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Abstract

The aim of this paper is to provide necessary and sufficient conditions on the generator of a
multiplication operator acting in the spaces of functions of bounded Young and Riesz vari-
ation so that it is, among other things, invertible, continuous, finite rank, compact, Fred-
holm or has closed range. Furthermore, we characterize various spectra of such operators
and give some estimates on their measure of non-compactness.
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1 Introduction

Multiplication operators are among the most basic linear operators acting in function
spaces, or, in a more general setting, in (normed) algebras. Because of that and because of
the fact that they are also building blocks for other important linear and nonlinear operators
(such as, for example, weighted composition and superposition operators), multiplication
operators have attracted great interest of analysts.

It seems impossible to summarize all the recent research concerning multiplication
operators and related topics. Therefore, let us only draw the readers’ attention to a few arti-
cles. Multiplication operators between two classical spaces of Lebesgue integrable func-
tions were studied by, for example, Takagi et al.in [37]. Those results were extended to
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Orlicz spaces by Chawziuk et al. (see [17-19] and the references therein). On the other
hand, properties of multiplication operators in Kothe spaces were investigated, for exam-
ple, by Drewnowski et al. in [22] as well as by Castillo et al. in [15] (see also [34]). Let us
also mention the papers by Bonet et al. [11] and de Jager et al. [25], where such operators
were studied on, respectively, weighted Banach spaces of analytic functions and non-com-
mutative spaces.

It may, therefore, come as a surprise that there are only two papers dealing with both
the function-theoretic and topological properties of multiplication operators in the spaces
of functions of bounded variation. Multiplication operators in the space BV of functions of
bounded Jordan variation were exhaustively studied in [8], while those acting in the space
WBYV,, of functions of bounded Wiener variation were investigated in [10] (for the defini-
tions of the Jordan, Wiener and other variations see Section 2).

One of the reasons for this situation may be the fact that the multiplier classes Y/X,
consisting of those elements g for which the multiplication x — gx is a well-defined opera-
tor from X to Y (for a formal definition of Y/X see Section 3), have been fully character-
ized for various BV-type spaces only very recently (see [12, 13]; cf. also [16]). This said,
let us make a small digression. If X is a linear space of real-valued functions defined on
the interval [0, 1] which is closed under multiplication and contains constant functions
(for example, if X coincides with C, that is, the space of continuous functions on [0, 1],
or with B, that is, the space of bounded functions on the same interval), then it is easy
to check that X/X = X. However, in other classes of functions which are not necessarily
closed under multiplication, a characterization of X/X can be much harder. For instance, the
proof that D/D consists only of constant functions requires a lot more work; here D stands
for the class of Darboux functions'. (An elementary proof of this fact, together with some
brief historical background concerning this result, can be found in [12]). Adding another
space Y to the mix complicates things even more. In some cases, a full determination
of Y/X is extremely difficult. For instance, the class D/C satisfies the chain of inclusions
CcDnB, €D/CC D, where B, denotes the class of Baire-1 functions, but its exact
characterization is—at least to our knowledge—unknown. A detailed discussion of these
and many more multiplier classes can be found in [12, 13].

The aim of this paper is twofold. First is to extend the results of [8, 10] to multiplica-
tion operators acting between not necessarily equal spaces YBV,, of functions of bounded
Young variation and to provide necessary and sufficient conditions guaranteeing that such
operators are, among other things, bijective, continuous, finite rank, compact, Fredholm
or have closed range. Second is to check whether multiplication operators in different
BV spaces also enjoy similar properties. Therefore, beside the spaces YBV,, we chose to
investigate also the spaces RBV,, of functions of bounded Riesz variation, which, roughly
speaking, are situated on the other end of the “spectrum” of BV-type spaces (RBV, spaces
are contained in BV, while YBV(,J spaces contain BV; all functions in RBVp are continu-
ous, when1 < p < 400, while YBV,, contain also some functions which are discontinuous;
finally, RBV, spaces are decreasing with respect to p, while WBV, spaces, which are a
special case of YBV,, for () = v, increase with respect to the parameter). Finally, when-
ever it was possible we decided to prove abstract results concerning multiplication opera-
tors acting in general linear/normed spaces of real-valued functions defined on the interval
[0, 1].

! Let us recall that a function x : [0, 1] — R is called a Darboux function if it has the intermediate value
property, that is, x attains any real number between x(a) and x(b) for any choice of a,b € [0, 1].
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As it would only obscure the paper and make the readers experience the déja vu phe-
nomenon, we decided not to include the information concerning the relation between our
results and the results of [8, 10] after each theorem. However, following the saying “give
credit where credit is due,” we would like to underline once again that invertibility, conti-
nuity, compactness, Fredholmness and several other properties of multiplication operators
M, : BV —» BV and M, : WBV, > WBV, were first characterized in, respectively, [8]
and [10]. Furthermore, let us add that although we clearly used and adapted some ideas and
methods introduced in [8, 10], we also employed several new techniques (especially when
multiplication operators in the spaces RBV,, were considered).

The paper is organized as follows. In Sect. 2, we gather basic definitions and facts con-
cerning functions of bounded Young and Riesz variation which will be needed through-
out the article. In Sect. 3, we briefly discuss multiplier classes of some BV-type spaces.
Sect. 4 is devoted to studying function-theoretic properties (such as injectivity, surjectivity
and bijectivity) of multiplication operators in spaces of functions of bounded Young and
Riesz variation as well as in some abstract function spaces. Finally, in Sect. 5 we discuss in
detail topological properties of such operators. We begin with continuity and compactness;
in particular, we provide some estimates on the measure of non-compactness of multiplica-
tion operators and explain how similar estimates for the essential norm can be obtained.
Furthermore, we describe multiplication operators in the spaces of bounded Young and
Riesz variation which have closed range and are Fredholm operators. Finally, we provide
also a full characterization of various spectra of those operators.

1.1 Added in the proof

After we had submitted our paper to the journal, we found that Astudillo-Villalba et al.
had just published a paper concerning multiplication operators between different spaces of
functions of Wiener bounded variation (see [9]). It is worth noting that the results estab-
lished in [9] are contained in our results on multiplication operators acting in the spaces of
functions of Young bounded variation.

2 Preliminaries

The aim of this section is to introduce the notation used in the paper and recall some basic
definitions and facts concerning functions of bounded variation. Since we will try to be as
brief as possible, we refer readers who are not familiar with various generalizations of the
classical Jordan variation to a very nice monograph on that subject [6].

2.1 Notation

Let us begin with some notation and conventions. If A C R, then by y, we will denote the
characteristic function of the set A, that is, y,(f) =0 forr € R\ Aand y,(r) = 1 fort € A.
Moreover, if A is finite, then by #A we will denote the number of elements of the set A;
clearly, # = 0. We will also set #4 = +o0 if A is infinite. Let us also recall that a set is
called countable if it is equinumerous with some subset of positive integers N. In particular,
the empty set is both countable and finite. We will call a closed interval / C R degenerate
if I = [a, a] = {a} for some a € R. Often in the paper, we will write that X is a linear space
of real-valued functions defined on the interval [0, 1]. We will always assume that the
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linear structure of X is inherited from the field of the real numbers R, that is, for x,y € X
and a € R the functions x + y and ax will be given by ¢ — x(¢) + y(¢) and ¢ — ax(¢), respec-
tively. In particular, the zero function, i.e., the constant function taking the value 0, will
be always the additive identity. Similarly, (xy)(t) = x(¢)y(?), although the product xy may
not always be an element of X even though x, y will be. As regards division, by x/y we will
mean the function ¢ — x(¢)/y(¢), provided that it is well-defined. We will also understand
that two functions in X are equal if they attain the same values at each point in the interval
[0, 1]. As usual by C and B, we will denote the Banach spaces of all, respectively, con-
tinuous and bounded real-valued functions defined on the interval [0, 1], endowed with the
supremum norm ||x||, = sup;gjo 1y [¥(#)|. Furthermore, the symbol L, will stand for the
Banach space of all (equivalence classes of) functions which are Lebesgue integrable with
p-th power on the interval [0, 1], where 1 < p < 400, endowed with the norm

1 I/p
Il = ( / Ix(t)lpdt) .
0

If (X, ||:|ly) and (Y, ||-||y) are two normed spaces, we will say that X is embedded into Y
(and write X < Y) when X C Y (as sets) and the identity mapping I : X — Y is continu-
ous, that is, when there is a constant ¢ > 0 such that ||x||, < c|x||y for all x € X. We will
call the constant ¢ an embedding constant. Throughout the paper by Ker L and Im L we will
denote, respectively, the kernel and range of the linear operator L.

2.2 Support of a function

We follow the notation introduced in [8] and for a function x : [0,1] - R we write
supp (x) := {t € [0, 1]|x(¢) # 0} for its support. Note that in contrast to the standard defini-
tion of the support of a function, we do not take the closure here. For 6 > 0 we also write
supp s(x) 1= {t € [0, 1]||x(H)| > 6}. Observe that supp 5(x) decreases with respect to 6 for
any fixed function x : [0, 1] — R, that is, supp 5 (x) € supp 5 (x) if 6, > 6,. Moreover, we
clearly have supp o(x) = supp (x) and supp (x) = (Js. supp s(x) = U,en SUPP /n(). In
particular, this implies that if supp ;(x) is countable for each 6 > 0, then so is supp (x) (as a
countable union of countable sets). In other words, if supp (x) is uncountable, then supp ;(x)
is uncountable (and hence infinite) for some 6 > 0.

In the sequel, we will also need a notion complementary to the concept of the support of
a function. For a given function x : [0, 1] = R by Z,, we will denote the set of zeros of x,
thatis, Z, :=1[0,1]\ supp (x).

2.3 Functions of bounded Young variation

Before we are able to define a function of bounded variation in the sense of Young, we
need to recall the definition of a Young function.

Definition 1 A function ¢ : [0, +00) — [0, +o0) is said to be a Young function (or @-func-
tion) if it is convex and such that ¢(¢) = 0 if and only if = 0.
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Remark 2 Note that according to this definition every Young function is continuous and
strictly increasing so that ¢(¢#) - +oco0 ast — +o0. Moreover, due to convexity, @(st) < s@(f)
forall s € [0, 1], € [0, +00), as well as @(st) > s@(t) for all s € [1,+0),t € [0, +00).

With this definition at hand, one can define the variation in the sense of Young, which, as
the name suggests, was introduced by Laurence Chisholm Young in 1937 (see [39]).

Definition 3 Let x be a real-valued function defined on [a, b] with a < b and let ¢ be a
given Young function. The (possibly infinite) number

var ,(x[a, b]) = sup Y o (|x(t) — x(,_)1),
i=1

where the supremum is taken over all finite partitionsa =, < t; < ... <t, = bof [a, b], is
called the Young variation (or g-variation) of the function x over [a, b]. (For [a, b] = [0, 1]
we just write var (p(x) 1= var (p(x;[O, 11.)

By YBV,, we will denote the class of all functions x : [0,1] — R such that Ax is of
bounded Young variation for some A > 0, that is,

YBV,, :={x : [0,1] - R|var ,(Ax) < +oo for some 4 > 0}.

It is well-known that YBV  is a linear space and becomes a Banach space when endowed
with the norm ||x|lygy = x|l + |x|ygy - Where
® @

IXlygy, :=inf{4 > 0 var ,(x/4) < 1}

(cf. [32]). Note that the definition of the norm ||-||YBV¢ is meaningful as each function of
bounded Young variation is bounded.

Remark 4 The special case when @,,(#) = # for p > 1 will be of particular interest for us. If
p = 1, the Young variation coincides with the classic variation, which goes back to Camille
Jordan (see [26, 27]). In this case, we will simply write BV instead of YBV,,, var (x)
instead of var 0, @) and [|-|| gy instead of ||‘||YBVW. For p > 1, the Young variation becomes
the Wiener variation, which was introduced by Wiener in [38]; we will write WBVp instead
of YBV%, var ,(x) instead of var o (x) and || ||WBV” instead of ||~||YBV%. It is easy to check
that in those special cases, |x|YBV¢p = (var p(x))'/f’ for p>1; in particular,

|x|YBVw = var (x).

To study multiplication operators acting between different spaces of functions of bounded
Young variation, we need to introduce a relation between Young functions. For two Young
functions ¢ and y, we will write ¢ < y if and only if

p(An)

limsup ——= < +o0 for some 4 > 0
=0+ W(t)

(see [13, Section 6]). Equivalently, ¢ < y if and only if

there exist positive constants y,d, T such that ¢(¢) < dy(ut) for all t € [0, T'] (1)
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(see [21, Condition 2.2.2 (*¥)]).

Although the following embedding result is known in the literature (see, for example,
[21, Theorem 4.1.1]), the estimates on the embedding constant are often omitted. There-
fore, for readers’ convenience, we will provide its short proof.

Proposition 5 Let ¢,y : [0,+00) — [0,400) be two Young functions such that
@ <y. Then, YBV,, & YBV,, and ||x||YBV(p < c||x||YBVW for every x € YBV,,, where

1 <c <max{1+2T", u,du} and the constants u,d, T appear in (1).

Proof Fix x € YBV,,. Notice that we may assume that |x|YBVW >0, since oth-
erwise x is a constant function and x € YBV, with ||x||YBVw = ||x||YBVW. Set
A= max {27 ||| e,u|x|YBVV, eud|x|YBVW }, where € is an arbitrary number greater than
1.If0 =1, < ... <t, = lis a finite partition of the interval [0, 1], then

“ |x(ti)_x(t,’_ )| - /"lx(ti)_x(ti— )]
ZoHem) sz ()
c [x(t;) — x(t;_ I X
< —r )< — <1
- §W< 5|x|YBVW > - Varw<5|x|YBVW) B

to obtain the second inequality one has to consider two cases: d € (0,1]
and d> 1. Therefore, var w(x/l) <1, and so x€YBV, Moreover, in
view of the arbitrariness of & and the continuity of the max function, this
also implies that |x|YBV¢ < max{2T‘1||x||°°,/4|x|Yva,ﬂd|x|YB\,v}. Hence,

||x||YBV¢ = ||lxllo + |x|YBV¢ < max{l+ 2771, #’dﬂ}”x”Yva- The proof is complete. a

Remark 6 The estimate for the embedding constant appearing in Proposition 5, in gen-
eral, may be not optimal. For example, it is easy to check that the condition (1) is satis-
fied with g =d =T = 1 for (¢) = > and w(¢) = t, and so we get the estimate 1 < ¢ < 3.
However, it can be proved that (var ,(x))!/4 < (var ,(x))'/? forx € WBV,,, where1 < p < g
(see, for example, [6, Proposition 1.38], [20, Remark 2.5] or [29, p. 55]), which means that
WBYV,, & WBV_ with the embedding constant ¢ = 1.

Among all Young functions especially important are those which satisfy a certain
growth condition; namely, the so-called 6,-condition. We say that the Young function
@ : [0,+00) — [0, 4+0c0) satisfies the 6,-condition and write ¢ € 6, if

2t
lim sup M < 4o

-0+ QU
It can be shown that to every Young function ¢ satisfying the 6,-condition one can assign

the non-decreasing function A : (0, +00) — [1,400) given by

A(T) := sup _qo(Zt)

ool o) @

(see [6, p. 115]); for simplicity, we also extend the function A over the whole nonneg-
ative half-axis putting A(0) := 0. The significance of Young functions satisfying the &,
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-condition comes from the following result, which was proved by Musielak and Orlicz (cf.
[32, Theorems 1.01 and 3.11]).

Proposition 7 Let ¢ : [0, +00) — [0, +00) be a Young function. If ¢ € &,, then
YBV, = {x: [0,1] - R|var ,(x) < +oo}.

Moreover, for any sequence (x,),en in YBV, which is bounded in B we have
lim var ,(x,) = 0 if and only if lim,_, |xn|YBV¢ =0.

n—00

2.4 Functions of bounded Riesz variation

The second type of variation we are going to deal with in this paper is the Riesz variation.
It was introduced in 1910 by Frigyes Riesz (see [35]), and its definition reads as follows.
(This time we will deal with functions defined on the interval [0, 1] only.)

Definition 8 Let 1 < p < +oo and let x be a real-valued function defined on [0, 1]. The
(possibly infinite) number

O x(t) = x5 )P
VarR(x)=supz:—| @) (H?| ,
r = =t
where the supremum is taken over all finite partitions 0 =7, < ... <t, =1 of [0, 1], is
called the Riesz variation of the function x over [0, 1].

By RBV,,, we will denote the space of all functions x : [0, 1] — R with bounded Riesz
variation, that is,

RBV, :={x:[0,1] » R| varf(x) < 400}.
It can be proved that RBV , is a Banach space when endowed with the norm
IFellgpy, := I¥lle, + (var Faep!7?

(cf. [6, Proposition 2.51]). As in the case of the Young variation, the definition of the norm
B ”RBV,, is meaningful, since it is easy to show that each function x € RBV, is bounded.

In the sequel, we will frequently use the following result characterizing functions of
bounded Riesz variation which was first proved in [35] (see also [6, Theorem 3.34]).

Theorem 9 (Riesz) Let 1 < p < +oo. Then, a function x : [0,1] — R belongs to RBV,, if

and only if it is absolutely continuous and its derivative x' (which then exists almost every-
where on [0, 1]) is in L,. Moreover, in this case the following equality holds

1
varjj(x): / |&/ (0)]7 dt. 3)
0

Remark 10 Although for p = 1, the Riesz variation reduces to the Jordan variation, the for-
mula (3) is then no longer true, because there are functions of bounded Jordan variation
which are not continuous, let alone absolutely continuous (any characteristic function of a
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proper subset of [0, 1] is such an example). However, it still holds for the class of all abso-
lutely continuous functions which is a subclass of BV; of course, then var ’f(x) reduces to
var (x)—cf. Remark 4.

Using the Riesz theorem we can also prove some embedding results for spaces of func-
tions of bounded Riesz variation.

Proposition 11 If 1 < g < p < +oo, then RBV, & RBV, with the embedding constant
c=1

Proof If p = g, then the claim is trivial. So, we may assume that 1 < g < p. The proof fol-
lows from Theorem 9, Remark 10 and the well-known estimates between L,-norms

1 1/q 1 1/p
( / |y(t>|‘fdz> s( / |y<r)|Pdr)
0 0

holding for any y € L, (see [24, Theorem 13.17]). O

2.5 Banach algebras

A natural habitat for multiplication operators is algebras. Let us recall that an algebra X is
called a normed algebra if it is a normed space with a norm ||-|| satisfying the estimate of
the form ||xy|| < ||x|||ly] for all x,y € X. If, additionally, the norm ||-|| is complete, then X is
called a Banach algebra. Some authors assume also that a Banach algebra X must contain a
unit e, that is, an element of norm 1 such that xe = ex = x for all x € X (cf., for example,
[36, Part III]). It turns out that the spaces2 YBV,, and RBVP are Banach algebras when
endowed with the norms ||-||YBV¢ and ||- ”RBVI,’ respectively (as a unit we take the constant
function e : [0,1] — R given by e(¢) = 1 for ¢ € [0, 1]). This result was first proved by
Maligranda and Orlicz (see [29, Theorems 2 and 3]). The main ingredient in the proof are
the estimates of the form

lxylypy, < Xl Ylypy, + IVl lXlyBy,

and

(varen ) " < el (var®9) " + iyl (var B0) .

which hold for any functions x, y belonging to an appropriate space. It is worth noting here
that the formula (2.91) in [6], which reads as follows

var J(xy) < [|xll var ;) + [I¥llg, var 5 ), )

is in general incorrect. To see this let us take a look at the following example.

2 For completeness, let us add that if we do not specify explicitly any constraints on the parameter p or the
Young function ¢, it means that the statement is true for any such parameter or -function.
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Example 12 Let p > % and consider the functions x,y:[0,1] - R given by
the formula x(f) = y(r) =¢' for ¢t €[0,1]. Then, using (3), it is easy to see that
Varﬁ(x) = Var;f(y) =p (e’ —1)and varﬁ(xy) =2"1p=1(eP + 1)(e” — 1). And so

var K(y) = 27'p7 @ + D = 1) 2 2 2p (@ + (e - 1)

> p7le(e” = 1) = ep™ (@ = 1)+ ep™ (& = 1) = [Inll, var B + [yl var ().

This shows that the formula (4) does not hold for all x,y € RBVP.

3 Multiplier spaces

The main objects of our study are multiplication operators and their properties. If X and Y
are linear spaces of real-valued functions defined on the interval [0, 1], and g : [0,1] - R
is a given function, then the multiplication operator M, : X — Y, generated by the func-
tion g, is given by M, (x)(@) := gO)x(r) for t € [0, 1]. In order to guarantee that M, is well-
defined, we have to make sure (by imposing appropriate conditions on g) that M,(X) C Y,
that is, the product gx must belong to Y, whenever x belongs to X. If we write

Y/X :={g :[0,1] > R|gx € Y for all x € X},

then M,(X) C Y if and only if g € Y /X. The set Y/X is often called the multiplier class of
Y over X (or simply, the multiplier class, when the starting and target spaces are known).
Notice that Y/X is a non-empty set, as it always contains the zero function.

In the recent paper [13] multiplier classes of various BV-type spaces were characterized.
Let us briefly recall a few of those results:

YBV, for ¢ <y,
YBV,nS, fore £y,

WBYV, for]l <p<g<+o,
WBV, NS, forl <g<p<+oo,
RBV, for1 <g <p < +oo,

{0} forl <p<g<+oo,

YBV,/YBV,, = {
WBV, /WBV, = {
RBV,/RBV, = {

where S, denotes the set of real-valued functions which are zero everywhere on [0, 1]
except at countably many points. For completeness, let us also add that the proofs of the
above-mentioned characterizations of multiplier classes presented in [13] contain some
minor flaws, which can be fixed with almost no effort.

4 Function-theoretic properties
We are going to start our investigations by giving general criteria for injectivity, surjectiv-

ity and bijectivity of the multiplication operator M, : X — Y.
Since M, is a linear operator, we immediately obtain a criterion for injectivity.
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796 S. Reinwand, P. Kasprzak

Proposition 13 Let X, Y be two linear spaces of real-valued functions defined on the inter-
val [0, 1] and let M, : X — Y be the multiplication operator generated by g € Y/X. The
operator M, is injective if and only if for each x € X \ {0} there is some t € supp (g) such
that x(t) # 0. In particular, if supp (g) = [0, 1], then M, is injective.

The above criterion is too broad to be useful, but it shows that the injectivity of M, in
general does not only depend on g but also on X. In some cases, namely if the space X is
sufficiently “large,” it turns out that the dependency on X is redundant. To make our con-
siderations as general as possible, let us state the following somewhat technical definition.

Definition 14 We say that a linear space X of real-valued functions defined on [0, 1]

separates points if for each t € [0, 1] there is some x € X such that x(¢) # 0,

strongly separates points if X contains all characteristic functions of singletons,
uniformly separates points if X C C and if for each ¢ € [0, 1] and each § > O there is
some x € X such thatz € supp (x) C [t — 6, + 6].

Remark 15 Note that each space which separates points uniformly or strongly also sep-
arates points. Other relations, however, do not hold. For instance, the spaces C, B, BV,
WBVp, YBV(ﬂ and RBVp separate points. On the other hand, the spaces B, BV, WBVp and
YBV,, separate points strongly, but not uniformly, whereas the spaces C and RBV,, (with
1 < p < +0) separate points uniformly, but not strongly. Finally, the space of constant
functions defined on the interval [0, 1] only separates points, but neither strongly nor uni-
formly. One of the reasons that this space cannot separate points either strongly or uni-
formly is that it is one-dimensional, and spaces which strongly/uniformly separate points
are necessarily infinite-dimensional.

Now, we are ready to prove the injectivity criterion for multiplication operators, which
associates the injectivity of a given operator M, with the number of zeros of its generator g.

Theorem 16 Let X, Y be two linear spaces of real-valued functions defined on the interval
[0, 1] and let M, : X — Y be the multiplication operator generated by g € Y /X.

(@)  If X strongly separates points (especially, if X is one of the spaces BV, WBV ,or YBV ),
then dim Ker M, = #Z,. In particular, M, is injective if and only if supp (g) = [0, 1].
(b) If X uniformly separates points (especially, if X is the space RBV,, for some

1 <p < +00), then dim Ker M, = #([0, 17\ supp (g)). In particular, M, is injective
if and only if supp (g) = [0, 1].
Remark 17 Before we proceed to the proof of Theorem 16 let us notice that, since

supp (g) is a closed subset of [0, 1], there are in fact only two possibilities in (b): either
dim Ker M, = 0, or dim Ker M, = +o0, depending on whether supp (g) = [0, 1] or not.

Proof of Theorem 16 We begin with the proof of (a). First, we show that dim Ker M, . 2 #Z,.

Clearly, we may assume that Z, # #. Fix any n € N such that n <#Z,. Then, there
exist n (distinct) points t,,...,t, € [0,1] such that g(#;) =0 for i=1,...,n. So,
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X =Xy, € KerM,. As the set {x;,...,x,} is linearly independent, this means that

dim Ker M, > n. Since this is true for any number n < #Z,, we get dim Ker M, > #Z,.
Now, we will prove the opposite inequality. This time we may assume that #Z, < +oo.

If #Z,=0, that is supp(g) =[0,1], then clearly dim Ker M, =0. Suppose now that

#Zg =n for some n € N. Then, we can write Zg ={t,...,t,} for some distinct points
t,....t, €[0,1]. Ifx € Keng, then fort & {z,,....1,} we have
X0 = —— - gD = — -0 =0
g() g(t) '
This implies that x = 2;’:1)((1‘!-))({,’_], that is, KerM, C lin{y ..., x(,} €X; here

and throughout the paper by linA we denote the linear span (or hull) of the set A. So,
dim Ker M, < n = #Z,. This ends the first part of the proof.

The proof of (b) is slightly different from the above one. Suppose that
#[0, 1]\ supp (g) = 0, that is, supp (g) is dense in [0, 1]. Let x € Ker M, and fixr € [0, 1].
If g(¢) # 0, then x(r) = 0. On the other hand, if g(#) = 0, then since supp (g) is dense in
[0, 1], there is a sequence (t,),cy Of elements of the support of g which converges to 7.
Then, clearly, x(z,) = 0 for each n € N. But the function x is continuous by definition, and
so x(¢) = 0. Consequently, x = 0, which means that dim Ker Mg =0.

Now, let us assume that supp(g) is a proper subset of [0, 1], and let us fix n € N.
Since supp(g) is closed in [0, 1], we can find n points ¢, ..., ¢, together with open and
pairwise disjoint subsets U, ..., U, of [0, 1] such that ¢; € U; and U; n supp (g) = @ for
i=1,...,n. As X uniformly separates points, this means that there exist n continuous func-
tions x,, ..., x, with the property that x;(#;,) = 1 and supp (x;) C U, fori =1, ...,n. Itis clear
that {x,, ..., x,} is a linearly independent subset of Ker Mg. Therefore, dim Ker Mg > n. As
this is true for any positive integer n, we get dim Ker M, = +oo. In view of Remark 17,
this ends the proof. a

Note that there is no simple analogue of the above result in the case when X is
assumed to separate points, but neither strongly nor uniformly.

Example 18 To see this it suffices to take X to be the space of all constant real-valued func-
tions, Y = C and define the function g : [0, 1] — R by the formula g(¢) = max {z - %0}

forz € [0, 1], as then dim Ker M, = 0, but #Z, = #([O, 17\ supp (g)) = +o0.

The following corollary for the spaces of our interest follows immediately from
Theorem 16.

Corollary 19

(@) Let X be any of the spaces BV, WBV , or YBV , and let g € X. Then, M, : X — X is
injective if and only if supp (g) = [0, 1].
(b) Let X be the space RBV , for1 <p < +ooandletg € X. Then, M, : X — X is injective

if and only if supp (g) = [0, 1].
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Our next task is to characterize surjectivity of multiplication operators. We begin
with some abstract results. It should not come as a surprise that this time we will need
to assume some additional conditions on the target space.

Theorem 20 Let X, Y be two linear spaces of real-valued functions defined on the inter-
val [0, 1] with Y separating points. Moreover, let M, : X — Y be the multiplication
operator generated by g € Y /X. Then, M, is surjective if and only if supp () = [0, 1] and
1/g € X/Y. In particular, if M is surjective, then it is also injective.

Proof Assume first that M , is a surjective operator. Clearly, supp (g) C [0, 1]. Now, fix
t € [0, 1]. Since Y separates points, there is some y € Y such that y(¢) # 0. As Mg is surjec-
tive, we can find some x € X such that M,(x) = y. In particular, g(z) # 0, and consequently
g(®) # 0 for all t € [0, 1] as ¢ was arbitrary. This shows that supp (g) = [0, 1]. In particular,
the function 1/g is well-defined. To prove the second condition, note that for any y € ¥ we
can again find x € X such that gx = y. Hence, y/g = x € X. This proves that1/g € X/Y.

For the converse assume that supp (g) = [0, 1] and 1/g € X/Y. For y € Y the function
x :=y/g belongs to X and satisfies gx =y, i.e., M, is a surjection.

The fact that surjectivity of M, implies its injectivity is a consequence of the first part of
the proof and Proposition 13. O

It turns out that if ¥ = X, then surjectivity of the multiplication operator always implies
its injectivity; in other words, we do not need the additional assumption that ¥ (which in
this case coincides with X) separates points. Indeed, let X be any space of real-valued func-
tions defined on [0, 1] and let M, : X — X be a surjective operator generated by a function
g € X/X. Further, suppose on the contrary that there is some x € X with M, (x) = 0, but
x # 0. That means there is some ¢ € [0, 1] such that x(¢) # 0. Due to the fact that gx = 0,
we get g() = 0. But since M, is assumed to be surjective, we must find some z € X such
that M,(z) = x; in particular, 0 = g(1)z(#) = x(¢) # 0, a contradiction.

In the general case, however, that is, when X and Y do not necessarily coincide, if we do
not assume that Y separates points, it is easy to give an example of a multiplication opera-
tor M, : X — Y which is surjective but not injective.

Example 21 For instance, take X = C, Y = {cy o, : [0,1] > Rlc€ R}and g : [0,1] = R
given by g = y(o)- Then, Y cannot separate points as for any 7 € (0, 1] and any y € ¥ we
have y(f) = 0. Moreover, M, cannot be injective, because for the two constant functions
x; =a and x, = b with a # b we have x,x, € C, but M, (x|) = ay gy # bxo = M(x).
Finally, if y € Y is given, then y = y(0) ;). The constant function x = y(0) belongs to C
and satisfies M, (x) = x(0) (0, = ¥(0) x(0; = ¥y showing that M, is indeed surjective.

From Theorem 20 we obtain two corollaries for the BV-type spaces we are interested in.
Corollary 22 Let X be a linear space of real-valued functions defined on the interval [0, 1]
such that Y C X C B, where Y is one of the spaces BV, WBV , YBV(F or RBV,,. Moreover,

let M, © X — Y be the multiplication operator generated by g € Y /X. Then, M, is surjec-
tive if and only if inf o 1) [g(1)| > 0.
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Proof Let us assume that Mg is surjective. Then, from Theorem 20 we obtain that
supp(g) =[0,1] and 1/g € X/Y. Note that y = 1 belongs to all of the considered spaces
BV, WBVP, YBV(I,, RBVp, and so we obtain X/Y C X C B. Thus, 1/g is bounded, and this
is possible only if inf,¢ |, [g(1)] > O.

Conversely, assume that inf,cq 7 |g(®)] > 0. Then, supp(g) = [0,1]. It is also easy
to see that 1 /g € Y. Since Y is closed under multiplication, Y C Y/Y C X/Y, and hence
1/g € X/Y. Again from Theorem 20, we obtain that M, is surjective. O

Corollary 23 Let X be one of the spaces BV, WBV,,, YBV , or RBV, and let M, : X — X
be the multiplication operator generated by g € X. Then, the following conditions are
equivalent:

(@) infgq 18] >0,

(b) M is bijective with Mgl = Ml/g,
©) Mg is surjective,

(d) ImM,isdenseinX.

Proof Only the implication (d) = (a) requires a proof. Suppose that the range of M, is
dense in X but inf,q 1, |g(#)| = 0. Then, it is possible to find a sequence (z,),y in [0, 1]
such that [g(,)| — 0 as n — +oo. Since Im M, is dense in X, for ¢ = 1 there exists a func-

tion x € X such that 7 2 [IM,(x) —elly = ||M,(x) —ell, = |g(#,)x(z,) — 1] for each n eN.
As functions in X are bounded passing with n — 400 in the above inequality ylelds ->1,
which clearly is impossible. Hence, inf,¢q 7 [g(1)] > O. |

Let us also take a look at the following qualitative version of Theorem 20.

Theorem 24 Let X, Y be two linear spaces of real-valued functions defined on the interval
[0, 1]. Assume that X separates points strongly or uniformly (in particular, X is one of
the spaces BV, WBVp, YBV¢ and RBVP). Moreover, let Mg : X = Y be the multiplication
operator generated by g € Y /X. Then, dim Im M, = # supp (g).

Proof First, we show the inequality dim Im M, > #supp (g) which is obviously true for
g =0. Thus, we assume that g # 0, which implies that #supp(g) > 1. Fix n € N with
#supp (g) > n. Then, we can find n distinct numbers 7, ..., 7, € [0, 1] such that g(tj) #0
for 1 <j <n. If X separates points strongly, let y; 1= gy, o) On the other hand, if X sepa-
rates points uniformly, then we can find n continuous functions x,,...,x, € X such that
xj(tj) =1 for je{l,...,n} and supp(x;) N supp (xj) =@ for any distinct indices
i,je{l,...,n}; and we set y; = gx;. Now, for j=1,...,n, let /1j € R be so that
27:1 Ay;=0. By evaluating this equation at each t=g7, we get that
0= Z/ L Ayi(t) = Ad(t) = 48(5), where 1 <k <n. This implies that 4, =0 for
1 <k <n. Thus, {y,,...,y,} is a linearly independent subset of ImA,; in particular,
dim ImM, > n. Since this is true for each n such that #supp(g) > n, we obtain
dim Im M, > #supp (g).

In order to show the remaining inequality dim ImM, < #supp (g), we may assume
that #supp (g) < +oo, because otherwise this inequality is clearly true. Moreover, if
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supp (g) = @, then dim ImM, = 0. Hence, we may assume that n = #supp (g) for some
positive integer n and write supp(g) = {f;,...,1,}. Since X separates points strongly/
uniformly, we can find n functions x,, ... ,x, in X such that xj(tj) =1for j=1,...,nand
supp (x;) N supp (x;) = @ for i # j. Define y; := gx;. Let y € ImM,. Then, there is some
x € X such that y = gx. Moreover, y = gx = 2;;1 x(t;)y;» which shows that the linear span
of {yy,...,y,} contains ImM,; in particular, dim Im M, < n = #supp (g). This completes
the proof. O

Remark 25 Note that we cannot drop the phrase “strongly or uniformly” in Theo-
rem 24. For instance, let X be the space of constant functions and let ¥ = C. Consider
M, : X —Y, generated by g(r) =r. Then, supp(g) =(0,1] is even uncountable, but
ImM, = {y : [0,1] - R|y(#) = at for some a € R} is a one-dimensional subspace of C.

5 Topological properties

We now turn to analytic properties of the multiplication operators M, : X — Y. Here,
we are particularly interested in continuity and compactness for X and Y being one of the
spaces BV, WBVp, YBV(p or RBVp.

5.1 Continuity

Recall that for a linear operator L : X — Y between two normed spaces (X, ||-||y) and
(Y, |I-lly) the operator norm is defined by ||L||x_y = SUP| ), <1 [[IL(x)||y, and L is bounded
(continuous) if and only if ||L||y_,y is finite.

Although multiplication operators are one of the simplest operators one can imagine,
they are not always bounded. In particular, in [8] the authors remarked (see page 106) that
multiplication operators in Kothe spaces are (well-defined) and continuous if and only if
they are generated by an essentially bounded function (we refer to the paper [22] for more
information on the boundedness of multiplication operators in such spaces; see also [15]).
For readers’ convenience we provide yet another example of a discontinuous multiplica-
tion operator acting from a linear subspace of C! (which is not a Kéthe space); here by C'
we denote the space of all real-valued continuously differentiable functions defined on the
interval [0, 1].

Example 26 Consider the space C} := {x € C'|x(0) = 0} equipped with the norm |||,
and the function g : [0, 1] — R defined by

0 = P for0<r<1,
Y=Y 0 forr=0.

Then, g € L,/ Cé, because for x € C(l) the function gx is almost everywhere equal to the
continuous (and thus Lebesgue integrable) function y : [0, 1] — R given by

[ rx() for0<r <1,
ym‘{ﬂ@ fort = 0.

Consequently, the operator M, : C(l) — L, is well-defined. However, M, is not bounded. To
see this let us consider the functions x, : [0,1] = R, where n € N, defined by
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x(f) = 2nt —n?f? for0 <t < 1/n,
T forl/n<t<1.

It is easy to check that x, € C(l) and||x, ||, = Lfor every n € N. But

1

1
M)l = [ leon @l [ eta =
0 1

n

which means that the sequence (M,(x,))
continuous.

is unbounded in L,. Thus, M, cannot be
neN 8

On a more positive note, we have the following simple, but quite general, result, which
we will use to prove some norm estimates for the multiplication operator acting in the BV
spaces.

Proposition 27 Let (X, ||-|ly) and (Y, ||-|ly) be two normed spaces of real-valued func-
tions defined on [0, 1] and assume that the constant function e = 1 is contained in X with
llellx = 1. Moreover, let M, : X — Y be the multiplication operator generated by a func-
tion g € Y /X. Then, the following statements hold.

(@) The operator norm of M, is bounded from below by ||g|ly, that is, ||g|ly < [|IM,llx_y-
(b) If X < Y with the embedding constant ¢ > 0 and if Y is a normed algebra in the
norm |||y, then the operator norm of M, is bounded from above by c||gl|y, that is,

IMllx-y < cliglly-

Proof Note that since e € X, we have g=M,(e) €Y, which ensures that the quan-
tity ||g|ly appearing in (a) and (b) makes sense. The proof of (a) is obvious, because
liglly = IM (lly = IM (lly/llellx < IMllx_y-

Now, let us move to (b). If X< Y with the embedding constant ¢ >0
(e, |Ixlly <cllx|lly for all x€X) and if Y is a normed algebra, then
1M G)lly = llgxlly < lgllyllxlly < cligllylixlly for x € X. And so [IM,]lx_y < cliglly. This
shows (b) and completes the proof.

Remark 28 Observe that Example 26 does not contradict Proposition 27, because e = 1 is
not contained in Cj,

All the BV spaces considered in this paper are Banach algebras and contain the constant
function e = 1, which has norm 1. Therefore, in the special case when X and Y coincide and
are one of our BV spaces, we have the following corollary.

Corollary 29 Let X be one of the spaces BV, WBV,,, YBV , or RBV,, and let M, : X — X
be the multiplication operator generated by a function g € X. Then, the operator M, is
bounded and

IMllx-x = llgllx-
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Now, we would like to study the continuity of the multiplication operator acting between
different spaces of functions of bounded variation. We start with the Young variation and a
technical lemma.

Lemma 30 Assume that ¢ : [0,+00) — [0, +0) is a given Young function. Moreover, let
x : [0,1] = R be a real-valued function with countable support and let A > 0. Then,

Y @O < var D) < Y QA

te supp (x) t€ supp (x)

Before we provide a proof of Lemma 30 one remark is in order: throughout the paper,
we adopt a useful convention that summing over an empty set always gives zero.

Proof of Lemma 30 Of course, we may assume that supp (x) # @, because otherwise there
is nothing to prove. First, we will show the left inequality. Let 0 <# < ... <t, <1 be
arbitrary » points in the support of x. Moreover, if #supp (g) = 1, take any s; & supp (g).
Similarly, if #supp(g) > 2, take any n points s,,...,s, not belonging to supp (x) such
that s; € (t;,t,,) fori=1,...,n—1and s, € (s,_;,1,); this is clearly possible as the sup-
port of x is countable. Then, X, o(Alx(t)]) = X, @(Alx(t) — x(s)|) < var ,(Ax).
Taking the supremum over all possible finite subsets {f,...,#,} of supp(x), we get
Y e sy @A) < var ,(4).

Now, let us pass to the proof of the second inequality. If 0 = 7, < ... < 7, = lis an arbi-
trary finite partition of the interval [0, 1], then, by the convexity and monotonicity of ¢, we
have

Y o(4lx(z) =2z, )I) < X o L - 22x)] + L - 221 )
i=1 i=1

<D oA < Y, eQAD.
i=0

t€ supp (x)

Hence, var ,(4x) < Z,e supp (x) @(2A|x(?)|). The proof is complete. O

With the above lemma at hand, we are ready to prove two results on the continuity of
multiplication operators in YBV,, spaces.

Theorem 31 Let @,y : [0,+00) — [0,4+00) be two Young functions. The multiplication
operator M, : YBV,, — YBV , generated by a function g € YBV ,/YBV,, is bounded.
Moreover, there exists a constant ¢ > 1 (depending only on the functions @, y) such that

llgllysy, < IM,llysy, ~vey, < cligllysy, -

Proof The proof in the case ¢ < y is a direct consequence of Propositions 5 and 27 and the
fact that the spaces of functions of bounded Young variation are Banach algebras (in their
respective norms) and contain the constant function e = 1.

So now, let @ <€ . Then, YBY,, /YBVW =YBV,nS,. Clearly, we may assume that
supp (g) # @; then, in particular, | leva > 0. Fix a nonzero function x in YBV,, and let
A= 2£||x||m|g|YBV¢, where € > 1. Applying Lemma 30, we get
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¢ 2150)]x(0)] 1) x()
wo(3)s 2 (”< 2 >= 2 (p(5||x||oo|g|Yva)

1€ supp (g) t€ supp (g)

t
< Z (p(M>S Varq,(L>Sl
resppe) \ & 8] YBV,, elgl YBV,,

Thus, IMg(x)|YBVw <A In view of the arbitrariness of &, we obtain

M, @llvsy, < Il gl +20xll o llymy, < 2lxllvay, lgllvey, and 0
||Mg||YBVV—>YBV¢ <2ff g||YBVw. The other inequality follows from Proposition 27 (a). O

Observe that from the proof it follows that for the constant ¢ in Theorem 31 we have: ¢ < 2
if 9 2w and ¢ < max{1+ 277!, u,du} when @ <y, where the constants y,d, T appear
in (1). In some cases, however, it is possible to give optimal estimates on the constant c. Let us
look at one such situation.

Proposition 32 Ler 1<p<g<+oco. Then, the multiplication  operator
M, : WBV, > WBV_ generated by a function g€ WBV, is continuous and

”Mg”WBVp—)WBVq = ||g”WBVq~

Proof We use Proposition 27, but this time instead of the general embedding result, that is
Proposition 5, we use the fact that WBV,, & WBYV  with the embedding constant ¢ = 1 (cf.
Remark 6). O

Finally, we will deal with the continuity of multiplication operators acting in the spaces of
functions of bounded Riesz variation. This time, however, the situation (and the proofs) will
be much simpler.

Theorem 33 Let 1 < p,q < +oo and let M, : RBV, - RBV,, be the multiplication opera-

tor generated by a function g€ RBV, /RBV,. Then, M, is continuous and

||Mg||RBVF—>RBVq = “g”RBVq'

Proof First, let us assume that 1 < p < g. Then, RBV, /RBVP = {0}. Consequently, M, is
the zero operator. In particular, it is continuous and the formula for its norm holds. If, on
the other hand, 1 < g < p, then the proof follows from Propositions 11 and 27 and the fact
that {\rext{RBV}} spaces are Banach algebras. O

Remark 34 1t is worth noting that other cases that are not covered by Proposition 27 are
sometimes also known. For instance, one can show with the help of Holder’s inequality
that for g € L, /(,—,)» Where 1 < g < p < +oo, the multiplication operator M, : L, = L, is

well-defined and continuous with [|M,|| L-L, = llgll Lossors’

5.2 Spectra
In this short section, we will show how to apply the results established in the previous parts of

the paper to characterize various spectra of multiplication operators acting in BV-type spaces.
Let L : X — X be a continuous linear operator acting in a real Banach space X. Set
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o(L) := {4 € R|AI — L is not bijective},
o,(L) 1= {4 € R|AI — Lis not injective},
o.(L) := {4 € R|AI — Lisinjective but Im (A1 — L) is not dense in X},

. A1l — Lisinjective and Im (A1 — L) is dense in X,
o (L) = {}L € R‘ but (A1 — L)' is not bounded on Im (A1 — L) }
The above sets are, respectively, called the spectrum, point spectrum, residual spectrum
and continuous spectrum of the operator L. It is well-known that ¢(L) is a disjoint union
of 6,(L), 6,(L) and o,(L). (For more information on various spectra of linear operators we
refer the reader to, for example, [7, Chapter 1] or [23, Chapter VI].) In the case when X is
one of our BV spaces and L is a multiplication operator, then L is continuous by Corol-
lary 29, and we get the following two results.

Theorem 35 Let X be one of the spaces BV, WBVp or YBV(p, and let Mg : X = X be the
multiplication operator generated by a function g € X. Then,

@ oM, = g([0, 11); in particular, p(M,) := sup{|A|[A € c(M,)} = lIgll
®) o,(M,) = &[0, 1]),

© 0,(M,) = g([0, 1) \ (10, 11),
(d) o, (M,)=90.

Proof Notice that Al —M, = M,_, for any A € R; by a slight abuse of notation, we iden-
tify the constant function with its value. To prove the above equalities, we will use Corol-
laries 19, 23 and 29. Note that 4 € 6(M,) if and only if inf,g ;|4 — g(®)| = 0, which, in

turn, is equivalent to 4 € g([0, 1]). Hence, o(M,) = g([0, 1]). The equality p(M,) = |Igll
is now obvious.

Further, A € 6,(M,) if and only if the operator M,_, is not injective. This happens
exactly when 4 = g(¢) for some 7 € [0, 1], which implies that 5,,(M,) = g([0, 1]).

To show that 6.(M,) is empty, it suffices to observe that if the range of A1 — M, is dense
in X, then this operator must be bijective by Corollary 23. This, in turn, together with the
inverse mapping theorem and Corollary 29, implies that its inverse (A1 — Mg)‘1 must be
continuous on X. And so the conditions “Im (A1 — M,) is dense in X and “(A1 — Mg)‘1 is
not bounded” cannot be satisfied simultaneously.

Finally, the equality for o,(M,) follows from the fact that 6(M,) is a disjoint union of
O'p(Mg), Gr(Mg) and O'C(Mg). O

Theorem 36 Let 1 < p < +oo and let M, : RBV, — RBV,, be the multiplication operator
generated by a function g € RBV . Then,

@ o(M,) = g((0, 11); in particular, p(M,) :=sup{|Al|2 € o(M,)} = ligll

(b) ©6,(M,) consists of all the numbers A € R such that the set {1 € [0, 1]|g(t) = A} contains
a non-empty open interval,

© 6,(M,)=g(l0,11)\ 0,(M,),

(d) o.M,)=90.
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Proof Only (b) requires a proof. Notice also that we may write g([0, 1]) instead of
g([0, 1]) as the function g is continuous. In view of Corollary 19, 1 € ap(Mg) if and only
if [0,1]\ supp(4 —g) # @. As supp(4 — g) is a closed subset of [0, 1], this can happen
exactly when there is a non-empty and open interval U such that U C [0, 1]\ supp (4 — g).
In other words, 4 € 6,(M,) if and only if the set {r € [0, 1]|g(r) = A} contains a non-empty
open interval. The proof is complete. a

Remark 37 1t is worth noting here that the spectral behavior of the multiplication oper-
ator acting in RBV, spaces for 1 < p < +o0 is identical to the behavior of the multipli-
cation operator acting in the space of continuous functions C (for more details see [7,
Example 1.6]).

5.3 Compactness

Now, we turn our attention to studying compactness of multiplication operators. Let us
recall that a linear operator L : X — Y between Banach spaces is compact if the image
L(EX(O, 1)) of the closed unit ball (or, in fact, any bounded set) in X is a relatively compact
subset of Y. Clearly, not every multiplication operator is compact. The simplest example
is probably the identity operator on an infinite-dimensional normed space of real-valued
functions defined on [0, 1] (cf. also Example 26). One important family of compact oper-
ators is the class of operators of finite rank. A continuous operator L : X — Y between
Banach spaces is said to be of finite rank if the range Im L is a finite-dimensional subspace
of Y. As the properties of compact and finite-rank operators are classical and well-known,
we will not dwell on this issue any longer. We refer the reader to, for example, the mono-
graph [30] for more information.

Without further ado, let us move to the main topic of this section. A simple rewording
of Theorem 24, together with the continuity results from Section 5.1, leads to the following
characterization of finite-rank operators for functions of bounded Young variation.

Theorem 38 Let ¢,y : [0,+00) = [0,400) be two Young functions and let
M, : YBV, - YBV, be the multiplication operator generated by a function
g € YBV,,/YBV,,. Then, M, has finite rank if and only if # supp (g) < +oo.

So far, the properties of multiplication operators acting in YBV , and RBV, spaces have
been similar. This is the first time when the two theories depart slightly from one another.

Theorem 39 Let 1 < p,q < +oo and let M, : RBV,, = RBV,, be the multiplication opera-
tor generated by a function g € RBV,, / RBV,,.

(@) Ifq > p, then M, has always finite rank (as the zero operator).
(b) Ifq < p, then M, is of finite rank if and only if g = 0.

Proof In view of the fact that RBV,/RBV, = {0} if g > p, we need to address the case
g < p only. According to Theorem 24 the operator M, has finite-dimensional range if and
only if #supp(g) < +oo. But since RBV,/RBV, =RBV, C C for | <g < p < +co, the
support of g consists of at most finitely many elements if and only if it is empty. Thus, if

@ Springer



806 S. Reinwand, P. Kasprzak

M, : RBV, — RBV, forl < g < p < +oois of finite rank, then g = 0. The other implica-
tion is obvious. O

Note that in the preceding theorem we excluded the situation when either the starting or
the target space coincides with RBV;. We did this because the nature of the spaces RBV, is
different for p > 1 and p = 1 (cf. Remark 10), and it turns out that those two cases need to
be treated separately.

Theorem 40 Let1 < p < +o0. The multiplication operator M, : RBV, — BV generated by
a function g € BV has finite rank if and only if # supp (g) < +co.

Proof The proof follows from Theorem 24 and the fact that the multiplication operator
Mg : RBVP — BV, where 1 < p < 400, is continuous (see Theorem 33). O

Remark 41 Let us explain why we did not study the multiplication operator
M, : BV — RBV, for 1 <p < +oco in the above theorem. The reason is simple. Such an
operator must be generated by the zero function (cf. Section 3), so it has trivially finite
rank.

Now, let us move to the study of compactness. We begin with abstract results provid-
ing a necessary condition for a multiplication operator to be compact.

Proposition 42 Let X be a normed space of real-valued functions defined on [0, 1] which
strongly separates points and in which the set of all characteristic functions of singletons
is bounded. Moreover, let Y be another normed space of real-valued functions defined on
[0, 1] such that Y < B. If the multiplication operator M, : X — Y, generated by a function
g € Y/X, is compact, then supp (g) is countable.

Proof Suppose on the contrary that M, : X — Y is compact but supp (g) is not countable.
This implies that for some 6 > O there is a sequence (t,,),,cy of distinct points in the interval
[0, 1] such that |g(z,)| > 6 for all n € N (cf. Section 2.2). The functions x, := it form a
bounded sequence in X, but for m,n € N with m # n we have

c”Mg(xm) _Mg(xn)”Y Z “g : (-xm _xn)”oo Z )g(tn)('xm(tn) _xn(tn))| = |g(tn)| Z 6> O’

where the positive constant c is such that ||y||, < c||ylly for all y € Y. Hence, (M, (x,)),en
cannot have a subsequence converging in Y, and thus M, cannot be compact—contradic-
tion. a

It turns out that the necessary condition described in Proposition 42 is also a suf-
ficient one in many situations. However, before we will be able to prove this in the case
of the spaces of functions of bounded Young variation we need the following technical
lemma.

Lemma43 Let ¢ : [0,+00) — [0, +00) be a Young function satisfying the 6,-condition and

let x € YBV ,withsupp (x) C {t,.1,, ...} C [0,1]. Then, var ,(x) < A(||x|l,,) z}%’; o(|x(@)l),
where A is defined by (2).
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Proof We may clearly assume that supp (x) # @ as otherwise the claim is trivial. (Let us
recall that in this case the quantity A(||x||) is also meaningful since we put A(0) :=0.) If
0=1,< ... <7, =lis an arbitrary finite partition of the interval [0, 1], then reasoning as
in the proof of Lemma 30 we can show that 27:1 o(Ix(z) = x(z;_)|) < 1 @ (21x(@)]).
Now, it suffices to observe that ¢ (2|x(,)|) < A(||x[|,)e(|x(z)]) for any j € N and use the
fact that A is non-decreasing. O

Now, we are in position to prove a characterization of those multiplication operators
acting in the spaces of functions of bounded Young variation which are compact. Note
that we will require the @-function of the target space to satisfy the 6,-condition.

Theorem 44 Let @,y : [0,+00) — [0,+00) be two Young functions with @ € 6, and
let M, : YBV, —» YBV,, be the multiplication operator generated by a function
g € YBV,/YBV,,.

(@ Ifo £ w,then M, is always compact.
(®) Ifo <w,then M, is compact if and only if supp (g) is countable.

Proof Note that YBV,/YBV,, = YBV NS, if ¢ £ y. This, together with Proposition 42,
implies that we need to show only that the countability of supp (g) guarantees the com-
pactness of M,. We will prove both cases ¢ <y and ¢ £ y simultaneously. If supp(g)
is finite, then Mg has finite rank by Theorem 38, and hence is compact. On the other
hand, if supp (g) is infinite, we can write E = {t|,1,,1;,...} = supp(g) C [0, 1]. Setting
E, :={t,t,,...,1,}, we see that the functions g, := yp g have finite support and thus
belong to YBV, nS.. By Theorem 38 the operators Mg : YBV,, - YBV,, have finite
rank, and hence are compact. To end the proof it suffices now to show that M, — M,
with n — 400 in the operator norm. But, in view of Theorem 31, there exists a constant
¢ > lsuch that|g, — gllygy, < IM, —M,llypy,—~vsy, < cllg, = gllypy, for all n € N. So,
equivalently, we need to show that||g, — g||YBV{ﬂ — 0asn — +oo0.
Observe that

o(llg, —¢lls) = (p<sup Ig(t_,-)l> =supo(let)l) < D o(Ie®)l) < var (g, - g);

j>n j>n j=n+1

in the last inequality we used Lemma 30. Consequently, ||g, — gll, < @~} ( var (g, — g)).
Furthermore, as the function A given by (2) is non-decreasing and ||g, — gll, < 2l/gl|., by
Lemma 43, we have

var (g, — 8) < AClIgll) Y. 0 (18,1 - g®)l) = AQlgll) Y, w(Is@l).
j=1 Jj=n+1
Notice, however, that the series Zle (p(l g(tj)l) is (absolutely) convergent, because
popt @(lg()]) < var ,(g) < +oo (see Lemma 30 and Proposition 7). In particular,
Z]in + (p( | g(tj)|) — 0 asn — 4o0. Therefore, applying Proposition 7 once again and using
the fact that ¢! is continuous, we see that||g, — g”YBV(p — Q0asn — +oo.
This shows that the operator M, is compact and ends the proof. a
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Remark 45 1t is worth noting here that from the proof of Theorem 44 it follows that each
compact multiplication operator between YBV,, and YBV , with ¢ € 6, is the limit of a
sequence of finite-rank multiplication operators.

The following example shows that in general the requirement ¢ € §, cannot be
dropped. The idea to use the Young function ¢ given by (5) comes from Example 2.3 in
[6]. There, Appell et al. used the same function ¢ to illustrate that without the 6,-con-
dition the set {x : [0, 1] — R|var ,(x) < +oo} is not linear. Also, the function g below
and f in [6] are similar. However, for readers’ convenience we decided to provide all
the details, not only those connected with the lack of compactness of the multiplication
operator generated by g.

Example 46 Let us consider the Young function ¢ : [0, +o0) — [0, +00) given by

0, ifr=0,
-1 : 1

o) =3 e/, if0<r<, (5)
(161 — 3)e™, if t > i

It can be easily checked that ¢ does not satisfy the 6,-condition. Furthermore, let
g : [0,1] - R be defined by

— 1ft——f0rsomeneNW1thn>e
HOES e
0, otherw1se

Using Lemma 30 we obtain

o (10)= Zola(2)) = Tolatr) = Z £ 5%

Hence, g € YBV,, N S,. In particular, the multiplication operator M, : YBV, - YBV, is
well-defined and continuous. However, as we are going to show, it is not compact. Con-
sider the sequence (x,),cn, Where x, (= 1 2404 for n € N. It is not hard to check that

x, € YBV ,and |xn|YBVw (and thus ||x,, “YBV )

Now, let us suppose that (M, (x,))nen has a subsequence (Mg(x,lk))keN convergent
to some y € YBV . Since the norm convergence in YBV,, is stronger than the uniform
convergence and the sequence (x,),cy converges pointwise to zero on the interval [0, 1],
the sole candidate for y is the zero function. Let K € N be such that IIMg(xnk)HYBVw < i
for all k > K. Then, it is not difficult to check that var q,(4gxnk) <1 for all k> K. As
var (4gx” ;[0,1]) > var (p(4gxnk;[0, 1/n,]), this means that var q,(4gxnk;[0, 1/n,]) <1 for
all k >K; here by var q,(f ;[a, b]), where [a, b] C [0, 1], we mean the @-variation of the func-
tion f over the interval [a, b]—cf. Definition 3. But for each k > ¢* we have

var (p(4gx [0,1/n,]) > sup Z <4|(gxnk)<%> - (gxnk)(S;"H),

m2m+1 ;2 = +1

m._ 1l 1
where 5" 1= 2(1‘ + i—l)' Thus,
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var (a5, 0.1 /m]) = Y o(e(2)) = 3 Lo orkz et

i=n+1 i=m+1

The obtained contradiction shows that the sequence (M, (x,,)), ey does not contain a conver-
gent subsequence. In other words, the multiplication operator M, : YBV , - YBV,, gen-
erated by g, is not compact.

We will end this part with a result providing a sufficient condition for a multiplica-
tion operator between general spaces of functions of bounded Young variation to be
compact. Naturally, this time, we will not require the g-function ¢ of the target space
to satisfy the 6,-condition. Instead, we will require the generator g of the multiplication
operator not to oscillate too much; namely, we will assume that var o(A8) < +o0 for each
A > 0. Note that there are plenty of such functions; for example, each nonzero function x
in BV satisfies this condition, as

24 24
PQ2AIx]l ) Z' ) =2t < PQAlIxll.)

ar (x)
20l 2lxllo

> o(Alxe) = x(t,)l) <
i=1

for any finite partition 0 = ¢, < ... <, = 1 of the interval [0, 1]. Moreover, the condition
in question is also satisfied by any g € YBV,, if @ € 4, (cf. Proposition 7). Unfortunately,
we do not know whether the assumption “var ,(4g) < +oo for each 1 > 0,” besides being
sufficient, is also necessary in the general setting.

Theorem 47 Let @,y : [0,+00) — [0,+00) be two Young functions and let
M, :YBV, — YBV,, be the multiplication operator generated by a function
g EYBV, NS, Ifvar ,(Ag) < +oo for each A > 0, then M, is compact.

Proof Note that the assumption g € YBV , N S, guarantees that the multiplication operator
M, : YBV,, — YBV,, is well-defined regardless of whether ¢ <y or not. Of course, we
may additionally assume that g is nonzero, since otherwise there is nothing to prove.

Let (x,),en be an arbitrary sequence in YBV,, with elements in the closed unit ball.
By Helly’s selection theorem (cf. [32, Theorem 1.3]) the sequence (x,),cn has a subse-
quence (xnk)kEN pointwise convergent on [0, 1] to a function x € YBV,,. We are going
to show that ||Mg(xnk) —Mg(x)||Yva — 0 as k — +oco, which would clearly mean
that the operator M, is compact. Fix any 4> 0 and € > 0. By Lemma 30, we have
>e supp (2) @@A|g(n]) < var ,(44g), which in view of the assumption implies that the
series Z:e supp (&) @@4A|g®)]) is (absolutely) convergent. In particular, there is a ﬁmte set

= {t},...,1,} C supp(g) of distinct points such that Y supp (Q\T e@Alg))]) < e Let
N € N be such that

1 —1 €
X, (1) — x(;) _W ® <%)

for all k>N and i=1,...,m. Note also that supp (gx,, —gx) € supp(g) for all k € N.
Thus, by Lemma 30, for k > N we have
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var , [AM,(x, ) = M) < D @(2418(0)x, (1) — gOx(1)])

1€ supp ()

<Y e@AOD + Y 02408l x,, (1) = x())
te supp (\T teT

< %e + %5 =€

which shows that var 0 [A(Mg(xnk) - Mg(x))] — 0 as k > +oo for each A > 0. This, in turn,
implies that |Mg(xnk) - Mg(x)|YBVW — 0as k - +oo (cf. [31, Theorem 1.6]).

To end the proof it suffices now to show that ||M (0, — M, )l = 0. Take any
t € supp(g). As supp (g) is countable, and in particular Z, # @, we get

@ (IMy(x, )(©) = My)(D)]) < var ,(M,(x,, ) = M (x).
Ift ¢ supp (g), the above inequality is trivially satisfied. Thus,
M, (x,) = M)l < @ (var ,(M,(x, ) — M,(x)))

which, in view of the first part of the proof, shows that ||[M,(x,)— M), — 0 as
k — +o0. This completes the proof. O

For the Riesz spaces RBV,, we have a result of a similar (yet distinct) flavor. Since each
function in RBV,, for 1 < p < +oo is continuous, compactness of M, leads to a stronger
degeneracy. Notice the resemblance of Theorem 39 and the following theorem. However,
now the proof will require a bit more work and a compactness result proved recently by
Bugajewski and Gulgowski in [14], which says that if a non-empty subset A of BV is rela-
tively compact, then it is equivariated, meaning that for each € > 0 there is a finite partition
0=1 <1 <...<t, =lof the interval [0, 1] such that var (x) < € + Z;il )x(tf) = (1))
for every x € A.

Theorem 48 Let 1 < p,q < +oo and let M, : RBV,, - RBV,, be the multiplication opera-
tor generated by a function g € RBV /RBV .

(@ Ifq > p, then M, is always compact (as the zero operator).
(b) Ifq < p, then M, is compact if and only if g = 0.

Proof Since RBV,/RBV,, = {0} for 1 < p < g, we need only to prove the necessity part of
(). So, let M, : RBV,, — RBV,, be a compact operator and let us assume that 1 < g < p.
Then, in particular, RBV, /RBV, = RBV, . Suppose now that g is not identically zero.
Since it is continuous, there must exist some interval [a, b] C [0, 1] of positive length and a
positive constant 6 such that |g(¢)| > 6 for all t € [a,b]. For any fixed n € N let
S i=a+ ﬁ «(b—a)for k=0,1,...,2n and define x, : [0,1] = R to be the real-valued
function whose graph is a simple polygonal line with nodes at the points (0, 0), (1, 0),
(s, 0) for k € {0, ... ,2n} even, and (s, i) for k € {0, ...,2n} odd. It can be easily checked

that x, € RBV, with [|x,llrpy, = 2ln + (b —a)'77! for n €N, meaning that the set
A= {x,lneN}C RBV,, is bounded. In view of our assumption, this implies that M,(A)
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is a relatively compact subset of RBV,. Since RBV, is continuously embedded into
RBV, = BV (see Proposition 11), Mg(A) is a relatively compact subset of BV. Therefore,
Mg(A) is equivariated, that is, for each & >0 there exists a finite partition
O=r<fi<..<t =1 of the interval [0, 1] such that

var (gx,) <€+ Z:’il |(gxn)(tf) - (gxn)(tf_l)| for every n € N. In particular, for € = éé, we
can find a finite partition 0 = tg <..< tf =1 such that for every positive integer
n> 8167 |gll., we have

var (gx,) < 6+Z|(gx)<r)—(gx)(r, D] <55+ Ll < 35

But, for any n € N, we have

n—1

n—1
var (¢,) 2 Y |(85,)(5201) = (85,)(520] = 5= 3 [8(520)] = 35,
=0 =0

which leads to a contradiction. Thus, g is identically equal to zero. a

In the special cases when p = g, it is also possible to give another proof of Theorem 48,
which does not require any knowledge about (relatively) compact subsets of BV; for more
details consult [33].

We end this subsection with a compactness criterion for multiplication operators acting
from the space RBV , for1 < p < +cointo BV.

Theorem 49 Let 1 < p < +oo and let M, : RBV, — BV be the multiplication operator
generated by a function g € BV. Then, M, is compact if and only if supp (g) is countable;
moreover, M,, is then the limit of finite-rank multiplication operators acting between RBV ,
and BV.

Proof A reasoning similar to the one used in the proof of Theorem 44 shows that if supp (g)
is countable then either M, has finite rank (if supp (g) is finite), or is the limit of finite-rank
operators (if supp () is infinite). In either case, M, is compact.

Now, let us assume that g € BV and that the multiplication operator M, : RBV, — BV
is compact. If supp (g) were uncountable, then it would contain a point of continuity of
g (because the set of points of discontinuity of a function of bounded Jordan variation is
countable). In particular, there would exist an interval [a, b] C [0, 1] of a positive length
and a constant § > 0 such that |g(#)| > 6 for all ¢ € [a, b]. Now, it remains to repeat the rea-
soning presented in the first proof of Theorem 48 to obtain a contradiction. Thus, supp (g)
must be countable. |

Remark 50 The compactness of the multiplication operator M, : BV — RBV,, where
1 < p < 400, is trivial as in this case RBV,,/BV = {0} (cf. Remark 41).

5.4 Measure of non-compactness and essential norm
In the previous section, we studied conditions guaranteeing compactness of multiplication

operators in certain BV-type spaces. Now, we would like to look at the same problem from
a more qualitative point of view. To estimate how far an operator is from being compact, one
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can use, for example, measures of non-compactness. Let us recall that the measure of non-
compactness (or, the a-norm) [L] of a bounded linear operator L : X — Y between Banach
spaces is given by the formula

[L] :=inf{k > O|ay(L(A)) < kay(A) for every bounded subset A of X};

here ay and ay denote the Kuratowski measure of non-compactness in X and Y, respec-
tively. (In the sequel we will be omitting the subscripts X and Y and simply write a, as the
spaces involved will always be clear from the context.) Although various measures of non-
compactness are widely known and used throughout nonlinear analysis, for readers’ con-
venience let us recall the definition of the measure . If A is a bounded subset of a Banach
space (or, in general, a metric space) X, then its Kuratowski measure of non-compactness is
given by the formula

there exists a finite covering of A
a(A) :=inf< e > 0| with sets of diameter less than or
equal to €

(see [28]). For basic properties of the index a we refer the reader to [2].
It is well-known that [L] < ||L||y_y and that the operator L is compact if and only if
[L] = 0. Furthermore, it can be shown that

[L] = inf{k > 0|a(L(A)) < ka(A) for every bounded subset A of X with a(A) > 0}.

Other properties of the a-norm of a bounded linear operator with some illustrative exam-
ples can be found in, for example, [5] (cf. also [7, Section 1.2]).

Now, let us state and prove the main result of this section concerning the lower bound
for [M,]in the case of the YBV,, spaces.

Theorem 51 Let ¢,y : [0,+0) = [0,400) be two Young functions and let
M, : YBV, - YBV, be the multiplication operator generated by a function
g € YBV,/YBV,,. Then,

-1l -1 1
v () (5)+1)

-1 L -1 L
(1) (v (3)+2)
Proof Notice that we may assume that the set {8 > O|#supp s5(g) = +o0} is non-
empty, since otherwise there is nothing to prove. So, let 6 > 0 be an arbitrary num-
ber such that the set supp(g) is infinite. Then, there exists a sequence (Z,),cy 1D
(0, 1) of distinct points with the property that [g(z,)| > é for n €N. Let x, 1=y, ,
and A := {x,|n € N}. Clearly, A CYBV,. Moreover, by Lemma 30 applied with
A= 2/1,/—1(§), for n# m we have var (A7 (x, — x,)) < 2y(247") = 1, which implies
that [lx, = x,llypy, < 1+2/y7'(3). Thus, a(4) < diamA < 1+2/y~'(5). Let us also
note that ||x, —xm||YBVW > |lx, —x,llo =1 for distinct n,m € N. Consequently, the
sequence (x,,),cy does not contain a Cauchy subsequence, and so the set A cannot be rela-

tively compact in YBV,,. In other words, a(A) > 0.
Now, let us suppose that

-inf{6 > O|#supp 5(g) < +o0} < [M,]. (6)
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v (3) (e (5)+1)
o (5) (v (5)+2)
and for simplicity let us denote the quantity on the right-hand side of the above inequal-
ity by y. This means that there is a finite collection of subsets B, ..., B, of YBV(ﬂ such
that Mg(A) € B, U...UB; and diam B, <y for [ =1,...,k. Since there are only finitely
many sets B, and all the elements of M, (A) are distinct, one of those sets (say, B,) contains

infinitely many distinct elements of M,(A), and particularly two of them, say M,(x;) and
M, (x)). If p is a positive number such that

M, (x.))— M (x;
Var‘”(M) <1,

a(M(A)) <

- ba(A),

then we have

M, (x;) — M (x; ‘ } . . ‘
12 var, (MO 5 g (1LY o () 4<M>

Thus, 4 > min {1g()], lg@)I} /@™ (3), and

)) - min {101, 18061}

;+> 1+2/y™! b
) )

diam B, > [|M,(x)) = M,(x)llyy, > <1 +1/e" 1(
1
>(1+1/¢_'(i))5= v (3)(e 124

o (3) (v
—1(1 —1(1
v (3)(e (;)+1)
> X . -da(A) =y
-1(1 -1 1
o (1) (v (5) +2)
a contradiction, since we know that diam B, < y. Therefore,
—1(1 —1(1
v (3)(e'(5) +1)
o (1) (v (3) +2)
4 2

We have thus shown that if 6 > 0 does not belong to the set {6 > O|#supp ;(g) < +0},
then
-1/ 1 —1(1
v (1) (5) 1)
1 1 0
-1( L -1(1
() (3) +2)

does not belong to the set of all positive numbers # such that a(M,(A)) < na(A) for every
bounded subset A of YBV,, with a(A) > 0. Consequently,

1
2

(M (A)) >

-oa(A).
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-inf{8 > O[#supp 5(g) < +oo} < [M,].

This ends the proof. O

Remark 52 1t is worth noting that in the special case of the Jordan variation, that is, when

@(u) = w(u) = u, the constant
S () )

()

appearing on the left-hand side of (6) equals 1.

To obtain an upper estimate for [M,] (better than ||M|lygy _ygy ) we will additionally
W @
assume that @ satisfies the §,-condition.

Proposition 53 Let @,y : [0,400) = [0,400) be two Young functions with ¢ € 6,
and let M, : YBV,, — YBV, be the multiplication operator generated by a function
g € YBV,,/YBV,,. Then, there exists a constant ¢ > 1 (depending only on the functions ¢,
) such that

1,1 < emin {1, llvay, g llvav, }- ™

where g,,8, . [0,1] = R are the right and left regularization of g, respectively, and are
given by

._ J g, ifte€[0, 1), . &), ift=0,
& = { g(), ifr=1, &) := { g(t=), ift € (0, 1].

Proof Before we proceed to the main part of the proof, let us recall that functions of
bounded Young variation have one-sided limits at each point and countably many points of
discontinuity (cf. [31, Theorem 10.9]). Thus, the right and left regularizations of g are
well-defined. Moreover, it is fairly easy to check that g,..g € YBV(p and

max{llg,llYBVq), ||g,||YBV¢} < ||g||YBV¢. As the functions g, g, and g, differ at at most

countably many points, we also have g,,g, € YBV,,/YBV,,.

Now, let h,,h; : [0,1] > R be given by h, :=g—g, and h, :=g—g, Clearly,
h,,h; € YBV,NnS.C YBV,/YBV,. Therefore, by Theorem 44, the multiplication oper-
ators M, .M, : YBV, — YBV are compact. Using the properties of the Kuratowski
measure of non-compactness, for any bounded subset A of YBV,, we get

a(M,(A)) < a(M, (A) + a(M,, (A)) = a(M, (A) < M llypy,-yay, - #(A),

and similarly a(M,(A)) < ||M, ||YBVW —ysy, - ®(A). To end the proof it suffices now to apply
Theorem 31. O
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Remark 54 From the proof of Proposition 53 follows an even stronger version of the esti-
mate (7). Namely, the minimum on the right-hand side of (7) may be replaced by the
infimum of all the YBV -norms of functions g, € YBV,, which differ from g at at most
countably many points in [0, 1]. We chose to state Proposition 53 for the left and right
regularization of g, because in many cases g, and g, make the function g nicer; for example,
they smooth out isolated jumps of g. Moreover, in the special case when ¢ £ v, that is,
when g € YBV,, n S, if g(0) = g(1) = 0, we get g, = g, = 0, which implies that the multi-
plication operator generated by g is compact (cf. Theorem 44).

Finally, let us note that similar to what we did in Section 5.1 (see Corollary 29 as well
as Proposition 32 and the paragraph before it), it is possible to give some estimates on the
constant ¢ appearing in (7).

Although in some cases the upper estimate of [M, ] provided in the above proposition gives
satisfactory results (cf. Remark 54), in general it seems far from being optimal even when
¢ = 1. It would be interesting to find the exact formula for [M J- A closer look at the results of
this and the previous section may suggest that the a-norm of M, : YBV,, —» YBV , and the
quantity inf{6 > O|#supp 5(g) < +oo} are equivalent, at least in the situation when ¢ € 6,. In
other words, we conjecture that in such a case there exist positive constants a, b such that

ainf{s > Of#supp 5(g) < +oo} < [M,] < binf{5 > O#supp ;(g) < +oo}. (8

It turns out that there are some clues indicating that the above estimate may be true. Let us
take a look at two such instances.

Example 55 Let @ : [0,+00) — [0, +00) be a Young function and let (7,), be an arbitrary
sequence of distinct numbers in (0, 1). Fix a nonnegative number A and consider the multi-
plication operator M, : YBV,, — YBV , generated by the function g : [0, 1] - R given by

_ [ A+1/n* fort=r,,
80 = { A otherwise.

Note that the operator M, is well-defined as g€ YBV,. Using a similar
approach to the one we used in the proof of Proposition 53 it can be shown that
a(M,(A)) = a(Mgr(A)) = a(Mg[(A)), and hence a(M,(A)) = a(AA) = Aa(A) for each
bounded subset A of YBV,, (the functions g —g, and g—g, belong to BV nS,, and
so we can use Theorem 47). This implies that [Mg] = A. Furthermore, observe that
supp 5(g) = [0, 1] if 6 < A. On the other hand, if 6 > A, then supp 5(g) consists of those
points r, whose indices n € N satisfy the inequality 1/n? > § — A. Thus, #supp 5(g) < +oo
if and only if 6> A, and so inf{é > O|#supp;(g) < +oo0} =A. In other words,
[M,] = inf{6 > O|#supp 5(g) < +oo}.

Now, let us move to the second result connected with the conjecture (8); this time,
we will assume that we work with functions of bounded Jordan variation only. However,
before we will be able to state it let us recall that we call g : [0,1] — R a step func-
tion if and only if there exist a finite collection of (not necessarily distinct) real num-
bers Ay, ..., 4, 4y, ..., 4, together with a finite collection of pairwise disjoint subinter-

vals I, ..., I, of [0, 1] with non-empty interiors and a finite collection of distinct points
ts sty €10, 1] such that [0, 11\ U, I; = {t;,....1,,} and g = X" | Ay + 200 iy
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In the proof of the following result, we will aim at expressing g in the simplest form
possible, reducing the number of points 7; to the minimum zero.

Proposition 56 If M, : BV — BV is the multiplication operator generated by a step func-
tion g, then

[M,] = inf{5 > O[#supp 5(g) < +oo}.

Proof The step function g is clearly of bounded Jordan variation, and so the multiplication
operator M, : BV — BV is well-defined.

Note that inf{$ > O|#supp ;5(g) < +o0} = |A|, where |A| :=max, ., |4;|. Hence, by
Theorem 51 and Remark 52, we have |A| < [M,]. To end the proof it suffices now to show
that a(Mg(A)) < |A|a(A) for each bounded subset A of BV. As a(Mg(A)) = a(M,(A)), where
h :[0,1] - Ris given by

_f g+, ifre[0,1),
ht) = { g(1-), ifr=1,

we may assume that g is right-continuous at each point in the interval [0, 1) and left-contin-
uous at t = 1 (cf. the proof of Proposition 53 and Example 55). Then, in the decomposition
of g only the intervals /,, ..., I, will appear, that is, g = X" 4 Xi» Where I, ..., I, are pair-
wise disjoint subintervals of [0, 1] with non-empty interiors such that /; U ... U I, = [0, 1].
If n=1, then g= 4, and a(M,(A) = |4 ]@(A) = |A]a(A) for every bounded subset A of
BV, and the proof is complete. So, now let n > 2. By re-indexing the intervals /i, ..., I,
if necessary, we may additionally assume that sup /; < inf/,, ;. Furthermore, let us denote
the left and right end-point of I, by 7,_; and 7, respectively. In particular, 7,_; € I; for
i=1,...,n—1and I, =[7,_;,7,]

Now, let A be a bounded subset of BV and let us fix € > 0. Then, there exist finitely
many non-empty sets A,,...,A, such that A=) A; and diamA; < a(A) + ﬁ for
i=1,...,p. (Observe that we may assume that |A| > 0; otherwise Mg would be the zero
operator and the equality [M,] = || would follow.) Since the set A is bounded, there exists
r > 0 such that ||x||z, < r for each x € A. Let us write the interval [—r, 7] as a union of [
(not necessarily disjoint) subintervals J|, ..., J, of diameters not exceeding m. Further,
by I' let us denote the finite set of all mappings y : {1,...,n—1} = {1,...,[}, and for
eachy €I let us set

B, :={x€ BVx(z)) € J,; foreachi=1,...,n -1}

we borrowed the idea to consider the family I" from Ambrosetti—cf. [4, p. 354]. Then,

p
M, c UM, acnB)).

k=1 yel’

Moreover, if we take x,y € A, N By, using the properties of the Jordan variation, we obtain
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var (M) = M0):10,11) = Y} var (M,(0) = M0,
i=1

n—1 n—1

< Y WAl var (o= yiI) + Y 1A = Al = )] + 14,] var (x = y:1,)
_ .

i=1 i

< |4 var (x — y:[0,1]) + %e;

let us recall that var (z;/) denotes the (Jordan) variation of the function z over the closed
interval /. And so,

1M (x) = MW llgy < |4l b = Yllgy + 36 < [ 2]a(4) + .

Therefore, a(Mg(A)) < |Ala@(A) + €. Since the number € > 0 was arbitrary, we finally get
a(M,(A)) < | Ala(A), which shows that M,] < | A] and completes the proof. O

Remark 57 Another measure indicating how far a bounded linear operator L : X —» Y
between Banach spaces is from being compact is its essential norm defined by the formula

IIL]], := inf{||L - Kllxﬁy|K : X - Y linear and compact}

(see, for example, [5, Section 3] or [7, p. 34]). Although we will spend no time investi-
gating the estimates for the essential norm of a multiplication operator acting in BV-type
space, let us mention that [L] < ||L||, < ||L||x_y- So, it is possible to obtain results similar
to Theorem 51 and Proposition 53 for the essential norm of M,.

We conclude this section with two open problems.

Openproblem 1 Provide the exact formula for the measure of non-compactness (and/or
the essential norm) of the multiplication operator M, : YBV,, - YBV . In particular,
determine whether conjecture (8) is true.

Openproblem 2 Provide any non-trivial estimates for the measure of non-compactness
(and/or the essential norm) of the multiplication operator M, : RBV, > RBV,.

5.5 Multiplication operators with closed range

In this section, we are going to discuss conditions guaranteeing that multiplication oper-
ators in BV-type spaces have closed range. We begin with a necessary condition and
spaces of functions of bounded Young variation.

Proposition 58 Let ¢,y : [0,+00) — [0,+00) be two Young functions and let
M, :YBV, — YBV,, be the multiplication operator generated by a function
g € YBV,/YBV,,. If M, has closed range, then there exists a constant 6 > 0 such that
|g(®)| > 6 for eacht € supp (g).
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Note that the condition “there exists a constant 6 > 0 such that |g(¢)] > 6 for each
t € supp (g)” is satisfied vacuously when supp (g) = @. So, we do not need to exclude the
situation when g = 0 from our considerations.

Proof of Theorem 58 Clearly, we may assume that supp (g) # @. Since M, is bounded and
has closed range there is a constant ¢ > 0 such that for each y € ImM, there is some
n € YBV,, satisfying y = M, (1) and ||;1||YBVW < c||y||YBV¢ (see [1, Corollary 2.15]). Put

0 :=(+ c/(p‘l(%))‘l. Let us fix t € supp (g) and consider x := y,. Clearly, x € YBV,,.
Now, take a function & € YBV,, such that M,(x) = M,(§) and ||’g’||YBVW < cllMg(x)llYva.
As t € supp(g), the equality M,(x) =M, (&) implies that &(r) =1, and therefore
||§||YBVW > 1. It is also not difficult to show that |Mg(x)|YBV¢ < |g(z)|/(p‘1(%). So,

1< ||§||YBVW < c||Mg(x)||YBVw <l|g®|-(c+ c/(p—l(%)), whence our claim follows. O

To obtain necessary and sufficient conditions for the operator M, : YBV,, - YBV,,
to have closed range we need to distinguish two cases: @ £ w and @ < y. As we will
see, the former one is relatively easy to handle, whereas the latter one is more technical.

Theorem 59 Let @,y : [0,4+00) — [0,+00) be two Young functions such that @ £ .
Moreover, let M, : YBV,, — YBV , be the multiplication operator generated by a function
g € YBV,,/YBV,,. Then, M, has closed range if and only if # supp () < +co.

Proof If #supp (g) < +oo, then by Theorem 38 the range of the multiplication operator M,
is finite-dimensional, and hence closed in YBV , (see [3, Lemma 4.9]).

Now, let us assume that M, has closed range. By Proposition 58 this means that
there is a constant 6 > 0 such that |g(#)| > 6 for all # € supp(g). Note also that since
YBV,/YBV, = YBV, NS, when ¢ £y, the support of g is countable. If it were infinite,
then by Lemma 30 for each 4 > 0 we would have

var () 2 D e(Algdh = Y (48) = +oo.

t€ supp (g) te supp (g)

This would, however, contradict the fact that g € YBV ,. Hence, supp (g) is finite. O

If @ € §, we can also provide an alternative proof of Theorem 59, which does not use
Proposition 58.

Alternative proof of Theorem 59 when @ € 6,. In view of Theorem 44 the multipli-
cation operator M, is compact. To end the proof it suffices now to apply Theorem 38
and a well-known result in functional analysis saying that a compact linear operator
between Banach spaces has closed range if and only if it is of finite rank (see [30, Prop-
osition 3.4.6]). O

Now, let us move to the case when ¢ < y.

Theorem 60 Let @,y : [0,+00) — [0, +00) be two Young functions such that

ela) < limsup M <

0 < liminf ——
=0t (1) ot WD)

+00 9)
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Jor some a > 0. Moreover, let M, : YBV,, — YBV , be the multiplication operator gener-
ated by a function g € YBV, / YBV,,. Then, M, has closed range if and only if there exists
a constant 6 > 0 such that |g(t)| > 6 for allt € supp (g).

Proof In view of Proposition 58, we need to prove only the sufficiency part. So let us
assume that supp (g) # @ (otherwise there is nothing to show) and that there exists § > 0
such that |g(7)| = 6 for all € supp (g) and let (y,,),,en be @ sequence in Im M, which con-
verges in YBV , to a function y. Then, in particular, y(r) = 0 for eacht € Z,.

Now, let us define x : [0, 1] - R by the formula

_ Jy®/g®, if t € supp(g).
x(t) = .
0, otherwise.

Our aim is to show that x € YBV,,. Let 0 = #, < ... <, = 1be an arbitrary finite partition
ézy (SZM
2llglleo+1” 2¥llo+1’
such that var ,(ug) < +oo and var ,(uy) < +oo. (Note that such a number p exists since

YBV,/YBV, = YBV,.) To estimate the sum ZZ=1 @(A|x(t,) — x(t;,_,)|) let us consider
four cases.

of the interval [0, 1] and let A := min { ou } where the number u > 0 is

Case 11 #_,,t € Z,. Then, e(Alx(t,) — x(t,_ D)) = 0.
Case2: t_ €Z,and 1, & Z,. Then,

[y
18I

Case3: 1| € Z,and 1, € Z,. Then, similarly as before,

P - K )D) = w(i ) < o(211) < olulya) = 3.

P(Alx(t) — x(t_PI) < @(uly(5) — y(5_)D-

Case 4: 1y, 1 & Z,. Then,

@(Alx(t) — x(t_ D) = (P<i

le(t_ Dyt — gt )yl >
lg(ti-1)g @I

< 0 S 18Dl = )]+ Sl = 8l

24118l 22113l oo
5% 52

ly(t) — Y(fk_1)|> + %@( le(t) — g(tk—1)|>

1
z@
1
2

IN

P (1) = 30 + S0l - g,

Therefore,

Y (Al — x(t_)D)
k=1

n

< Y o(uly) =yt )l) + Y o(ulg) — g pl) < var ,(uy) + var ,(ug).
k=1 k=1

And so, x€YBV,. Using the condition (10) it is easy to see that
lim sup,_ o+ w(a ') /o(t) < +00, meaning that YBV, < YBV,, (see Proposition 35).
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In particular, x € YBVW. Since Mg(x) =y, this shows that ImMg is closed and ends the
proof. O

The situation is significantly different when there is a constant @ > 0 such that

This time, however, we will need to assume the ,-condition.
Theorem 61 Let @,y : [0,4+00) — [0, +00) be two Young functions such that ¢ € 6, and

0 = timinf 20 < lim sup 292 <

e e T S (10)

Jor some a>0. Moreover, let M, : YBV, — YBV, be the multiplication opera-
tor generated by a function g € YBV,, / YBV,,. Then, M, has closed range if and only if
#supp (g) < +oo0.

The proof of Theorem 61 is a somewhat mixture of the proofs of the previous results in
this section.

Proof If #supp(g) < +oco, then, by Theorem 38, M, has finite-dimensional, and thus
closed, range.

Suppose now that M, : YBV,, - YBV,, has closed range, but # supp (g) = +oo. Then,
in particular, there is a constant ¢ > 0 such that for each y € ImM, there exists some
n € YBV,, satisfying y = M,(n) and ||n||YBVW < C”)’”Yva (see [1, Corollary 2.15]). By
Proposition 58 there is also a constant 6 > 0 such that |g(¢)| > 6 for t € supp (g). Further,
in view of our assumption (10), we can find a sequence (7)< in (0, 1) convergent to O

such that lim,_, q;(zﬂk)) =0. Now, fix k € Nand set/ := [1 + 1/y(z;)], where |- | denotes
Tk

the floor (or entire) function. Moreover, take any 2/ distinct points in supp (g) N (0, 1) and
arrange them in an ascending order: f; <t, < ... <fty. Let us define the function
x; 2 [0,1] = R by the formula

[ an/llglles i1 =ty fori=1,....1,
() = { 0, otherwise.

Clearly, x, € YBV,, as a step function. Let & be a function in YBV, such that
M,(x) = M, (&) and ||’g’k||YBVV < cllMg(xk)HYBVw. Notice that the functions x; and &, must
have identical values at each point ¢; fori =1, ...,2l as |g(¢)| > 6 for t € supp(g). In par-
ticular, a7 /|18l = 1%l o < 1€kl - To estimate |£; |, from below, let us take an arbitrary
positive number 4 such that var , (&, /A) < 1. Then,

1
Varw<§—/{‘> > ZW<W2)‘—/51<(‘24)|>

i=1

ar, 1 ar,
=11 . .
;‘”<A||gnm> [ +w<rk)J "’(xngnw)

v
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Note that w='([1+ 1/y(r)]™") <w ' (w(r) =7 here, y~! denotes the inverse
function of y, while |-]~! denotes the reciprocal of |-|. Hence, 1> a/||gll., and so
1, > a/ligll,

Our next step is to show that ||Mg(xk)||Yva — 0 as k - +oo. By Lemma 30 and the 6,
-condition we have

l

2
war 4,0 < Yo (m%ﬂmﬁsu+uwmymmm

< A@) - (@laz) + olazy) /w(z);

let us recall that the function A is given by the formula (2). Therefore, var ,(M,(x;)) — 0
as k — +oo (note that the function ¢ is continuous and so @(at;) — 0). This, together with
the fact that ||M, (x,)|l, < a7, in view of Proposition 7, implies that ||Mg(xk)||YBV¢ — 0O as
k — +oo0.

Putting all the pieces together, for any k € N we finally have

I+ z)a/llglle < Nllysy, < cllM(x)llypy, -

And, passing to the limit with kK — +o0, yields a/||g||, < 0, which is impossible. Thus,
supp (g) must be finite. The proof is complete. a

Finally, let us discuss closed range multiplication operators in spaces of functions of
bounded Riesz variation.

Theorem 62 Let 1 < p,q < +oo and let M, : RBV,, — RBV,, be the multiplication opera-
tor generated by a function g € RBV,/RBV,,.

(@) Ifq > p, then M, has always closed range (as the zero operator).
(b) Ifq = p and if either supp (g) = @ or supp (g) = [0, 1], then M, has closed range.
(©) Ifq <p,then M, has closed range if and only if supp (g) =

Proof Note that (a) is trivial as in this case RBV,/RBV,, = {0}, and so Im M, = {0}.

Now, let g = p. In this case RBV, /RBV, = RBV,,. If g = 0, there is nothing to prove.
On the other hand, if supp (g) = [0, 1], then, since g is continuous, there is a constant § > 0
such that|g(#)| > 6 for all # € [0, 1]. This, by Corollary 23 means that M, is surjective, and
hence has closed range.

Finally, let us show (c). Clearly, we need only to prove the necessity part. So let us
assume that M, has closed range, which implies that there exits a constant ¢ > 0 such that
for each y € Im M, there is some n € RBV,, satisfying y = M, () and ||’7||RBv,, < c||y||RBVq
(see [1, Corollary 2.15]). However, on the contrary, let us suppose that supp (g) # @. Since
RBV, / RBV,=RBV,CC for g<p, there must exist a non-degenerate interval
[a,b] C [0,1] and a constant 6 > O such that |g(¢)] > 6 for 7 € [a,b]. Let us fix a point
s € (a,b) and for each n € N let us define x,, : [0, 1] — R by

0 = nl/r=t _pl/p|t —s|, ifr € [s—1/n,s+ 1/n] N[0, 1],
Tll) = 0, otherwise.
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Note that for all but finitely many numbers n we have supp (x,,) C [a, b]; let us denote the
first term of the sequence (x,,),cy for which this condition holds by N. Moreover,

s+1/n 1/p
”xn”RBVI, =n'/P1 4 </ ndt) =nl/P=t 4 2l/p
s—1/n

for n> N. Now, for each n >N let &, € RBY, be such that M,(x,) = M,(&,) and
1€, RBY, < cllM, (x )l RBV, Note that the equality M,(x,) = M,(&,) implies that &, and x,
coincide on the interval [a, b]. In particular, ||x, gy < II&, “RBVI).

We also need to estimate || M, g(xn)llRBVq. For any n > N we have

R l/q / / /
(var B, 0) = 1), < N8l + g, .,

s+1/n 1/q
< I llolg'llz, + lglle - ( / |x;(r>|"dr>

s—1/n

=pl/P-1. ||8/||L,, + gl - 214ant /P14,
Putting all the pieces together, for n > N, we obtain
'/t 427 < 1g, lirpy, < cllM(o)llny, < en'/P7t -1l + cllgll - 2/9nP711.

Since1/p—1<0and1/p—1/q <0, passing with n — +o0 in the above estimate, yields
21/P < 0, which is an utter absurd. Thus, supp (g) = @. a

At this point, it should not come as a surprise that we need to consider the case
RBV, = BV separately.

Theorem 63 Let 1 < p < +oco and let M, : RBV, - BV be the multiplication operator
generated by a function g € BV. Then, M, has closed range if and only if #supp (g) < +oo.

Proof If #supp(g) < +oo, then the claim follows from Theorem 40—cf. the proof of
Theorem 59.

‘We can thus assume that Mg has closed range, that is, there is a constant ¢ > 0 such that
foreach y € Im M, there exists some € RBV, satisfying y = M, () and ||’I||RBV,, <clyllgy
(see [1, Corollary 2.15]). Suppose, however, that supp (g) is infinite. If supp(g) were
uncountable, in view of the fact that functions of bounded Jordan variation have countably
many points of discontinuity, there would exist an interval [a,b] C [0, 1] and a constant
6 > 0 such that |g(r)| > 6 for all ¢ € [a, b] (cf. the proof of Theorem 49). Using exactly the
same approach as in the proof of Theorem 62 (c) with exactly the same sequence (x,,),,cn
and some appropriate sequence (&,), - it could be then shown that

1/p—1 1 1/p—1
n'P7 42 <& llrpy < M) gy < clix,llpyliglipy < 3777 cllgllpy
p 8

for all n sufficiently large. Letting n — +oo, this would lead to a contradiction. Thus,
supp (g) must be countable. But then, M, is compact by Theorem 49. Since it has closed
range, we deduce that #supp (g) < +oo (cf. the alternative proof of Theorem 59). This
completes the proof. a
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Remark 64 The case M, :BV —>RBV, for 1<p<+oco is ftrivial since then
RBVP /BV = {0}, and so Mg, as the zero operator, has closed range.

5.6 Fredholm multiplication operators

We devote this last section to studying Fredholm multiplication operators in cer-
tain BV spaces. Let us recall that a bounded linear operator L : X — Y acting
between Banach spaces is called a Fredholm operator if dim Ker L < 400, ImL is
closed in ¥ and dim(Y/ImL) < +o0. The index of a Fredholm operator is defined by
ind L := dim Ker L — dim(Y/Im L). (For more information on Fredholm operators see [7]
or [3, Section 11.6].)

Remark 65 As it is not possible that both the sets Z, and supp (g) are finite, in view of Theo-
rems 16, 59 and 61, there are no Fredholm multiplication operators M, o YBVW - YBV(p,
when either ¢ £ y, or ¢ € 6, and

0 = timinf 22 < lim sup 2 < 4oo
=0t (1) o+ w(b)

for some a > 0.
On a more positive note, we have the following result.

Theorem 66 Let @,y : [0,+00) — [0, +00) be two Young functions such that

ela) < limsup M < 400

40 -0t w(0)

0 < liminf
t—0+

Jor some a > 0. Moreover, let M, : YBV,, — YBV , be the multiplication operator gen-
erated by a function g € YBV ,/YBV,,. Then, M, is a Fredholm operator if and only if
#Z, < +oo and there exists a constant 6 > 0 such that |g(1)| = 6 for all t € supp (g); in
addition, in such a case, ind Mg =0.

Proof Note that we need to only prove the sufficiency, because the necessity part follows
from Theorems 16 and 60.

So, let us assume that #Z, = n for some n € NU {0} and that there exists a constant
6 > 0 such that |g(#)| > 6 for all # € supp(g). If n =0, then supp (g) = [0, 1], and so the
operator M, is an isomorphism of YBV,, and YBV,, (cf. the proof of Theorem 60), so it
is clearly a Fredholm operator. Now, let us assume that n > 1, and let Zg ={t,....t,}.
We may assume that those points are arranged in an ascending order, that is,
0<t <1, <...<t, <1 From Theorems 16 and 60 we know that dim Ker M, = n < +o0
and that ImMg is closed. It remains to show that dim(YBV(p / ImMg) < +o00. We will
show that dim(YBV,,/ImM,) = n. To this end we will prove that Im M, coincides with
the set {y € YBVq,ly(t,-) =0fori=1,...,n}. As g(z,) =0 fori=1,...,n, it is clear that
ImM, C {y € YBV, |y(t)=0fori=1,...,n}

Now, let y € YBV, be an arbitrary function which vanishes at the points 7, i = 1, ..., n.
Define x : [0,1] - R by
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x(t)z{o, ift =t forsomei=1,...,n,
y()/g@®), ift #¢t, foreveryi=1,...,n.
Using the same approach as in the proof of Theorem 60 it can be shown that
x € YBV,,. Since y=M,(x), we see that y € ImM,. This, in turn, implies that
{y€YBV,|yt)=0fori=1,...,n} C ImM,.

To end the proof it suffices to note that YBV ,/ Im M, is linearly isomorphic with R" by
the map y + ImM, = (v()), ..., ¥(,)). O

We end this section and the whole paper with a remark concerning Fredholm multi-
plication operators in RBV, spaces.

Remark 67 Let 1 < p,q < +o0. Note that due to Theorem 62 and the characterization
of the multiplier class RBV, /RBV,, there are no Fredholm multiplication operators
M, : RBV, - RBV whengq # p.

Similarly, there are no Fredholm multiplication operators acting to BV of from BV.
The latter case follows from the fact that any multiplication operator M, : BV - RBV ,
where 1 < p < +o0, is the zero operator. To prove the former case, let us notice that if
M e RBVP — BV, where 1 < p < 400, is a Fredholm operator generated by g € BV, then
it has closed range, and so, by Theorem 63, #supp (g) < +oco. But this, in view of Theo-
rem 16, implies that dim Ker M, o = 00 and leads to a contradiction (recall that a Fredholm
operator has a finite-dimensional kernel).

The problem whether there are Fredholm multiplication operators M, : RBV, — RBV
where 1 < p < 400, other than automorphisms is still open.
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