists a D(M)-grid A suchthat AN A
is nonempty and is not M -fibered in any direction. Assume further, without loss
of generality, that 0 € A. Then A” = A, and the tiling A ® B = Zyy is T2-
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equivalent to A & B = Zy via fiber shifts. By Corollary 2.2, both A and B
satisfy (T2).

Theorem 3.2. Let A® B = Zy;, where M = pi2 p? p,% is odd. Assume that
|A| = |B| = pipjpr, Pm|A, andthatforeverya € A, the set ANA(a, D(M))
is M-fibered in at least one direction (possibly depending on a).

(D) Suppose that there exists an element ag € A such that
apgx F, C A Yv e{i, j, k}. (3.1

Then the tiling A@® B = Zyy is T2-equivalent to A @ B = Zyy via fiber shifts,
where A := A(ag, D(M)). By Corollary 2.2, both A and B satisfy (T2).

(IT) Assume that (3.1) does not hold for any ag € A. Then at least one of the
following holds.

e A C Il(a, py) for somea € A andv € {i, j, k}. By Theorem 2.5, both A
and B satisfy (T2).

e There exists av € {i, j, k} such that (possibly after interchanging A and
B) the conditions of Theorem 2.6 are satisfied in the p, direction. By
Corollary 2.7, both A and B satisfy (T2).

A more detailed breakdown of the case (II) of Theorem 3.2 is provided in
Theorem 9.1.

3.2 Outline of the proof

In the rest of this section, we provide an outline of the proof of Theorems 3.1
and 3.2. We assume that A @ B = Zj;, where M = pizp?p,% is odd, |A|] =
|B| = pipjpk,and ®y|A. Some of our arguments apply to tilings with more
general M. In order to be able to sketch the main ideas without interruptions,
we postpone the discussion of such extensions until the end of this section.

We begin with general arguments that are needed in both fibered and
unfibered cases. In Sect. 4, we develop technical tools we will use throughout
the article. Lemma 4.1 is from [24]; several of the other results in that section
are specific to the 3-prime setting.

Assume first that ®j/|A and that there exists a D(M)-grid A such that
A N A is not M-fibered in any direction. In Sects.5 and 6, we prove that
AN A must then contain at least one of two special structures, either diagonal
boxes (Proposition 5.2) or an extended corner (Proposition 5.5). Large parts
of the argument are combinatorial and apply to all A C Zj, such that ®/|A;
however, to get the full strength of our results, we need to use saturating set
techniques, hence the tiling assumption is necessary.
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Some of our technical tools work only when all the “top differences” are
divisors of A, i.e.,

{m: D(M)|m|M} C Div(A). (3.2)

We therefore must pay special attention to the cases where (3.2) fails. A classi-
fication of such structures is provided in Sect. 6. This analysis is also needed in
the fibered case (Theorem 3.2) when fibering, or lack thereof, on lower scales
must be considered.

We resolve diagonal boxes and extended corner structures in Sects. 7 and 8,
respectively. In Theorem 7.1, we prove that if AN A contains diagonal boxes,
then A is T2-equivalent to either A (in which case we are done) or to another
tile A’ containing an extended corner. We then prove in Theorem 8.1 that if
A N A contains an extended corner structure, then A is T2-equivalent to A.
Theorem 3.1 follows by combining Theorem 7.1 and Theorem 8.1.

The main idea of that part of the proof is that all such tilings can be obtained
via fiber shifts (Lemma 2.11) from the tiling

A" ® B =7y, (3.3)

where A” = A(0, D(M)). In the case when B = B” is the standard tiling
complement with @, &, @ pk|Bb, tilings of this type were constructed by
Szabd ([44]; see also [26]). We prove that all tilings satisfying the assumptions
of Theorems 3.1 must in fact come from constructions of this type. Starting
with an unfibered grid in the given tiling, and using saturating set methods, we
are able to locate the shifted fibers and shift them back into place, returning
to (3.3). This proves (T2) and provides full information about the structure of
the tiling.

In Sect. 9, we consider the fibered case. In the simple case when the entire set
A is M -fibered in the same direction, we can apply Corollary 2.7 and be done;
however, it is possible for A to be fibered in different directions on different
D(M)-grids. The proof breaks down into cases, according to how the fibers
in different directions interact.

Suppose first that there exists an element ¢y € A such that (3.1) holds. This
case turns out to be similar to that of unfibered grids and is resolved by similar
methods, ending in T2-equivalence to (3.3).

Assume now that no such element exists. Our main intermediate result in this
case is that, in fact, only two fibering directions are allowed (see Theorem 9.1
for more details). This breaks down further into cases according to fibering
properties and cyclotomic divisibility, with each case terminating in either
the subgroup reduction (Theorem 2.5) or slab reduction (Theorem 2.6 and
Corollary 2.7).
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While our final result is restricted to the case when M = pl.2 p% p,% is odd,
many of our methods and intermediate results apply under weaker assump-
tions. Whenever a significant part of the argument can be run in a more general
case with little or no additional effort, we do so, assuming that M = p;” p;j pZ"
for more general n;, nj, ny > 2 and p;, p;, pr > 2. For example, the classi-
fication of unfibered grids in Sects.5 and 6 allows all n,, to be arbitrary and
M to be either odd or even. The resolution of the p; extended corner case in
Sect. 8 works for both odd and even M, with n; > 2 arbitrary and with only a
few additional lines needed to accommodate the even case. On the other hand,
the arguments in Sect.9 are limited to the odd M = pi2 p? p,% case from the
beginning.

In the follow-up article [25], we prove that our main conclusions continue
to hold in the even case. However, many of our technical tools work differ-
ently when one of the primes is equal to 2. We would like to draw the reader’s
attention to the basic fibering argument in Lemma 4.9. This argument does not
work when p; = 2, and indeed, in Sect.6 we provide examples of unfibered
grids in the even case where the fibering conclusions of the lemma fail. In par-
ticular, the unfibered structures in Lemma 6.6 do not have a counterpart in the
odd case. Additionally, with fewer geometric restrictions coming from (2.4),
saturating set arguments can be more difficult to run. In [25], we compensate
for this by introducing additional new methods.

The constraint n; = n; = n; = 2 is often needed in arguments based
on divisor exclusion. For example, while (2.4) provides geometric restrictions
on saturating sets, we often need additional constraints based on availability
of divisors, and with n; = n; = ny = 2 there are fewer divisors available to
begin with. In the fibered case, several of our proofs terminate in an essentially
2-dimensional (therefore easier) problem after we have run out of scales in one
direction. In order to allow arbitrary n;, n, ny throughout the argument, we
expect that a systematic way to induct on scales may be necessary.

4 Toolbox
4.1 Divisors

The first lemma is Lemma 8.9 of [24], specialized to the 3-prime case.

Lemma 4.1. (Enhanced divisor exclusion) Let A @ B = Zy, with M =
Hte{i,j,k} p{ll Let m = l_lle{i,j,k} pf‘l al’ld m/ - H[E{i,j,k} p;xL, Wlth O 5
o, al/ < n,. Assume that at least one of m, m’ is different from M, and that for
everyt € {i, j, k} we have

either o, # ozt’ ora, = al/ =n,. 4.1)
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Then for all x,y € Zp we have
A X1 A x] By [V By [y] = 0.

In other words, there are no configurations (a,a’,b,b’) € A x A x B x B
such that

a@a—x,M)y=b-y,M)y=m, (@ —x,M)=0"—y,M)=m'.
“4.2)

Proof. If we did have a configuration as in (4.2), then, under the assumption
(4.1) for all ¢, we would have

min(ey, ;)

@—ad.My=b-b.M= [] p ,
eli, j,k}

with the right side different from M. But that is prohibited by divisor exclusion.
O

4.2 Cyclotomic divisibility

Lemma 4.2. Let A € M(Zy), and let m, s|M with s # 1. Suppose that for
everya € A, g divides A N A(a, m). Then ;| A.

Proof. Write Zy = |, Ay, where A, are pairwise disjoint m-grids. Accord-
ingly, A(X) = Zv A, (X), where A, = AN A,.If Aisdisjoint from A, we
have A, (X) = 0. If on the other hand A N A, # @, then ®;|A,. Summing up
in v, we get O |A. O

The next two lemmas are based on a combinatorial interpretation of divis-
ibility by prime power cyclotomics. For A C Zy and 1 < o < n;, we have
d>p;x (X)|A(X) if and only if

1
[ANTI(x, i) = —|ANTI(x, pf™h)| Vx € Zy, (4.3)
Di
so that the elements of A are uniformly distributed mod p{* within each residue
class mod p?‘_l. This in particular limits the number of elements that a tiling
set may have in a plane on some scale.

Lemma 4.3. (Plane bound) Let A & B = Zy, where M = p.' p;j pt and

|A| = pﬁipfjpfk. Then for every x € Zy and 0 < a; < n; we have

i
i~ i Bj
AT, pf ™)) < pf p) Pl
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Corollary44. Let A® B = Zy, where M = p! ‘p; Yprk and |A| =

plﬁ p; p,’?k with B; > 0. Suppose that for some x € Zp; and 1 < ag < n;

i i -1 ,3
JANTICx, pii =) > pl =t pi pf, (4.4)
then CIDPyifa |A for at least one o € {0, ..., a0 — 1}.

Proof. Suppose that CIDP(zi—a tAforalla € {0,..., 00 — 1}. It follows that

there must exist a y with «g < y < n; such that <I>p(z,«—y |A. The latter implies,

by (4.3) and (4.4), that |A| > [], p{)3 ", which is a contradiction. O

4.3 Saturating sets

nj ng

Lemma 4.5. (No missing joints) Let A & B = Zy;, where M = pl p] P
Suppose that

{D(M)m|M}NDiv(B) = {M}, 4.5)
and that for some x € Zy there exist a;, aj, a; € A such that

(x—aj,M)=M/p;, (x —aj,M)=M/p;, (x—ar, M) =M/py.
(4.6)
Then x € A.

Proof. Suppose that x ¢ A, and let A be the M-cuboid with vertices
X,a;,aj, ag. By (4.6) and (2.5), we have the saturating set inclusions

Ay C I(x, piv) U Tl(ay, p,¥) foreach v € {i, j, k}.

Taking the intersection, we see that A, is contained in the vertex set of A. But
that is impossible by (4.5). O

Lemma 4.6. (Flat corner) Let A @& B = Zp, where M = pl p /’ p”" and
|Al = pipjpr. Suppose that (4.5) holds, and that A contains the following
3-point configuration: for some x € Zy\A there exista, aj, ay € A such that

(Cl—(lj,M) :(Clk—x,M) :M/pj9 ((l—ak,M)
— (aj —x. M) = M/py @7

Then Ay C £;(x), and the pair (A, B) has a (1, 2)-cofibered structure in the
pi direction, with an M-cofiber in A at distance M/ pi2 from x.
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Proof. Fix b € B. By (4.7) and (2.5), we have
Axp C I(x, piv) UIl(a,, pl) foreach v € {j, k}.
Taking the intersection, we see that
Axp CLi(x)Uli(a) Uli(aj) U Li(ar).

By (4.5), we have the following.
e Ay NYLi(x) # ¥ implies that AM/pz [x]IBSM/pg[b] > 0, hence

M/p?p;, M/p?pi, M/ p}p;pr € Div(A) and M/p? € Div(B).
(4.8)
[x]€;(a)]B

e Ayp N¥Li(a) # ¢ implies that A b] > 0,

hence

M/p?p;pk M/p,-zpjpk[

M/p}, M/p}pj, M/p}pi € Div(A) and M/ p; p; pi € Div(B).

o A, pN¥ti(aj) # ¥ implies that AM/prk[xwt'(aj)]BM/p?pk[b] > 0, hence
M/p?, M/p}p;, M/p}p;pr € Div(A) and M/ p? py € Div(B).

o A, pN¥i(ar) # ¥implies that AM/p-zpj [x|£i(ak)]IBSM/pgpj [p] > O, hence

M/p?, M/p?px, M/ p?pjpi € Div(A) and M/p? p; € Div(B).

It follows from divisor exclusion that A, ; cannot intersect more than one of
the above lines. We now show it cannot intersect any line other than ¢; (x). To
this end, it suffices to prove that neither one of the following can hold:

Axp CLi(a), (4.9)
Ay p C¥i(ay) for some v e {j, k}. (4.10)

Assume for contradiction that (4.9) holds. It follows from (2.1) that

1
1= mXM; WAm[Xwi (@)]1B,,[b],
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and by (4.5), the only contributing divisor can be m = M/ pl.2 pjPk- Hence

SP7PiPK) = Ay X1 @By 2, 1D]

= Ay pplal > Byt p2y1-
y:(y—=b,M)=M/p; pk

Observe that A, 2[a] < ¢ (p?). Since M/p;, M/p? ¢ Div(B), we have
IB%M/p o[yl < 1forally € Zy \ B with (y — b, M) = M/p; py. It follows
that both must hold with equality. Now, if p; > p; then A, » e [a] = ¢( pl2)
implies that

|ANT(a, p*)| = la} +AM/pi2[a]
=14+ ¢(p}) > DiDjs

which contradicts Lemma 4.3. The same argument works if p; > py, with
the j and k indices interchanged. It remains to consider the case when p; <
min(p;, px). In this case we have ¢(p2) < ¢ (pjpk), so that there are y; # y>
with y; — b, M) = (y2 —b,M) = M/p;pi, and by,b, € B with (y; —
bi,M) = (yo — by, M) = M/p such that y; — by = y» — by. But then
M/ p;px divides by — by, contradicting (4.5). Hence (4.9) cannot be true.

Next, assume that (4.10) holds with v = &, so that Ay , C ¢;(ax). In this
case, (2.1) implies that

1
Z¢(M/ Al @) By [b],

m|M

and by (4.5), the only contributing divisor can be m = M/ pl.2 pj. Hence

$(Pip]) = By 2y, (1 @0)IBy 2, (0]

= By p2laid Z Barypply]-
y:(y—=b,M)=M/p;

By the same argument as above, we deduce that A , /v 2lak] = ¢( pz) and
M/pl?[y] = lforally € Zy\B with(y—b, M) = M/p] When p; > pj,we
therefore get |A N [1(ay, pZ")l > pipj, which contradicts Lemma 4.3. When
pi < pj,wehaveg(p;) < ¢(pj),sothatthereare y; # y, with (y1—b, M) =
(y2—b,M)=M/pj,and b, b, € B with (y; — b1, M) = (y2 — b2, M) =
M/ pl.2, such that p;|by — by. Hence M/ p;p; divides by — by, contradicting
(4.5). This proves that Ay , N ¢;(a;) = ¥. By symmetry, Ay , N ¢;(a;) =9
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We have proved that A, C ¢;(x), as claimed. If we know that M/p; €
Div(A), the cofibered structure statement now follows immediately from
Lemma 2.12 with v = i. If we only assume that (4.5) holds, we still have
M/ p; ¢ Div(B), so that (2.1) implies

Ay 2 [XIBy, o[b] = ¢ (p?) forall b € B. (4.11)

Moreover, since M/p; ¢ Div(B) and (by (4.8)) M/pl.2 ¢ Div(A), we must
have AM/p[?[x] < p; and BM/pl.z[b] < ¢(p;) foreach b € B. By (4.11), both
must hold with equality. This implies the desired cofibered structure, with the
cofiber in A equal to A N ¢; (x). |

4.4 Fibering lemmas

Lemma 4.7 below is a simple version of the de Bruijn-Rédei-Schoenberg
theorem for cyclic groups Zy, where N has at most two distinct prime factors.
This was essentially proved in [3]; see also [29, Theorem 3.3].

Lemma 4.7. (Cyclotomic divisibility for 2 prime factors) Let A € M(Zy)
forsome N | M, M = p?ip?’ pi* such that p; { N. Then:

(i) ®n|A if and only if A is a linear combination of N-fibers in the p; and
Pk direction with non-negative integer coefficients.

(ii) Let A be a D(N)-grid. Assume that ®y|A, and that there exists cg € N
such that A% [x] € {0, co} for all x € A. Then A N A is N-fibered in either
the pj or the py direction.

Lemma 4.8 is a localized version of the above.

Lemma 4.8. (Flat cuboids) Let A C Zyy. Assume that ®ys| A, and that there
is a plane T1 := Tl(z, p:.”) such that A N 11 is a disjoint union of M-fibers
in the p; and py directions. Then for every parallel plane T1" := TI(Z/, p:.” ),
where (z — 7', M) = M/ p;, the set A N I1' is a disjoint union of M-fibers in
the p;j and py directions.

Proof Consider a 2-dimensional cuboid A" with vertices x’, x" + dj, x" +
di, x' + dj + di, where x’ € IT', (dj,M) = M/pj, (dx, M) = M/ py.
Let x € II be the point such that (x — x’, M) = M/p;, and let A be the
2-dimensional cuboid with vertices x,x + dj, x + dix, x + d; + di. By the
fibering property of A N IT, we have Ay[A] = 0. Since ® /| A, we also have
Apy[A— A1 =0,hence Ay [A’] = 0.1If we consider ANTT’ (after translation)

as a subset of ZM/p;z,- , it follows that q)M/p;“i | (ANTI)(X). By Lemma 4.7,

A N IT’ is a union of fibers as claimed. O

@ Springer



390 I. Laba, 1. Londner

Lemma 4.9. (Missing top difference implies fibering) Let N |[M with p; p j px|N.
Let A := A(xg, D(N)) for some xo € Zn. Assume that A C 7Zy satisfies
Dy|A and A N A # (0. Assume further that there exists a constant cg € N
such that

AN[x] € {0, co) forall x € Zy.
(i) Suppose that p; # 2, and that
N/pi ¢ Divy(ANA). (4.12)

Then A N A is N-fibered in one of the p; and py. directions. In particular, if
N/pi ¢ Divy(A), then AN A is N-fibered in one of the pj and pi directions
for every D(N)-grid A.

(ii) Suppose that N /p;, N/p; ¢ DivN (AN A). Then AN A is N-fibered in
the px direction.

Proof. (i) We will assume that co = 1 and identify A with the set A mod N in
Zy . (The general case is identical, except that every element of A mod N has
multiplicity cg instead of 1.)

We first prove that each a € AN A belongs to an N-fiber in the p,, direction
for at least one v € {j, k}. Suppose, for contradiction, that there exists an
a € AN A that does not have this property. Then there are x;, x; € Zy\A
such that

(xj —a,N)=N/pj, (xx —a, N) = N/py.

Since p; > 2 and A% /i [a] = O, there exist at least two distinct elements
xi,x; € Zy \ A satisfying

(a—x;,N)=(a—x/,N)=N/p;.

Consider two N-cuboids in Zy, each with vertices at a, x;, x;, and with
another vertex at x; and x; respectively. By the cyclotomic divisibility assump-
tion, each of those cuboids must be balanced. This can only happen if there
are two elements a; i, a; ik € A at the opposite vertex of each cuboid from a

(that is, with (@ — a;jr, N) = (a — alfjk, N) = D(N)). However, this leads
to a contradiction, since (a;jx — a; ik N) = N/ p;. We therefore conclude that
eacha € AN A belongs to an N-fiber in at least one direction as indicated.
Next, suppose that a;, ary € A N A belong to N-fibers in, respectively,
the p; and py direction. If a; x F; and a; * Fj do not intersect, then N/p; €
Divy (a;* Fj, ai * Fy), contradicting the assumption (4.12). We may therefore

assume thata; = ay = a and thata * F;, a x Fi C A.
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Consider any N-cuboid with one vertex at a. Then the vertices at distance
N/p; and N/py from a belong to A, and, by (4.12), the vertices at distance
N/pipj and N/p;pi from a cannot be in A. The only way to balance the
cuboid is for the vertex at distance N/p;pi from a to be in A. Allowing
such cuboids to vary, we see that a * F; x F, C A. This also implies that
A cannot have any other elements in A, since that would contradict (4.12).
Hence AN A = a x Fj x Fy is N-fibered in both of the p; and py directions.
This proves part (i) of the lemma.

(i1) Assume that N/p;, N/p; ¢ Divy(A N A). Atleast one of p;, p; must
be odd; without loss of generality, we may assume that p; # 2. By part (i)
of the lemma, A N A must be N-fibered in at least one of the p; and py
directions on A. However, it cannot be N-fibered in the p; direction, since
N/p; ¢ Divy(A N A). Part (ii) follows. |

5 Structure on unfibered grids
5.1 Diagonal boxes

Throughout this section, we will use the following notation. Let M =
i P} pi*, and let A be a fixed D(M)-grid such that AN A 5 1. We identify
A withZ,, & Zp; ® Lp,, and represent each point x € A as (A;x, A ;x, Agx)
in the implied coordinate system.

Definition 5.1. Let A C Zy;. We say that AN A contains diagonal boxes (see
Fig. 2) if there are nonempty sets I C Zp,;, J C Zp;, K C Zp,, such that

IC:=Zp \1, J :=Zp,\J, K :=Zp \ K
are also nonempty, and

IxJxKYUUI xJ xK)CANA.

Proposition 5.2. Let A® B = Zy, where M = p' p;.lj pi, and assume that
Dy | A. Suppose that there is a D(M)-grid A such that A N A is not a union
of disjoint M-fibers (possibly in different directions). Then A N A contains
diagonal boxes.

Proof. Write D = D(M) for short. We first construct a set Ag C AN A as
follows. If AN A contains no M-fibers, let Ag := ANA.If AN A does contain
an M-fiber F, consider the set (AN A)\ F (if there is more than one such fiber,
just choose one arbitrarily and remove it). If this set contains no M -fibers, we
let Ag be that set; otherwise continue by induction. The procedure terminates
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Fig. 2 A pair of diagonal Je
boxes

when no more M-fibers can be found. The remaining set Ag is nonempty by
our assumption on A, contains no M-fibers, and ®,s|Ag; however, Ag need
not be a tiling complement.

We remark that Ag is not necessarily uniquely determined by A, as the fiber
removal procedure may lead to different outcomes depending on the order in
which fibers are removed. In that event, we fix one such set Ay and keep it
fixed throughout the proof.

For future reference, we record a lemma.

Lemma 5.3. Suppose that x € A\ Ag. Then there exists av € {i, j, k} such
that x x F, C A\ Ayp.

Proof. This follows directly from the construction, since any point x € A\ Ag
would have been removed from A together with an M -fiber (in some direction)
containing x. O

For each x € A, we define

I(x)={l€Zp : (I, 1jx, x) € Ao}, I() = Zp, \ 1 (x),
J@)=(l €Ly, i (ux,l,0qx) € Ao}, J°() =Ly, \ J (),
K@) ={l€Zy: ix,rjx,)) € Ao},  K(x)=2Zp \ K(x).

Leta € Ag be an element such that | K (a)| is maximal, in the sense that

K (a")| < |K(a)| Ya' € Ao. (.1
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By translational invariance, we may assume that a = (0, 0, 0). Observe that
I (a), J(a), K (a) are all nonempty since a € Ag, and I¢(a), J¢(a), K (a) are
all nonempty since a does not belong to an M-fiber in Ag in any direction.

Claim 1. Foralla’ = (0,0, 1) € Ao, withl € K(a), we have I (a’) x J(a’) x
{l} C Ap.

Proof. Since K (a’) = K (a), it suffices to prove this witha' = a.If |1 (a)| = 1
or|J(a)| = 1, thereis nothing to prove. Assume now that min(|/ (a)|, |J (a)| >
2.Leta; = (l;,0,0)anda; = (0,1, 0) forsome/; € I(a)\{0},1; € J(a)\{0},
and let z = (/;,1;,0) € I(a) x J(a) x {0}. We need to prove that z € Ay.
Suppose, for contradiction, that z ¢ Ag, and consider the cuboid with vertices
ata,a;,aj, and (0,0, ). For [; € K(a), the cuboid can only be balanced if
both (/;, 0, lx) and (0, [}, I;) are elements of A. Furthermore, let /; € K(a),
then for the cuboid to be balanced we still need at least one of (/;, 0, [;) and
(0,1, ) to be in Ag. This implies that max(|K (a;)|, |[K(a;)|) > |K(a)l,
contradicting the maximality assumption (5.1). Hence Claim 1 follows. O

Claim 2. Foralla’ = (0,0,1) € Agwithl € K(a),we have I[°(a’) x J¢(a’) x
K¢(a) C Ay.

Proof. Let x € I°(a’) x J(a’) x K¢(a). Considering the M-cuboid with
opposite vertices at a’ and x, we see that the three vertices at distance
M/pi,M/p;, M/pi from a’ are not in Ag. Hence, in order for the cuboid
to be balanced, we must have x € Ag as claimed. a

Claim 3. Suppose that for alll', 1" € K (a), we have either (I (a") x J(a')) C
(I(@)x J@"))or(I@")xJ@)) € @) xJ@)),wherea = (0,0,1),
a” =(0,0,1"). Then Ag contains diagonal boxes.

Proof. Under the assumptions of the claim, the sets I (a) x J (a") witha’ € Ag
and M/px | a — a’ have a minimal element. Without loss of generality, we
may assume that

(I(a) x J(a)) € (I(a") x J(a')) Va' € Agsuchthat M/py | a —a'.

Then Claims 1 and 2 imply that Ay (and therefore A) contains the diagonal
boxes

(I(a) x J(a) x K(a))U (I (a) x J°(a) x K(a)),
which proves the claim. |

It remains to consider the case when there exist’, I” € K (a) such that for
a =1(0,0,1"),a" =(0,0,1"), we have

1) ¢ I(@")and J(@") ¢ J(d'). 5.2)
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For this to be possible, K (a) must have at least two distinct elements, and each
of I(a’) and J (a”) must have at least one element different from 0. Since none
of a,a’, a” belongs to an M-fiber in Ap, we must have

Pis Pjs Pk > 2.
Furthermore, this configuration implies that
{m: D\m|M} C Div(Ap) C Div(A N A). (5.3)
Indeed, we have

{m: Dim|M}\ {M/pip;}

c Div(( (@) x J@) x {I'HU @) x J@") x {I"})),
M/pipj € Div(I°(a’) x J(a") x {l}, I°(a") x J(a") x {[k})
for any [ € K(a).

Claim 4. Suppose that (5.2) holds for some ', 1" € K (a), witha' = (0,0,1’),
a" = (0,0,1"). Then

I1°(d”) x J°(d") x K°(a) C Ao.
Proof. We may assume that a” = a and I” = 0. We will also write [ = [,
sothata’ = (0,0, ;) Let[; € I1(a")\I(a),l; € J(@)\J(a),I{ € I°(a") and
l; € Ja). We also fix [ € K“(a). For the purpose of this proof, we will
need to consider points with coordinates (B;, B, Bx) such that

IBV € {0’ lv’ls} for Ve {ls ]ak}

Let Xi = (ll', 0, 0), Xj = (0, lj, lk), and a; = (l,’, 0, lk), aj = (0, lj, O).
Then x;, x; ¢ Ao, and a;,a; € Ag. By Claim 2, we have

zi == (If,1j,1}) € Ag since [ € J°(a"),

zj = (i, l;, I}) € Agsince ; € I°(a), -4
Letz = (I;,1;,1f) € I°(a) x J°(a") x K(a) be the point such that
(z—zi,M)=M/p;i, (z—2zj,M)=M/p;. (5.5)
We need to prove that
z € Ao. (5.6)
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Itis tempting at this point to try to apply the flat corner argument to z, with the
flat corner configuration given by z;, z;, and z;; := (I}, l;f, [;). Unfortunately,
we do not know that Ay is a tiling complement. This means that an additional
argument is required even in the basic case n; = n; = n; = 2. With more
work, we are also able to extend that argument to more general n;, nj, ng.

We begin with the following reduction.

Claim 4°. Let x;; = (;,1;,0) and y;j; = (I;, 1}, ly). Suppose that at least one
of the following holds: either

{xij, yij VA # 0, (5.7)

or else there exists a set A C Zyy, identical to A except possibly along the
line € (x;), such that A’ ® B = Zy and

X; k Fj C A/, hence Xij € Al (5.8)
Then z € Ag.

Proof. For notational consistency, if (5.7) holds, we let A" = A. We have
(xij — 2, M) = (yij — 2, M) = M/ px. (5.9)

Suppose that at least one of x;;, y;; belongs to A’. By (5.5) and (5.3), the
assumptions of Lemma 4.5 hold for z and A". Hence z € A’. Since A" and A
may differ only along £;(x;), we must in fact have z € A.

Next, weclaimthatz € Ag. Indeed, assume for contradictionthatz € A\ Ap.
By Lemma 5.3, there isa v € {i, j, k} such that z « F;,, C (A \ Ap). But by
(5.4)and (5.5),z; € (zxF;)NAgand z; € (z* F;)NAp. It follows that v = k,
and z x Fi, C (A '\ Ap). By (5.9), we have x;;, y;j € z * Fy, and in particular
Xij, Yij € A.

Consider now the point x;. We have

(xi —a,M)=M/p;, (xi—a;,M)=M]/py, (xi—xij,M)=M]/pj,
(5.10)

witha, a’ € Ao, x;; € A.Takingalso (5.3) into account, we see that x; satisfies
the assumptions of Lemma 4.5 applied to A. Therefore x; € A.

Since x; ¢ Ag, we must have x; € A\ Ag. By Lemma 5.3 and (5.10), it
follows that x; * F; C A\ Ag. However, consider the point x;; € x; * F;. We
have already seen that z must have been removed from A together with the
fiber z * F}, which also contains x;;. This is a contradiction, since we are not
allowed to remove the same point twice. O
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To prove Claim 4, it remains to prove that at least one of (5.6), (5.7), (5.8)
must hold. Assume first that x; € A\ Ag. By Lemma 5.3, A \ Ag must contain
an M-fiber x; = F, for some v € {i, j,k}. Since a € (x; * F;) N A and
a; € (x; * F) N A, we must have v = j. This clearly implies x;; € A. The
same argument applies with i and j interchanged.

We are left with the case when (5.6) fails and

Consider the M-cuboid with vertices at x;;, z, z; and z;, and note that z;, z; €
Ap. In order to balance this cuboid in Ag, at least one of the points y; :=
(£,1;,0) and y; := (li,lj, 0) must be in Ag. However, if y; € Ag, then
we can apply Lemma 4.5 again, this time to A and x;, using (5.3), (5.10),
and (x; — yj, M) = M/p;. Hence x; € A. This, however, contradicts the
assumption (5.11) of this case.

We therefore have y; € Ag. Now, considering the saturating set A,;, we
claim that

Ay C () Bispan(x;,a) = £;(x) Ula. d,ai, aj, (i, 15, ).
&G{flﬂiﬁzja)’i}
(5.12)
To prove this, we argue as follows. The first inclusion follows from Lemma 2.8
(i), since a, a;, zj, yi € A. We now prove the second part of the formula. By

(2.5) applied to x;, a and a; we have

Ay, C Bispan(x;, a) N Bispan(x;, a;)

= (M pH U@ ) N (M, U@, p) (5:13)
={j(a)V Ej(a/) Ulj(a;) ULj(x;).

By (2.3), we have
Bispan(x;, yi) = T(x;, pi) UTL(xi, pi’) U Ty, pi) U TGy, p).
Taking the intersection with (5.13), we get
Ay, Clj(a;)) ULlj(x;)U{a, a, aj,xj}.
Finally,
Bispan(x;, zj) = IT(x;, P?j) U T(x;, p*) UTI(zj, P?j) UTl(zj, p)-

@ Springer



The Coven—Meyerowitz tiling conditions 397

Taking the intersection again, we get (5.12).

By (5.3), we must in fact have A,, C £;(x;). Hence A,, satisfies the condi-
tions of Lemma 2.13. In particular, (2.6) holds with some y > 2,and Ay, isa
disjoint union of M-fibers in the p; direction. Applying Lemma 2.13 (iii) to
shift Ay, to x;, we obtain a set A" with the desired properties, thus concluding
the proof of Claim 4. O

We can now complete the proof of the proposition. We claim that

(IxJxKYUUxJx K C Ay,
where

I= () I, 7= () J@). K=K,

leK (a) leK (a)
1°= {J ‘. 7= | J@). K=K,
leK (a) leK (a)

anda; = (0, 0,1).Itisclearthat I x J x K C Ag.Suppose now that (;, ;, l;) €
I°x J¢x K¢ Thentherearel, !’ € K (a) suchthatl; € I°(a;) and/; € J(ay).
If Il =1, orifl; € I(ayp), then (l;,1j,lx) € Ag by Claim 2 applied to ay.
The case [; € J(q) is similar. Assume therefore that /; € I(ay)\1(a;) and
l; € J(ap\J (ay).Butthen (5.2) holds witha’, a” replaced by a;, a;. Applying
Claim 4, we see that (/;, [, [y) € Ag in that case as well. This ends the proof
of the proposition. O

5.2 Extended corners

We continue to write M = p?i p;'f pZ". Assume that A B = Zy, Py | A,
and there exists a D(M)-grid A such that AN A # ) and A N A is not M-
fibered in any direction. By Proposition 5.2, if A N A is not a union of disjoint
M-fibers, then A N A contains diagonal boxes. It remains to consider the case
when A N A is a union of disjoint M -fibers. In that case, we claim that A N A
contains the following structure.

Definition 5.4. Suppose that A C Zy,, and let A be a D(M)-grid.

(i) We say that A N A contains a p; corner if there exist a, a; € AN A with
(a —aj, M) = M/ p; satisfying

AN(axFjxFy) =axF;j, AN(a; * Fj* Fy) = a; * Fy.

(i1) We say that A N A contains a p; extended corner if there exist a, a; €
A N A such that (¢ — a;, M) = M/ p; and
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e AN (a* Fj* Fy) is M-fibered in the p; direction but not in the pi
direction,

o AN (a; *x Fj* Fy) is M-fibered in the p; direction but not in the p;
direction.

We now prove that unfibered grids as described above must contain extended
corners.

Proposition 5.5. Let D = D(M), and let A be a D-grid. Assume that A N A
is a union of disjoint M -fibers, but is not fibered in any direction. Then A N A
contains a p, extended corner for some v € {i, j, k}.

Proof. Fix A and A as in the statement of the proposition. We will say that
Kk :ANA — {i, j, k}is an assignment function if A N A can be written as

ANA = U (a * Fe()),
acANA

where for any a,a’ € AN A, the fibers a * Fe) and a’ * F( are either
identical or disjoint. Thus, if @’ € a * F(4), then k (a’) = k (a).

We recall [24, Proposition 7.10]:

Proposition 5.6. Let M = p?i p?j pzk, and let D = D(M). Assume that A @
B = Z; and that there exists a D-grid A such that AN A is a nonempty union
of disjoint M -fibers. Then there is a subset {vi, 2} C {i, J, k} of cardinality 2
such that A N A is a union of disjoint M-fibers in the p,, and p,, directions.

Hence there exists an assignment function « that takes at most two distinct
values. (In fact, the proof of [24, Proposition 7.10] shows that this is true for
any assignment function.) Without loss of generality, we may assume that
k(a) € {j, k}foralla € AN A. We claim that this implies that A N A contains
a p; extended corner.

Split A into 2-dimensional grids IT, :=x, * F; x Fi, 1 =0,1,..., p; — 1.
Then for each ¢, the set A N I, is a union of disjoint fibers in at least one of
the p; or py direction. Moreover, we are assuming that A N A is not fibered in
either the p; or py direction. Therefore for each v € {j, k}, there must be at
least one ¢(v) such that A N I1,(,) is fibered only in the p, direction. Choosing
a € ANIl ) and a; € AN Il with (@ —a;) = M/p;, we see that the
condition (i1) of Definition 5.4 is satisfied. |

A p; corner is a special case of a p; extended corner, with only one fiber
in each of the planes through a and a; in A. This is one of the special struc-
tures that occur when ®@,7 | A, A N A is not M-fibered in any direction, and
{D(M)|m|M} ¢ Div(A) (see Sect.6).
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In addition to the present purpose of classification of unfibered grids on
scale M, we will also refer to Definition 5.4 (ii) in the fibered case, in the
proofs of Proposition 9.14 (Claim 1) and Lemma 9.30.

6 Unfibered grids with missing top differences

Let A C Zpy, and let A be a D(M)-grid such that A N A # (. The purpose of
this section is to classify all possible unfibered grids AN A under the assumption
that ® /| A and that Div(A) does not contain all m such that D(M)|m|M. We
do not assume in this section that A is a tiling complement.

6.1 A structure result

Proposition 6.1. Let M = p;’ip;j pZ". Assume that A C Zyy satisfies Oy A.
Let A be a D(M)-grid such that A N A # (. Suppose that A N A is not
M -fibered in any direction, and that (5.3) fails, i.e.

{m: D(M)m|M} ¢ Div(AN A). (6.1)
Then A N A is a union of at most one set of diagonal boxes
A= (L) x Ji x K1) U} x J{ x KY), (6.2)

where I\ C Zy,, Jy C Zp;, K1 C Zp, are non-empty sets such that I{ =
Zp\l, J{ = Zp\J1, K| := Zp\K1 are also non-empty, and possibly
additional M -fibers in one or more directions, disjoint from A1 and from each
other. Furthermore, if AN A does contain a set of diagonal boxes (6.2), then
at least one of the sets 11, J, K1 has cardinality 1, and at least one of the sets
I, J{, K{ has cardinality 1.

Remark 6.2. For simplicity, we only state and prove Proposition 6.1 for sets
A C Zypy. However, if we assume instead that A € M(Zy) for some N|M,
and that (6.10) holds (i.e., A N A is a multiset of constant multiplicity cg),
the same argument applies except that the diagonal boxes and fibers in the
conclusion also have multiplicity cg.

Proof. We begin as in the proof of Proposition 5.2. Let Ag C A N A be a set
constructed by removing M -fibers from AN A until none are left, so that AN A
is the union of Ay and some number of M-fibers in one or more directions,
disjoint from Ag and from each other. If A9 = @, we are done. Otherwise,
we proceed with Claims 1, 2, and 3 from the proof of Proposition 5.2, noting
that this part does not require the use of saturating sets (hence A need not be
a tile). At that point, the only remaining case in the proof of Proposition 5.2
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is when there exist I’, " € K (a) such that (5.2) holds. However, in that case
we have (5.3), which contradicts (6.1). Therefore, under the assumptions of
Proposition 6.1, A (if nonempty) contains diagonal boxes A as in (6.2).
Moreover, the cardinality statement must hold, since otherwise we would not
have (6.1).

As in Proposition 5.2, Ag need not be unique and may depend on the order
in which the fibers are removed, and A may then depend on the choice of Ag.
We fix one such choice of Ag and Ay, and keep it fixed for the remainder of
the proof.

We claim that Ag = Aj. To prove this, assume for contradiction that Ag\ A
is nonempty. We clearly have ®,/|Ag and ®y/|A1, therefore ®ps|Ag(X) —
A1(X). Since the set Ag \ A is nonempty and contains no fibers, it must
contain another set of diagonal boxes

Ay = (I x J, x Ko)U (I5 x J5 x K3),
with obvious notation. Furthermore, since A, C Ag\ A, we must have
A1 NAy =0 (6.3)
We first claim that at least one of
Lh=0hL Lh=1I, i=Jh, Ji=J;, Ki =K, K| =Kj,
must hold. Indeed, by (6.3), we must have
(I x 1 x K))N (I x J, x Kp) =0,

so that at least one of 11 N I, J1 N Jo, K1 N K3 is empty. Without loss of
generality, we may assume that K| N K> = ¢, so that

K| C K5, Ky C Kj. (6.4)
We also have
(Ih x J1 x Ky)) NIy x J; x K5) =0,

and since K1 N K5 # @, one of I} N I3 and J; N J5 is empty. Without loss of
generality, we may assume that J; N J5 = ¢, so that

Ji C L, J; C Uy (6.5)
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Next,

(If x J{ x K)) N (I; x Jy x K5) = 0.
By (6.5), we have J{ N J; # @, therefore one of I{ N I; and K| N K73 is
empty. If K{ N K5 =, then K5 C K, which together with (6.4) shows that
Ky = KJ and proves the claim. If /7 N I] = @, we get that

Iy ch, I; Cl. (6.6)

Using that

(If x J{ x K)) N (I2 x Jo x K2) = 0.
and taking (6.4) and (6.6) into account, we see that J{ N J = . But then
J>» C Ji, which together with (6.5) proves the claim.

We may assume without loss of generality that
K| =Kj;.

This implies that

(Ih x J))N (I x Jo) =@Pand (If x J))N (L5 x J5) =0, (6.7)

since otherwise we would have an M-fiber in the py direction in Ag. But also,
considering the box layers with third coordinate / € K| and !’ € K,, we have

(L x J))N (I35 x J5) =@Pand (If x J{) N (I x Jo) =0, (6.8)
The first parts of (6.7) and (6.8) imply that either
IlﬂlzzjlﬂJZC:@, (6.9)

or else the same holds with 7, J interchanged. Assume that (6.9) holds. Then
I, C I{ and J; C J{, so that in order for the second parts of (6.7) and (6.8)
to hold, we must have

IFNIE =N Ty =0,

But this implies that I{ C I and J5 C Ji. Hence I} = I5 and J; = J>. But
then Ag contains M-fibers in the p; direction, a contradiction. O
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6.2 Special unfibered structures: odd M

Lemma 6.3. Let M = p; p]’p',:" and N = M/p} p]’p,‘:k with a, < n, for
all v € {i, j, k}. Assume that 2 4+ M, and that A € M(Zy) satisfies ®n|A. Let
A be a D(N)-grid such that A N A # (. Assume further that

e there exists a co € N such that
AN[x] € {0, co) forall x € A, (6.10)

e AN A is not N-fibered in any direction.

Then there is a permutation of {i, j, k} such that
{D(N)|m|N}\ Divy(ANA) S{N/pipj, N/pipi}- (6.11)

Moreover, (6.11) holds with equality if and only if there exists x € Zy \ A
such that

N/p [x] = cod(pi), A1\]/,, Pk[x] = CO¢(PJPk)
AN[x1=0forallm € {(D(N)Im|N}\ {N/pi, N/p;pi}.

We will refer to this structure as a p;-full plane (see Fig. 3).

Proof. Wemay assumethat M = N andcg = 1. We will alsowrite D = D(M)
for short. By Proposition 6.1 and the assumption that A N A is not fibered,
A N A must contain at least one of the following:

(a) two nonintersecting M -fibers in different directions, say p; and p;,

(b) diagonal boxes as in Definition 5.1, and possibly additional M -fibers in
one or more directions, disjoint from the diagonal boxes and from each other.

Fig. 3 Full plane structure
on a D(M)-grid

e
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In the first case, we have {D|m|M}\Div(A N A) € {M/p;p,}, just based
on these two fibers. It remains to consider the second case. Suppose that A N A
contains diagonal boxes

IxJxKYUUI xJ" x K

with 1, J, K, I¢, J¢, K¢ all nonempty. In order for {D|m|M}\ Div(AN A) to
be nonempty, we must have

min(|Z], [ 7], |K]) = min(|[7°], ||, [K“]) = 1. (6.12)

We may assume without loss of generality that |/¢| = |J| = 1. Since p, > 3
for all ¢, it follows that |/[, |J¢|, and at least one of |K|, | K¢| are greater than
1. Assume that |[K¢| > 1. Then

M/p; € Div(l x J x K),
M/pj, M/px, M/pjpr € Div(I° x J¢ x K°), (6.13)
M/pipjpx € Div(I x J x K, I x J x K°).

This implies (6.11). Furthermore, if (6.11) holds with equality, then |K| = 1,
since otherwise we would also have M/ p; pr € Div(I x J x K). This proves
the second conclusion of the lemma, with x equal to the unique element of
1€ x J x K. Note that if we add an M-fiber in any direction to this structure,
then equality in (6.11) can no longer hold. O
Lemma 6.4. Let M = p?ip?j pzk and N = M/p;xi pj.lj p,‘fk with o, < n, for
all v € {i, j, k}. Assume that 24 M, and that A € M(Zy) satisfies ®n|A. Let
A be a D(N)-grid such that A N A # ). Assume further that

e (6.10) holds for all x € A,
e AN A is not fibered in any direction,

and that
{DIm|N}\ Divy(ANA) ={N/pipj;}. (6.14)

Then A N A has one of the following, mutually exclusive, possible structures:

(i) ( pr-corner, see Fig. 4, cf. Definition 5.4 (i).) For each x € Zy, the set
ANANTI(x, pZ"_ak) is either empty or consists of a single N-fiber in
one of the p; or p; directions. Since A N A is not fibered, there has to be
at least one of each.

(ii) ( pr-almost corner, see Fig. 5) There exist xo, X1, ..., X¢(p) € LN
with (x; — xp, N) = N/ pi for | # U, and two disjoint sets L;, Lj C Zp,
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Fig. 4 Corner structure on a
D(M)-grid

Fig. 5 An almost corner
structure on a D(M)-grid

satisfying |Li|, |Lj| > 1and L; U L; = {0, 1, ..., ¢(pr)}, such that for
all z € A we have

co if(z—x;, N) = N/p; forsomel € L;
A%[Z]: or(z—x;,N) = N/pj forsomel € L;
0  otherwise.

In particular, A%[xl] = 0and A%/p,«

similarly with i and j interchanged.

[x1] = cop(pi) foralll € L;, and

Proof. We may assume that M = N and cp = 1, and proceed as in the
proof of Lemma 6.3. Suppose first that (a) holds (i.e., A N A contains two
non-overlapping M-fibers in two different directions), but A does not contain
diagonal boxes. Then the M-fibers must be in the p; and p; directions, or else
(6.14) would be violated. Moreover, having any two such fibers in the same
plane IT(x, pZ" ~%) would also violate (6.14), hence (i) holds in this case.

In case (b), A N A contains diagonal boxes. We proceed as in the proof of
Lemma 6.3 to get (6.12). Since M/p;p; ¢ Div(A), we must have

min(|/], |J]) = min(|7°], [J°]) = 1.
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Therefore we may again assume without loss of generality that |/¢| = |J| = 1
and that |K¢| > 1, and get (6.13). We now consider two cases.

e If |K| = 1, the diagonal boxes are as in the conclusion of Lemma 6.3, and
instead of (6.14) we have (6.11) with equality.

e If |K| > 1, the diagonal boxes present the structure described in (ii), with
Li=Kand L; = K°.

The only way we can add an M -fiber to either of these structures without
adding M /p;p; to Div(A) is to add an M-fiber in the pj direction rooted at x
(in the first case, with x defined as in Lemma 6.3), or at x( (in the second case,
with xq specified in (ii)) That, however, puts us in the case (i) of the lemma. O

6.3 Special unfibered structures: even M

Lemma 6.5. Let M = p;’ip;.lj pi* with 2|M, and N = M/p;x"pj.[jp;:k with
o, < n, foralli € {i, j, k}. Assume that A € M(Zy) satisfies Py |A. Let A
be a D(N)-grid such that A N A # (). Assume further that

e (6.10) holds for all x € A,
e AN A is not fibered in any direction.

Assume that N/p, € Divy(A N A) forall v € {i, j, k}, but {D(N)im|N} ¢
Divy (A N A). Then for some permutation of {i, j, k} we have

{D(N)|m|N}\ Divy (AN A) ={N/pip;},

and A N A has the py corner structure in the sense of Definition 5.4 (i): for
each x € A, the set AN A NIl(x, pzk_a") is either empty or consists of a
single N-fiber in one of the p; or p; directions. Since A N A is not fibered,
there has to be at least one of each.

Proof. We may assume that M = N and ¢y = 1. Assume without loss of
generality that py = 2. In this case, in order for N/p; € Div(A N A), we
must have at least one N-fiber F in the py direction in A N A. Let A be the
set obtained from A N A by removing all N-fibers in the py direction. Since
AN A isnot fibered, A is nonempty and satisfies (6.1). By Proposition 6.1, it
must contain either at least one fiber in another direction or a set of diagonal
boxes, each disjoint from F'.

e Suppose that A contains diagonal boxes as in Definition 5.1. Without loss
of generality, we may assume that F' is rooted at a pointa € I x J x K.

@ Springer



406 I. Laba, I. Londner

Then

M/pi, M/pipx € Div(F, I x J x K),
M/pj, M/pjpk € Div(F, 1€ x J x K°),
M/pipjpk € Div(l x J x K, I x J° x K°).

It follows that the only missing divisor can be M/p; p;. In order to avoid
that divisor within each box, we must have

min(|/], |J]) = min(|7°|, [J°]) = 1.

Taking into account the differences (¢’ — a”, M), where a’ € F and a”
belongs to one of the boxes, we see that the only possible case is |/¢| =
|J| = 1. Then A contains the M-fiber in the p; direction rooted at the
unique point x € /¢ x J x K, and the M-fiber in the p; direction rooted
at the unique point x’ € I¢ x J x K. Any other points in A N A would
add M/p;p; to Div(A N A). Thus the conclusion of the lemma holds.

e If Aj contains no diagonal boxes, then it must contain a fiber in at least
one other direction. This case is identical to the corresponding case of
Lemma 6.4 (i), for some permutation of {i, j, k}. O

Lemma 6.6. Let M = p?ip;.ljp:" with 2|M, and N = M/p:.x"pj.[jp,‘:k with
o, < n, foralli € {i, j, k}. Assume that A € M(Zy) satisfies P |A. Let A
be a D(N)-grid such that AN A # . Assume further that py = 2, and that

e (6.10) holds for all x € A,
e AN A is not fibered in any direction,

e {N/pi,N/pj, N/px} & Divy(A N A).
Then

N/pr ¢ Divy(AN A), (6.15)
and there is a pair of diagonal boxes
Ag=U xJ xK)YU(I°x J°x K°) CA,
as in Definition 5.1 (see Fig. 6), such that for all z € A N A we have

co ifz € Ao,

ANlz] =
nlzl 0 otherwise.
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Fig. 6 An even almost
corner structure on a
D(M)-grid with

M/pj & Div(A), px =2

Proof. We may assume that M = N and ¢o = 1. If M/p; or M/p; is not in
Div(ANA),then AN A is fibered by Lemma 4.9, contradicting the assumptions
of the lemma. Therefore (6.15) holds. Invoking Proposition 6.1 again, we see
that A N A must contain either diagonal boxes or at least two non-overlapping
M -fibers in different directions. The second case cannot be reconciled with
(6.15). Therefore A N A must contain a set Ag of diagonal boxes. Notice that
adding an M-fiber in any direction to Ag would introduce M/ py as a divisor
of AN A. Therefore AN A = Ay. |

7 Resolving diagonal boxes

Theorem 7.1. Let A ® B = Zy;, where M = pizpjz.p,% with p;, pj, px = 3,
|Al = |B| = pipjpr, and assume that Oy | A. Let D = D(M), and let A be
a D(M)-grid such that A N A # (). Assume further that A N A is not fibered
in any direction, and that one of the following holds: either

{m: D(M)|m|M} C Div(AN A) (7.1)

and A N A contains diagonal boxes as in Definition 5.1, or else A N A has
one of the structures described in Lemma 6.3 (full plane) or Lemma 6.4 (ii)
(almost corner). Then at least one of the following is true:

e Thetiling A® B = Zy is T2-equivalent to A & B = Zy; via fiber shifts.
Thus A is a translate of A®, and by Corollary 2.2, both A and B satisfy
(T2).

o Thetiling A® B = Zyy is T2-equivalent to a tiling A’ ® B, where A’ N A
contains a p, corner structure as in Definition 5.4 (i) for some v € {i, j, k}.

We remark that, in the case when (7.1) holds, A N A might be larger than
just a pair of diagonal boxes. For example, it could contain diagonal boxes
and some number of M-fibers in various directions disjoint from the boxes.
However, any such additional structures can only make our task easier.
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We split the proof into cases. Since p;, pj, px = 3, at least one of [ and /¢
must have cardinality greater than 1, and similarly for each of the pairs J, J¢
and K, K. We claim that it suffices to consider the following two cases.

Case (DB1): The tiling A @ B satisfies the assumptions of Theorem 7.1, and
additionally min(|7|, |[J€], |K€]) > 2.
Case (DB2): The tiling A @ B satisfies the assumptions of Theorem 7.1, and
additionally |I¢| = |J¢| = |K¢| = 1.

Indeed, if either || = |J| = |K| = 1 or |I¢| = |J¢| = |K€| = 1, then
we are in the case (DB2), possibly after relabelling 7, J, K as 1€, J¢, K¢ and
vice versa. Suppose now that neither of these holds, say |/| > 2 and |J¢| > 2.
Since p; > 3, at least one of K and K¢ must have cardinality at least 2. If
|K€| > 2, we are in the case (DB1). If |[K| > 2, we are in the case (DB1)
again, with p; and p; interchanged, and with the sets /, J, K relabelled as
1¢,J¢, K€ and vice versa. All other cases are identical up to a permutation of
the indices i, j, k.

We will proceed to resolve the cases (DB1) and (DB2) in Sects. 7.2 and 7.3,
respectively. Throughout this section, we continue to use the notation of
Sect.5.1.

7.1 Preliminary results

Lemma 7.2. Let A® B = Zy, where M = pl.zpip,%, |A| = |B| = pipjpk
and assume that @y | A. Let D = D(M), and let A be a D-grid such that
AN A #@. Assume that (7.1) holds. Suppose that A N A is not fibered, and
that it contains diagonal boxes

A= xJ xK)UI xJ* x K)CANA, (7.2)

with 1, J, K, I¢, J¢, K¢ as in Definition 5.1. If one of the “complementary
boxes” is contained in A, say

(I°x J x K) C A, (7.3)

then the tiling A ® B = Zyy is T2-equivalent to A & B = Zy;. Consequently,
A and B both satisfy T2.

Proof. Throughout the proof, we assume that A@ B = Z is atiling satisfying
the assumptions of the lemma.

Claim 1. Assume that (7.3) holds. Then either A ® B = Zyy is T2-equivalent
toA® B =72y, or

(I°xJ x K)NA=0. (7.4)
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Proof. Suppose that thereisana € (I€ x J x K)N A, and let
Z =T(a, pH NI x J x K).

For any z € Z, let aj, ax be points such that (z —a;, M) = (ax —a, M) =
M/pjand (z —ax, M) = (aj —a, M) = M/pi. Then aj,a; € A, since
aj € I°xJ xKandag € I° x J¢ x K°. By Lemma 4.6, either z € A, or else
A; C ¢i(z), witha (1, 2) cofibered structure for (A, B) in the p; direction and
an M-fiber in A at distance M/ pl.2 from z as a cofiber. We can use Lemma 2.11
to shift that fiber to z. Repeating this procedure for all z € Z \ A, we get a
new set Ay C Zys such that Ay @ B = Zj; and A is T2-equivalent to A.
Moreover, Z C Ay, and, since AN A C A1 N A, (7.1) holds with A replaced
by Aj.

Now, any x € (I¢ x J¢ x K) \ Z satisfies the assumptions of Lemma 4.5
applied to Ay, with (x — z, M) = M/p; for some z € Z, (x — a;., M) =
M/pj for some a’; € I° x J x K, and (x — a, M) = M/py for some
a, € 1€ x J¢ x K. It follows that

I°x JSx K C Aj. (7.5)

We can then apply Lemma 4.6 and the fiber shifting argument again, first
to all points in /¢ x J x K¢ with the flat corner configurations in planes
perpendicular to the p; direction, then to all points in / x J¢ x K with the
flat corner configurations in planes perpendicular to the py direction. Thus A
is T2-equivalent to a set Aj that satisfies A» @ B = Zyy, continues to obey
(7.3)—(7.5), and moreover has the property that

(I x I xKHUU x J°x K) C A».
Finally, we apply Lemma 4.6 and the fiber shifting argument to all points
in (I xJ x KU x J°x K°) that are not in A, with the flat corner

configuration perpendicular to the p; direction. This proves that A, (therefore
A) is T2-equivalent to A. m|

Claim 1°. Assume that (7.3) holds. Then either A ® B = Zy; is T2-equivalent
toA® B =72y, or

(I°xJ°xK)NA=40. (7.6)

Proof. This is identical to the proof of Claim 1, with the p; and py directions
interchanged, and with J and K¢ replaced by /¢ and K. O
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Claim 2. Assume that (7.3), (7.4), and (7.6) hold. Then
I xJ°x K¢ CA. (7.7)

Proof. Letx € I x J¢ x K€. Considering any M -cuboid with one vertex at x
and another in /¢ x J x K, we see that it can only be balanced if x € A. O

We can now finish the proof of the lemma. It suffices to consider the case
when (7.3) and (7.7) hold, so that

Y = (Zp; x J x K)YU(Zp, x J°x K°) C A.

If there are any elements a € (AN A) \ Y, we can repeat the argument in
the proof of Claim 1 to prove that the tiling A @& B = Z,, is T2-equivalent to
A @& B = Zy. If on the other hand A N A = Y, then this set is fibered in the
pi direction, contradicting the assumptions of the lemma. O

Corollary 7.3. Let A® B = Zy, M = p?p’pi, |Al = |B| = pip;pr.
and assume that ®y; | A. Let D = D(M), and let A be a D-grid such that
AN A # (. Assume that (5.3) holds. Suppose that A N A is not fibered, that
it contains diagonal boxes (7.2) with I, J, K, I¢, J¢, K¢ as in Definition 5.1,
and that it also contains at least one M -fiber disjoint from these boxes. Then
the tiling A @ B = Zyy is T2-equivalent to A & B = Zy;. Consequently, A
and B both satisfy T2.

Proof. We may assume without loss of generality that the M-fiber F C AN A
is in the p; direction, with F C I¢ x Z,, ;X K. By translational invariance,
we may further assume that

F ={0} x ij x {0},

withO € I°and 0 € K.
We first claim that there isaset A} C Zjyy, either equal to A or T2-equivalent
to it, such that A} & B = Zj; and

{0} x J x K C Ay. (7.8)

Indeed, if K = {0}, then {0} x J/ x K C F C A and there is nothing to
prove. Otherwise, let [; € J and [y € K\{0}. Then the point x = (0, /;, [x)
either belongs to A, or else it satisfies the assumptions of Lemma 4.6, with
0,1;,0), (;,1;,0),and (/;, [}, ;) allin A forany /; € I, so that the flat corner
configuration is perpendicular to the p; direction. By Lemma 4.6, in the latter
case we have Ay C £;(x), implying a (1, 2) cofibered structure. We can then
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use Lemma 2.11 to shift the M-cofiber in A to x. After all such shifts have
been performed, we arrive at Aj.

By asimilar argument, but with p; and py interchanged and with the possible
flat corner configurations perpendicular to the py direction, we may further
replace A by a T2-equivalent set A such that Ay @ B = Zyy, (7.8) continues
to hold for A;, and

1€ % J¢ x {0} C A,. (7.9)

Next, we replace A, by a T2-equivalent set Az such that A3 & B = Zyy,
(7.8) and (7.9) both continue to hold for A3, and

1€ x J x {0} C As. (7.10)

Indeed, consider a point z = (I, 1;,0) € I¢ x J x {0}, with [ # 0. (If no
such llf exists, (7.10) holds with A3 = Aj.) If z ¢ A», then it satisfies the
assumptions of Lemma 4.6, with (0, /;, 0), (0, l;., 0), and (], l}, 0) all in A,
for any /', € J¢, so that the flat corner configuration is perpendicular to the py
direction. Then A, C £x(z), and again our conclusion follows by Lemma 2.11.

Finally, we may pass to another T2-equivalent set A4 suchthat Ay B = Zy

and
I°x J x K C A4, (7.11)

If I° = {0} or K = {0}, this follows from (7.8) or (7.10), with A4 = Aj.
Otherwise, we let w = (I, 1;,[x) € I° x J x K with ] # 0 and [} # 0, and
repeat the argument from the proof of (7.8) with the first coordinate O replaced
by ..

V{’ith (7.11) in place, the corollary now follows from Lemma 7.2. O

7.2 Case (DB1)

Assume that A@ B = Zyy is atiling satisfying the assumptions of Theorem 7.1.
Let D = D(M), and let A be the D-grid provided by the assumption of the
theorem. Additionally, we assume that

min(| 71, [J€[, [K]) > 2. (7.12)
If AN A has one of the structures described in Lemma 6.3 (full plane)
or Lemma 6.4 (ii) (almost corner), then in both cases we have A N A =

(I xJ x K)yU(° x J¢x K¢ with no other points permitted, so that

(I°xJxK)YNA=40.
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(Note that (7.12) covers the cases of a p; full plane and a p; almost corner
structure. See the end of this section for more details).

If on the other hand (7.1) holds and /¢ x J x K C A, the conclusion of
Theorem 7.1 follows by Lemma 7.2. We may therefore assume that there exists
a point

xexJxK)\A. (7.13)

Lemma 7.4. Assume (DB1), and let x satisfy (7.13). Then for every b € B we
have exactly one of the following:

Axp C &), with Ay 2 [¥1Byy 2 1b] = §(p)). (7.14)
A C (), with Ay, o[x1By o161 = $(p]). (7.15)

Furthermore:

L AM/pj[-x] : AM/pk[-x] =0,

° ifAM/pj [x] > O, then (7.14) cannot hold for any b € B, and if Ap/p, [x] >
0, then (7.15) cannot hold for any b € B,

e if (7.14) holds for some b € B, then the product (Alx], B[b]) is saturated
by a (1, 2)-cofiber pair in the p; direction, with the A-cofiber at distance
M/ pjz. from x and the B-fiber rooted at b. The same is true for (7.15), with
J and k interchanged.

Proof. The assumptions (DB1) and (7.13) imply in particular that Az, [x] >
2. Corollary 2.9 (ii) then gives

Ay C TI(x, p?). (7.16)

Moreover, by Lemma 2.8 applied to A, and a single element a € A satisfying
(x—a, M) = M/p,p, we get Ay C Bispan(x, a) = IN(x, pjz.) UM (x, pPU
I(a, p?) U I(a, plz). Taking the intersection for all such a, and using that
min(|J€|, |K€]) > 2, we get

A, C m Bispan(x, a) = H(LP?)UH(LP/%)v
a:(x—a,M)=M/p; py

which together with (7.16) proves that
Ax CLj(x) U Lr(x).

By Lemma 4.1, for each b € B we must in fact have either A, ), C £;(x)
or Ayp C Li(x). If Ay C £j(x), then the second part of (7.14) follows
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since M/p; € Div(A), and Lemma 2.12 implies the existence of a cofiber
pair as described in the last part of the lemma. The same applies with j and &
interchanged.

Next, suppose that AM/pj [x] > Oandleta € A with (x —a, M) = M/p;.
By Corollary 2.9 (i), it follows that A, C IT(x, p?) U I(a, p?). If we also
assume that A, C £;(x), this implies that A, C {a, x}. However, x ¢ A by
the assumption (7.13), and (DB1) (in particular, (7.12)) implies that M /p; €
Div(A), so that it cannot contribute to the product (A[x], B[b]) forany b € B.
Hence the assumption that A, C £;(x) is not compatible with (7.14) for any
b € B. The same applies with j and k interchanged. On the other hand, one
of (7.14) and (7.15) must hold for each b, therefore we cannot have both
Apyplx] > 0and Apyp, [x] > 0.

Finally, the last part of the lemma follows from Lemma 2.12. m|

Lemma 7.5. Assume (DBI). Suppose that there is a point x € A such that
(7.13) holds and

max(AM/pj [x], Apyp[x]) > 0. (7.17)

Then the conclusion of Theorem 7.1 holds.

Proof. Assume without loss of generality that Ay, lx] > 0. Then A, C
Li(x) by Lemma 7.4. By Lemma 2.12, the pair (A, B) has a (1,2)-cofibered
structure in the py direction with a cofiber in A at distance M/ p,% from x. We
apply Lemma 2.11 to shift the M-cofiber in A to x. Let A; be the set thus
obtained.

We note that (7.17) does not hold for either the full plane structure or the
almost corner structure. Therefore (7.1) must hold, and since ANA C AjNA,
the same holds for A;. Furthermore, A contains the diagonal boxes inherited
from A as well as the added M-fiber through x in the p; direction, disjoint
from the boxes. By Corollary 7.3, the tiling A @& B = Zj (therefore also
A @ B =7Zy)is T2-equivalentto A & B = Zy,. O

It remains to consider the complementary case when
Apyp[x] = Apyp[x]=0 Vx € (I° x J x K) \ A. (7.18)

Lemma 7.6. Assume that (DB1) holds, that (1€ x J x K)\A # 0, and that
(7.18) holds. Fix an index l; € 1€ such that ({[;} x J x K)\A is nonempty,
and define

X =X\ :={l;} x J x K.
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Then either A is T2-equivalent to a set A’ C Zy such that A’ & B = Zy
and every point x" € X belongs to a fiber in A’ in the p; direction, or else the
same holds with j and k interchanged.

Proof. We fix [; as in the statement of the lemma, and keep it fixed for the
duration of the proof. Let also IT := II(x, pl.z) for any x € X, and note that
X CIIL

Let x € X\ A. By (7.18), we must have x" ¢ A for all x' € X with
(x"—x,M) € {M/p;, M/pi}. Applying (7.18) to all such x’, we see that
XNA=0.Let

Xj={xeX: dbe Bsuchthat Ay, C £;(x)},

and similarly for Xj. By Lemma 7.4, we have X = X; U A}.

Suppose that X # @, with xg € A%, and let x1, x2, ..., x)7,—1, be the
distinct points in X" such that (xo — x,, M) = M/p; for v # 0. By the
definition of X}, there exists b € B such that

Ax, b C Lr(xy) (7.19)

for v = 0. We claim that (7.19) also holds for v = 1,...,|J| — 1, with
the same b € B. Indeed, suppose that A, , C £;(x,) for some v > 1. By
Lemma 2.12, the product (A[x, ], B[p]) would be saturated by a (1, 2) cofiber
pair in the p; direction at distance M/ sz from x,,. But then we would also
have Ay, C £;(xo), with the product saturated by the same cofiber pair,
contradicting the assumption that (7.19) holds for v = 0.

By Lemma 2.12 again, it follows that if Xy # ¢, then A contains
an M-fiber in the p; direction at distance M/ p,% from each of the points
X0, X1, X2, ..., X|J|—1. Since £ (x,) C II, all these fibers are contained in IT.

If we had both X; # @ and Xy # @, we would get such sets of fibers in
both directions, all contained in I1. But then IT contains |J¢| |K€| points of
1€ x J¢x K€, atleast |J| fibers in A in the py direction, and at least | K | fibers
in A in the p; direction, disjoint from A N IT and from each other. Thus

[ANTI = (pj — JD(px — KD + pelJ |+ pjlK| = pjpr + | JIIK].

This contradicts Lemma 4.3.

It follows that at least one of X’; and A} must be empty. Assume without
loss of generality that X; = X and X = ¢. It follows that A, C £;(x) for all
x € X.ByLemma 2.12, the pair (A, B) has a (1, 2)-cofibered structure in the
pj direction, and for every x € X’ thereis a cofiberin A at distance M/ pjz. from
x. We can now use Lemma 2.11 to shift all of the aforementioned cofibers in
the p; direction, obtaining the new set A’ as indicated in the conclusion of the
lemma. O
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We can now conclude the proof of Theorem 7.1 under the assumption that
(7.12), (7.13), and (7.18) hold.

e If (7.1) holds, then the set A’ C Zj; from Lemma 7.6 still satisfies (7.1),
and A’ N A contains the diagonal boxes inherited from A as well as the
additional fibers added in Lemma 7.6. By Corollary 7.3, A’ is T2-equivalent
to A, and the theorem follows.

e Suppose that A N A has the p; full plane structure (Lemma 6.3), with
[1¢] = |J] = |K| = 1. Then there is only one index /; € ¢, and for that
l;, X = {x} is a single point. In this case, Lemma 7.6 identifies a direction
py for some v € {j, k}, such that the pair (A, B) has a (1, 2)-cofibered
structure in the p, direction with a cofiber in A at distance M/ p% from x.
Assume without loss of generality that v = j. After shifting the cofiber to
x as permitted by Lemma 2.11, we arrive at a p; corner structure, where
A’ N A is the union of one M-fiber in the p; direction and (p; — 1) M-
fibers in the py directions, each in a different plane perpendicular to the p;
direction.

e Assume now that A N A has the p; almost corner structure (Lemma 6.4
(ii)), with |K| = |I¢] = 1 and |J|, |J€| > 1. Then there is again only
one index /; € I, and the set X = {l;} x J x K for that value of /; has
dimensions 1 x |J| x 1. We again apply Lemma 7.6. If the fiber identified
and shifted in the lemma was in the p; direction, then we are in the p;
corner situation again, with A’ N A consisting of non-overlapping fibers
in the p; and py directions. If on the other hand the shifted fibers were in
the py direction, then we have {D|m|M} C Div(A’), and A’ N A contains
the diagonal boxes inherited from A as well as the added fibers disjoint
from the boxes. By Corollary 7.3, the tiling A’ & B = Z (therefore also
A ® B =7Zy)is T2-equivalentto A & B = Zy.

7.3 Case (DB2)

We now assume that A @ B = Zjy is a tiling satisfying the assumptions of
Theorem 7.1 on a D-grid A. Additionally, we assume that

[I] =|J°|=|K‘|=1. (7.20)

Since p;, pj, pk are all odd, the assumption (7.20) implies that min(|/], | /],
|K|) > 2, and in particular (7.1) holds. Let also

I x J° x K¢ = {agp).

Lemma 7.7. Assume (DB2). Suppose that there exists a point x € A\ A such
that Ay is contained in one of the lines £;(x), £;(x), £;(x). Then the tiling
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A@® B = Zy is T2-equivalent to A & B = Zy. Hence the conclusion of
Theorem 7.1 holds.

Proof. Suppose that x € A\A and A, C ¥{x(x). By Lemma 2.12, the pair
(A, B) has a (1,2)-cofibered structure in the pjy direction. By Lemma 2.11, the
cofiber in A \ A can be shifted to a fiber in A rooted at x. This yields a new
tiling A’ ® B = Zy, T2-equivalent to A @® B = Zy, such that A’ N A contains
both the diagonal boxes {ap} U (I x J x K) and the added M-fiber. In light
of (7.1), we can apply Corollary 7.3 to conclude the proof. |

Lemma 7.8. Assume (DB2). If (AN A)\({ao} U (I x J x K)) # O, then the
tiling A® B = Zy is T2-equivalentto A & B = Zy,.

Proof. Observe first that if A N A contains a flat corner configuration in the
sense of Lemma 4.6, then the conclusion holds. Indeed, Lemma 4.6 implies
that the point x ¢ A in the flat corner configuration satisfies the assumptions
of Lemma 7.7, which we then apply.

Suppose that there is an element a € A N (I° x J x K). In order to
avoid a flat corner configuration perpendicular to the p; direction at points
x € I° x {Aja} x K, all such points must belong to A. Similarly, we must
have I¢ x J x {Ara} C A, in order to avoid a flat corner perpendicular to the
Pk direction at those points. By Lemma 4.5 and (7.1), we must in fact have
I¢ x J x K C A. But then the conclusion follows by Lemma 7.2. Since the
assumption (DB2) is symmetric with respect to all permutations of the indices
{i, j, k}, the same argument applies when AN (I x J* x K)or AN(I x J x K€)
is nonempty.

Assume now that a € A N (I¢ x J¢ x K). Consider an M-cuboid with
one vertex at ag, another at a, and a third one at ' € [ x J x K with
(a—a', M) = M/pipjand (ap —a, M) = D. In order to balance this cuboid,
at least one of the verticesin /¢ x J x K, I x J¢ x K,or I x J x K¢, must be
in A. But then we are in the situation from the last paragraph. Since this case
is also symmetric with respect to all permutations of {i, j, k}, we are done. O

Lemma 7.9. Assume (DB2), and let Ny = M/py. If M/p; € Div(A), then
Dy, | A.

Proof. Assume for contradiction that @y, | B, and apply Lemma 4.9 to B, on
scale N = Ng. Since Ng, Ni/px ¢ Div(B), it follows that B is Ng-fibered
in one of the p; and p; directions. However, that is impossible, given that
Div(B) N {D|m|M} = {M} due to (7.1). O

We now begin the proof of Theorem 7.1 under the assumption (DB2). By
Lemma 7.8, it suffices to consider the case when

AN M\ {al U x J x K)) =@. (7.21)
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Letx € I xJ°xK,sothatinparticularx ¢ A.Fixb € B.SinceAM/pj [x] > 2,

by Corollary 2.9 (ii) we have A, , C IT(x, p?). Taking also into account that,
by (2.4), we must have A, ;, C Bispan(x, ap), we get

Axp CLi(x)Uli(ap) U Lr(x) U Lr(ap).

We claim that A, ; cannot intersect more than one of the above lines. Indeed,
by (7.1) we have
o Ay NEi(x) # ¢ implies Ay, o[x]By,, 2[b] > 0, hence M/p;p; €
Div(A) and M/p? € Div(B).
o Ayp NALk(x) # ¥ implies A
Div(A) and M/ p} € Div(B).
o Ay p N¥Ei(ap) # ¥ implies AM/pgpk[xlﬂi(ao)]BM/pgpk[b] > 0, hence
M/p? € Div(A) and M/p? py € Div(B).
o Ay p N Lilap) # ¥ implies AM/pipI%[x|€k(ao)]IBM/pip£[b] > 0, hence
M/ p? € Div(A) and M/ p; p} € Div(B).

X 1By 2061 > 0, hence M/pip; €

It is then easy to check that Ay ;, cannot have nonempty intersection with any
two of the above lines, either by Lemma 4.1 or due to direct divisor conflict.

Lemma 7.10. Assume (DB2) and (7.21), and let x be as above. Then Ay, N
Li(ap) = 0.

Proof. Assume for contradiction that
Ay p C Lli(ap). (7.22)

Then M/p,% € Div(A), hence by Lemma 7.9 we have ®;/,,|A. We are also
assuming as part of (DB2) that ® | A. It follows that A is null with respect to
all cuboids of type (M, (1, 1, 2), 1).

Consider any such cuboid with one vertex at ag, a second one at a point
xj € 1° x J x Kso that (x; —ag, M) = M/pj, and a third one at a point
z € £i(x) with (x —z, M) = M/p,%. By (7.21), none of the cuboid vertices
in the plane IT(ag, p,%) except for ap are in A. In order to balance this cuboid,
one of the vertices z; and z; must be in A, where (z; —z, M) = M/p; and
(zj—z,M) = M/p;.However,if z; € A,thenM/pip,% € Div({z;}, I x J x
K) C Div(A), which contradicts (7.22) due to divisor conflict. It follows that
zi € A.

Repeating this argument for all z € £;(x) with (x —z, M) = M/ p,%, we get
that

Ay pplaol = o (pp). (7.23)
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If pi < pk, then we must in fact have p; < px — 2 (since both are odd
primes), so that ¢ ( p,%) = pr(px — 1) > pi px. In this case, (7.23) contradicts
Lemma 4.3.

Assume now that p; > py. In this case, (7.22) and (7.23) imply that

1
1= —AM/pip]g[XIfk(ao)]BM/piplg[b]

¢ (pip?)
o
¢ (pip?)
1
= Gipn Mt

AM/p,f [a0]B ), Pl
[b].

But when p; > py, this is not possible without introducing M/ p; or M/ p; px
as divisors of B, which would contradict (7.1). ]

Repeating Lemmas 7.9 and 7.10 with i and k interchanged, we get that for
each b € B we must have one of

Ay p Cli(x)or Ay p C Li(x).

Now letx" € (I x J x K) NT(x, pl.z). The same analysis, with the p; and
pr directions interchanged, shows that for each » € B we must have one of

Ay CL(X)or Ay, C LD,

If Ayp C €i(x) and Ay C €j(x") for some b, b € B, we use the same
fiber crossing argument as in the case (DB1). By Lemma 2.12, A must contain
an M-fiber in the py direction at distance M/ p,% from x, as well as an M-
fiber in the p; direction at distance M/ p? from x’, both of them in the plane

IT:= I(x, pl.z) and disjoint from each other. The same plane also contains
(pj — D(px — 1) elements of I x J x K. Therefore

IMMNAl>(p;j—Dpk—D+pj+pc=pjpc+1> pjps,
which contradicts Lemma 4.3.

It follows that either Ay, C €;(x) forall b € B, orelse A, C £;(x") for
all b € B. An application of Lemma 7.7 concludes the proof of the theorem.

8 Corners

In this section we address the extended corner structure, defined in Defini-
tion 5.4. We will assume the following.
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n:

Assumption (C): Assume that A & B = Zj;, where M = pi’p?jp;lk, |A] =
DiPj Pk and @ y7|A. Moreover, assume that A contains a p; extended corner in
the sense of Definition 5.4 ona D(M)-grid A, that s, there exista, a; € ANA
with (@ — a;, M) = M/ p; such that

o AN(a*Fjx*Fy)is M-fibered in the p; direction but not in the py direction,
o AN(a;* Fjx*Fy)is M-fibered in the p; direction but notin the p; direction.

In particular, we may choose a, a; so that

axFj CA, ajxF, CA,
aixF; ¢ A, axF, ¢ A.

We fix such a, a; for the rest of this section.
The following theorem is our main result for the extended corner structure.

Theorem 8.1. Assume that (C) holds with nj = ny = 2. Then the tiling
A®B = Zyy is T2-equivalent to A® B = 7y via fiber shifts. By Corollary 2.2,
both A and B satisfy (T2).

We first note that when A contains a p; corner,
{D(M)|m|M}\ Div(A) € {M/p;pi} (8.1)

Lemma 8.2. (Size-Divisor Lemma) Assume that A C Zy, and that there
exista,a; € A with (a —a;, M) = M/ p; such that

axFj CA, ajxF CA, axF, ¢ A.

(In particular, this is true if (C) holds.) Suppose that @y P/ p;|A. Then we
have the following.

(i) Forallay € A suchthat (ax—a;, M) = M/ py and Ay p,lax|€k(a)] = 0,
we have

AM/,,?[a] + AM/pg[ak] = ¢(p3),
(ii) M/p?, M/pl-p?pk € Div(A). Moreover, if Ay, 2lal > O, then
J
M/ p; p§ € Div(A), and if A, splal < ¢(p§), then M/pf pi € Div(A).

Proof. Under the assumptions of the lemma, A is 7 -null with respect to the
cuboid type 7 = (M, §, 1), where § = (1,2, 1). Now the lemma follows
by considering all possible 7 cuboids with vertices at a, a;, a; and x;, where
xi & A satisfies (xy —a, M) = M/py and (xy — ax, M) = M/ p;. O
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Corollary 8.3. Assume (C). Then @y, Py, { A.
Proof. Assume that CIDNj @y, |A. By Lemma 8.2 (i), we have

|AN [M(a, pi") Ui, pi)] = pj+ & (p7) + pi + $(pp)
=pi+pi > 2ppk

hence max{|A N I1(a, p?i)|, |[A N I(a;, p?i)l} > pjpk, which contradicts
Lemma 4.3. O

By Corollary 8.3, it suffices to consider the following sets of assumptions.
Assumption (C1): Assume that (C) holds, px < p;, and ®y, |B.
Assumption (C2): Assume that (C) holds, py < p;, ® N; | B, and

M/p;pr ¢ Div(B). (8.2)

(In particular, (8.2) holds if either Ay p; plal > 0 or Ayyp; plail > 0.)
Assumption (C3): Assume that (C) holds, px < p;, ® N; | B, and

AM/pjpk[a] = AM/pjpk[aj] =0.

We first prove in Sect. 8.1 that under either of the assumptions (C1) or (C2),
the conclusion of Theorem 8.1 holds. We then prove in Sect. 8.2 that if (C3)
holds, then we must also have ® y, | B, so that we may return to (C1) to complete
the proof.

8.1 Cases (C1) and (C2)

The first two cases are similar and will be considered together.

Lemma 8.4. Assume that (C1) holds with ny = 2. Then:

(i) Every element of B belongs to an Ni-fiber in B in either the p; or py
direction (not necessarily the same for all b).

(ii) Furthermore, suppose that there is a b € B that does not belong to
an Ny-fiber in the pj direction in B. Then for all x; € Zy\A such that
(@i —xj,M) = M/pj we have ij,b C Li(x;), with the product saturated
by an Ni-fiber in B in the py direction, rooted at b, and an M -cofiber in A at
distance M/ p,% Sfrom x;.

Moreover, this lemma does not require the assumption py < pj, therefore the
same conclusions with j and k interchanged hold under the assumptions (C2)
and (C3).
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Proof. Observe that, by (8.1),

BA:/,,[b] = 0forall b € B. (8.3)
Assume first that p; = 2, and suppose that there is a bg € B that does not
belong to an Ng-fiber in either the py or the p; direction. In this case, by (8.3)
and Lemma 6.6 with N = N; we have

Ni/px = M/p? € Div(B). (8.4)
Let x; € Zy\A with (a; — xj, M) = M/p;, and consider the saturating
set ij. Let a; be the element of A satisfying (a —aj, M) = M/p;, (x; —
aj, M) = M/ p;. Apply Corollary 2.9 (i) to Ay j.bo» ONCE with respect to a and
again with respect to a;, to get

Axj by C Li(xj) Uli(ai) U Lr(a) Uli(aj).
By (8.1), no top level divisors except possibly M/ p; pi are available to con-
tribute to the product identity (A[x;], B[bo]) = 1. Therefore, if Axjbpp N
Li(aj) # ¥, we must have
AM/pipl%[xj'wk(aj)] = AM/p,E[aJ'] >0

which contradicts (8.4). Similarly Ay; », N £x(a) # ¥ implies

A1"1/1?71'17/'[7,%[)6]wk(a)] = AM/p,f[a] >0

which, again, contradicts (8.4). Next, if A, o N L (a;) # 0, then by (8.4)

AN D1 @OTBRE ) b0T = Atyp, 116 (@) By py e [Bo] > O,
(8.5)

and if ij,bo N Lk (x;) # @, then
N, N,
ANi/pk[x_,-]IB%Ni/pk[bo] = AM/p]%[xj]IBSM/p]%[bO] > 0. (8.6)

By Lemma4.1, we cannot have both (8.5) and (8.6) for a fixed bg. Hence either
Ay, by CLr(ai) or Ay by C €i(x;). In the first case, we have

AM/pjpk [xjwk(ai)]BM/pjpk [bo] = AM/pk [ai]BM/pjpk[bO] = ¢(pjpk)§
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since A/plail = @(py), it follows that By, [bo] = By, [hol =
¢(pj), hence by belongs to an Ni-fiber in the p; direction, contradicting
the choice of by. In the second case, we have

Ay 137 1Byy 2 lbo] = G (pp):

since M/ py € Div(A), this is only possible if A and B contain a configuration
as in part (ii) of the lemma. In this case, it follows that by belongs to an Ny -fiber
in the py direction, contradicting our initial choice of by. This concludes the
proof of (1).

We now prove (ii) in the case p; = 2. Assume that b € B does not belong
to an Ng-fiber in the p; direction in B. By (i), it must belong to an Ny-fiber in
the py direction in B, so that in particular (8.4) holds. With this in place, we
now repeat the proof of (i) until we get to ij,b C L (a;) or ij,b C Ly (xj).
By the assumption on b, we must be in the second case for all x; chosen as
above. This concludes the proof for p; = 2.

Assume now that p; > 2. Then part (i) of the lemma follows directly from
Lemma 4.9, (8.3) and the fact that B satisfies (6.10) with N = Ny and ¢ = 1.
For (ii), suppose that there is a b € B that does not belong to an Nj-fiber
in B in the p; direction. By (i), there is an Ny-fiber in B in the py direction
containing b. In particular, this implies that (8.4) holds. The rest of the proof
of (ii) is the same as for the p; = 2 case. O

Corollary 8.5. (i) Assume (C1) with ny = 2. Then the pair (A, B) has a
(1, 2)-cofibered structure in the py direction. Moreover, for each x; € Zy\A
such that (a; — xj, M) = M/pj, A has a cofiber at distance M/p,% Sfrom x;.

(i) Assume (C2) with nj = 2, then the same conclusion holds with k and j
interchanged.

Proof. (i) Let b € B. By Lemma 8.4, it suffices to prove that we cannot have
Bumyp; pe[b] = ¢(pj). In fact, we will show

IBM/pjpk[b] < é(pi);

moreover, this holds independently of the assumption @y, |B. Indeed, by the
corner assumption we have AM/pjpk [xx] = ¢(p;) for all xx € Zpy\A with
(xy —a, M) = M/ py. Hence

1
I = (Alx], B[b]) > WAM/pjpk [xk]BM/pjpk[b]

—B . [b
= o irind?]

as required.
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(i) By (8.2), we have By, Dk [b] = 0. The conclusion follows again from
Lemma 8.4. o

The rest of the proof is the same in cases (C1) and (C2), except that p; and
pr are interchanged. Without loss of generality, we assume that (C1) holds.

By Lemma2.11, we may shift each of the cofibers provided by Corollary 8.5
to its respective point x;. Let A” C Zy be the set thus obtained. Then A is
T2-equivalent to A’, we have A’ @ B = Zy, and for every x; € Zy\ A with
(xj —ai,M) = M/p;, we have x; x Fy C A’. Furthermore, A" differs from
A only along the lines £, (x ;) with x; as above, hence it follows from (C) that
for every a; € A with (a; —a;, M) = M/p;, we also have a; x F C A'.
Therefore a; * F; % F;, C A’. By Lemma 4.3, we must in fact have

A'NM(a;, p;") = aj * Fj * Fy. (8.7)

Corollary 8.6. Assume that (C1) holds withny = 2. Then A’ C Tl(a, p?iil),
where a is as in (C). Moreover, CDp(zi |A’.

Proof. By (8.7) and (C), we have |[A’NT1(a;, p )| > pj pk- The conclusion
now follows from Corollary 4.4. O

If n; = ny = 2, we have p; || |B]|, hence Corollary 8.6 and Theorem 2.5
imply that A" and B satisfy (T2). Since A and A’ are T2-equivalent, the same
is true for A. The additional arguments below are needed to prove the full
conclusion of Theorem 8.1, namely, T2-equivalence between A’ (hence A)
and A for n; > 2. This is needed for the classification result in Theorem 3.1,
as well as for the applications in Sect. 9.

Corollary 8.7. Assume that (C1) holds with n; = ny = 2, and define A’
as above. Then the pair (A’, B) has a (1,2)- coﬁbered structure in the p;
direction, with cofibers in A’ at distance M/pJ from each x € Zpy\A such
that (xy, —a, M) = M/ py.

Proof. By (8.7) and (C), we have {D(M)|m|M} C Div(A’). The corollary
follows by applying Lemma 4.6 to each x. |

We can now complete the proof under the assumption (C1). By Corol-
lary 8.6, we have Q>pfzi | A’. This together with (8.7) implies that

A'c | e e,

z€a;*F;
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and that for each plane I, := I1(z, p?i) with z € a; * F;, we have
|A"N 1| = pjpx. (8.8)

Applying Lemma 4.8 to A’, and using (8.7), we get that each set A’NT1; isa
disjoint union of M-fibers in the p; and py directions. However, we also know
that B is Nj-fibered in the p; direction and Ni-fibered in the pi direction,
hence

{M/p3. M/p. M/p’p} C Div(B). (8.9)
It follows that each set A’ N IT; must in fact be M-fibered in one of the p; and
pr directions. Assuming without loss of generality that A’ N IT, is M-fibered
in the p; direction for some z € a; * F;, and taking (8.8) and (8.9) into account,
we get

AN, = {ur, ..., up ) * Fj,

where for each v # V' we have (u, —u,, M) € {M/ py, M/p?pk}. Using the
cofibered structure in the p; direction, and considering each u,, * F; as cofiber,
we apply Lemma 2.11 if necessary to reduce to the case where p; | a; — u,
for all v. This aligns the fibers in IT; to a grid u; * F; * Fy, fibered in both
directions. If we do not have py | a; — u at this point, we apply Lemma 2.11
again, this time in the pj direction. Repeating this procedure in each plane,
we get that A’ is T2-equivalent to A” = A. This ends the proof in this case.

8.2 Case (C3)

In this case, we are assuming that @, | B and Ay, [al = Apyp, pelai]l = 0.
By (C), this implies that A/, [a] = Apyp;lai] = 0.

Lemma 8.8. Assume (C3) withny = 2. Letaj € A and xj € Zy\A satisfy
(aj—xj,M)=M/p;and(a—aj, M) = (a; —xj, M) = M/p;. If Oy, 1 B,
then ij C Lr(a;).

Proof. The assumptions of the lemma imply that ® y, |A. Applying Lemma 8.2
to A with j and k interchanged, we have

M/p}. M/pip;p} € Div(A), (8.10)
Ay pplail + Ay pla] = o (pp). @.11)
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Letb € B, and consider the saturating set Ay; 5. Applying Corollary 2.9 (i) to
Ay; b, once with respect to a; and again with respect to aj, we have

Ax; b Cl(xj) U lk(ai) Ulk(a) U bi(ay).

Using (8.1) and (8.10), we conclude that Ax;p N Li(xj) = @ since M/ py,
M/p,% ¢ Div(B), and similarly ij’bﬂﬂk(a) = {since M/p;pj, M/pip;pk,

M/pip;pi ¢ Div(B).
Suppose that Ay; , N €x(aj) # @. By (8.1) again, this implies that

By 2 17166 @)1By 2 15] > 0,

sothatAM/pl_p/%[awk(ai)] = AM/pI%[a,'] = 0.By (8.11) we have AM/p,f[aj] =

o ( p]%) forall (aj —a, M) = M/p;. We will prove this contradicts Lemma 4.3.
Indeed, we have

ANTIG@, pi)| = Aulal +Aujplal+ Y Ayypela)]
(a—aj,M)=M/p;

= pj +o;pi).

A simple calculation shows that the last expression exceeds p; py if and only if

pr > 1+ #p_), which holds true since p; > py > 2. We therefore conclude
J

that ij,b C L (aj). O

Proposition 8.9. (i) Assume (C3) withnj = ny = 2. Then ®y,|B.

(ii) Assume that p; = 2, and that (C3) holds with ny = 2. (In this case, we
do not need to assume that nj = 2.) Then ®y, | B.

Proof. We prove (ii) first, since the proof in this case is immediate and straight-
forward. Assume, by contradiction, that p; = 2 and ®y, 1 B, so that ®y, |A.
By Lemma 8.2, (8.11) holds for all a; € A with (@ —a;, M) = M/pj. By
Lemma 4.3 we have

pipk = |ANTI(a, p})]
> Aylal + Aylail + Apypelai] + AM/pI%[ai]
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Since p; = 2, we get AM/p]%[a,-] < ¢(pr). From (8.11) we deduce
Apyypplaj] = $(p}) — §(po), hence

|ANTI(a, pi)| = Aulal + Auyp;lal + > Ay pplaj]
aj:(aj—a,M)=M/p;

> pi+ ()P (PY) — d(pr))
=pj+ (PP (pr)?

We show the latter exceeds p; py, which contradicts Lemma 4.3. Indeed, p; +

®(p))¢(pr)* > pjpk if and only if ¢(p;)¢(pr)*> > pj¢(pi). This, in turn,
is equivalent to px > 2 + #p,‘)’ which clearly holds true since py > 3.

We now prove (i). Assume that p; > 2,andletb € B. Applying Lemma 8.4
to B with p; and p; interchanged, we get that at least one of the following
holds:

N/p [b] = ¢(p)), (8.12)
N/,,k[b] é(pr)- (8.13)

Assume, by contradiction, that ®, { B. Then ®y,|A. Leta, a;, a j»and x;
be as in Lemma 8.8. By Lemma 8.8, we have ij,b C Li(a;j), hence

mAM/mm [xj1€k(ai)1Bar/p; p, [P]
+&£¥ﬁWmﬂwm@>MmﬁM—l (8.14)
Notice that
Bty 166 @] = (P, By lB] < 6(p0). (815

Indeed, the first part of (8.15) follows from the corner structure. For the second
part, recall from (C3) that py < pj,sothat Bas/p, p, [b] > ¢ (pi) would imply
M /pyx € Div(B), contradicting divisor exclusion since the corner structure
implies M/ py € Div(A).

Applying (8.15) to (8.14), we get

Ay, 2 X7 166@) 1By, 2101 > 0, (8.16)
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and in particular M/p; p} € Div(B). We claim that this implies that
Apyp;pp i@l = Ay polail = b (pP). (8.17)

Indeed, suppose that (8.17) fails, then AM/p]%[a,-] < ¢>(p,%). By (8.11), we

have AM/p]%[aj] > 0, hence AM/pij%[a] > 0. It follows that M/pjp,% €
Div(A) N Div(B), which is a contradiction.

Lemma 8.10. Assume that (C3) holds withn; = ny = 2, but ®n, { B. Then
there is at least one by € B for which (8.12) holds and (8.13) fails.

Proof. Suppose that the lemma is false, so that (8.13) holds for all b € B. We
first prove that then

Vb € B, pi “BM/p,-p,f[b]' (8.18)
Indeed, by the corner structure and (8.10) we have
M/pj, M/px, M/ p; ¢ Div(B), (8.19)

Leth € B.By (8.13), thereis a pi-tuple of elements {bg = b, by, ..., bp,—1}
C Bsuchthatb, € A(b, M/p;pr). By (8.19), we must have (b, —b,/, M) =
M/p;pi forallv # v

Suppose now that b’ € B satisfies (b — b', M) = M/p; p, then b’ belongs
to a similar pi-tuple {b, = b', D}, ..., b;k_l} C B with (b, —b/,, M) =
M/pjpi for all v # V. By (8.19) again, we must have (b, — b/,, M) =
M/p; p,% for all v, v'. Hence the pi-tuples associated with different elements
of B are either identical or disjoint. This proves (8.18).

Applying (8.15), (8.13), (8.17), and (8.18) to (8.14), we get that

Lo W0 ¢ -Cpe _ ¢(po) + Ci
¢pjp) ¢ $(p))

for some integer C. But this implies p; = pi(C + 1), which is impossible
since p; is prime. This proves the lemma. O

By Lemma 8.10, there exists a bg € B such that B%ﬁ i [bo] < ¢ (pr) and

N; .
B N.ji /p; [bo]l = ¢(p;). In particular,
M/ p; € Div(B, bo). (8.20)

@ Springer



428 I. Laba, I. Londner

Applying (8.16) to by, we get that M /p; p,% € Div(B, by). Finally, if ', b” are
elements of B with (bg —b', M) = M/ p? and (b — b, M) = M/ p; p?, then
b —=b,M)= M/p%p,%. Therefore

M/p5. M/pjpi. M/p;p; € Div(B). (8.21)
Lemma 8.11. Assume that (C3) holds withn; = ny = 2, but ®n, { B. Then
|A N (a;, pI)| = pi. (8.22)
Proof. Using (8.17) and the fact that Ay, [a;] = ¢ (pk), we have
|AN L (an)] = pi-
On the other hand, we claim that
Apla;] = 0 ¥m|M such that p|m|M, m # M, M/pi, M/ p;. (8.23)

Indeed, we can exclude the divisors in (8.21). Furthermore, M /p;, M /p; pr ¢
Div(A, a;) by the p; corner assumption. It remains to check that M/p 7Pk ¢

Div(A, a;). If we had an element a’ € A with (¢; —a’, M) = M/p?pk, then

there would be an element a; € a; * Fy C A with (ax —a’, M) = M/p?,
which is again prohibited by (8.21).

By (8.23), all elements of A in the plane I1(a;, p?i) must in fact lie on the
line ¢4 (a;), so that

|ANT(a;, i) = |A N be(ar)| = p?
as claimed. O

Lemma 8.12. Assume that (C3) holds with n; = ny = 2, but ®y, { B.
Let ay € A, xx € Zy \ A with (ax — xp, M) = M/p;, (a; — ax, M) =
(a — xg, M) = M/ px. Then for by as above,

Ay by C Zj(xk).

Proof. Applying Corollary 2.9 (i) to Ay, »,, once with respect to a and again
with respect to ag, we get

Axebg CLi(xp) Ulj(a)ULj(a)ULj(ag).
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Observe first that Ay, 5, N (€j(ax) U £;(a;)) = ¥, for otherwise, by (8.1) we
would have either A ;, /2 [a;] > 0orA,, /p? [ar] > O; both are not allowed due
J J

to (8.21).

Next, we claim that we cannot have both A, ,, N £;j(a) # @ and Ay p, N
£j(xr) # 0. Indeed, the former implies AM/pjpk (x| (a)]IB%M/pjpk [bo] > O
and the latter implies A ;, /p? [xx 1B, /p? [bo] > 0; having both would contradict

J J

Lemma 4.1.
Suppose that Ay, 5, C £;(a). Then

1
I = ————Ap/p;pi[xk1€ (@) B sy p; pi [bo]
¢ (p; Pr) M/pjpk J M/pjpr

1
——A £ B bo]. 8.24
+¢(p?pk) M/p?pk[xkl j(a)] M/P?Pk[ 0] ( )

We chose by so that IB%M/pj nlbol < @(pr). By the corner assump-

tion, AM/pjpk[kaj(a)] = ¢(pj). We also have AM/p?pk['xklgj(a)] =

AM/pg [a] = 0, by (8.21). Therefore the right side of (8.24) is strictly less
J

than W(b( pj)®(pr) = 1, a contradiction. The lemma follows. O
We now complete the proof of the proposition. Recall from (C3) that

Amyplal = Ayyp;plal = 0. (8.25)

Let x; € Zy\ A with (xy —a, M) = M/ px. By (8.25), we have x; ¢ A, and

it follows from Lemma 8.12 that Ay, 5, C £;(xx). Since M /p; € Div(A) and
M/p? € Div(B) by (8.20), this implies that

Ay LBy 2 lbol = ¢ (p)),
with
AM/,,§ [xx] = p; (3.26)
and IBM/p? [bo] = ¢ (pj). In particular, |[A N £;(x;)| > p;. Taking also (8.25)
into account, we see that |[AN£;(xx)| = p; for each x; as above. This together
witha x F; C A yields [A N (T1(a, p?i))| > pjpr- By Lemma 4.3, we must
in fact have

|AN (T(a, p)| = pjpk > P}
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On the other hand, by (8.22) we have |A N I1(q;, p:”)| = p,%. It follows that
D i 1 A, since otherwise the number of elements of A in both planes would

1
be the same.
It remains to prove that we must also have <I>pr_1i {1 B, which provides the

final contradiction. Indeed, we use the following l

1 1
——Awmyp;lal = —Aylul =
: pj J

o)) Lai]

P

1
= — A il= 1’
o (po) arplail

where the first and last part follow from the corner structure, the second part
from (8.26), and the third part from (8.17). It is easy to see that this config-

uration implies that { p;’i_l | m|M} C Div(A). This means that for every
beB

|B N (T, p/"~ ")) = [BN (1D, p))l,

hence D i { B. This gives the desired contradiction and ends the proof of the

proposition. o
Proposition 8.9 implies that (C1) holds, and we can now follow the rest of
the proof for that case.

9 Fibered grids

Throughout most of this section we will work under the following assumption.

Assumption (F): We have A & B = Zj;, where M = pi2 p? p,% is odd. Fur-
thermore, |A| = |B| = p;pjpk, PulA, and A is fibered on D(M)-grids.

Let 7 be the set of elements of A that belong to an M -fiber in the p; direction,
that is,

T ={aecAlAyplal =¢(pi)}.

The sets J and K are defined similarly. The assumption (F) implies that every
element of A belongs to an M -fiber in some direction, hence A =Z U J U K.
We emphasize that this does not have to be a disjoint union and that it is
possible for an element of A to belong to two or three of these sets.

Our main result on fibered grids is the following theorem.

Theorem 9.1. Assume that (F) holds.
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DIZINTNK #£ @ then the tiling A & B = Zy is T2-equivalent to
AN @® B = Zy, where A := A0, D(M)). By Corollary 2.2, both A and B
satisfy (T2).

(IT) Assume that TN J NKC = @. Then, after a permutation of the i, j, k indices
if necessary, the following holds.

(Ila) At least one of the sets T, T , K is empty. Without loss of the generality,
we may assume that T = (), so that A C J U K.

(IIb) If A C J or A C K, then A is M-fibered in the p; or py direction,
respectively. Consequently, the conditions of Theorem 2.6 are satisfied in
that direction. By Corollary 2.7, both A and B satisfy (T2).

(Il c) Suppose that T = @, and that J\IC and IC\J are both nonempty.

o If @, |A, then, after interchanging A and B, the conditions of Theorem 2.6
are satisfied in the p; direction. By Corollary 2.7, both A and B satisfy (T2).
o If D 2|A, then A C I1(a, p;) for any a € A. By Theorem 2.5, both A and

B satisfy (T2).

The proof of Theorem 9.1 is organized as follows. We will consider the
following sets of assumptions.

Assumption (F’): We have A ® B = Zy;, where M = pi2 pf p,f. (Note that M
is not required to be odd). Furthermore, |A| = |B| = p;p;px, Pu|A, and A
is fibered on D(M)-grids.

Assumption (F1): We have A & B = Zjy;, where M = pi2 p? p,% is odd.
Furthermore, |A| = |B| = pipjpk, Pm|A, A is fibered on D(M)-grids, and
Z,J, K are pairwise disjoint.

Assumption (F2): We have A @ B = Zy;, where M = pi2 p? p]% is odd.
Furthermore, [A| = |B| = pipjpr, Pul|A, A is fibered on D(M)-grids,
INJgNK=@,and JNK #@.
Assumption (F3): We have A @ B = Zjy;, where M = pi2 p? p,% is odd.
Furthermore, [A| = |B| = pipjpr, Pul|A, A is fibered on D(M)-grids,
I=0,J\K #0,and C\J # 0.

We prove part (I) of Theorem 9.1 in Corollary 9.6; in fact, this part holds
under the weaker assumption (F*). Assume now that Z N 7 N K = @. In that
case, we first prove part (Ila) of Theorem 9.1. While the conclusion is the
same, the methods of proof will be very different, so that it is preferable to
split this part into two results.

Proposition 9.2. Assume that (F1) holds. Then one of the sets I, 7, K is
empty.

Proposition 9.3. Assume that (F2) holds. Then T = (.
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Relabeling the primes if necessary, we may assume that Z = ¢ in the case
(F1) as well. If A is M-fibered in one of the p; or p; directions, then (IIb)
holds, and we are done. It remains to consider the case covered in (F3). The
following result completes the proof of the theorem.

Proposition 9.4. Assume (F3). Then the conclusion (Ilc) of Theorem 9.1
holds.

We briefly discuss the notation used in this section. For N|M, we will use
IV, IV, K" to denote the N-boxes associated with Z, 7, K. We continue to
write

Fi = {0’ M/pi’--~’(pi - 1)M/pl}7

with F;, Fj defined similarly. Recall also that
- 2 - 2 _ 2
MZ_M/pi’ M]—M/pj, Mk—M/pk-

Note that M; = p? p,% has only two distinct prime factors, and similarly for
M, M. In particular, all M, -cuboids are 2-dimensional for v € {i, j, k}, and
all conclusions of Lemma 4.7 apply on that scale. Thus, if ®y.|A, then A
mod M; is a linear combination of M;-fibers in the p; and pj directions, with
non-negative integer coefficients. In particular, if ®,|A and

A%ﬁ [x] € {0, co} Vx € Zy,

then A is M;-fibered in one of the p; and pj directions on every D(M;)-grid.
Similar statements hold with A replaced by B, as well as for other permutations
of the indices i, j, k.

9.1 Intersections of Z, 7, IC

Itis possible for any of the sets Z, 7 and K to intersect the others. Furthermore,
given a D(M)-grid A, A N A can contain fibers in some direction without
necessarily being fibered in that direction. For example, consider the set

Ao = F; *[(Fj xa) U (F *a)]. 9.1)
Thena € ZNJ NI, but Ag is not fibered in either the p; or the py direction.
Nonetheless, the condition (F) places significant limits on the ways in which

7, J, K may intersect, as provided by the following structure lemma. In fact,
the weaker condition (F’) is sufficient for this purpose.

@ Springer



The Coven—Meyerowitz tiling conditions 433

Lemma 9.5. Assume (F’), and suppose that a € J N K for some a € A. Let
D = D(M).

(i) Suppose that AN A(a, D) is M-fibered in at least one of the p; and py
directions. (In particular, this holds ifa ¢ 1.) Then

ANTi(a, p?) = ax F; * F.

(i) If AN A(a, D) is M-fibered in the p; direction (so thata € TNJ NK),
then Ag C AN A(a, D), where Ag is the set in (9.1).

Proof. (i) Assume, without loss of generality, that A N A(a, D) is M-fibered
in the py direction. Since a € J, we have a x F; C A, and the fibering
assumption implies that a x F; * Fi C A. The set a x F; x Fj is contained
in the plane I1(a, pl.z) and has cardinality p; pr. By Lemma 4.3, there are no
other elements of A in that plane.

Ifa ¢ Z, then by (F’) the grid A(a, D) must be fibered in at least one of the
other two directions, so that the above statement applies.

Part (ii) is obvious. |

Corollary 9.6. Assume (F’), and suppose that TN J NIC # . Then the tiling
A @ B = Zy is T2-equivalent to A(a, D(M)) & B = Zy;. Consequently, A
and B satisfy (T2).

Proof. Leta € TN J NK. Without loss of generality, we may assume that AN
A(a, D(M)) is M-fibered in the p; direction. It follows that {D(M)|m|M} C
Div(A), and, by Lemma 9.5 (ii), we have Ag C A.

For every aj, € A with (a —ajx, M) = M/p;pi, we have aj; x F; C A.
Suppose now that there is a z € Zpy\A with (a — z, M) = M/pjpi. By
Lemma 4.6, we have A, C £;(z), so that the pair (A, B) has a (1,2)-cofibered
structure in the p; direction with the cofiber in A at distance M/ pi2 from z.
For each such z, we apply Lemma 2.11 to shift the cofiber, obtaining a new
set A’ with A’ @® B = Zjy; such that z x F; C A" and A’ is T2-equivalent to A.
After all such shifts have been performed, we see that A is T2-equivalent to
A(a, D(M)). O

9.2 Toolbox for fibered grids
We start by pointing out a special case when Theorem 9.1 is very easy to prove.
Lemma 9.7. Let A ® B = Zy, where M = pl.2 p? p,%. If @y divides both A

and B, then at least one of the sets A and B is M-fibered in some direction.
By Corollary 2.7, both A and B satisfy (T2).
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Proof. Each of the differences M /p;, M/p;, M/ pi can belong to at most one
of Div(A) and Div(B). By pigeonholing, at least one of Div(A) and Div(B)
must avoid at least two of these differences. Assume without loss of generality
that M/p;, M/p; ¢ Div(A). By the assumptions of the lemma, we also have
®yr|A. Applying Lemma 4.9 (ii) to A, we get that A is M-fibered in the py
direction, as claimed. O

Next, we discuss cyclotomic divisibility. Since F; (X) = (XM_— 1)/(XM/”i —
1), we have

O5|F; & pilsIM, 9.2)

and similarly for F'; and Fg. In particular,

2 2
l_[ CDM/p,‘.’i (X) 1_[ CDM/I,;%J' (X)"C(X), 9.3)

a;=1 aj=1
and similarly for other permutations of the indices i, j, k.

Lemma 9.8. Assume (F’). For each oy, € {1, 2}, we have

cpM/p,(:]‘ A < CDM/ka K.

In particular, ifCDM/p:k 1 A for some o € {1,2}, then K # (. Similar
conclusions hold for other permutations of the indices i, j, k.

Proof. The lemma follows immediately from (9.3) if Z, J, K are mutually
disjoint, since then we have A(X) = Z(X) + J(X) 4+ K(X). In the general
case, we need a mild workaround as follows.

Write A(X) = Z/(X) + J'(X) + K'(X), where the sets Z', 7', K are
pairwise disjoint and Z', 7', K’ are M-fibered in the p;, p;, and py direction,
respectively. This can be done by splitting up Z, into pairwise disjoint D (M)-
grids A; and adding AN A; toone of Z’, 7', K', according to the direction in
which A N A; is M-fibered. (If A N A is fibered in more than one direction,
choose one arbitrarily and add A N A; to the corresponding set.)

It follows from (9.3) that CIDM/qu< |A if and only if CDM/pZ‘k |K'. To pass from
K’ to K, we write K(X) = K'(X) + K;i(X) + K;(X), where K; C 7" and
K; c J'.By Lemma 9.5, K; is a union of pairwise disjoint sets of the form
a x F; % Fr, where a € A. In particular, by (9.3) we have @M/p:k |KCi (X).

Applying the same argument to K;, we see that @, Ik |KC" if and only if

o |KC, and the lemma follows. O

o
M/pkk
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We finish with two counting lemmas.

Lemma9.9. Let A® B =Zy, M = pzp?p,%, |A| = |B| = pipjpk- Then

i
{m/p : «€{0,1,2},m € (M, M/p;,M/p;, M/pip;}} NDiv(B) # {M}. (9.4)
Proof. Suppose that (9.4) fails. It follows thatany M/ p; p p,%-grid may contain

at most one element of B. Since Zy, is a disjoint union of p; p; such grids,
it follows that |B| < M/p;p; p,%, contradicting our assumption that |B| =

M/pip;pk- |

Lemma 9.10. Assume that (F’) holds.

(i) Let a € K and T} := T (ay, p?i)for some a; € {1,2}. Suppose that
|JANTk| = pjprand L NIy = P. Then ANTI; C K.

(i) Let a; € T and I1; := I (a;, p;). Suppose that
|ANTL| = pjpk 9.5)
and ANTl; CZUK. Then p; < p;.
The same conclusions hold with j and k interchanged.

Proof. (i) Suppose first that J NI NI # @, and leta € J N K N .
Then a ¢ 7. By Lemma 9.5 (i), we have A NIl = a * F; * Fy, so that
ANIly c JNK.

Assume now that 7 N NTII; = @. Since ax € K, there exists a nonnegative
integer c; and a positive integer ¢ such that

pipk = |ANTk| =cjpj + crpk.

This clearly implies ¢; = 0 and ¢ = p;, thus proving J N Iy = @.

(i1) Assume first
INJgNKNII; #0, (9.6)

andleta € ZNJNKNII;. Denote Ag = A(a, D(M)). By assumption, ANAg
is M-fibered in the p, direction for some v € {i, j, k}. Suppose that the latter
holds withv = j. Since a* Fy, C ANAg,infactwehaveax FixF; C ANAy.
But a * F; is also contained in A N Ag, hence

[ANTL;| > [AN Aol = pjpr+pi —1 > pjpx,

thus contradicting (9.5). Interchanging j and k, the same argument shows
A N Ag cannot be M-fibered in the pj direction.

@ Springer



436 I. Laba, I. Londner

It follows that A N A is M-fibered in the p; direction. Since (a * F;) U (a *
Fi) C AN Ay, the set A N Ag must contain a structure as in (9.1). By (9.5)

pjipk = |[ANTL| > [AN Aol > pipk,

which is what we wanted to show.

For the rest of the proof we assume (9.6) fails. We show that A N I1; can be
written (not necessarily uniquely) as a disjoint union of M-fibers in the p; and
pr. directions. Indeed, if Z N I1; and IC N I1; are disjoint, we are done. Assume
now that

INKNA #9, (9.7)

for some D(M)-grid A C I1;. From the failure of (9.6), we deduce that AN A
is M -fibered in the p,, direction, with either v =i or v = k. By Lemma 9.5 (i),
ZNK N A is aunion of pairwise disjoint cosets of F; * Fj. We write all such
cosets as unions of M-fibers in the p; direction. Then, we add all the remaining
M -fibers in the p; and py directions in A N A, disjoint from Z N I N A and
from each other. Since A is an arbitrary grid satisfying (9.7), the claim follows.

Since A N I1; can be written a disjoint union of M-fibers in the p; and pi
directions, there must exist a positive integer ¢; and a nonnegative integer cx
such that

PPk = |ANTL;| = cipi + ckpk.

It follows that ¢; = cl/. pi, for some positive integer cl’.. But then p; = cl’. pi +cxk,
so that p; > p; as claimed. |

9.3 Fibering on lower scales

Lemma 9.11. Assume that (F) holds.

(i) Let A := A(ag, D(N;)) for someag € Z.IFINJT NA =W and A is
Ni-fibered on A, it cannot be fibered in the p; direction.

(ii) If D, | B and

{M/pj, M/px, M/pipj, M/ pipx} NDiv(B) = 0, 9.8)

then B must be Nj-fibered in the p; direction. Note in particular that if
{D(M)|m|M} C Div(A), then (9.8) holds.

Proof. (i) Assume, by contradiction, that A is N;-fibered in the p; direction on
A. Then Aj/[a] = p; and A%;/pj [a] = pi¢(p;) foralla € T N A, meaning
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that ZN A is also M-fibered in the p; direction. This contradicts the assumption
that Z N J N A is empty.

(i1) By (9.8), we have ij/pj [p] = N /p [b] = O for all b € B. It follows
from Lemma 4.9 (ii) that B is N;-fibered in the p; direction. m]

ByLemma9.8,if ®y, |A, then @y, |K. We consider the question of whether,
in these circumstances, K is permitted to have an unfibered grid on a lower
scale.

Lemma 9.12. Assume that (F) holds. Suppose that ® y, | A and that there exists
a D(Ny)-grid on which IC is not fibered. Then:

J {D(M)ImIM}U{M/pk,M/pszpk} C Div(A),
o there exists an x € Zyy such that KNk/Pk [x] = ¢(p,%).

Proof. Assume that ®,|A. By Lemma 9.8, we have @y, |KC. Consider K as a
multiset in Zy, with constant multiplicity px. We claim that if K is not fibered
on a D(Ng)-grid A, it must satisfy the conclusion of either Lemma 6.3 or
Lemma 6.4 with N = Nj on that grid. Indeed, if this is not the case, then we
must have

{m : D(Ny)|m|Ny} C Divy, (K).

But then, for every D(Ny)|m|Ny there exist a, a’ € K (depending on m) such
that (a — a’, Ny) = m. Since K%ﬁ [a] = K%ﬁ [a'] = ¢ (px), we have

{m/pf: a€{0,1,2},me{M,M/pj,M/p;, M/pip;}} C Div(K).

The latter contradicts Lemma 9.9.

On the other hand, suppose that ' € M(Zy,) has at least p; + 1 distinct
points in some plane IT(x, piz) in Zy,, each of multiplicity pi. Then |[A N
IT(x, pl.z)l > (pj+1)pxinZyy, contradicting Lemma 4.3. The same argument
applies with i and j interchanged.

Among the structures described in Lemmas 6.3 and 6.4 with N = N, the
only ones that avoid configurations as in the last paragraph are as follows.

e /CN A has the pi full plane structure as in Lemma 6.3, so that for some

x € Zy we have K [x] = ¢(p) and Kyt [¥] = puob(pip)).

e ICN A has a p; or p; corner structure as in Lemma 6.4 (1).

e LN A hasa p; or p; almost corner structure as in Lemma 6.4 (ii), so that
(possibly after a permutation of i and j) there exist x1, x2, x3, X4 € Zy

such that (x, — x,/, Ny) = Nk/p, forv # v/, Ky Dl =Kyt Dol =
¢(pp) and Kyt [x3] = Ky, [xal = peob (p)).
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We address the second case, the first and third case being similar. Indeed, a
pi corner structure in K on the Ny scale means that there exist a, a’ € K with
(a—a', Ny) = Ni/pi so that

K%'Z/pk lal =Ky, 2lal = ¢ (Pp) 9.9)
and
Kt /p, 101 =Kuyp a1+ Kniypypla'l = ped(pj). (9.10)

Now consider K on scale M. We have (a — a’, M) € {M/p;, M/ p; px}, with
the fiber chain in (9.9) attached to a. By (9.10) and the fact that a’ € I, we
also have a’ % F; % Fy C K. Hence the conclusions of the lemma hold with
X =a. O

Corollary 9.13. Assume (F). If ®n,|A and px > min, p,, then K is Ni-
fibered on each D(Ny)-grid in one of the p; and p; directions. In particular,
KcCcZuJ.

Proof. Assume without loss of generality that p; = min, p,. By Lemma 9.8,
we have @y, |A if and only if ®u,|K. By Lemma 9.12, if there exists a
D(Ny)-grid on which K is unfibered, then there must exist x € Zjy; such

that Ki* | [x] = ¢ (p}), thus

|ANTIG, phI = Ky, 6] = ¢ (pP)

> Di Pk,
which contradicts Lemma 4.3. Thus /C must be fibered on all D(Ny)-grids. On

the other hand, by the same argument as above, IC cannot be Nj-fibered in the
Pk direction on any D (N)-grid. O

9.4 Proof of Proposition 9.2

In this section, we are assuming (F1), which we state here again for the reader’s
convenience.

Assumption (F1). We have A @ B = Zy;, where M = pi2 p% p,% is odd.
Furthermore, |A| = |B| = p;ipjpr, Pm|A, Ais fibered on D(M)-grids, and

Z,J, K are pairwise disjoint. 9.11)
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We must prove that at least one of the sets Z, J or X has to be empty. To
this end we assume the contrary, i.e.,

I, J.K £ 9, (9.12)

and prove by contradiction that (9.12) cannot hold. We may assume, without
loss of generality, that

Pi <Dj < Pk- 9.13)
By Corollary 9.13, this implies that @y, and Py, cannot divide A, so that
Oy, Py, |B. (9.14)
We start with a cyclotomic divisibility result.

Proposition 9.14. Assume that (F1), (9.12), and (9.14) hold. Then ®y, 1 A.

Proof. The proof is divided into several steps. In each of the following claims,
the assumptions of the proposition are assumed to hold.

Claim 1. If ®y;, |A, then I is N;-fibered in the p; direction, so that for every
a; € A ,

Lnlail + Loty plail + Ly olail = py. 9.15)
O

Proof. It suffices to prove that Z is N;-fibered on each D(N;)-grid. Once we
know that, Lemma 9.11 (i) together with (9.11) implies that the N;-fibering
must be in the p; direction, and the claim follows.

Assume, by contradiction, that there exists a D(N;)-grid over which 7 is
not fibered. By Lemma 9.12,

{D(M)|m|M}U{M/p?, M/p?p;pi} C Div(A) (9.16)
and there exists xo € Zjy with
IN X0l = ¢ (p]). (9.17)

The proof of Lemma 9.12 implies further that Z N A (xg, D(V;)) must contain
one of the structures described in Lemmas 6.3 and 6.4 with N = N;. Addition-
ally, (9.14) and Lemma 9.11 (ii) imply that B is N;-fibered in the p; direction
and Ng-fibered in the pj direction, hence

M/p3. M/pi. M/p3p} € Div(B). 9.18)
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We claim that
I [x0] = 0. (9.19)
Suppose this is not true, then
Aplxol + Awy/p 3ol + Ay 2 lx0l = pi (9.20)

Leta; € J and a; € KC. Recall from Lemma 2.11 that the fibering in B
allows one to shift the fibers rooted at a; and a; by distance M/ sz and M/ p,%,
respectively. Let x;, x; € Zy with

(ay —xy, M) = M/p% and p3|xo —x, for v e {j, k}.

Let A’ be the set obtained by shifting the fibers rooted at a; and aj to x; and
xy respectively, so that x; * Fj, xg % Fr C A'. ByLemma2.11,A'® B = Zy
and A’ is T2-equivalent to A.

Let ay, ay € £;(xp) be the points with pflal - Xj, pl.2|a2 — x. By (9.20),
£i(xg) C ANA’. It follows from (9.18) that we cannot have M/p,% € Div(A"),
hence (ay — xj, M) = M/ pi. Similarly, (a2 — x¢, M) = M/p;. But now
M/p?p;, M/p?pi € Div(A"), hence M/p?p;, M/p? px ¢ Div(B). Together
with (9.16), this contradicts Lemma 9.9. This proves (9.19).

We therefore conclude that ZN A (xg, D (N;)) has either a full plane structure
(Lemma 6.3) or an almost corner structure (Lemma 6.4 (ii)). In either one of
these cases, there exists a point

a’ € TN A(xo, D(M)) (9.21)

such that foreachv € {j, k}, AN (a;k * F; % F)) is M -fibered in the p; direction,

but is not M-fibered in the p, direction.
Leta; € J,and let x; € £;(a;) be the point such that p?lxo —xj. We

consider two cases.

(a) If it is possible to choose a; so that x; € a; * F;, we fix that choice, and
let A" := A.

(b) Otherwise, let A’ be the set obtained from A by shifting the fiber a; * F; to
x; if necessary, so that x; % F; C A’. By Lemma 2.11, A’ ® B = Zy and
A’ is T2-equivalent to A. Since we are not in case (a), A’ N (xj* F; x F})
contains no other M-fibers in the p; direction.

We show that either x; € A(xg, D(M)) or

M/ p} pi ¢ Div(B). (9.22)
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e Suppose that p;|xo — x;. If (xo — x;, M) € {M, M/p;, M/ px, M/ p; px},
then clearly x; € A(xg, D(M)). If on the other hand (xo — x;, M) €
{M/p,%, M/pip,%}, then by (9.21), there exists a fiber a x F; C Z witha €
A(xg, D(M)) and pi2|a — x;j. Then M/p,% € Div(a, xj * Fj) C Div(A’),
contradicting (9.18).

e Assume now that p; { xo — x;. If (xo — x;, M) = M/pizpk, then by
(9.17) together with the fact that p; > 3, there must be an a € A with
(a —xo, M) = M/pl.2 and (a —xj, M) = M/pl.zpk, proving (9.22) since
x; € A'. Otherwise, we have (xo —xj, M) = M/p? pZ, but then by (9.17),
there mustbe a € A with (a —xo, M) = M/p? and (a —x;, M) = M/ p?,
contradicting (9.18).

Suppose now that x; € A(xp, D(M)). We claim that, in this case, A’ con-
tains a py extended corner structure consisting of the fiberin x; * F; x F; in the
p; direction and at least one fiber in a’* * F; * F; in the p; direction. Indeed,
by (9.21) and (9.11), we have

Axj, DIM)) N (J UK) = 0.

In particular, we must be in case (b) above, and A N (x; * F; * Fj) = x; * F;.
This, together with the choice of @}, proves that the conditions of Definition 5.4
(ii) hold.

In that case, however, we proved in Theorem 8.1 that A’ (therefore A)
is T2-equivalent to a D(M)-grid. It follows that A satisfies (T2), therefore
A @ B’ = Zy, where @, | B’ for all v € {i, j, k}. This contradicts (9.16),
since clearly M/ pl.2 € Div(B").

We are therefore left with (9.22). By the same argument with p; and py
interchanged, we must also have M/ pi2 pj ¢ Div(B). Together with (9.16),
this again contradicts Lemma 9.9. O

Claim 2. If D, |A, then Oy, t A, and therefore @y, |B.

Proof. By Lemma 9.8, if ®y,|A, then ®y,|Z. Since M; has only 2 distinct
prime divisors, we may apply Lemma 4.7 on the scale M;. We conclude that
every element of 7 belongs to either an M;-fiber in the p; direction, in which
case we have |A N I1(q;, p,%)| > pl.2 pj, or to an M;-fiber in the py direction,
in which case we have |A N I1(q;, p?)| > pl.2 prk. Since both bounds contradict
Lemma 4.3, we deduce @y, | B, and the lemma follows. m]

The next claim is a direct consequence of Claim 2, (9.15), and Lemma 4.7.

Claim 3. If Dy, |A, then IB%AA/Z [v] € {0, 1} for all y € Zys. Moreover, for every
b € B, either

B%j/pj [b'] = ¢(p,) forall b’ € BN A(b, D(M;)), (9.23)
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and, since p; = min,, p,,

M/pipj, M/p?p; € Div(B), (9.24)
or
M/ 161 = ¢(pi) forall b’ € BN A(b, D(M,)) (9.25)
and
M/pipx, M/p} pi € Div(B). 9.26)

Claim 4. If D, |A, then for all a; € T we have ]I%::/pj [a;] =M 4] =0.

M; / pk

Proof. If there exist by, by € B such that (9.23) holds with ' = b; and (9.25)
holds with b’ = b», then the claim follows from (9.24) and (9.26). Assume
therefore that (9.23) holds for all b € B, and, consequently, H%ﬁ /pj [a;]=0

foralla; € 7.
Assume, by contradiction, that H%ﬁ i [a;] > O for some a; € Z. It follows
from (9.15) that

M/pi, M/px, M/ p}. M/ p; pr. M/ p? pi € Div(A). (9.27)
We claim that
M/pjpi ¢ Div(B). (9.28)

Assuming this, we prove Claim 4 as follows. By (9.12), (9.27), and (9.28), we
have Ni/pi, Ni/pj ¢ Divy,(B). By (9.14) and Lemma 4.9 (ii), B must be
Ni-fibered in the pj direction, so that

Byt /1] = $(pr) Vb € B.

Let ar € K. Since q; satisfies (9.15), we may assume (moving a; to a
different point in the same fiber chain if necessary) that

phax — a;. (9.29)

Then the pair (A, B) has a (1,2)-cofibered structure, with a; * Fj as a cofiber.
Let x; € £x(ax) be the point such that p,%|a,~ — x;.. If plag — x;, we note that
x; € A, and let A" := A. If on the other hand (ax — x;, M) = M/p,%, we use
Lemma 2.11 to shift ai * Fj to x;, obtaining a new set A" such that x; € A’,
A" ® B =7y, and A’ is T2-equivalent to A.
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By (9.24) and (9.29), we must have (¢; — x;, M) = M/ p3, so that M/ p? €

Div(A’). In particular, M/ p? ¢ Div(B). On the other hand, we also have
0} N; | B, and

N.
IBNj'/l’k[b] = N /p [b] =0 forall b € B.

By Lemma 4.9, B must be N -fibered in the p; direction, so that B N’ /i [b] =
¢ (p;) for every b € B. Together with (9.12), this means that every grid
A(b,M/pipj) with b € B contains exactly p; points of B. On the other
hand, the assumption that (9.23) holds for all » € B implies that every such
grid contains exactly p; points of B. This contradiction proves the claim,
assuming (9.28).

We now prove (9.28). Assume, by contradiction, that b, b’ € B with (b —
b',M)=M/pjpr.Lety,y € Zy\B with (b —y, M) = (b' —y', M) =
M/p, b —y ,M) = (' —y, M) = M/pj, and consider the saturating set
By 4. Applying Corollary 2.9 (i) to By, once with respect to b and again with
respect to b’, we get

By C L) UL ULDB)UELO.

If Byq; N (€:(y) U £()) is nonempty, then {M/pi ps, M/p? pi} N Div(B)
must be nonempty, while if By, N (€;(b) U ¢;(b')) is nonempty, then
{M/pi, M/ p; } N Div(B) must be nonempty. Both of these contradict (9.27).

O

Claim 5. If ®n,|A and M/ ppi ¢ Div(B), then there must exist bj, by € B
such that (9.23) holds with b = b and (9.25) holds with b = by.

Proof. Assume, by contradiction, that the conclusion is false. Without loss of
generality, we may assume that (9.23) holds forall b € B.
Since M/pjpx ¢ Div(B), we have IB%N /o [b] =0forallb € B. By (9.14)

and Lemma 4.9, B must be fibered on D(N )-grids, so that for every b € B
either

By, 161 = 6 (1)), (930
or
By lb] =Bl 1] = $(pi). 9.31)
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Suppose that there exists by € B satisfying (9.30). Applying (9.23) to all
b’ € B with (bg — b/, M) = M/ p, we get

|BNT(bo. pp)| = p; > pipj-

which contradicts Lemma 4.3.

Hence (9.31) must hold for all b € B, so that B is a union of disjoint N;-
fibers in the p; direction, each of cardinality p;. On the other hand, by Claim
3 and (9.23), for any b € B we have

N;/p? _ mMi/pj
IB3Nj/pi2[b] - BM:’/P] 6]
- M;
=1+ ]BMi/Pj [b]
=1+¢(pj) =pj.
This implies that p; is divisible by p;, which is obviously false. O

Claim 6. If M/ p; pi ¢ Div(B), then @y, { A.

Proof. Assume, by contradiction, that M/p;py ¢ Div(B) and ®y,|A. Then
the conclusions of Claims 1-5 apply. By Claim 5, we may find b, by such that
(9.23) holds with b = b; and (9.25) holds with b = by. We fix these elements
for the duration of the proof.

We claim that

M/p3. M/p; € Div(B). (9.32)

We prove the first part of (9.32), the second part being identical with p; and
pr interchanged.

Asin the proof of Claim 5, we use (9.14) and the assumption that M/ p j pi ¢
Div(B) to conclude that either (9.30) or (9.31) holds for every b € B. Suppose
that (9.31) holds for b = b;. Then B N A(bj, D(N;)) is a union of disjoint
N j-fibers in the p; direction, and the same argument as in the proof of Claim 5
implies that p; is divisible by p;, which is obviously false. Thus (9.30) holds
with b = b}, and in particular M/ p? € Div(B).

With (9.32) in place, we complete the proof as follows. Fix a; € J and
a; € 7 such that pl.zlaj — a;. (This is possible by (9.15).) Taking (9.24), (9.26)
and (9.32) into account, we see that

(ai —aj, M) € {(M/p’p;, M/p3 pi}.

Suppose first that (@; —a;, M) = M/p?p,% = pl.z. By (9.15) again, we must
in fact have 1, p;, p? € Div(A). We deduce that M;/ p§ pi ¢ Divy, (B), and,
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therefore, one of B C b* p;Z or B C b * pyZ must hold for any fixed b € B.
That, however, contradicts (9.32).
We are therefore left with

(ai —aj. M) = M/pjpi. (9:33)

We claim that in this case @ M; f A. Indeed, otherwise ® M_/.|A and, by

Lemma 9.8, we have QDMjlj. Notice that by (9.32), J%j [x] € {0, p;} for
all x € Zy. By Lemma 4.7, a; belongs to an M ;-fiber in the p, direction,
with either v =i or v = k. Assume first that a; belongs to an M j-fiber in the
pi direction. This means that for every y € Zy with (y —aj, M) = M/ py
we have JAA:II’/ [y] = pj, with 7 N£;(y) consisting of a single M-fiber in the p;
direction. By (9.33), there must be yg with (yo —aj, M) = M/ py, such that
a; € £;(yo). Let a; € J NE;(yo). Letalso a; € ¢;(a;) C A be the element

such that pl.2|alf — a}. We also have p,%lalf — a}, and, by (9.33), p; { a; — a},
Hence (a; — a;., M)=M/ p?, which contradicts (9.32).

It follows that a; must belong to an M ;-fiber in the p; direction. By the
same argument as above, for every y € Zy with (y —aj, M) = M/p;, we
have J%ﬁ [y] = pj. We get [A N T(aj, p,%)| > pipj,and by Lemma 4.3, we

have
|IANT(a;, p))| = pip;. (9.34)
Therefore

|IANT(a;, pr)| = |[ANT(a;, pH| + |A N T(a;, p})
> PpiDj,

where the latter inequality follows from the fact that £;(a;) C A, as follows
from Claim 1. By Corollary 4.4 we have ® pglA. Combining the latter with
(9.34), we conclude

IANT(a, p})| = |ANTI(a;j, pD| = pipj > |li(a)| = p?.

This means that there must be at least one elementa € A N I1(q;, p,%) which
does not belong to ¢; (a;). The latter is not possible, because Div(a, ¢;(a;)) C
Div(A) would cause a divisor conflict with either (9.24) or (9.32). This con-
tradiction gives @y, | B.

Note that by (9.12) M/p; ¢ Div(B), thus B’ = {b mod N; : b € B} C
ZNj is a set (and not a multiset). By (9.14), we have Dy, Py, | B and therefore
Oy, Oy, |B ’. By Example (1) at the end of Section 2.6 applied with M replaced
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by Nj, B’ is 7-null with respect to the cuboid type 7 = (N;, (1,0, 1), 1).
Since each individual cuboid of type 7 is in fact contained in a 2-dimensional
D(M;)-gridinZy;, this implies that ® ;| (B'NA)(X), for any such grid A. By
Lemma4.7 (ii), B/ ﬂA is N j-fibered in elther the p; or py direction on each such
grid. However, since M/pj, M/pjpr & Div(B), we get Nj/pi ¢ DIVN](B ).

Hence B’, and therefore B, is N j-fibered in the p; direction. As already proved
in Claim 35, the latter is not allowed. The claim follows. O

Claim 6 proves Proposition 9.14 in the case when M/ p j pi ¢ Div(B). From
here on, we will therefore assume that

M/pjpi € Div(B). (9.35)

Claim 7. If ® ;| A and (9.35) holds, then ®py,/p, @a, /| B

Proof. Assume, by contradiction, that ®y,, P |A. Let al € Z,andletx; € Zy

with (a; — xx, M) = M/ px. By Claim 4, we haveA [ 1 = 0. Furthermore,
(9.15) and the assumption that M/ p; pi ¢ Div(A) 1mply that

Mi/pj i i
Ap el = Agrilx] + 3 INIRARY)
xp:(xk—xp. M)=M/p;

Considering all M; / p; cuboids with vertices at ; and xi, we see that for every
Xj € ZLy with (a; —xj, M) = M/p? we have

M/p] 2
t/pj[ ] pls

thus
|A N T(a;, p;%)l > P/P,-2 > piDj,

contradicting Lemma 4.3. Since this argument is symmetric with respect to j
and k, the claim follows. O

Claim 8. If ®y;|A and (9.35) holds, then B is M;-fibered in both of the p;

and py, directions, so that for all b € B we have

1w, 1

— _ M;
oo 2w P1 = G5B 01 = 1 (9.36)

Proof. By Claims 2 and 7, we have @y, ®yy,/p, | B. Therefore B is null with
respect to all cuboids of type (M;, §, 1), where § = (0, 1, 8;) with §; € {1, 2}.
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Suppose that for some by € B we have B%j:/l)j [bo]l < ¢(pj). Fix y; € Zpy

such that (bg —y;, M) = M/p; and B%ﬁ [y;] = 0, and consider all cuboids as
above with vertices at by and y;. In order to balance these cuboids, we must

haveIB% [y] = 1forall y € Zy with (bg — y, M) € {M/pk,M/p,%} But

now we get |B N I1(bg, 3)| > pk > pi pr, which contradicts Lemma 4.3.
Since this argument is symmetric in j and k, the claim follows. m|

Claim 9. If @y, |A and (9.35) holds, then for all b € B we have ij/pi [b] =
é(pi)-

.. . . N;
Proof. Assume, by contradiction, that there exists bg € B with B N; Ipi [bo] <

¢ (pi). Since pr > pj and M/p; € Div(A), we must also have ij/m [bo] <
¢ (pr). Let y;, yk € Zy with (bo—yz, Nj)=N;/pi,(bo—yx,Nj) = N;/pk
and such that IB% [yl] = By Ny [yk] 0. Recall that dDleB, and consider

all N; cuboids w1th vertices at b, y; and y;. We get that for every z with
(z —bo, Nj)= N;/pj, we have

By, vzl +IBN i lel = 1 (9.37)
But by Claim 8, we also have
|BNII(b, pj)| = pjpr Vb € B.
Applying this to all b € B contributing to (9.37), and summing over z with

(z—=bo,Nj)=Nj/pj,weget|B| > p;-(pjpk) > pipjPk»acontradiction.
O

Claim 10. [f (9.35) holds, then @y, { A.

Proof. Assume, for contradiction, that (9.35) holds and @y, |A. By Claim 8,
B must satisfy (9.36), and in particular

M/p [b] = ¢(p;) forall b € B.
By Claim 9,
N.
IB%Nj'/m [b] = Bumypp; 101 = ¢(pi) forall b € B.

As in the proof of Claim 6, these two properties imply that p; is divisible by
pi, which is false. m|
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Claim 10 concludes the proof of Proposition 9.14. O
By Proposition 9.14, it remains to prove Proposition 9.2 under the assump-
tion that

[T ®wm/nlB. (9.38)
veli,jk}

Lemma 9.15. Assume (F1) and (9.38). Then at least one of the sets T, J, or
K must be empty.

Proof. Assume, by contradiction, that (9.12) holds. By (9.38), @, |B. Since
pi =miny, p, and M/p;, M/py ¢ Div(B), we must have

1w 1

—¢(pj)IBNi/,,j[b], 50 By, [p] < 1forallb € B,

and, in particular, B cannot be N;-fibered in either the p; s or the py direction
on any D(N;)-grid. By Lemma 4.9, it follows that M/p € Div(B).

Suppose first that s, |A, so that @y, |Z. We have ]I "[x] € {0, p;} for all
X € Zy, and N;/p; ¢ Divy,(A). By Lemma 4.7, 7 must be M;-fibered in
one of the p; and py directions, on each D(M;)-grid. In particular, for a given
a; € T, we have either

iyl = pi. forall y € Zy with (y —a;, M) = M/p;.  (9.39)
or
]I%i [v] = pi, forall y € Zy with (y — a;, M) = M/ pk. (9.40)
Assume that there exists a; € 7 satisfying (9.39), and fix such an element. It
follows that |Z N I1(a;, p,%)| > pipj. By Lemma 4.3, the last inequality holds
as equality, i.e.,

|Z N T(a;, p?)| = pipj and so A N T(a;, p) C T. (9.41)

We now consider two cases.

o If <I>pzlA, then (9.41) implies A C Il(a;, px). But since K is nonempty,

we may find g, € K C Il(a;, px). It follows that there must exist a,’( €
(ax * F) NI (q;, plz). By (9.41) we have a,/( € 7, thus contradicting (9.11).
o If &, |A, then

|ANTI(a, p)| = pip; foralla € A. (9.42)
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Evidently, the latter implies that (9.39) must hold for all alf € 7. Indeed,
otherwise there would be a; € 7 satisfying (9.40), and so |ANTI(a}, pi)| >
Pi Px- But now (9.13) implies |A N l'[(alf, pPr)|l > pipj, which contradicts
(9.42). Hence (9.39) holds for all ¢; € Z. Consequently (9.41) holds for all
a; € T.
Let ar € K. If Z N [ (ag, px) is nonempty, then (9.41) and (9.42) imply
that A N IT(ax, pr) is contained in Z. In particular we would have a; € Z,
thus contradicting (9.11). Hence A N I (ag, px) € J U K. Lemma 9.10
(i1) implies now that p; > py, contradicting (9.13).
We note that the complementary case, in which (9.40) holds for all a; € Z,
is proved in the exact same way, interchanging j and k. The only difference
between the two cases is that in the analogous subcase ®;|A, we do not
require the argument showing (9.40) holds for all a; € Z.

We conclude that @, { A, hence @y, Py, |B. This implies that B is 7 -
null with respect to the cuboid type 7 = (N;, 8, T), where § = (0, 1, 1) and
T(X) = 1. (See the first of the two examples at the end of Sect.2.6, with
M replaced by N;.) Since M/p; ¢ Div(B), we have IB%T[y] € {0, 1} for all
y € Zy . Note that 7 is a 2-dimensional cuboid type, so that for every b € B
we either have

B [y;] = Bulyjl+ Buyp [yl = 1 forall y; € Zy
with (b — y;, M) = M/ p;,

or
B [yl = Bulyk] + By, [yx] = 1 for all yx € Zy with (b — yx, M) = M/ py.

As p; = min, p,, the former implies M/p; € Div(B), and the latter implies
M/ pi € Div(B), both contradicting (9.12). |

9.5 Proof of Proposition 9.3

In this section, we will prove that Z = # under the following conditions.

Assumption (F2). We have A & B = Zjy, where M = pl.2 p? p,% is odd.
Furthermore, [A| = |B| = pipjpr, Pul|A, A is fibered on D(M)-grids,
JNK # ¢, and

INJgNK=40. (9.43)

Leta € J N K. By Lemma 9.5 (i), we have

ax Fjx F,=ANT(a, p}), (9.44)
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and in particular
{M/pj, M/pi, M/pjpi} C Div(A). (9.45)
We first prove Proposition 9.3 under the assumption that ® 2 |A.

Lemma 9.16. Assume (F2), and leta € J N K. I]‘<I>p;|A, then
A C (a, p;). (9.46)

Proof. The assumption D 0[A, together with (9.44), implies that |A N
[l(a, p)| = pipjrk = |Al. 0

Corollary 9.17. Assume that (F2) holds, and that ® »|A. Then T = (.
Proof. Let a € J N K. Suppose, by contradiction, that Z is nonempty. By

(9.46), there must exist an element ¢; € Z N I (a, pl.z). It follows from (9.44)
thata; € a * Fj x Fy.. Butthen q; € ZN J N K, contradicting (9.43). O

In the rest of this section, it remains to consider the following case.

Assumption (F2’). Assume that (F2) holds, and that
D -1 A. (9.47)

Lemma 9.18. Assume (F2’). Then:
(i) We have ®,|A. Moreover,

ANT(a, p;) = ANTl(a, p?) Yae TNK, (9.48)
IANTI(X, p)| = pipk ¥x' € Zy. (9.49)

(i) Leta € JNK. Foreveryx € Zpy \ A with (a —x, M) = M/ p;, we have
A, C (a, p}). (9.50)

Proof. Since |A| = p; p; pk, exactly one of ®,. and ® P2 must divide A. By
(9.47), we must in fact have @, |A. Leta € J N K. Then

pipk = |ANT(a, p))| = [ANTI(a, p})| = pjpr. 9.51)
by (9.44). Hence the above must hold with equality, which proves (9.48). It

also follows that for any x € Zy, we must have |A N TI(x', p;)| = p; p«, so
that (9.49) holds. This proves (i).
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Next, let a, x be as in (ii). By (9.51) again, we have
ANT(a, pi) C (a, p}). (9.52)

Let b € B. Applying Corollary 2.9 (i) to Ay p, from (2.5) we get A, C
M(a, p}) U (x, p7). Now (9.50) follows directly from (9.52). O

Lemma 9.19. Assume (F2’). Then:
(1) Foreveryb € B, andforeveryy € Zy with (b—y, M) = M/ p;, we have

Bu[y] + Batyp, 0]+ Batyp V] + Barypp 1 = 1. (9.53)
(i1) For all d with pi2|d|(M/pj Pr), we have ©4|B. Additionally,

{M/pi,M/pip;j, M/pipx, M/pipjpr} NDiv(B) # 0. (9.54)

Proof. Fix b € B, and write Njx = M/p;j pi for short. Leta € J N K, and
letx € Zy \ A with (a —x, M) = M/ p;.
By (2.1), (9.44), and (9.50), we have

1
¢( Z)AM/p,[xln(a Pi )]BM/p,[b]
1

+ -
o (pipj)
1

- & (pi pr)
1

¢ (pipjpr)

AM/Pi[?j [X|H(a, p,z)] BM/P:‘PJ‘ [b]

At/ i p X ITL(@, DD B s pi []

AM/mpjpk [x[TT(a, Piz)] By pip;pi[0]

1
¢( )(BM/pz [b] + BM/P:P] (6] + Bayp, pe[0] + BM/PzP]Pk[b])

1 A
T o), Z B )

—b.M)=M/p;

On the other hand, by (9.45) and divisor exclusion, any N jx-grid may contain
at most one element of B, so that ij '; [y] < 1forall y € Zys. Therefore

N.
BN;’; [y] = 1 for all y such that (y — b, M) = M/ p;,

which is (9.53). We also note that the first equation in the above calculation
implies (9.54).
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Finally, let d # pl.2 and pi2|d |[(M/p;pr), and consider any d-cuboid with
one vertex at a € J N K. By (9.44), we have Aﬂ[a] > pjpk- However, we
also have |A N Il(a, p;)| = pjpk by the third claim in the lemma, so that
AZ/ [a] = O for all d’ < d with D(d)|d’. It follows that the cuboid cannot be
balanced. Therefore @, 1 A, which proves (ii). |

Lemma 9.20. Assume (F2’). Then T N (J UK) = 0.

Proof. Suppose that the conclusion fails. Without loss of generality, we may
assume that Z N C # @. Taking into account that 7 N K # @, we have from
(9.45)

M/pi,M/pj, M/pk, M/pipk, M/pjpi € Div(A)
so that (9.54) reduces to {M/p;p;, M/ p; pjpx} N Div(B) # ¥, and (9.53) to
IB%M/pj[y] —I—IB%M/pjpk[y] =1 forall y with (y — b, M) = M/ p;.

This means we must have

Pi < Pjs (9.55)

otherwise one must introduce M/ p; or M/ p; py. as differences in B.

We now repeat the same procedure with i and j interchanged. Leta’ € ZNK.
We note that AN A(a’, D(M)) cannot be M-fibered in the p; direction, since
that would contradict (9.43). It follows from Lemma 9.5 (i) thata’x F; % F;, C A,
and, together with Lemma 4.3, this implies that

a'* Fjx Fr = ANTI(d, p?). (9.56)

Letx” € Zy\A satisfy (' —x', M) = M/p;. As in the proof of Lemma 9.18,
by Corollary 2.9 (i) we have

Ay C (', pj) UL, p)).

Assume, by contradiction, that there exists a b € B such that Ay, C
I, p?). Repeating the proof of Lemma 9.19 with that b, we get the ana-
logues of (9.53) and (9.54) with i and j interchanged. The same argument as
in the proof of (9.55) shows then that p; < p;, a contradiction.

It follows that A, N TT(x’, p?) # (, and, in particular, |A N T1(a’, pj)l >
pipk. By Corollary 4.4, A C TI(a’, p;). In particular, 7 C TI(a’, p;), with
each fiber in 7 containing a point in A N IT(a’, p?). But by (9.56), any such
point would belong to Z N J N K, contradicting (9.43). O
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Lemma 9.21. Assume (F2’). If T # (, then ®y;, 1 A.

Proof. By Lemma 9.8, it suffices to prove that &y, 1 Z. Let ¢; € Z. By
Corollary 9.20, we have a; ¢ J and a; ¢ K, so that there must exist x;, x; €
Zy\A with (a; — Xj, N;) = N,'/pj, (a; — xx, N;) = N;/pi and such that
Iy x;1 = Iy [x] = 0.

Consider the N; cuboid with one face containing vertices at a;, x; and xi,
and the other face in I1(a, p;), where a € J N K. In order for this cuboid to be
balanced, ZNTI(a, p;) must be nonempty, and in particular ZNT1(a, p; ) * @
But this together with (9.44) contradicts (9.43).

Lemma 9.22. Assume (F2’). If p; = min, p,, then Z = {J.

Proof. Assume by contradiction that 7 # (). By Lemma 9. 21 dy, 1 A, hence
@y, |B. By assumption we have M/p; € Div(A), so that IB% "[y] € {0, 1} for
all y € Zy. By (947), ® zIB Hence @, { B, and in partlcular B cannot
be N;-fibered in the p; dlI'eCtIOIl It follows that there must exist by € B and
y € Zy with (bg — y, N;) = N;/pi andIB% [y] =0.

In order to simplify notation, we shall denote By = BY N, /p [bg] for v €
{j, k}. By (9.53) we must have

Bj+ B+ 1 =|BN A(bo, D(M))| < pi (9.57)
thus
By < (pi — 1)/2 forsome v € {J, k}. (9.58)

In addition, considering all N; cuboids with vertices at by and y such that the
vertices at distance N;/p; and N; / p; from by do not belong to B, we see that

By, pim 1= (P = B = D(pi = e — 1.

Now, if 8; = 1 then B < p; — 2 and so

(pj—=Bi—Dpr—PBc—1 =(pj —2(px — pi + 1
> (px — pi + Dpi
> PDi
which contradicts (9.53). We may therefore assume g, > 2 for v = j, k. In

this case, however, assuming (9.58) for v = k, applying (9.57) and the fact
that p; — p; > 2, we have
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(pj=Bi— Dk =B —D=pj—pi+pi—Bi—Dpk—PB—1
>(pj—pit+tB)pk—Bc—1)
>4(pi—(pi—1D/2-1)
=2p;i —2

The latter exceeds p; whenever p; > 2. Since M is odd, again we get a
contradiction to (9.53) and the lemma follows. O

Lemma 9.22 proves Proposition 9.3, assuming that (F2’) holds and that p;
is the smallest prime. From now on, we will therefore assume that

pi > mvin Dv- (9.59)

The rest of the proof will be split into the following cases:

e Assume (F2’), (9.59), and Dy, @y, |A. This case is addressed in Lemma
9.23 and Corollary 9.24.

e Assume (F2’), (9.59), and (interchanging j and k if necessary) & N; 1A,
®y, 1 B. This case is addressed in Lemmas 9.27, 9.28, and 9.29.

e Assume (F2°),(9.59),and Oy, P, | B. This case is addressed in Lemma 9.30,
Corollary 9.31, and Lemma 9.32.

Lemma 9.23. Assume (F2’) and (9.59). If px < pi < pj and Oy, |A, then
KcJ.

Proof. We first claim that K is N -fibered on each D (Ny)-grid in one of the p
and py, directions. Indeed, if IC were not N-fibered on some D (Ny)-grid, then
it would follow from Lemma 9.12 that { D(M)|m|M} C Div(A); however, that
is not compatible with (9.54). Furthermore, by Lemma 9.20 and Lemma 9.11
(1), K cannot be Ni-fibered in the p; direction on any D (Ny)-grid. This proves
the claim.

Recall from Lemma 9.18 (i) that for any ag € A,

|A N (a0, p)l = pjPk- (9.60)

If K is Ny-fibered in the p; direction on some D (Ny)-grid A ;, then for every
ar € KN Aj we have

Kt /p, L] = prop(p), (9.61)
so that ary € J N K. By (9.60), A N I (ak, pi) = ar * F; * Fy is fibered in
both directions, and in particular I1(ax, p;) contains no elements of A outside

OfAj.
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Assume now that there exists ¢; € K such that IC is Ny-fibered in the py
direction on Ay := A(a;, D(Ng)). Then

K%f/pk [a'] = prg(px) forall a’ € K N T(ay, pi), (9.62)
so that

Apla'l+ Apyp,la’] +AM/p£[a’] = p,% foralla’ € K N I(ay, pi).
(9.63)

Fix a,/{ € KC satisfying (9.62) and (9.63). We first claim that
INTM(a, pi) = 9. (9.64)

Indeed, suppose that (9.64) fails, and leta; € Z N l'[(a,/{, pl.z). Since L N Ay is
Ni-fibered in the py direction, by Lemma 9.20 we must have a; ¢ Ay, so that
a; must be at distance M/ p? from the fiber chain in the pj direction rooted at

a;.. We can now extend (9.45) to

M/pj, M/px, M/p;px, M/p;, M/ pi, M/ pip;i, M/ p;pi € Div(A),
(9.65)

where all the differences that do not appear in (9.45), come from the interaction
between a; and i (ay).
By (9.65), we see that for every b € B

[BOTIb, p)) < 1+ By, 2]
= Pk-
But, since Zjs has only pl.2 residue classes modulo pl.z, it follows that
pipjpk =Bl < p} pr,

so that p; < p;, contradicting the assumption that (9.64) fails.

It, therefore, follows that ANTI(a,, p;) C JUK.By (9.60) and Lemma9.10
(i), we have ANTI(a;, p;) C K.Butsincealla’ € KNTII(ay, p;) satisfy (9.62)
and (9.63), we get

2
PPk = cpy

for some positive integer c. The latter implies p; divides p;, which is not
allowed. This completes the proof of the lemma. O
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Corollary 9.24. Assume (F2’) and (9.59). Assume further that ® N; PN A
and that px < pj. Then T =}, and A is M-fibered in the py direction.

Proof. By (9.59), we have p;y = min, p,. We first apply Corollary 9.13, with
Jj and k interchanged. Since ® N; |Aand p; # min, p,,we getthat 7 C ZUK.
However, by Lemma 9.20 we have Z N J = ¢, so that we must in fact have
J C K.

Assume, by contradiction, that Z is nonempty. We first prove that this
implies

pi < pj. (9.66)

Leta; € Z. Observe that [T(a;, p;) cannot contain any elements a’ € 7, since
any such element would be associated with a grid a’ * F; * F C A. This
together with Lemma 9.20 would imply

|ANT(a;, pi)l = lai * F;| +|a’ % Fj % Fi| > pjpk,

contradicting (9.60). We get 7 NI1(a;, p;) = ¥.Hence ANT1(q;, p;) C ZUK,
and (9.66) follows from Lemma 9.10 (ii).

Applying Lemma 9.23, we see that  C 7. This, together with the first
part of the proof, implies K = J. Hence any element a; € K is associated
with a grid ai x F; * Fi, C A, and as shown above, such grids cannot intersect
I1(a;, p;). Therefore A N I1(a;, p;) must be contained in Z. That, however, is
clearly false since pjpr = |A N TIl(a;, p;)| cannot be a multiple of p;. This
contradiction concludes the proof. O

Before we move on to the next two cases, we need two lemmas on the
fibering properties of B.

Lemma 9.25. Assume (F2). If ®, |B, then B is Ny-fibered on each D(Ny)-
grid, either in the py direction or in the p; direction. The same is true with j
and k interchanged.

Proof. Suppose that @y, | B. By (9.45), we have B! p,1b]=0and By [b] =

1 for all b € B. Since M is odd, the lemma follows from Lemma 4.9. O

Lemma 9.26. Assume (F2’). If L # 0 and B is N;-fibered on a D(N;)-grid,
then it must be fibered in the p; direction on that grid.

Proof. We argue by contradiction. Let Ag := A (b, D(N;)) for some b € B,
and assume that B N A is N;-fibered in one of the other directions, say p;.
Let also A := A(b, D(M)). By (9.53), we have

IBOA| = p;. (9.67)
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On the other hand, the N;-fibering assumption means that BN A can be divided
into mutually disjoint N;-fibers in the p; direction, each one of cardinality p;,
and each one either entirely contained in A or disjoint from it. This implies
that p; divides |B N A|. That, however, contradicts (9.67). O

Next, we consider the case ®y; 1 A, @y, 1 B. This case will be split further,
according to whether p; or py is the smallest prime.

Lemma 9.27. Assume (F2’) and (9.59). Assume further that ®; 1A Oy, 1
B, and pj = min, p,. Then K C J. In addition, if T # (), then:

e B is Nj-fibered in the p; direction,

o |ANTI(d, p))| = pjpi foranya’ € A,

® Di < DPk-
Proof. We first note that the claim X € 7 follows from Corollary 9.13 and
Lemma 9.20, while the second bullet point follows from Lemma 9.18 (i). Next,
leta; € Z. ThenZNTI(a;, p;) is nonempty and, by Lemma 9.20, disjoint from
J UK = J.By Lemma 9.10 (ii) with j and k interchanged, it follows that
Pi < Dk-

It remains to prove the first point. We have ®y; | B, hence by Lemma 9.25,

B is N j-fibered on each D(N)-grid in one of the p; and p; directions. Since
pj < pi, it follows that B%;/p,- [p] < ¢(p;) for all b € B, hence B must be
N j-fibered in the p; direction. O

Lemma 9.28. Assume (F2’) and (9.59). Assume further that @y, 1A Oy, ¢
B, and pj = min, p,, Then T = {J, and A is M-fibered in the p; direction.

Proof. Assume, by contradiction, that Z # (). By Lemma 9.21, Oy, |B.
Assume first that N; / p; ¢ Div(B). By Lemma 4.9, B is fibered on D(N;)-
gridsin one of the p; and py direction. That, however, contradicts Lemma 9.26.
Suppose now that b, b’ € B with (b — b’, N;) = N;/p;. By Lemma 9.27,
B is Nj-fibered in the p; direction. This together with (9.53) implies that
|BNI1(b, pr)| > pip;j.By Corollary 4.4, we have dDPI%|B, hence @, |A. The

latter, in turn, implies
|ANTI(d’, pr)| = pip;j Va' € A. (9.68)

On the other hand, leta € J N K witha * F; x F; C A as provided by (9.44).
Then

|ANTI(a, p)| = pjpk > pipj,

where at the last step we used Lemma 9.27 again. This contradicts (9.68).
This proves that Z = (. By the second claim in Lemma 9.27, we have
K € J, hence A is M-fibered in the p; direction. O
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Lemma 9.29. Assume (F2’) and (9.59). Assume further that ®y, { A, @y, 1
B, and py = min,, p,. ThenZT = @ and K C J. Consequently, A is M-fibered
in the p; direction.

Proof. The proof splits between two cases.

Case 1: py < p; < pj. In this case, by Lemma 9.23 we have £ C J.
Assume, by contradiction, that 7 is nonempty, and leta; € Z. By Lemma 9.18
(i), we have |A N Il(a;, pi)l = pjpkx. By Lemma 9.10 (ii) with j and k
interchanged, it follows that p; > p;, contradicting our assumption. Therefore
=40.

Case2: p < pj < p;. Wefirst note that if 7 is nonempty, then IB%%}’ Ipi [b] <
¢(p;) for all b € B. Since CIDNJ. |B, by Lemma 9.25

B must be N;-fibered in the p; direction. (9.69)

Next, we follow the first part of the proof of Lemma 9.23. (This part does
not use the Lemma 9.23 assumption that p; < p;.) By the same argument as
there, K must be Ni-fibered on every D(Ny)-grid in either the p; or the py
direction, and for every a; € K we have one of the following:

e (9.61) holds, hence ay € J N K and ai * Fj * F = AN (ax, pi),
e (9.62) and (9.63) hold for all @’ € K N A(ax, D(Ny)).

If (9.61) holds for all ' € K, then £ C 7, and it follows by the same
argument as in Case 1 that Z = .

We now prove that the second case is impossible. Indeed, assume by con-
tradiction that there exists a@; € K such that (9.62) and (9.63) hold for all
a’ € KN A(ag, D(Ny)). We first claim that

7N (ag, pi) = 9. (9.70)

Indeed, if (9.70) fails, we continue as in the proof of Lemma 9.23 and find an
element a; € 7 at distance M/ p% from the fiber chain through a;. But (9.69)

implies M/ p? € Div(B), which is a contradiction. Hence (9.70) holds.

By (9.49), we have |A N [1(ak, pi)| = pjpx. It follows from (9.70) and
Lemma 9.10 (i) that A N [1(ak, p;) C K. As in the proof of Lemma 9.23, all
elements of A in I1(ax, p;) must satisfy (9.62). Hence

pjpk = AN (ag, pi)l = CP/%,

for some positive integer c, so that p; divides p;, a contradiction. This com-
pletes the proof of the lemma. O

We now address the case in which @y, |B for v € {j, k}.
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Lemma 9.30. Assume (F2’) and (9.59). Assume further that B is Ni-fibered
in the py direction, M/p? € Div(B), and that T # (. Then for all a; € T we
have I N T (a;, pi) = 0.

Proof. Assume, by contradiction, thata; € 7 and XN I1(a;, p;) # . Replac-
ing a; by a different element of a; * F; if necessary, we may further assume
that pl.zlai — ay, for some a; € K N I(a;, p;). Moreover, it follows from the
fibering assumption on B that the pair (A, B) has a (1,2)-cofibered structure
in the py direction, with the cofiber in A rooted at ay.

Suppose that (a; — ax, M) = M/pjp,%. Applying Lemma 2.11, we could
then shift the cofiber ay * Fj in the py direction, obtaining a new T2-equivalent
tiling A’® B = Zy in which the shifted cofiber a;  Fy satisfies (a; —ay, M) =
M/pj. We claim that A" contains a p; extended corner structure. Indeed, by
Lemma 9.20 we have A (a;, D(M))N(JUK) = @. Hence AN (a; * F; * Fy) is
M -fibered in the p; direction but not in the pj direction, and AN (a,/( * F; % F)
must be empty, so that A" N (a; * F; * F) = a; * Fy. This proves the claim.
However, Theorem 8.1 now implies that & 2 |A, contradicting (F2).

Since M/ p,% € Div(B) by the fibering assumption, we are now left with
(aj —ax, M) = M/ p% p,%. But then, by the same fiber-shifting argument as
above, we get a T2-equivalent tiling A” @& B = Zy;, where M/ p? € Div(A”).
This contradicts the assumption that M/ p? € Div(B). O

Corollary 9.31. Assume (F2’)and (9.59). If B is N, -fibered in the p,, direction
forbothv = jandv =k, then T = ().

Proof. By the fibering assumption,
M/p5. M/p} € Div(B).

Suppose that 7 # (J, and let a; € Z. It follows from Lemma 9.30 that 7 and
K are both disjoint from IT(a;, p;). Therefore A N I(a;, p;) C Z, and, in
particular, p; divides |A N I1(a;, p;)|. But this contradicts (9.49). O

Lemma 9.32. Assume (F2’) and (9.59). Assume further that ® N; PN |B. Then
I=4.

Proof. Suppose that Z # (J. Without loss of generality, we may assume that
pr = min,, p,. By Lemma 9.25, B is Ni-fibered on D (Ny)-grids in one of the
pi and py directions. However, B cannot be N-fibered in the p; direction on
any D (Ny)-grid, since the assumptions that Z # @ and px < p; imply that
IB%in/pi [b] < ¢(p;) forall b € B. Hence

B must be N-fibered in the pj direction. (9.71)
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By the same argument as above, if p; < p;, then B must also be N;-fibered
in the p; direction, and an application of Corollary 9.31 concludes the proof.
It remains to consider the case when

Pk < Pi <Pj-
We claim that in this case,
M/ p;px € Div(B). (9.72)

Indeed, since KC # ¢, the failure of (9.72) would imply that N; / px ¢ Divy, (B).
Since Z # {J, Lemma 9.21 implies ®y,[B. It would then follow from
Lemma4.9 that B is N;-fibered on D(N;)-grids. By Lemma9.26, B can only be
Nj-fibered in the p; direction. In particular, ® , | B, contradicting Lemma 9.18

).
Let b1, b € B with

(b1 — by, M) = M/ p; pi. 9.73)

By (9.53), one may find b3,...,b,, € B satisfying (b, — b, M) €

{M/pipk. M/pipj, M/pipjpi} forallv e {l,..., p;j} withv £ 1",
By Lemma 9.25, B is N j-fibered on each D(N;)-grid in one of the p; and
p;j directions. On the other hand, we have
N.
pi = BN AWbI, DM)| =By, (011 + B, [01]
N.

where the first equality follows from (9.45) and from (9.53) applied to
by, ...,bp,, and the last inequality follows from (9.73). In particular,

ij /i [b1] < ¢(pi), so that B cannot be N;-fibered in the p; direction on

the grid A := A (b1, D(N;)). It follows that B is N-fibered in the p; direc-
tion on A.
Taking also (9.71) into account, we see that

|BNTI(b,, pi2)| > pjprforallv e {l,2,..., p;}. (9.74)
Since |B| = p; pj pk, (9.74) must in fact hold with equality for each v, and
B C I1(by, pi). (9.75)
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Now, let b € B be arbitrary. We claim that
M/ pipi € Div(B N A(b, D(N;))) (9.76)

To prove this, we start by arguing as in the proof of (9.72) that if (9.76) fails,
then B is N;-fibered in the p; direction on A (b, D(N;)). However, if that were
the case, then we would have M/ pi2 € Div(B), contradicting (9.75).

We further note that by (9.75), B N A(b, D(N;)) = B N A(b, D(M)), so
that in fact we have

M/ pipx € Div(B N A(b, D(M)) Vb € B.

With this in place, we repeat the argument starting with (9.73) to prove that B
is Nj-fibered in the p; direction on all D (N ;)-grids.

It follows that B is N, -fibered in the p,, direction for both v = j and v = k.
By Corollary 9.31, we have Z = (J as claimed. O

9.6 Proof of Proposition 9.4
In this section, we are working under the following assumption.

Assumption (F3): We have A @ B = Zj;, where M = p? p? p,% is odd.

i
Furthermore, [A| = |B| = pip;jpr, Pul|A, A is fibered on D(M)-grids,
I =40, and

the sets 7 \ IC and K \ J are nonempty. (9.77)

The proof below works regardless of whether 7 and K are disjoint or not.
If 7NK # @, then (since Z = ) any element a € J N K must satisfy the
conditions of Lemma 9.5 (1), so that

ANTi(a, p?) = ax F; * F.

It follows that the set J \ K is M-fibered in the p; direction, and K \ J is
M -fibered in the pj direction.
We begin with the case when at least one of ®j, i and @y, divides A.

Lemma 9.33. Assume (F3), and that ® y;, |A. Then

D o|A. (9.78)
J
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Furthermore, K is My-fibered in the p direction, so that for every ay € K we
have

Kot/ p,lax] = pic- ¢ (p)). (9.79)
and
AN T(ay, pl~2) C Alag, pizpj). (9.80)

The same holds with py and p; interchanged.

Proof. Notice first that the fibering statement holds trivially forall ay € KNJ.

Let now £ := K\ J, with the corresponding N-boxes L for N|M. The
assumption @y, |A implies, by (9.3), that @y, |£. By Lemma 4.7, £ mod My
is a disjoint union of Mj-fibers in the p; and p; direction. Hence, any element
ap € £ which does not belong to an My-fiber in the p; direction must satisfy

]L%ﬁ/p,. laol = pk - ¢ (pi) (9.81)

and |A N T (ag, p§)| > pipk. By Lemma 4.3,

|A N T(ao, p)I = pipr
in particular
ANT(ag. p;) C Land J N T(ag, p7) = 1. (9.82)
We first prove (9.78). Indeed, assume for contradiction that @, |A. Then
|ANTI(a, pj)| = pipk foralla € A. (9.83)

Leta; € J, and consider the plane system Il(a;, p;). These planes cannot
contain any elements a € L satisfying (9.81), since any such element would
belong to an M -fiber in the p; direction in £, of cardinality p; py and contained
inIl(a;, p;), and this would leave no room for the additional elementa; ¢ L.
Thus every element of A N I1(a;, p;) must either belong to 7, or else it
must be an element of £ belonging to an My-fiber in the p; direction in £, of
cardinality p; py. Since the two sets are disjoint, (9.83) implies that

pivk =|ANIl(a, pj)| =cipj + c2pjpk,

where ¢y, ¢, are nonnegative integers. But then p; divides either p; or py, a
contradiction.
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Therefore & P |A. Suppose now that there actually exists an element ay € £

such that (9. 81) holds Then A C I(ag, pj). Since J is nonempty, it follows
that 7 must intersect I'l(ag, P 4, contradicting (9.82). This proves the fibering
conclusion of the lemma. O

Lemma 9.34. Assume (F3). The following holds true:

G Ifo zCI)Mk |A, then A C Tl(a, p;) for any a € A (hence A is contained in

a coset of piZy).
(i) If ©),|A, then |A N 11(a, p;)| = pjpr for all a € A. Moreover, for every
a € A we have either ANTl(a, p;) C J or ANTl(a, p;) C K.

Proof. For part (i), by Lemma 9.33 every a; € K satisfies (9.79). By
Lemma 4.3,

|A N T(ax, pP| = p; pr, hence A N T(ax, p?) C K. (9.84)

Ifo 214, then A C I1(ak, p;). This proves the first part of the lemma.

For part (ii), assume that @, |A. Then [ANTI(a, p;)| = pjpr foralla € A.
The second part follows from Lemma 9.10 (i) with o; = 1. O

Lemma 9.35. Assume (F3) and
D, Dy |A. (9.85)

Then @y, 1 A.

Proof. Assume, by contradiction, that ®y,|A. By (9.77) and Corollary 9.13,
we must have p; = min, p,. We first claim that

if Oy, lA, then 7 must be N-fibered on D(N;)-grids. (9.86)
Indeed, suppose that (9.86) fails. By Lemma 9.12, we have
{D(M)|m|M} C Div(A). (9.87)

Applying Corollary 9.13 and (9.77) again in the pj direction, we get @y, |B.
By (9.87) and Lemma 9.11 (ii), B is Ni-fibered in the p; direction, implying
a (1,2)-cofibered structure for (A, B) with all fibers in /C as cofibers.

Fix aix € K, and recall that it must satisfy (9.79). This produces a family of
M -fibersin the py direction, all contained in ANTT (ay, pl.z). Using Lemma2.11
to shift and align these fibers if necessary, we get a T2-equivalent set A" such
that A" @ B = Zy and ai x Fj % Fy C A’. By T2-equivalence, ®,|A’, and
by Lemma 4.3,

ap * Fj % Fy = A’ N T (ay, p?). (9.88)
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Since Z = {, a; cannot belong to an M-fiber in the p; direction, and
in particular there exists an x € Zy\A with (ax — x, M) = M/p;. We
have A C TI(ax, pl.z) U IM(x, pl.z). However, if A’ N IT(x, pl.z) # (), then
[A" NI (x, piz)l > 0. By Corollary 4.4 and (9.84), we have chi2|A/’ which
contradicts the fact that @, |A’.

Thus A’, C I(ax, pl.z), and by (9.88), for any b € B we have

1
I = Z mlﬁ/[/mm [x|IT(ax, piz)]BM/mpi [D].
me{lsl’jsl’k,[’jpk} pi

Hence {D(M)|m|M} N Div(B) is nontrivial, contradicting (9.87). This proves
(9.86).

By (9.77), we may find a; € J \ K. It follows from Lemma 9.11 (i) that
AN A(aj, D(Nj)) can only be N;-fibered in the p; direction. Recall from
Lemma 9.34 that |A N I1(a;, p;)| = pjpx and AN Tl(a;, p;)) C J \ K. But
the fibering in 7 \ K implies that

pipk =c-p;.
thus p; must divide pyg, which is clearly false. The lemma follows. O

Lemma 9.36. Assume (F3) and (9.85). Then ®yy, /| A.

Proof. Denote N = My / p;, and write
AX) = T (X) — (I NK)Y(X) + K(X).

By Lemma 9.5 (i) and (9.2), @y divides both 7 and J N K. Hence it suffices
to prove that ® x|/C.

Let a;y € K. By Lemma 9.33, we have K%’; [ak] = K%’; [x;] = px for all
xj € Zy with (ax — xj, M) = M/p;. In particular, | N T(ax, p?)| = p;pk,
and, since @, |A, there are no other elements of A in IT(ag, p;). It follows
that, for any x; as above,

Kylae] = Kylx;1 = p. (9.89)

We need to prove that K%[A] = 0 for every N-cuboid A. It suffices to
check this under the assumption that at least one vertex of A belongs to /C, so
that two of its vertices are at points a; and x; as above. The other two vertices

are at x, x’ € Zy with

(ak_xaN):(xj_x/sN):N/pi and(-x_x/’N):N/pj'
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By (9.89), the cuboid face containing ay and x is balanced. Consider now the
face containing x and x’. By Lemma 9.34 (ii) we need to consider two cases.
If ANTII(x, p;) C J, then this face must be balanced on the scale N, since
®y|J. Otherwise, we must have A N I1(x, p;) C K, and then by the same
argument as above, either K% [x] = K% [x'] = pi or K% [x] = K% [x']=0.
In both cases, the cuboid is balanced, which proves the lemma. O

Lemma 9.37. Assume (F3) and (9.85). Then
®q|B Vd € (N, Ni. M/pjpx. M/ p3pi. M/p;jp}).

Proof. For d = N, this follows from Lemma 9.35.

Assume, by contradiction, that ®u,|A. By Lemma 9.8, we must have
@y, |C. As in the proof of Lemma 9.36, we have |KC N IT(ay, pl.2)| = p;pi for
all g € K, with each line £, (x) for x € a; * F; containing an M-fiber in the
pr direction. In particular,

KN Ly(ag)| = px Yax € K. (9.90)

On the other hand, let @) € K\ J. Then ®, |K implies one of the following:
e [Cisnot fibered on A(a,/c, D(Ny)). By Lemma 9.12, there exists an x € Zy
such that Ki*, [x] = ¢ (pp).
e /Cis Ni-fiberedon A (a,;, D(Ny)). By Lemma9.11 (i), it can only be fibered
in the py direction.
Both of these are clearly incompatible with (9.90). This proves that @y, | B.
To prove that @/, 1 A, let ax € K\J, and consider M/ p; pi-cuboids
with vertices at ax and x € € (ax) with (x — ag, M) = M/p?. By (9.80) and

Lemma 9.34 (ii), we have A%gj Z’; [v] = O for any cuboid vertex v other than

ayr and x. Varying x as above, we see that in order for all such cuboids to be
balanced we must have

M .
A0 Tk, pD) = pihyy ) ],

But this is not possible, since the left side is equal to p; px and the right side
is divisible by p,%. The same argument, with the cuboids collapsed further to
scale M/p?pk, proves that &, 2> 1 A.

J

Finally, we prove that @y, /; { A. Consider any M/ p;-cuboid with one

M .
vertex at a; € K\ J. By the same argument as above, we have A M’;;Zj [v]=0

for all vertices v # ag, hence the cuboid cannot be balanced. O

Lemma 9.38. Assume (F3) and (9.85). Then the conditions of Theorem 2.6
are satisfied in the p; direction, after interchanging A and B.
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Proof. By assumption, ® p_le. We need to verify that for every d such that
pii|d|M and ®4 1 B, we have

DyypelA, o€ (1,2, (9.91)

By Lemma 9.37, it remains to check (9.91) ford € {M, M;, M]}.

e Ford = M, (9.91) follows from Lemma 9.8 since 7 = @.
e Ford = My, we have @y, /), <I>pg |A by Lemmas 9.33 and 9.36.
J

e For d = Mj, if ®y;|B, there is nothing to prove. If on the other hand
(O3] f |A, then Lemma 9.33 and Lemma 9.36 hold with j and k interchanged,
and so (9.91) also holds in this case.

O

This resolves the case ®y,|A. The case ® Mj|A is similar, with j and k
interchanged. It remains to prove Proposition 9.4 under the assumption that

Dy, t Aforv e {j,k}. (9.92)

Without loss of generality, we may also assume that
Pk > Pj- (9.93)
By Corollary 9.13, this implies that @y, ®y, | B. It follows that B is 7 -null
with respect to the cuboid type 7 = (Ng, 6, 1), where § = (1, 1, 0). Since
cuboids of this type are 2-dimensional, it follows by Lemma 4.7 that for every

b € B at least one of the following holds:

Buylyl + Bupyp [yl = 1 forevery y € Zy with (b —y, M) = M/p;,

(9.94)
Buylyl + Bupyp [yl = 1 forevery y € Zy with (b —y, M) = M/ p;.
(9.95)
In particular, this implies that
{D(M)\m|M} N Div(B) # . (9.96)

Lemma 9.39. Assume (F3), (9.92), and (9.93). Then ®,|A and ® N; 1 A.

Proof. We start with the second part. Assume for contradiction that @, |A.
By Lemma 9.12 applied to p;, (9.96), and Lemma 9.11 (i), the set J \ K must
be Nj-fibered in the p; direction. Leta; € J \ K. We now consider two cases.

@ Springer



The Coven—Meyerowitz tiling conditions 467

e Suppose that @, |A. By Lemma 9.34 (ii), we have ANTII(a;, p;) C J\K
and |[A N TI(a;, pi)| = p;jpx. But then the fibering of 7 \ K implies that
P Pk is divisible by p2 a contradiction.

e Assume now that ® P |A Let A be a translate of A such thata; € A/

By the cyclotomic d1v1s1b111ty assumption, we have |A’ | = pjpr-On the
other hand, by the fibering properties of A,

pipk =A%, = ijf +ckpk, cj > 0.

Thus ¢; = pkc/j and p; = c;- p? + ¢ with c;. > 0, a contradiction.

Therefore @y, 1 A. By (9.92), we have ® N; P, |B. Applying the same
argument as in (9.94), (9.95) to p; instead of py, we get that every b € B must
satisfy at least one of

Balyl +IB%M/pj[y] = 1forevery y € Zy with (b —y, M) = M/ py,
Baly] —|—IB%M/1,J.[y] = 1 forevery y € Zy with (b —y, M) = M/ p;.
(9.97)

But since py > pj, if the former holds for some b € B, we must have
M/ pr € Div(B), which is not allowed. Thus (9.97) holds for all b € B.
Hence the assumptions of Lemma 4.2 hold for B, with m = M/p;p; and
s = pl.2. It follows that ® Pile’ and therefore @, |A. O

Lemma 9.40. Assume (F3), (9.92), and (9.93). Then the conditions of Theo-
rem 2.6 are satisfied in the p; direction, after interchanging A and B.

Proof. We verify the conditions of Theorem 2.6. By (9.92) and Lemma 9.39,
we have ®4|B ford € {piz, M, My, N;}. Next, we claim that

®y|B ford € (M/p;pe. M/’ pi. M/p; pit}. (9.98)
Since (9.97) holds for all b € B, we may write B as
B(X) = B'(X) + Q(x)(xM/Pi —1)

for some polynomial Q(X), where B’ is M-fibered in the p; direction. By
(9.2), we have ®4|B’ for all pl.2|d. Using also that ®4|(XM/Pi — 1) for all
d|M/pj, we get (9.98).

Finally, since ® 7| A, we need to prove that @y, e |A fora € {1, 2}. Indeed,
since 7 is empty, this follows from Lemma 9.8. O

This concludes the proof of Proposition 9.4.

@ Springer



468 I. Laba, I. Londner

Acknowledgements We are grateful to the anonymous referee for many helpful comments
and suggestions. This work was done while the second author was a postdoctoral fellow at the
University of British Columbia.

Funding Both authors were supported by NSERC Discovery Grants.

Declarations
Conflict of interest The authors declare that they have no conflict of interest.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International
License, which permits use, sharing, adaptation, distribution and reproduction in any medium
or format, as long as you give appropriate credit to the original author(s) and the source, provide
alink to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless
indicated otherwise in a credit line to the material. If material is not included in the article’s
Creative Commons licence and your intended use is not permitted by statutory regulation or
exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Bhattacharya, S.: Periodicity and decidability of tilings of 72, Am. J. Math. 142, 255-266
(2020)
2. Coven, E., Meyerowitz, A.: Tiling the integers with translates of one finite set. J. Algebra
212, 161-174 (1999)
3. de Bruijn, N.G.: On the factorization of cyclic groups. Indag. Math. 15, 370-377 (1953)
4. Dutkay, D.E., Kraus, I.: On spectral sets of integers. In: Kim, Y., Narayan, A.K., Picioroaga,
G., Weber, E.S. (eds.) Frames and Harmonic Analysis, Contemporary Mathematics, vol.
706, pp. 215-234. American Mathematical Society (2018)
5. Dutkay, D.E., Lai, C.-K.: Some reductions of the spectral set conjecture to integers. Math.
Proc. Cambridge Philos. Soc. 156, 123-135 (2014)
6. Fallon, T., Kiss, G., Somlai, G.: Spectral sets and tiles in Z%, X Zé. J. Funct. Anal. 282(12),
109472 (2022)
7. Fallon, T., Mayeli, A., Villano, D.: The Fuglede Conjecture holds in ]F%, for p = 5,7, Proc.
Amer. Math. Soc., to appear. https://doi.org/10.1090/proc/14750
8. Farkas, B., Matolcsi, M., Méra, P.: On Fuglede’s conjecture and the existence of universal
spectra. J. Fourier Anal. Appl. 12(5), 483-494 (2006)
9. Farkas, B., Révész, S.G.: Tiles with no spectra in dimension 4. Math. Scand. 98, 44-52
(2006)
10. Fuglede, B.: Commuting self-adjoint partial differential operators and a group-theoretic
problem. J. Funct. Anal. 16, 101-121 (1974)
11. Granville, A., Laba, 1., Wang, Y.: A characterization of finite sets that tile the integers,
unpublished preprint, (2001). arXiv:math/0109127
12. Greenfeld, R., Lev, N.: Fuglede’s spectral set conjecture for convex polytopes. Anal. PDE
10(6), 1497-1538 (2017)
13. Greenfeld, R., Tao, T.: The structure of translational tilings in 7. Discrete Anal. 16, 28
(2021)
14. Tosevich, A., Katz, N., Tao, T.: The Fuglede spectral conjecture holds for convex planar
domains. Math. Res. Lett. 10, 559-569 (2003)

@ Springer


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1090/proc/14750
http://arxiv.org/abs/math/0109127

The Coven—Meyerowitz tiling conditions 469

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.
34.

35.
36.
37.

38.
39.
40.
41.

42.
43.

Tosevich, A., Mayeli, A., Pakianathan, J.: The Fuglede conjecture holds in Z, x Z . Anal.
PDE 10(4), 757-764 (2017)

Kiss, G., Malikiosis, R.D., Somlai, G., Vizer, M.: On the discrete Fuglede and Pompeiu
problems. Anal. PDE 13(3), 765-788 (2020)

Kiss, G., Malikiosis, R.D., Somlai, G., Vizer, M.: Fuglede’s conjecture holds for cyclic
groups of order pgrs. Discrete Anal. 12, 24 (2021)

Kiss, G., Somlai, S.: Fuglede’s conjecture holds on Z% X Zg.Proc. Am. Math. Soc. 149(10),
41814188 (2021)

Kolountzakis, M.N., Lev, N.: Tiling by translates of a function: results and open problems.
Discrete Anal. 12, 24 (2021)

Kolountzakis, M.N., Matolcsi, M.: Complex Hadamard matrices and the spectral set con-
jecture, Collect. Math., Vol. Extra, pp. 281-291 (2006)

Kolountzakis, M.N., Matolcsi, M.: Tiles with no spectra. Forum Math. 18(3), 519-528
(2006)

Konyagin, S., Laba, I.: Spectra of certain types of polynomials and tiling the integers with
translates of finite sets. J. Number Theory 103, 267-280 (2003)

Laba, I.: The spectral set conjecture and multiplicative properties of roots of polynomials.
J. Lond. Math. Soc. 65, 661-671 (2002)

Laba, 1., Londner, I.: Combinatorial and harmonic-analytic methods for integer tilings.
Forum Math. Pi 10(e8), 46 (2022)

Laba, I., Londner, I.: Splitting for integer tilings and the Coven-Meyerowitz tiling condi-
tions, preprint (2022) arXiv:2207.11809

Lagarias, J.C., Szabd, S.: Universal spectra and Tijdeman’s conjecture on factorization of
cyclic groups. J. Fourier Anal. Appl. 1(7), 63-70 (2001)

Lagarias, J.C., Wang, Y.: Tiling the line with translates of one tile. Invent. Math. 124,
341-365 (1996)

Lagarias, J.C., Wang, Y.: Spectral sets and factorization of finite abelian groups. J. Funct.
Anal. 145, 73-98 (1997)

Lam, T.Y., Leung, K.H.: On vanishing sums of roots of unity. J. Algebra 224, 91-109
(2000)

Lev, N., Matolcsi, M.: The Fuglede conjecture for convex domains is true in all dimensions.
Acta Math. 228(2), 385-420 (2022)

Malikiosis, R.D.: On the structure of spectral and tiling subsets of cyclic groups. Forum
Math. Sigma 10(e23), 1-42 (2022)

Malikiosis, R.D., Kolountzakis, M.N.: Fuglede’s conjecture on cyclic groups of order p"q.
Discrete Analysis 12, 16 (2017)

Mann, H.B.: On linear relations between roots of unity. Mathematika 12(2), 107-117 (1965)
Matolcsi, M.: Fuglede’s conjecture fails in dimension 4. Proc. Am. Math. Soc. 133(10),
3021-3026 (2005)

Newman, D.J.: Tesselation of integers. J. Number Theory 9, 107-111 (1977)

Rédei, L.: Uber das Kreisteilungspolynom. Acta Math. Hungar. 5, 27-28 (1954)

Rédei, L.: Natiirliche Basen des Kreisteilungskorpers. Abh. Math. Sem. Univ. Hamburg
23, 180-200 (1959)

Sands, A.: On Keller’s conjecture for certain cyclic groups. Proc. Edinburgh Math. Soc. 2,
17-21 (1979)

Schoenberg, 1.J.: A note on the cyclotomic polynomial. Mathematika 11, 131-136 (1964)
Shi, R.: Fuglede’s conjecture holds on cyclic groups szqr. Discrete Anal. 14, 14 (2019)
Shi, R.: Equi-distribution on planes and spectral set conjecture on Z p2 X Zp.J.Lond. Math.
Soc. 102(2), 1030-1046 (2020)

Somlai, G.: Spectral sets in Z p2qr tile, preprint. arXiv:1907.04398

Steinberger, J.P.: Minimal vanishing sums of roots of unity with large coefficients. Proc.
Lond. Math. Soc. 97(3), 689-717 (2008)

@ Springer


http://arxiv.org/abs/2207.11809
http://arxiv.org/abs/1907.04398

470 I. Laba, I. Londner

44. Szabo, S.: A type of factorization of finite abelian groups. Discrete Math. 54, 121-124
(1985)

45. Szabd, S.: Topics in Factorization of Abelian Groups. Hindustan Book Agency (2004)

46. Tao, T.: Fuglede’s conjecture is false in 5 and higher dimensions. Math. Res. Lett. 11,
251-258 (2004)

47. Tao, T.: Some notes on the Coven-Meyerowitz conjecture (blog post and dis-
cussion in comments). https://terrytao.wordpress.com/2011/11/19/some-notes-on-the-
coven-meyerowitz-conjecture/

48. Tijdeman, R.: Decomposition of the integers as a direct sum of two subsets, In: Number
Theory (Paris 1992—-1993), London Math. Soc. Lecture Note Ser., vol. 215, pp. 261-276,
Cambridge Univ. Press, Cambridge (1995)

49. Zhang, T.: Fuglede’s conjecture holds in Zp, X Zpn, preprint. arXiv:2109:08400

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in pub-
lished maps and institutional affiliations.

@ Springer


https://terrytao.wordpress.com/2011/11/19/some-notes-on-the-coven-meyerowitz-conjecture/
https://terrytao.wordpress.com/2011/11/19/some-notes-on-the-coven-meyerowitz-conjecture/
http://arxiv.org/abs/2109:08400

	The Coven–Meyerowitz tiling conditions for 3 odd prime factors
	Abstract
	1 Introduction
	2 Notation and preliminaries
	2.1 Multisets and mask polynomials
	2.2 Array coordinates and geometric representation
	2.3 Divisor set and divisor exclusion
	2.4 Standard tiling complements
	2.5 Box product
	2.6 Cuboids
	2.7 Tiling reductions
	2.8 Saturating sets
	2.9 Fibers and cofibered structures

	3 Classification results
	3.1 Classification results
	3.2 Outline of the proof

	4 Toolbox
	4.1 Divisors
	4.2 Cyclotomic divisibility
	4.3 Saturating sets
	4.4 Fibering lemmas

	5 Structure on unfibered grids
	5.1 Diagonal boxes
	5.2 Extended corners

	6 Unfibered grids with missing top differences
	6.1 A structure result
	6.2 Special unfibered structures: odd M
	6.3 Special unfibered structures: even M

	7 Resolving diagonal boxes
	7.1 Preliminary results
	7.2 Case (DB1)
	7.3 Case (DB2)

	8 Corners
	8.1 Cases (C1) and (C2)
	8.2 Case (C3)

	9 Fibered grids
	9.1 Intersections of mathcalI,mathcalJ,mathcalK
	9.2 Toolbox for fibered grids
	9.3 Fibering on lower scales
	9.4 Proof of Proposition 9.2
	9.5 Proof of Proposition 9.3
	9.6 Proof of Proposition 9.4

	Acknowledgements
	References




