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Abstract

Aggregation equations, such as the parabolic-elliptic Patlak—Keller—Segel model, are
known to have an optimal threshold for global existence versus finite-time blow-up.
In particular, if the diffusion is absent, then all smooth solutions with finite second
moment can exist only locally in time. Nevertheless, one can ask whether global exis-
tence can be restored by adding a suitable noise to the equation, so that the dynamics
are now stochastic. Inspired by the work of Buckmaster et al. (Int Math Res Not IMRN
23:9370-9385, 2020) showing that, with high probability, the inviscid SQG equation
with random diffusion has global classical solutions, we investigate whether suitable
random diffusion can restore global existence for a large class of active scalar equations
in arbitrary dimension with possibly singular velocity fields. This class includes Hamil-
tonian flows, such as the SQG equation and its generalizations, and gradient flows,
such as those arising in aggregation models. For this class, we show global existence of
solutions in Gevrey-type Fourier—Lebesgue spaces with quantifiable high probability.

Mathematics Subject Classification 35Q35 - 35Q49 - 35Q70 - 35R60 - 60H50

1 Introduction
1.1 Motivation

To motivate the problem addressed in this article, let us consider the two-dimensional
aggregation-diffusion equation
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9,0 =div(fVg % 0) + vA6

t,x) € Ry x R2. 1.1
9|t:0:90 ( ) -+ ( )

Here, g(x) = % In |x| is the Newtonian potential on R? and v > 0 is the diffusion

strength. It is natural to assume that 9% > 0 and consider solutions & > 0, as 0 is
supposed to represent a density. If v > 0, then Eq. (1.1) is known as the parabolic-
elliptic Patlak—Keller—Segel (PKS) equation, which is a model for the aggregation of
cells by chemotaxis [68, 79, 82]. If v = 0, then the equation is the gradient flow of the
Newtonian energy with respect to the 2-Wasserstein metric. The equation has been
studied as a model for the evolution of vortex densities in superconductors [28, 98]
and as a model for adhesion dynamics [80, 85].

It is a straightforward calculation that any smooth solution to (1.1) conserves mass,
so we can unambiguously write M = fRZ 0(x)dx = f]R2 6%(x)dx. Suppose that 6 is a
solution to (1.1) with finite second moment /Rz |x|?67 (x)dx. Evidently this quantity is
strictly positive if 8" is not identically zero. Using integration by parts, one computes

2

d " M M
— [x|“0' (x)dx = —— 4+ 4vM = — (8nrv — M). (1.2)
dt Jr2 27 2

Thus, if M > 8w v, then the second moment is strictly decreasing at a linear rate. Since
the second moment is nonnegative, this implies that the maximal time of existence
for 6 is finite. In particular, we see that if v = 0, so there is no diffusion, then any
nonzero, sufficiently localized classical solution to (1.1) must have finite lifespan [65].
In fact, for initial datum in L', one has a unique, global mild solution to (1.1) if and
only if M < 8mv [97]. For the asymptotic behavior of solutions, we refer to [6, 20]
(M < 8mv), [4,54] (M = 8mv), and [94-96] (M > 8mv), and references therein. In
the case v = 0, one has a sharp bound for the time of existence for compactly supported
L°° weak solutions to (1.1), which are necessarily unique, as well as exact solutions
that provide an explicit example of finite-time collapse to a nontrivial measure [12].

For the deterministic dynamics of Eq. (1.1), we see that global existence is a non-
starter for classical solutions if the diffusion is too weak relative to the size of the
initial data. But in the past two decades, there has been intense research activity on
understanding how adding some noise structure (in varying forms) to deterministic
equations can impact the behavior of solutions. A small, non-exhaustive sample of
this research is given by [7, 14, 22, 36, 37, 41, 44-47, 50] and references therein.
Concerning equations of the form (1.1), Flandoli et al. [43] have shown that blow-up
is delayed in a 3D version of (1.1) with positive v on T¢ by adding a suitable multi-
plicative noise of transport type. Misiats et al. [77] have shown that some choices of
random perturbations of Eq. (1.1) with v > 0 lead to global solutions for small-mass
initial data, while other choices lead to finite-time blow-up with positive probability
for all initial data .

To the best of our knowledge, prior works have not shown that noise prevents finite-
time blow-up, in particular for the case v = 0 when all smooth, sufficiently localized
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solutions necessarily blow up in finite time.! Recently, the second author together with
Buckmaster et al. [14] showed that adding random diffusion leads to global solutions
with positive probability for the invsicid surface quasi-geostrophic (SQG) equation
with Gevrey-type initial data. Unlike the Eq. (1.1), inviscid SQG is a Hamiltonian
flow, and the long-time dynamics of classical solutions is still unresolved. In light of
this result, it is natural to ask if random diffusion may somehow improve the existence
theory for the Eq. (1.1), for which solutions a priori behave very differently. Thus, we
pose the following question, which the present article seeks to answer.

Question 1.1 Can one restore global existence of sufficiently regular solutions to (1.1)
by adding a suitable random diffusion?

1.2 Problem formulation

In order to investigate the regularizing effect of random diffusion and answer Ques-
tion 1.1, let us start from more general deterministic equations of the form

Bl — 60 (t,x) € R x RY. (1.3)
o =

{ate + div ({MVg % 6) = 0
One could also include a diffusion term —|V|A9, for A > 0, in the right-hand side
(see Remark 1.8 below), but we will not do so here. Above, Ml is a d x d constant
matrix. There are several meaningful choices for M. For instance, if we choose M to
be —1I, then we get gradient flows. While if we choose M to be antisymmetric,? then
we obtain conservative/Hamiltonian flows. We assume that g € S’(R9) is a tempered
distribution, such that the Fourier transform of Vg is locally integrable and satisfies
the bound |£§(&)| < |&]'~7 for some 0 < y < d + 1. The model case is when g is a
log or Riesz potential according to the rule

Ix|¥=4, ¥y e (0,d+1)\{d}. (1.4)

!—log xl, v =d
The choice of sign determines whether the potential is repulsive (+) or attractive
(—). When y = 2, (1.4) is a constant multiple of the Coulomb/Newtonian potential.
We refer to the ranges y > 2 and y < 2 as sub-Coulombic and super-Coulombic,
respectively.

The general equation (1.3) encompasses a wide class of physical models. Focusing
first on the conservative case, in which M is antisymmetric, the most notable examples
are in dimension 2. If M is rotation by 7 and g(x) = —% log |x| is the Coulomb
potential, then (1.3) becomes the incompressible Euler vorticity equation (for instance,

! In the interests of completeness, we also mention that several works (e.g. [8, 63, 69]) have investigated
the suppression of finite-time blow-up in the Patlak—Keller—Segel equation by deterministic perturbations
of convective type.

2 This case is limited to dimensions d > 2, since there is no antisymmetric matrix (i.e. scalar) in dimension
1.
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see [76, Section 1.2] or [73, Chapter 2]). If g(x) = Clx|~', then Eq. (1.3) becomes
the inviscid SQG equation, which models the motion of a rotating stratified fluid with
small Rosby and Froude numbers in which potential vorticity is conserved [26, 62,
83, 87]. More generally, choosing g(x) = Cy|x|y_2, for 0 < y < 2, leads to the
generalized SQG (gSQG) family of equations [18, 84], for which the Euler vorticity
equation is the y — 27 limit. While global-well posedness is known for classical
[58, 99] and weak [100] solutions to the Euler case, the global existence of smooth
solutions to the gSQG equation is a major open problem—it is only known if one
adds suitably strong diffusion to (1.3) (e.g. see [30, 33, 35, 67]). We refer the reader
to [16, 17, 21, 23, 26, 49, 57, 60, 87] and references therein for more information on
the well-posedness and long-time dynamics of the gSQG equation.

In the gradient-flow case, in which Ml = —I, Eq. (1.3) has been studied for several
applications in addition to the aforementioned ones of adhesion dynamics, chemotaxis,
and vortices in superconductors. To name a few: materials science [61], cooperative
control [56], granular flow [3, 5, 27, 93], phase segregation in lattice matter models
[51-53], and swarming models [74, 75, 91, 92]. Several works have focused on the
well-posedness and long-time dynamics. We recount some of the results for the model
interaction (1.4), which is sometimes called a fractional porous medium equation. In
particular, in the repulsive case y = 2, global existence, uniqueness, and asymptotic
behavior of nonnegative classical and L°° weak solutions are known [2, 12, 71, 89].
The case 2 < y < d + 1 is easier and follows by the same arguments [19, Section 4]
(see also [13] for an L? well-posedness result). For 0 < y < 2, local well-posedness
of nonnegative classical solutions is known [25] and global existence, regularity, and
asymptotic behavior of certain nonnegative weak solutions are known [9, 24, 29, 31,
32, 34, 70]. To our knowledge, these weak solutions are only known to be unique
if d = 1 [11]. It is also an open problem whether classical solutions are global if
0 < y < 2. If one allows for mixed-sign solutions, then the repulsive and attractive
equations are equivalent by multiplication by —1. [12] has established well-posedness,
in particular maximal time of existence, for compactly supported classical and L™
weak solutions in the y = 2 case. In particular, nonnegative classical and L* weak
solutions in the y = 2 case are known to blow up in finite time, as remarked at the
beginning of the introduction. [78] has shown the existence of global renormalized
solutions in the sense of DiPerna—Lions [38, 39]. We also mention the works [1, 72,
78] for an equation arising in vortex superconductivity, which reduces to the repulsive
y = 2 case of Eq. (1.3) when one considers nonnegative solutions.

As a unifying perspective, the Eq. (1.3) may be viewed as an effective description
of first-order mean-field dynamics of the form

x=— Z MVg(xit —x%)

J .
LN R ie{l,....N) (1.5)
0

xit|t=0 =X;

in the limit as the number of particles N — oo. The mathematical validity of this
description has been actively studied over the years [10, 15, 19, 40, 42, 55, 59, 64, 66,
81, 88, 90].
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Inspired by the aforementioned work of Buckmaster et al. [14], which in turn was
inspired by earlier work of Glatt-Holtz and Vicol [50], we propose adding a random
diffusion term to (1.3) by considering the stochastic partial differential equation

3.0 + div(OMVg % 0) = v(1 + |[VI)oW!
{, + div(OMVg % 0) = v(1 + |V[) t,x) eR xR (1.6)

9|t=0 = 90

Here, s > 0 (we will determine further restrictions later), W is a standard real Brow-
nian motion, and the stochastic differential should be interpreted in the It sense. The
“superscript formally denotes differentiation with respect to time. We note that our
choice of random diffusion differs from that of [14], which used the fractional Lapla-
cian |V|* = (—A)%. In that article, the authors work in the periodic setting of T2,
and after modding out by the mass of the solution, which is conserved, homogeneous
and inhomogeneous Sobolev spaces are equivalent. This equivalence fails on R¢, and
therefore the fractional Laplacian creates problems at low frequency, as will become
clear to the reader in Sects. 3 and 4 (see Remark 1.7 for further comments). Accord-
ingly, we opt to add an inhomogeneity to rectify this issue. We emphasize that our
choice of random perturbation differs from the aforementioned prior works [43, 77]
on stochastic PKS equations, which did not consider random diffusion as in (1.6).

A priori, it is not clear how to interpret the SPDE (1.6). Moreover, it is not clear
that the stochastic term in the right-hand side is regularizing since W' does not have
definite sign. Formally, suppose that we have a solution 6 to (1.6), and let us set
w! = e "W AHVPg! where for each realization of W, I' 1= ¢ "W (I+IVI") i5 the
Fourier multiplier with symbol e VWIIHER) - A in [14], to compute the equation
satisfied by u, we formally use the Fourier transform together with It6’s lemma to
obtain

dp =T06+ T6+ d[I0]
=T (—div(OMVg % 0) + v(1 + |V[")OW)

2
+ <—v(1 FVIHTW + 1)7(1 i |V|S)2F> 6 —v2(1 + |V[*)’T6

2
= —divl (F—IMMVg x r—lu) - ”7(1 IV 1.7

Above, [I", 8] denotes the quadratic covariation of the processes I and 6. Also, we have
implicitly used that I'* and | V|* commute, both being Fourier multipliers. Observe that
(1.7) is arandom PDE which may be interpreted pathwise (i.e. for fixed realization of
W, which almost surely is a locally continuous path on [0, c0)). Additionally, thanks
to the nontrivial quadratic variation of Brownian motion, we have gained a diffusion
term in this equation. Rather than deal with the original equation (1.6), we shall base
our mathematical interpretation on (1.7).
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1224 M. Rosenzweig, G. Staffilani

Remark 1.1 One may wonder why we choose the Itd formulation in (1.6) as opposed
to the Stratonovich formulation

3,0 + div(OMVg % 6) = v(1 + |V|")0 o W' (1.8)

which is formally equivalent to the It6 equation
. l)2
0:0 + div(6MVg * 0) = v(1 + |[V[)OW' + ?(1 + |V[%)26. (1.9)

Suppose we define u! := e "W AHIVING! a5 before. Then again using Itd’s lemma,
we find

o =100+ 0,0 + 0,[I"0]

2
=T (— div(OMVg % 0) + v(1 + [V|)OW' + %(1 + |V|S)29>

2
+ <—v(1 +|VIHTW + %(1 + |V|S)2F> 0 —v2(1 + |VI)’Te
= —Idiv(l'uMvVg I~ p). (1.10)

No longer do we gain a fractional diffusion term, which, as we shall see below, is fatal
to our arguments. The preceding conclusion is to be expected. Indeed, if W isa C! path,
then by ordinary calculus, o;u = —v (1 + |V|* YTOW + I'9;6; and the Stratonovich
formulation is precisely chosen to preserve the ordinary rules of calculus.

1.3 Statement of main results

We now present our main theorem. We assume that we have a standard real Brownian
motion {W'},>¢ defined on a filtered probability space (2, F, {F"};>0, P) satisfying
all the usual assumptions. Given «, 8, v > 0, consider the event

Qupv ={weQ:a+pt—vW (w) >0 Viel0,00)}CQ. (1.11)

20,

_ 208
It is well-known (see [86, Proposition 6.8.1]) that P(Qq,,,) =1 —e »? . We recall

the Fourier-Lebesgue norms || - || ., (see Sect. 2.2).

Theorem1.2 Letd > 1,0 <y <d +1, % < s < 1. Ify > 1, also suppose that we
are given 1 < g < %1. Given a, B, v > 0, suppose that B < ”—22

Suppose first that y < 1. If s is sufficiently large depending on vy, then there exists
an rg > 1 depending on d, y, s, such that the following holds. For any 1 < r < rg
and any o > 0 sufficiently large depending on d, y,r, s, there is a constant C > (0
depending only ond, y,r,s, o, such that for initial datum u° satisfying

2
s v —2ﬁ
||e(ot+e)(l+|V\ )I/LO”Wzrs.r < W (1.12)
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and any path in Qq g v, there exists a unique global solution p € C([0, 00); W‘””)
to Eq. (1.7) with initial datum °. Moreover, for ¢' := a + Bt and assuming n° # 0,3
the function

[ s [|e@ FOUHTE)

Wl o (1.13)
is strictly decreasing on [0, 00).

Now suppose that y > 1. For 0,0, > O sufficiently large depending on
d,y,s,r,q, there is a constant C > 0 depending only on d,y,r,q,s, oy, 04, such
that for initial datum p° satisfying

o) vZ —28

(a+e)(1+|V[*),,0
e M 2, <
| s g1 CIM|

1+|V|*
forss + ”e(a-i-é)( +IVI*)

i (1.14)

and any path in Qq gy, there exists a unique global solution u € C([0, 00); Worsr 0
Woas ) to Eq. (1.7) with initial datum p°. Moreover, assuming n° # 0, the function

@' +e)(1+VI*) + [|e@ FOUHIVE) 1 2 (1.15)

qux, -1

t
t>le W rors.r

is strictly decreasing on [0, 00).

To the best our knowledge, our result is the first demonstration that a random
diffusion term can lead to global solutions for equations which, without any diffusion,
necessarily blow up in finite time. This provides an affirmative answer to Question 1.1.
Furthermore, Theorem 1.2 substantially generalizes the prior work of Buckmaster et
al. [14, Theorem 1.1], which was limited to the SQG case M equals rotation by % and
g@E) = g7, corresponding to a conservative/Hamiltonian flow. In particular, our
result covers the full range of interactions in the model case (1.4) and also allows for
interactions (e.g. d < y < d + 1) which may not be singular in physical space near
the origin but have very slow decay or even growth at co.

We do not say anything here about the asymptotic behavior of the solutions we
construct, only that they are global. It would be interesting to give an asymptotic
description of the solution as ¢t — oo, valid at least with positive probability. Indeed,
the reader will recall from the beginning of the introduction that such a description is
known for the deterministic PKS equation. We hope to address this question in future
work.

Before transitioning to discuss the proof of Theorem 1.2, let us record a few remarks
on the statement of and assumptions behind the theorem.

Remark 1.3 The solutions in Theorem 1.2 are pathwise. More precisely, there is a
good set €4 g1, defined above, of realizations of the Brownian motion, such that
for any w € Qg4 g,» and with W(w) : [0, 00) — R, we have a unique global solution
w(w) : [0, 00) — RtoEq.(1.7). We can then define a notion of solution to the original

31f 0 = 0, then by uniqueness, the solution s is zero identically in time, hence strict monotonicity cannot
hold in this trivial case.
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1226 M. Rosenzweig, G. Staffilani

equation (1.6) by setting 0 () := "W @U+IVI) 7 (). Since for any w € Q. .0,

we have ¢’ — vW! > 0, it follows from the definition of the Fourier—Lebesgue norm
that

10" (@) yos.p < Nle® TV L @)1 - (1.16)
forany 1 < p < oo.

One may interpret Theorem 1.2 as follows (cf. [14, Remark 5.3]). Fixing «, €, v
and given an initial condition 1° such that

E o= et oy 1CTOTTOUON 2 1yt < 00, (117)
2
we can choose 8 < %E‘M‘,WhereC is the constant from condition (1.12) or (1.14).

Then with probability at least

_a(u2 - CE|M|))

P=l—exp( > (1.18)
v

~ ~ 2
there is a pathwise unique global solution u € C([0, co0); W " N W”"S’qfql) to
Eq. (1.7) with initial datum u°, such that the function (1.15) is strictly decreasing on
[0, 00).

Remark 1.4 So as to make the result as accessible as possible, we have opted not to
include in the statement of Theorem 1.2 the explicit relations the parameters, such
asd, y, s, ro, o, have to satisfy in order for the theorem to apply. These relations are
explicitly worked out in Sects. 3 and 4 during the proofs of Propositions 3.1 and 4.1.
Here and throughout this article, the reader should keep in mind that the most favorable
choices for s, rares =l and r = 1.

Remark 1.5 The conditions (1.12), (1.14) allows for initial data of arbitrarily large
mass. Indeed, focusing on the y < 1 case, suppose that /SLO € C and /lO(O) =M,
for given M. Let L = supg ¢quppa0) 1§ ]- Then

IIe("H‘E)(HIVlS),uO||WJ” <Cy(1+L)° Lge(a+€)(l+Ls)||ﬁO||L°O. (1.19)
Taking g = 8%, for given ¢ € (0, 1), and requiring

C4CIMI (1 4 L)°5 LT e@+OU+L a0 o
<V
) ’

(1.20)

we see that (1.12) holds. For fixed v, we can make the left-hand side of the preceding
inequality arbitrarily small by letting L — 0%. While for given L, we can take v
arbitrarily large so that (1.20) holds. The latter case is reminiscent of the mass-diffusion
threshold we saw earlier for the PKS equation.
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Remark 1.6 Although only the ratio i—f appears in the value of P (€2, g.,), which might

suggest to the reader that one can send B, v — 0T while fixing i—’g, we emphasize
that the assumption 0 < 8 < "72 is crucial. Indeed, our argument for showing local
well-posedness fails if 8 > "72, and the requirement f < % appears when showing
the functions (1.13), (1.15) are strictly decreasing. Furthermore, if v, 8 — 07, then
the right-hand sides of the initial datum conditions (1.12), (1.14) are tending to zero,
which implies that only .° = 0 would satisfy these conditions in the limit.
Additionally, one might think that by increasing v, the diffusion becomes stronger
and therefore one should get a “better” result. But P(£24,,,) evidently decreases to
zero as v — 00, assuming p is fixed. The reason has to deal with the resulting growing
variance of vW! appearing in the definition of I'’, which requires a large value of 8

to be absorbed by the exponential weight in our function spaces.

Remark 1.7 Theorem 1.2 is also valid if R¥ is replaced by T¢. In fact, since Fourier
space is discrete on the torus, we do not have the same issues at low frequency as in
the setting of R?, and therefore one can replace Eq. (1.6) with

3,60 + div(OMVg % 0) = v|V[ O W'. (1.21)

An elementary computation reveals that solutions conserve mass and therefore one
may quotient out the mass by assuming it is zero. As a result, the zero Fourier mode
vanishes and one has an equivalence of homogeneous and inhomogeneous Sobolev
norms. Working with (1.21) simplifies the proof greatly, as the two-tiered norm for
y > 1 becomes unnecessary.

Remark 1.8 Theorem 1.2 is still valid if one adds a deterministic diffusion term
—x|V|*6 to the right-hand side of (1.6), for x, A > 0, which leads to (1.7) being
replaced by

2
. _ _ v
Blu—f—leF(F 1 UMVg % T 1u>=—<7(1+|V|‘)2+x|V|A) w. (1.22)

Since a deterministic diffusion term only makes the circumstances for global existence
more favorable, we have opted not to include this term.

1.4 Comments on proof

We briefly comment on the proof of Theorem 1.2. In light of the success of [14] in
showing that adding random diffusion to the inviscid SQG equation leads, with high
probability, to global solutions, and that the SQG equation is a special case of (1.3),
we are guided by the approach of the cited work. There are two main steps:

(1) Local well-posedness via contraction mapping argument,
(2) Monotonicity of the Gevrey norm via energy estimate.

As discussed below, repeating the proof of [14] in our more general context would
fail due to issues at low frequency related to working on R¥, as opposed to T¢, and
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1228 M. Rosenzweig, G. Staffilani

issues at high frequency stemming from the singularity of our interactions. Several
new ideas are consequently needed.

Step (1), carried out in Sect. 3, proceeds by rewriting the Eq. (1.7) in mild form (see
(3.3)) which is amenable to a contraction mapping argument for short times. The main
difficulty is estimating the nonlinear term in the scale of Gevrey-type spaces defined
in Sect. 3.1—the exponential weights of which are used to absorb the I" operators—in
which we want to construct solutions. In particular, the velocity field MIVg * & can be
singular compared to the regularity of the scalar u, as opposed to of the same order
in the SQG case of [14], which requires carefully balancing the derivatives in the
nonlinearity against the diffusion.

It turns out that using L?-based function spaces, as in [14], leads to a restriction on
y that scales linearly in the dimension d, which would then limit us to strictly sub-
Coulombic interactions g in dimensions d > 4. One of our new insights is to instead
consider Gevrey—Fourier—Lebesgue hybrid spaces (see (3.4)), which of course include
the function spaces of [14] as a special case. In particular, our new spaces behave
well with respect to Sobolev embedding when the integrability exponent » — 17,
becoming an algebra at r = 1.

Another challenge in the local well-posedness step is the singularity near the origin
of the Fourier transform g when y is large. In particular, for y > 1, |£§§(¢)| may blow
up as |§] — 0. Dealing with this issue requires using a two-tiered function space,
compared to the case y < 1. More precisely, at high frequency, we need our functions
to be in an exponentially-weighted Fourier—Lebesgue space with high regularity index
and low integrability exponent; while at low frequency, we need our functions to be in
a similarly weighted space with low regularity index and high integrability exponent.
This leads us to the multi-parameter scale of spaces Xg’f)’,’r’r’ introduced in (3.7) (more
generally, see Sect. 3).

After some paraproduct analysis and a fair amount of algebra to determine what
conditions all the various parameters have to satisfy, we prove Proposition 3.1, which
asserts local well-posedness in the class of solutions satisfying

sup <”e<¢'+e)<1+\vv>ut

1 s
g+ @ HOTHTE 1y ﬂ1y>1) <o, (1.23)
0<t<T W a1

Il

for some o07,,, < o. Here, 1(,) denotes the indicator function for the condition (-).
Although the Sobolev index oy, is strictly less than that of the initial datum, we will
later improve it to o through a bootstrap argument.

Step (2), carried out in Sect. 4, consists of upgrading the local solution from step (1)
to a global solution and also upgrading the Sobolev index from o7y, to o. The original
idea of [14, Proposition 4.1], modified to our setting and presented for the r = 2 case,
is to prove an inequality for the time derivative of the “energy” ||e¢[(l+|v|x)u’ ”%1"“
which shows that this quantity is strictly decreasing on an interval [0, T'], provided it is
not too large at initial time and that ||e‘/’1 (IHVP)M[ l g+1s remains finite on the same
interval. With this type of conditional monotonicity result, the authors of that work
could exploit the fact that the initial datum belongs to a space with higher Gevrey index
o + € in order to iteratively extend the lifespan of the solution, losing a decreasing
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fraction of € along each step of the iteration. Note that in their work the Sobolev index
from the local well-posedness does not change.

Since we deal with y that are more singular than in [14] and step (1) only gives
local solutions in a rougher space than that claimed in the statement of Theorem 1.2,
we need a more sophisticated argument. Moreover, we need to work in our scale
of Fourier—Lebesgue spaces, with the auxiliary space if y > 1. We prove a similar
conditional monotonicity result for the energy

@' +€HA+IVIS), 1
”6 14 ”W{yrs,r

2q
+ ||e<¢’+€/)(1+|le)ﬂt I q-T 2 1y>la (1.24)
WO =T
for any 0 < ¢’ < ¢, assuming o, o, are sufficiently large depending ond, y, s, r, q.
Similar to step (1), the bulk of the labor consists of paraproduct analysis for the non-
linearity and determining the set of conditions that the parameters d, y, 5,7, q, 0y, 04
have to satisfy in order for the paraproduct analysis to be valid. In order to access the
monotonicity result, since o, > 07y, and o, > 0, we exploit the higher Gevrey index
of the initial datum together with an embedding lemma (see Lemma 3.5) to conclude
that if (1.23) holds, then for any 0 < €’ < € and 0,, 0, € R,

t ! 1 VS t A 1 v.r
sup (||e<¢ FEOMHNVE | oy + [0 'an_zq) <00
0=<t<T ACAE

(1.25)

also holds. We then obtain global existence by a lemma (see Lemma 4.5) which
quantifies the improvement in the lifespan of the solution as we decrease ¢’. Finally,
we conclude global existence and monotonicity also hold with €’ = € by essentially
monotone convergence theorem.

1.5 Organization of article

We close the introduction by outlining the remaining body of the article. In Sect. 2,
we introduce the basic notation of the article and review some frequently used facts
from Fourier analysis. In Sect. 3, we begin (Sect. 3.1) with our class of Gevrey—
Fourier-Lebesgue spaces and their properties and then (Sect. 3.2) show the local
well-posedness of the Cauchy problem for Eq. (1.7). In Sect. 4, we first (Sect. 4.1)
show the monotonicity property of the Gevrey norm. We then (Sect. 4.2) use this
property together with the local theory from Sect. 3 in order to prove our main result,
Theorem 1.2.

2 Preliminaries
2.1 Notation

Given nonnegative quantities A and B, we write A < B if there exists a constant
C > 0, independent of A and B, such that A < CB.If A < B and B < A, we write
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1230 M. Rosenzweig, G. Staffilani

A ~ B. To emphasize the dependence of the constant C on some parameter p, we
sometimes write A <, B or A ~,, B. We denote the natural numbers excluding zero
by N and including zero by Ny. Similarly, we denote the positive real numbers by R .

The Fourier and inverse transform of a function f : R¢ — C™ are defined according
to the convention

F©) = FE) = [ Fwe e,
x - , @.1)
f(x) = f_l(f)(x) = (Zﬂ)_d \A;d f(%-)elgxd%_

In the case m > 1, the notation should be understood component-wise. Given a
function m : R? — C™, we use the notation m (V) to denote the C"-valued Fourier

multiplier with symbol m (£). In the particular, the notation |V| = (—A)% denotes the
Fourier multiplier with symbol |£| and (V) := (1 + |V|*)!/2 denotes the multiplier
with Japanese bracket symbol (1 + |£]%)!/2.

2.2 Sobolev embedding
For the reader’s convenience, we state and prove an elementary Sobolev embedding

tailored to the Fourier analysis of Sects. 3 and 4. To the state the lemma, we recall that
the Bessel potential space W*? is defined by

I fllwsr == I(V)' fliLr, s €R, pe(l,o0) (2.2)
and the Fourier—Lebesgue space WS- is defined by
1 W == 1) e, s € R, p el 00l (2.3)

For p = 2, these two spaces coincide by Plancherel’s theorem, and, following standard
notation, we shall write H*. When s = 0, we shall also adopt the notation wor — [r.

Lemma2.1 If1 < p <r <00, then
170 Sapor WUyt o 2.4)

where the notation (-)+ means (-) + €, for any ¢ > 0, with the implicit constant then
depending on € and possibly blowing up as € — 07. [f2 < p < oo, then

1 Wisor Sa.p AW 52 2.5

p—1

Proof Fix r > 1 and let 1 < p < r. By Holder’s inequality,

1 s = 16 Fllee = 1O fller Sa 107N o 1 s (26)

r—=p
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The first factor is finite provided that % >d<3§ > d(rr—;”).

Now suppose 2 < p < oo. If (VY f € L%, then by the Hausdorff—Young
inequality F((V)* £)(§) = (&§)* f (&) belongs to L? and

1 s = 16D FllLe Sap IKV) £ il P BS 2.7

P
Lp-T =

O

3 Local well-posedness

We investigate the local well-posedness of the Cauchy problem

dupt +divD (ML (MVg « T~ ) + 2(1 + V)2 = 0

(3.1)
li=o = u°.
Set A := (1 4+ |V|%)2. It will be convenient to introduce the bilinear operator
B(f, g) :=divl (F—lf(MVg % F_lg)> . (3.2)

The reader should note that B itself depends on time through I', and, when necessary,
we shall make explicit this time dependence by writing B’ (f, g). We rewrite (3.1) in
mild form

t 24 0 Py
uo=e 7% —/ e 7 "BT(u", uhdr. (3.3)
0

In order to perform a contraction mapping argument based on the mild formulation
(3.3), we use a generalization of the scale of Gevrey function spaces from [14] (see
also [48]). Given a > 0 and k € R, we define

) A2

”f”GZ‘r = ”ea f”WKs,r- (34)

We refer to a as the exponential weight or Gevrey index, k as the Sobolev index,
and r as the integrability exponent. If r < o0, then the completion with respect to
this norm of functions with compactly supported Fourier transforms in L” defines a

Banach space, as the reader may check. For 0 < 7' < co and a continuous function
¢ : [0, T] — [0, 00), we define

||f||chw = sup [|f" ]l (3.5)
¢ 0

W,
<t<T ¢!
We write C%, when Supg<; <7 is replaced by supy, - Set

CPGy" = 1{f € CUO. T W ®RD) : I fllcygyr < oo} (3.6)
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1232 M. Rosenzweig, G. Staffilani

We also allow for T = oo, replacing [0, 7] in the preceding line with [0, c0). Evidently,
this defines a Banach space.

To deal with possible issues at low frequencies when y is large, we also have need
for the Banach spaces

K1,
XK[,IQ,I‘[,VQ — Gal 1’ y S 1 (3 7)
" : , ’ .
v GZI rlmngrz’ y > 1,
where
I fllgean ngezr = I fllgan 4+ 1f e, (3.8)
and
X = { £ e € ([0, ] Wosn @) n s @) Iflcoxeisann < oo
(3.9)

The main result of this section is the following proposition.

Proposition3.1 Lerd > 1,0 <y <d + 1, % <s < 1. Ify > 1, then also suppose
we are given 1 < g < % Given o, B > 0, suppose W is a realization from the set
Qq,p,v and that B < ”72 Set ¢' := o + Br.

There exists ro > 1 depending on d, y, s, such that the following holds. For any

. 2s5—1 .
1 < r < ro, there exists og € (0, F ) depending on d, y,r, s, such that for any

o € (o9, 2ss—71) with 1 — y < os, there exists a constant C > 0 depending on

d,y,s,o,r,q,B,v, such that for ||/LO|| vor 2 <R there exists a unique solution
o2 =
X

oy
29

0. =7 2
JTS Cng’yr 7~ 1o the Cauchy problem (3.1), with T > C(|M|R)™ @5=1. More-
over,

el o 2 <2000 L, 20 - (3.10)
OXV” I X g1

ik
.y @y

Additionally, ifII/JL(])»H 2 < R, for j € {1,2}, then

a,O,r,qT]
a,y
0 0
leer — w2l o, 20 <20y —pall g, 24 - (3.11)
cox, ! Xy, 97!
6.y ay

Remark 3.2 Compared to statement of Theorem 1.2, where the Sobolev indices o;, o,
can be arbitrarily large, Proposition 3.1 contains the restriction o < 2:—_1 and the
second Sobolev index is set to zero. These restrictions are temporary: we only need
them to first obtain the existence of a solution. Using a monotonicity argument in the
next section, which is in the spirit of persistence of regularity arguments, we then
allow for larger values of o.
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Remark 3.3 A lower bound for rg is explicitly worked out in the proof of Proposi-
tion 3.1. See condition (LWP2) below and the ensuing analysis.

Remark 3.4 The solutions constructed by Proposition 3.1 do not a priori conserve
mass.* To see this, note that by using Eq. (3.1) and the fundamental theorem of
calculus,

d ! v N2t v t
— | wxdx=—— | A+|VP)'wx)dx=—— | px)dx, (3.12)
dt Jpd 2 Jra 2 Jpd

where the ultimate equality follows from expanding the square and using the Fourier
transform. Solving the ODE (3.12), we find

/Rd w (x)dx = 5 /Rd wl(x)dx. (3.13)

Soif 110 has zero mass, then ! has zero mass for all times 7. Otherwise, the magnitude
of the mass is exponentially decreasing as t — oo. Recalling the mass/diffusion
threshold for the PKS equation, this decreasing of the mass of our solutions may
provide some intuition why global existence is ultimately possible.

3.1 Gevrey embeddings

Before proceeding to the contraction mapping step, we record some elementary embed-
dings satisfied by the spaces G5

Lemma3.5 Ifa’ > a > 0and k' > «, then
I fllger <e*™ ||f||GK:,r' (3.14)

Ifk' > kanda’ > a > 0, then

[" — k]!
||f||GZ’,r < —||f||GZ;’- (3.15)

~ (- a)[K’—K'l

where [-] denotes the usual ceiling function.

Proof First, observe that for any a’ > a > 0,

_ /A1/2 /A1/2 !
1f llger = le“ A e A Fll i, < el fllger (3.16)
i (a—a)(1+[EI) a—a’ / i
since e <e . Also, for any «” > «, we trivially have from || - || s <
” ' ||WK/X.V that
I lger < I lger- (3.17)

4 1If we work on T and replace (1 + |V|%) with |V|*, then mass is conserved.
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Now for k¥’ > k, we have
/ 1/2 r _al)2 14172
1 llger = VYT fll, = (V)€ Tl OAT )0 AT f ;0 (3.18)
Observe from the power series for z — e? that

’
(g>(K’—K)Se(ll—a/)(1+|§:|s) <1+ |%—|S)K/—Ke(a—a,)(1+|$|s) < —[K _ K:“ ,(3.19)
(a/ _ a)[/( el

where [] is the usual ceiling function. Implicitly, we have used || - ||,2 < || - |l¢s, since
s < 2. Therefore,

s = 2T e (3.20)
G = (a' — a)l¥'—x1 G, - :

O

3.2 Contraction mapping argument

Next, we define the map
t t _n?y 0 ! 7(’4)”2/\ T,T T
W= (T =e 7% — e 2 “BY(ut, utdr. (3.21)
0
2q

We check that this map is well-defined on COX ?/ 7 for ¢' = a + Bt, with
o, B,0,r,q,y > 0 satisfying the conditions in the statement of Proposition 3.1.
To this end, we assume here and throughout this subsection that we have a realization
of W belonging to Qy g,v.

Lemma3.6 If 8 < ”7 thenforany 1l <r <00, 0<s <1, 0 e R anda > 0, it
holds that

IA

_w?
le” T ullgrr < Mulllegr Ve =0, (3.22)

Proof 1t is straightforward from the definition of ¢’ that

2
2240 — L AVZAV2 aAl? 0
lle ||Gar—||e‘<ﬂ TADAT AT LN s (3.23)

Ifg < %,then since (14 ]&|%) > 1, the right-hand is < IIeO‘Al/z,uOHW,,” = ||MO||Gg*"
O

Next, we observe from the bilinearity of B that
B(u1, u1) — B(uz, n2) = B(uy — p2, 1) + Bz, 1 — (2), (3.24)
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and therefore

t uz(t—r)
(T(u1) =T ()" = —/O e 7 M(BT(u] — uS, ul) 4+ BT(uS, ui — ub))dr.
(3.25)

Lemma3.7 Letd > 1,0 <y <d+1, % < s < 1.Ify > 1, also assume that we are

givenl <gq < %1. Additionally, suppose that B < ”72

There exists an ro € [1, 0o], depending on d, y, s, such that the following holds.
For any 1 <r < r, there exists op € (0, 25;1 ) depending ond, vy, s, r, such that for
any o € (0yp, 23;1) with 1 —y < os, there exists a constant C depending only on
d,y,r,q,0,s, B, v, such that forany T > 0,

! _vzu—r) _os+l
/ e EERABT (UL, udydr <ci(T+7'77% )((IIMlHCoGo,'-Huzll o2
0 COGU" T ¢ C()G'q—l
¢ T ¢
il o2 w2l g 2 Vot + it legeor a2l cag ). (3.26)
oG, 97! oG, 9T ¢ T5¢
T ¢ T ¢

Remark 3.8 We give bounds on the size of the threshold ry from the statement of
Lemma 3.7 during the proof of the lemma. We have omitted them from the statement
in order to simplify the presentation. There is an extensive amount of algebra to
determine the final conditions on the parameters, but if the reader is not interested in
this optimization, they can just consider r = s = 1, which is straightforward to check.

Proof of Lemma 3.7 We make the change of unknown M;- = e“”tAl/z(V)_‘”p;, S0
that

o0z, = I IIG;;V- (3.27)

By Minkowski’s inequality, we see that

@' A2 T R ! AP g
lle A e 2 UBN(p, u)dtlos, < A lle T ABT (], u) lyposrdT, (3.28)

and by definition of the WS norm, the preceding right-hand side equals

! t SY_ 204 52
fo (/Rd o ()2 (=01 HEP)? g yros

e~ T CHIE=N+InI®) G WEQHIE—nI*+n| )/317(5

e*UWT(lJrlElS)/ (& -Mm)g(n)
rd (§ — )75 (m)°*

, 1/r
) dr. (3.29)

—m)p3 (ndn
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Using ¢' — ¢% = B(t — 1), the preceding expression is controlled by

t
/(/ (HI=DHER) (=5 (+E1)) (g0
0 R4

1§ - Mnllg(n)l L\t
(& -

/e<¢fvaf><|s\“f\sfmhmrtl)
R4

r 1/r
T(E—m||p3m|dn dé) dr. (3.30)

Since 0 < s < 1, we have by the triangle inequality and || - [[;1 < || - [l¢= that
|E|* — |& —n|* — |n|® < 0.5 Since ¢ — vWT > 0forall 0 < r < t by assumption, it
follows that

@ VWOEF —IE—n*=InI"=1) <1. (3.31)

Now set § := min{%(% -8, VTZ}. By assumption that 8 < %, we have
o E=DUHER B3 (HEF) < p—r8—D)1+EF)? (3.32)

With these observations, we reduce to estimate the expression

t
_ _ 512
[) (‘/Rle ré(t—t)(1+|&|%) (E)rns

To deal with the inhomogeneity of (1 + |£|*)?, we split the integral with respect to
& into the low-frequency piece |£| < 1 and the high-frequency piece |£| > 1. At low
frequency, we can crudely estimate everything directly to find
r 1 / r
dg)

(/ o3 —D) 1+ )2

j61<1
r 1/}’
dg) .

<, |M|< /
|&1<1
(3.34)

Above, we have used our assumption that [ng(n)| <, n'=V.If 1 —y > 0, then
' (n)~7% < (n)!=Y=95 . If 1—y < 0, then we have to be careful about singularities
at low frequency. More precisely, by Holder’s inequality, we can control the Lg norm
by the Lgo norm. For ¢(1 — y) > —d, Holder’s inequality gives

r 1/r
dr.

(3.33)

& - Mnllgm] | . .
s TINEGNIT At e T d
/;%d (£ — n)os (n)°s |p1 (¢ 77)| |'02 (7])| n

- A1 & —m] |65 (] dn

/ & - Mnllg(n)l
rd (§ —n)°*

/Rd@ = m = Il )7 67 & — m| 63 ()| dn

‘/II l(E =~ I )BT (6 — mI1A3 ()ldn
ni=

5 Here, £P denotes the space of sequences x = (x,,)oo 1 € RN such that ||x\|ép = Zo=1 [xp|P < oo.Itis
elementary that for any 0 < p| < py < oo, we have [lxllgra < llxllgpy -
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< - 1" 1ponlirall(E = )77 ()7 pI(E — )53 s, 1)||Lq

Sdoyq 1071 W mzill 2”W—w~jﬂ

A/ A1/2
SN AU o 1€ AT RTN 2 (3.35)
W g-1 W g1

The remaining expression

(.-

is handled by estimate (3.41) below.
At high frequency, we trivially have

r l/r
dg) (3.36)

/| &=l =0 |67 =] 5
’f’]>

erU—DUFIER)? . —rs(—DIE (3.37)
Writing |&| = (r — r)*%(t — r)% |&], it follows from the power series for z > e°
that
K r(os+1)
o —r8U—T) (1+E)? (EVISIEN Sp (1 — T)——+_ (3.38)
Hence,

& - Mnllg(m)] | . .
TE _ \os/\os - d
/l;d (€ — n)os (n)°s |101 €3 Vl)| |:O2 (77)| n

</ =D UHER? g yros
le1>1

(os+1)
,Sy,é,a,x ‘M‘(I -7 2 (/
|§1>1

As before, we have to be careful about singularities in 7 at low frequency if 1 —y < 0.
Observe from Young’s inequality that
r l/r
df;‘)

(L

r 1/r
d$>
r 1/r

[ =m0 |47 = |35 0] n| @
(3.39)

/H o=l 5 = ) |2 o
r]<

<™ AT”L’ ||| I""7 5 1.1l
T A1)2
Sapasg 1684 1o, e84 13 I oo 20, (3.40)
for any g < y% For n at high frequency, we have by Young’s inequality followed

by Lemma 2.1 that forany | < p <r,

(L

<™ A e 1) 775 5

r 1/r
dé)

/|| l<«§ =) YT BT E — )| A3 ()| dn
nl=

rp
L +Dp—r
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Sd,s,d,)/‘r,p “p‘]r ” W—os,1 ||P§ ” Wl-y—os,1 1r=1 + ”101r H W(f’(";l) oS +r ||P§ ” Wl-y—os.r lf::

+ ot lyy—osrllo3 1 do-v, Ap=r

W=y —os+ 42 =1

T T
+ Ny ”W(u(r’/_’ ) —g5)+.r 02 ”W(]—y—n.wJL( p_”)+,r11<l’<r

r>1
T 12 TA1/2 TAL/2 TAl2
R L L T e R e ] B e O
r>
TAl/2 TAl/2
+ 1”1 o le” RSN o aen Tp=r
TAl/2 TAl/2
+ lle? uﬂ|w(d<¢_;m)+_r||e¢ ug||W“,Hd<,,,;nH,hjﬁlq. (3.41)

In order to obtain estimates that close, we need the top Sobolev index appearing in
(3.41) to be < o's. This leads us to the following conditions:

11—y <os, r=1
M<c7sand1—y§as, p=1landr > 1

" d(r—1) (3.42)
1—y+T<0s, p=randr > 1
d(r—p)

. dp=D
7 <osand 1l —y + o <05, l<p<randr > 1.

Putting together the estimates (3.40) and (3.41), we have shown that

()

Tpl/2 Tpl/2
Sdscyra 16" uillole” a2 1y
2

r 1/r
dé)

T 4172 T 41/2
F e AT LTl o 16”4 1 s (3.43)

[ 6=t = 51 = | [350n]

Combining the estimates (3.35) and (3.43), we have shown that (3.33) is Sd.y.5.0,r,9

t (o5t Ta1/2 T 41/2
|M|f0 (14 Cot =075 (16 i o, 0¥ 3

172
+ [le?™4

I, 2
W

STAI2 o7 A2 T 712

BT o 2 Pyt 00 A e g 1694 13 ||Wm,,)dr

T
Myl 2q lle
1 WOAqu

l_(as+l)
So.s M <I+Cat > Ietlicogorllmall o 2g +lluall 5 2 lp2ll 20 J1y=1
V¢ C?G¢ g-1 cYg, 7! g, 971

Gy 1 Gy

+ it llepeg IIMIIC;)G;«»), (3.44)

assuming that (‘”Z'SH) <1

In order to complete the proof of the lemma, it is important to list all the conditions
we imposed on the parameters d, y, o, s, r during the course of the above analysis:

(LWP1) 0 <s < 1;
(LWP2) (a) r=1and 1 —y <os,
(b) 0rr>1and@ <osandl —y <os,
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() orr>1landl —y + =D 54

-
(d) orr > land3p € (1,r) suchthat@ < asandl—y—}—@ < os;
(Lwp3) @D

Condition (LWP3) means o < 2:—_1 and since we require o > 0, we need 5 > %
Given any value of 0 < y < d + 1, (LWP2)a can be satisfied by choosing » = 1 and
os > min{0, 1 — y}. More generally, we can satisfy all three conditions by arguing
as follows. Given 0 < y <d + 1 and % < s < 1, condition (LWP3) implies that for

any choice r > 1,
os <25 — 1. (3.45)
According to (LWP2)b, it is possible to find such a o > 1:_;/ and r > 1 if and only if

dir—1) d 2—vy
2s — 1 1 - 2s — 1
. < 2s and y <2s — r<d+]_25and 5

<s. (3.46)
According to (LWP2)c, it is possible to find sucha ¢ > 0 and r > 1 if and only if

dor — 1 4y 42s<d+2
1oy =D iy e T e Y EES (3.47)
r r < oo, y4+2s>d+2.

According to (LWP2)d, it is possible to find suchao > 0 and » > 1 if and only if for
such choice of r, there exists p € (1, r) such that

d(r — d(p—1
=P 5oy oand 1—y+ 22D 0y (3.48)
rp p
Since the preceding constraint is equivalent to
d d d
—<—+2s—1 and d+2—-y —25s < —, (3.49)
p r p

such a p exists if and only if

r<m, y+4ds <d+3

(3.50)
r < oo, y +4s>d+3.

d
d+2—-y—-2s<—+2s—-1 —
r

With this case analysis, the proof of Lemma 3.7 is now complete. O

Lemma3.9 Letd > 1,1 <y <d+ 1. Suppose that y, r, s, o satisfy the constraints
of Lemma 3.7 and that

d
d+1—y<os+ —. (3.51)
r
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Then for any 1 < ¢q < %1, there exists a constant C > 0 depending on
d,y,r,q,s,0,B,v, such that for any T > 0,

2 < CM| (T T Tl—”i?')
I

0
0 0
cda,

t 2
ve(t—1)
/0 e T ABT (T, pyde

(Ilmll o 20 lli2ll o 20+ llirlicogyr limall O,qu>- (3.52)
CpG, 1~ C9G, "~ CpG, 1

Proof Set g’ := #. The proof follows the exact same lines of Lemma 3.7 with r
replaced by 2¢’. Using the estimates (3.35), (3.40), (3.41), we find that

! —Vz(tzfr)ABr( T T d
o e s Mp)dT

O,Zq/
t

t
_os+1 TAl/2 TAl/2
Sdsq.y.pop M /0 (1+a-o= )<||e"’ il le? S oy

'[Al/2 rAl/Z
0”4 1 o lle? A7 u3l L ayy  Jdr (3.53)
w7 Q4 +hp-2q

for any choice 1 < p < 2¢’. We want all the norms appearing in the right-hand side to
be controlled by W%2¢" and W7, Using Lemma 2.1, we see that we need to choose
p < r so that

d d d d
—— —<o0os<&E= o5+ — > —. (3.54)
p T r.p

For any choice of p, we have

2q'p p
W B 2q’ — ] = 24, (3.55)
29" +Dp—2q p+2(p—-1
since p > 1. In order for
T Al/2 TAl/2
e Y3 e ST S s (3.56)
w4 +hp-2q

another use of Lemma 2.1 tells us that we need

2 +)p—29 1 dip—1 d
1—y+d(w——,):1—y+b<0<:>d+1—y<7. (3.57)
2q9'p 2q P r
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Since we also needed o's + ;‘—l > %, the existence of a p satisfying both the upper and
lower bounds is true if and only if

d r<¢, +os<d+1
d4l—y <os+2 e dFT=y=os» YV TO8= (3.58)
r r < 00, y+os>d+ 1.
Note that if y > 1, then for any os > 0, we have d+l+y—as > 1.

Under the constraints of the preceding paragraph, the right-hand side of (3.53) is
Sd
~a,y,r,q,o0,8

t
_os+l TAl/2 TAl/2
M| /0 (1+c-7™ )(ne"’ i lpoas lle” 4 3l oy

1/2 1/2
+ ”e¢rA q&’A T

Wos.r ”e %)

1y Wo,zq’)d'f- (3.59)

Taking the supremum over T € [0, T'] in the right-hand side and using fundamental
theorem of calculus leads to the desired conclusion. O

An immediate corollary of Lemmas 3.7 and 3.9 is the following estimate for the
Duhamel term.

Corollary 3.10 Under the assumptions of Lemmas 3.7 and 3.9, there exists a constant
C > O depending ond,y,r,q,0,s,B,v, such that for any T > 0 and u1, uy €

2q
0,r, =
070" a1
CTqu,y s

t 2

_vi(=1)
‘/ e” T ABT(ul, uddr bor 20
0 CTXd)J/ -
170,\#1
<o (T+7 ) (Il g 2l o ) G.60)
q— I
CTX¢.V CTX¢,y

Proof of Proposition 3.1 Putting together the estimates of Lemma 3.6 and Corol-
lary 3.10, we have shown that there exists a constant C > 0 depending on
d,y,r,q,0,s, B, v, such that

_ (ostD)
ITGON o 2 < URON g, 2 +CMI(T 4T 55 )l o (B61)
ngdw q Xay C9X¢w q—T
and
17(0‘Y+1)
ITGu) = TGN, 20 < COMI(T 77557 ) s = piall 20
q— q—
CTX¢.y CTX¢,y
X <|IM1|I oo 2 + [zl . ,,Oqqu> (3.62)
TX¢,y CTde
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1242 M. Rosenzweig, G. Staffilani

We now want to show that for any appropriate choice of T', the map 7 is a contraction
on the closed ball Bz (0) of radius R > 2|0 o 24 centered at the origin in the
O =T

0‘~V
2q

0,0,r
space CTX¢ y "4~T Indeed, from the estimates (3.61) and (3.62), we see that if

as 1
CIM|R (T + T zfl) <3 (3.63)

then 7 is a contraction on Bg(0). So by the contraction mapping theorem, there exists

2 )
aunique fixed point u = 7 (u) € CQX;:(;““ . We note that T > C'(|]M|R) ™~ 5=o5T,
where C’ > 0 is a possibly different constant than C but depending on the same
parameters.

The preceding result shows local existence and uniqueness of solutions to the

Cauchy problem (3.1). To complete the proof of Proposition 3.1, we now prove Contin-
0,0,
uous dependence on the initial data. For j = 1, 2, let i ; be a solution in Y T; X¢ Vr =
to (3.1) with initial datum /,Lj, such that ||/,L] Il o, 2« =< R.Then there exists a

o, 2y

o,y
T 2d,y.r.q.0.58v (|1\/[[|R)*2sj:sf1 such that w1, up are defined on [0, T]. From the
mild formulation (3.3), the triangle inequality, Lemma 3.6, and Corollary 3.10, we see
that

e = pall o, 2 = Il — 1l (o
Xay

=
C1X¢y

+ oM (T + 775 ) e =2l (nmn o 2l ) (3.64)
0X X - X,

CPXyy %oy Xy

Taking 7 smaller if necessary while still preservmg T Zd,y.r.q.5.0pv (IM|R)” Z=os=T,
we may assume that 2C|M|(T + Tl_i)R < Z' Bounding each |||

0,0,r, l[
CrXy,y
by R in the last factor, it then follows from (3.64) that
ln = w2l o, 20 <2008 =13l 20 (3.65)
ngw ! Xom/ !
With this last estimate, the proof of Proposition 3.1 is complete. O

4 Global existence

We now show that with quantifiable high probability, there exists a global solution ;. €

o 24
CgoX;" yaq "7 {0 the Cauchy problem (3.1), provided o,, 0y, r, g are appropriately
chosen. Moreover, the function

E [ o ra @1
oy
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Global solutions of aggregation equations and other flows... 1243

is strictly decreasing on [0, co), provided that || | xor.oq-a is sufficiently small. This
o,y
then proves Theorem 1.2.

4.1 Monotonicity of Gevrey norm

The goal of this subsection is to show the following. Suppose we have a solu-

Ky K ,r,z—q
tion u € C‘}Xd) yq ! to (3.1), where ¢' == o + Bt, such that p also belongs
ror o 2q
to C%Xq;”yq’ 7, for sufficiently larger k, > K, and k, > kg, and such that

(I erqgors 24 is sufficiently small depending on d, y,r,q, &, kg, s, B, v, [M]. If
Xa.y -
Ky, kg are sufficiently large depending on d, s, y, then the quantity ||z’ || 2g

KroKgr g
'

¢ty
must be strictly decreasing on the interval [0, T']. In other words, the Gevrey norm of
u! is strictly decreasing on an interval, provided that we know a Gevrey norm with
higher Sobolev index (but the same Gevrey index) remains finite on the same interval.

Proposition4.1 Letrd > 1,0 <y <d+ 1,1 5r§oo,%<s§ 1. Ify > 1, then

also suppose we are given 1 < g < %. Givena, B > 0, set ¢' := o + Bt. Assume
that W is a realization from Qq g v.
If y < 1, then there is a threshold ko, € R depending on r,d,s,y, such that

for any k, > kg, the following holds. There is a constant C, > 0, depending only

2
. Krt+2.r .
ond,y,r,s,ky, such that if u € Cng; """ is a nonzero solution to (3.1), for some
T > 0, satisfying

2
V- =28
I1llgyrr < ————, 4.2)
“ C M|
then
||/¢Lt||c-;;’,*’ < ||Mt,||c-;”’l;’ Vo< <r<T. 4.3)
”

If y > 1, then there is a threshold ko , € R depending on q,d, s, y, such that for
any kg > Ko,q, the following holds. There is a constant C; > 0, depending only on
=1 29

kg+ L 2L .
d,y.q,s, kg, suchthatif u € CgG(; 4 "1 s a nonzero solution to (3.1), for some
T > 0, satisfying

2
V- —28
Il 2y < ———, (4.4)
Gt CyM|
then
Il 2 <l 2y VO<t <1<T. 4.5)
T T
¢t (17[/
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1244 M. Rosenzweig, G. Staffilani

0 Kr-‘r Kq+q Zqu . .
Furthermore, if u € CpX by 71 s a nonzero solution, where k, > K0, r»
such that
I || V2 4.6)
< —| .
P gr 0 = M max(Cy. Cy)
then (4.3) also holds.

Remark 4.2 Bounds for the thresholds o ,, k0,4 are explicitly worked out in the proof
of Proposition 4.1. See the conditions (U1),(U2) and (L1),(L2) below together with
their respectively ensuing analysis.

The proof of Proposition 4.1 consists of several lemmas. To begin, we observe from
the chain rule and using Eq. (3.1) (there is an approximation step we omit),

j je? (M ’<s>|—"‘(le (TED AL E)| ! e? THED 1 <€>(ﬁ<1+\é| e HEN Rl &)
2
— D F(B (W u))(E) = (1 + g2 1718 w). “.7)

Replacing the first and second terms by their magnitudes, we see that the right-hand
side is <

e? (HER) t(5)|<ﬂ(1 +161°) — —(1 + 151 )2)

4.8)
Using the elementary inequality (remember that s < 1)
(€) < (1+[61)7 <25 () (4.9)
together with our assumption that 8 < ”2—2, we arrive at the inequality
L1t O+ o @) < ()16 D1 )| (— ﬂ)
“ (4.10)

It now follows from this identity, the chain rule, and differentiating inside the integral
that forany 1 <r < oo,

1d 1412 p2 ‘
LAV - _ (¥ _
e A < (2 ﬂ)/Rde

+/Rd N o) )7 THEEB G W) ©)ldE. @)
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Global solutions of aggregation equations and other flows... 1245

We need to show that the second term in (4.11) is not so large that it cannot be
absorbed by the first term, which is negative. This is a problem in Fourier analysis,
which we address with the next two lemmas.

Lemma4.3 Foranyt > 0 with ¢’ —vW?' > 0, it holds for any test functions f, g that

e THED F(BI(f, £))(8)

_ t T INEPN t Sy
Sy 1M /R I | O fg et g | a. 412)
Proof We observe from the definition (3.2) of B’ that for any test functions f, g,

" IHED F(BY (£, 2))(E)

= [ H DD i g0 &~ mEODdn. @13)

Writing 1 = e I+ =0 U+l = (@ (A+E=n1") o —¢'(1+E=11") | we see that the
magnitude of the preceding right-hand side is controlled by

/ @ —VWOUEF I —IE=11=1) (& . V) §(m)e® (HEI) Fz — ,7)6¢'<1+\m*‘)§(,,)d,,‘
R4

Wit SIS _|E_nS_ _ 3 sy A t Sy A
SV (M| /D;, @ —VWHEF =Inl ~1§—nl 1)|§||’7|1 V| ® (11—l )f(f _ n)ed’ (+n] )8(77)‘ dn,
(4.14)

where we have used our assumption that [ng(n)| <, [n]'=7. Since ¢' — vW' > 0 by
assumption and [§° — [n|* — [ —n|* =1 <0by [ - |0 = |- [les (recall s < 1), the
desired inequality now follows. O

Next, we observe that by applying Lemma 4.3 to the second term in the right-hand
side of (4.11), we need to estimate expressions of the form

J.

where f, g, h are test functions. We take care of such expressions with the next lemma.

Lemmad4 Letd > 1,0 <y <d+1,1<r Soo,% <s < 1L.Ify > 1, also assume

that1 < g < %. Then there exists a threshold ko depending ond, y, r, s, such that
for any k > ko, there exists a constant C > 0 depending ond, y,r, s, q, k so that

J.

e¢'<1+\s\f)<§>mﬁ(§)"—l (£)esH /d n= ‘ew(ms—mw]?(g _ n)e¢'<1+|n|f>§,(,])‘ dndé,
R
(4.15)

D i)t [l [ O fe - e Vg | s
R

¢rAl/2 r—1 ¢’A]/2 ) ¢xA1/2
= Clle® T al oz (1€ Ml 2o N7l 20 Ty
1 A1/2 1 A1/2 rAl/2 1 A1/2
1”1 s 2o 1”4 gl + 1”4 Fll s lle? g\\w(w;)x,,). (4.16)
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1246 M. Rosenzweig, G. Staffilani

2v(r 1) 2v(r 1)

Proof Writing (£)st! = (E)”H’ (&) and applying Holder’s inequality
with conjugate exponents - and r, we find that the left-hand side of (4.16) is <

1—
/ nl
Rd

1/r
sy A S\ A r
! HEI fg — pe?' I g o) iy ds) , (4.17)

||e¢tAl/2<v>(K+'%)sh||’;1(/ <$)(r/<—2(r—l))s+r
L RA

with obvious modification if r = co. We need to estimate the second factor. We first

address the singularity in 5 at low frequency if 1 — y < 0. Observe that by separately

considering the regions |§| < 2|n| and || > 2|n]|, it follows from Young’s inequality
L AL F 117 @ 1+ 5

that
r 1/r
<[ ()20 =D)str / =7 )(e¢’<1+\s—n|~“>f($ ,,7)) (e¢’<1+m|“‘)§(,,))‘d,7 ds)
R4 Inl<1
glponlip
PR (4.18)

20r—1)
¥
g1

Srsiyd 1Y€

B A2 o AL2
L PPN ]

A1y,
W Y

forany 1 < g < %, where we use Holder’s inequality on the second factor to obtain
the ultimate line.
Next, we make an elementary Bony decomposition by splitting the space of (&, n)

into the regions |§ — n| < %, Inl < IST;m,and g < =l g,

nl

o If |E —n| < 8 , then |n| ~ |&]. So by Young’s inequality followed by application
of Lemma 2.1, it holds for any 1 < p < r that

r 1/r
_20=1 1 (1 T ~ 1— (1 Sy A
/d<s>’““ I [E e @ TETFE il D gl |
R =Ty
Inl>1
Al _20=Dy s gl All2
S e i T [ G {7
1 Al/2 rAl/2
Sarsweyp 16747 Fllon 1?7 gl gessa—ya 1r=t
1 A1/2 1 A1/2
F1e” T Fllor 1e” 8l g o2 docn ) Lot
o
Al2 1 A1/2
+ e fll e, lle? 8l g2y Wl/,;lr
+|Ie¢A/f|| d(p-1) ||€¢rA]/zg|| 20-1) do-p ., 1 rs1 (4.19)
W Vi (= S sty + S 1$<r' .

oIfn| < Ié%nl, then |£€ —n| ~ |&|. Again using Young’s inequality and Lemma 2.1,
it holds for any 1 < p < r that

r 1/r
_20=D ' a5y, A _ t SV, A
( /R (gD ( /,,KM e IO g — i) =7 e? “+">g<n>|dn) ds)
d =73

In|>1
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_2(r=D s+1 ol A2 1— 1 Al/2
Sy (VYT T 5T @ e W A g
L por+h—r

14172 1 A1/2
AT s 1€ A gl L=t

& A2 I

5(1,3,;(‘1/1,17 ”e

14172
e Tl 2o e

do-n,, 1
-

) le

Pr(l—y+ I
wi—r p
¢’A1/2

o' Al )
+lle f||W((Kfzor—n)de(ry—n)“ lle gnwl—y.rl;’silﬁ

12 & A2

+ e

il oS <rr—1>)x+1+d(pﬁ—n,+,He gllw(l_wd(rr;g'))ﬂl r>1 -

l<p<r

(4.20)

° If 5— < 8, then min{|& — 5|, ||} 2 |&]. So we can evenly distribute the

denvatlves between f and g and use Young’s inequality together with Lemma 2.1

to obtain

_ 201 ' sy A _ ' S A
/R (gD /%<\sl—‘n|<83¢ AHE=1) £ — )| In)' =7 e T+ g ()1
[ <l g

_20=D) _ _ 2= _
(3 = )s4+2—y (x —)5+2-y P A2

tAl/2
Srsr 109) R T T e S (s

1 A1/2 1 Al/2
Sarcsy 1787 Il sy 1?78l sy 1=
IA]/Z
¢ g”A (=200 o, de=D 1-1.
W(—27)+.r

112
+ 4 f”‘;v((“ 21 p de=D) v lle
Combining the estimates (4.18), (4.19), (4.20), (4.21), we see that

< / <€>(rk—2(r—l))s+r
Rd

oAl
fIIW 2=

(K

/}Rd e ‘<e¢'<1+|s—n|»‘>f(§ _ ,,)) (e¢’(1+|n\‘>§(,7)>‘ dn

e
¢ q 1;/>l

e 2
I 2

gl
w

Sd.s.ywr.qp.p € )L

1 AL/2 1 AL2 i AL/2 1 AL2
+(||e<” Flipoile? A gl esiays + 1”2 fllgessra le? 4 gl iy

1A1/2 IA]/Z
S A PN guwmzzfyﬂl)lrzl

o' A2 o AL2
+lle f”ww+, lle g”W((K =Dy n wrd(rrpﬁ))Jr 112;1<r

) o' A2
_20-Dy, d-D),, le I
((k 7 )s+1+ 7 )7 l<p<r

tAL1/2
+ e AT
w

W“fwmfr;ﬁm )

B A2

rAl/2
He TS e e, 1P gl e paen , Lesr
W(fitr W(—H.r

r 1/r

d§

4.21)

r 1/r
ds)

(4.22)

Above, we have limited ourselves to the cases ¥ = landr > 1, 1 < p, p < 0o so as
to simplify the exposition (the cost is an insignificant ¢ loss at the endpoint exponents).
In order to obtain the desired estimate (4.16), we need the maximum Sobolev index of
the norms in (4.22) tobe < (k + %)s. This leads us to make the following assumptions

on the parameters d, s, k, v, 7, p, p.

U r=1
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1248 M. Rosenzweig, G. Staffilani

@ ks+2—y < (k+2)s,
(b) max{ks + 1,1 —y} < (k + 2)s,
(© “H < (k +2)s.

U2y r>1

@ (c =25+ 1< (e + 2)s;
(b) thereexists p € (1,7) suchthatmax{d(pp_l), (K—z(rr_l))s+2—y+d(rr—;p)} <
(k + 2)s:
(c) there exists p € (1, r) such that max{(x — @)s + 1+ %, 1—y+
d(r—p) 2\
=5 <+ Ds;
dir=1) _

—2=Dys 404
() 2 T e 4 2)s,

Let us analyze the above conditions.
For (Ul)a, observe

2_
Ks 42—y <(c+2)s = —L <. (4.23)

Since y > 0 by assumption, we can always choose s sufficiently close to 1, so that
this condition holds. For (U1)b, the inequality is equivalent to

<s and 1 —y —2s <«ks. (4.24)

N =

The first inequality is true by assumption, and the second inequality holds by taking
« sufficiently large depending on given y, s. (U2)c is equivalent to

2—y —4s <«ks, (4.25)

which holds by taking « sufficiently large depending on given s, y. (U2)a is equivalent
to

2(r —1 2 1
_Ae=bs B Lo (4.26)
r r 2
which holds by assumption. For (U2)b, observe that
dip—1) 2 2 d
——— <K+ ) = d—(k+-)s<— 4.27)
r r p
and
w20y o, 1P 2 s i a0 (428)
r rp r P r
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Thus, it is possible to find such a p € (1, r) if and only if

2 d d
d—kK+-)s<—-—4y+2s—2 <— d—————y—25s+2<«ks,
r r r r
(4.29)

which holds by taking « sufficiently large depending on given d, y, r, s. For (U2)c,
observe

<K72(r_1)>s+l+d(ﬁ_l) <(K+g>s = d+172s<i~ (4.30)
r p r p

and
dir—p 2 d 2s +d
1—y+(r—~p)<</c+—)s — —~</cs+i+y—l.
rp r p r
4.31)
It is possible to find such a p € (1, r) if and only if
2s+d 2s +d
d+1—2s</<s+i+y—1 = d+2-25— st —y <ks,
r
(4.32)

which holds by taking « sufficiently large depending on given d, y, r, s. Lastly, (U2)d
is equivalent to

d+2
d+2—y—2s — tes

< KS, (4.33)

which holds by taking « sufficiently large depending on given d, y, r, s.

Next, we observe that in order to obtain the desired estimate (4.16), we need the
minimum Sobolev index of the norms appearing in (4.22) to be < «s. This leads us
to make the following additional assumptions on the parameters d, s, «, v, r, p, p:

(L1) r=1

(@ 1—y <«ks
(b) B < s

(L2) r > 1

(a) thereexists p € (1,7) suchthatmin{d(pp_l), (K—z(rr_l))s—f—Z—y—i—d(rr—;p)} <
Ks i
(b) there exists p € (1, r) such that min{(x — @)s +1+ @, 1—y+

WDy < s
P

(c—2=Dyg o do=D)_,,
3

(©)

<KS.
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Let us analyze the preceding assumptions.
For any % < s < 1, (L1)a always holds if we assume 2(1 — y) < «. For (L1)b,

2
mTyffcs — 2-—y <«ks, (4.34)
which is ensured by taking « sufficiently large depending on given y, s. For (L2)a, we
need

d(p—1) 0=, AP
r

<ks or (k———)s+2 ks. (4.35)
p r

Since p < r and therefore 42=1 < @, the first inequality is valid if @ < Ks,
which holds by taking « sufficiently large depending on given d, r, s. For the second

inequality, we see

2(r —1 d(r — d 2s —d
<K7M>S+2,y+(”7p)<“ — 27257y+7+(s )<O.
r

rp P r
(4.36)

The left-hand side of the second inequality is maximized by choosing p = 1, so it
would suffice to assume d, y, s, r satisfy

2s —d)
- <

2—2s—y+d+ 0. (4.37)

For (L2)b, we need

2(r — 1 d(p—1 d(r—p
(K_M>S+1+M<KS or 1—)/+(r—~p)<'<~(4~38)
r p rp

The first inequality is equivalent to

2s d
d+1-2s+———=<0. (4.39)
r p

The left-hand side is maximized by choosing p = r, therefore it suffices to assume

2s —d
d+1-254F=D (4.40)
r
The second inequality is equivalent to
d d
l—y+—-——<ks, (4.41)
p T
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the left-hand side of which is maximized by choosing p = 1. So, it would suffice to
assume

d
l—y+d—— <k«ks, (4.42)
r

which is seen to hold by choosing « sufficiently large depending on given d, y, r, s.
For (L2)c, we observe that the inequality is equivalent to

2s —d
d+2—y—-25s+

< ks, (4.43)

which is valid provided that « is sufficiently large depending on given d, y, r, s.

The preceding sets of assumptions tell us that given d, y, r, s, there is a threshold
ko depending on d, y, r, s, such that for all k > ko, the right-hand side of (4.22) is
controlled by

prAl2 P A2
lle W PO TR [

24 1
g”vi/l,y.qfql y>1

1 A1/2 1 A1/2 1 A1/2 14172
+ e A 1l 1e? A gllypes + 1?27 Fll s 1?4 gl

W(K+%)S.r .

(4.44)

W(K+%)S,)‘

Recalling the starting inequality (4.17), we see that the proof is complete. O

We are now prepared to prove Proposition 4.1.

Proof of Proposition 4.1 Given 1 < ¢ < %, set ¢’ == qu. We first show that the
quantity

tA1/2 t 21]/
e A 1 1

(4.45)

is strictly decreasing on an interval [0, T'], provided that « sufficiently large depending
172

on ¢’ and the higher norm ||e¢[A wl (s 1) o, Temains finite on [0, T]. Indeed, let
w7

k0,24’ denote the threshold given by Lemma 4.4 with » = 2¢’, and suppose that
Kk > Ko,24’- Using Holder’s inequality and Lemmas 4.3 and 4.4, we see that

J.

tAl/2
< C|M[le? A |

o I eyt ) [ (o D B ) )l

2q'—1

ral2 ral2
A<K+',)s<24/<”e¢ " ”W(K*Hﬁwllq/”etﬁ WLy 2q 1y>1
W q

1 Al/2 1 A1/2
+ e A “t”w%)“q’ lle? 4 u’nwm.zqf) (4.46)
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1252 M. Rosenzweig, G. Staffilani

where the constant C > 0 depends only on d, y, ¢q, s, k. Applying this bound to the
differential identity (4.11) (with r replaced by 2¢q"), it follows that

1

2
tAL2 4 2g v tAL2 4 2g
a2 ey == (7 — B ) 1P

2 W(k-%—qi,)xlq/
2q'—1
W(;H»i)sﬂq’

lA|/2 t 1A1/2 t 1A1/2
+ oM A u | le? 4™ ||W(K_2+$)S+.,z,,/||e¢ glypioyog 1y=1

1 A1/2 1 A1/2
+ lle? u’nwwﬁ,quue“’ u’||wm,2q/). (4.47)

Note that since s > % by assumption, (¢ — 2 + %)s +1 < (v + %)s. Thus, the
right-hand side of the preceding inequality is <

2
1/2 2q’ 12 Vv
fle® At 127 (C|M|||e¢’A 1 esng” — (7 - ﬂ) ) (4.48)

W(Hi)slq’

OlAl/z

2 .
We now want to show that if ||e I Wes2g' < ;Téﬁ and the first factor remains

. 1/2 . . . .
finite on [0, T, then [[e®' 4" 11/ | jres.2' 18 strictly decreasing on [0, T']. To do this, we
use a continuity argument.

Let T, denote the maximal time in [0, 7] such that

2
12 V- —2p8
”e(})’A ,ut”‘,i/m,zq’ < W vt € [0, Ty). (4.49)

Such a T, exists and is positive since the preceding inequality is true at ¢+ = 0 by
assumption and the function ¢ > [le®"4" 1! Il jres.2' is continuous on [0, T1. (4.49)
together with (4.48) imply that the right-hand side of (4.47) is negative on [0, T}).

. 1/2 . . . . .
Hence, the function ¢ — ||e¢[A / ul [l s 24’ 18 strictly decreasing on [0, T%), implying

2
Teyp . gra? oy v- —28 150
I8 ”WKs,Zq < ||€ 12 ”W“lq < —2C|M| . ( . )

||e¢x Al/z

This inequality implies by maximality that 7, = T, and therefore strict monotonicity
holds on [0, T].

. o . t

We next show that this monotonicity property of the norm ||e?

PrAl

172
AU sz also
implies a monotonicity property for the norm ||e wl| \is.r» for appropriate i, pro-

vided that ||e°‘Al/2 I \wis.r 1s sufficiently small. If y < 1, then this step is unnecessary
and the argument given above suffices with 2¢g’ replaced by r.

Let xo  denote the regularity threshold given by Lemma 4.4, and let «, > ko, ,.
Again using Holder’s inequality and Lemmas 4.3 and 4.4, we see that

/Rd o A6 )5 ot ) " ey o OHEN E (BTt ) (8 e
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tAl2 4o tAl2 1A12
e P (L PYMRTE S T L o
tAl2 A2 4
e A 20 16”1 s ), (4.51)

where the constant C, , > Odependsonlyond, y, 7, q, s, k. We use the subscript r to
emphasize the dependence on r, as we shall momentarily invoke another constant and
regularity parameter depending on g. Applying the preceding bound to the differential
identity (4.11) it follows that

dl _ian Al 11/2
Sl u’ll%m,S(Cr,q|M|(l|e¢A 1 e + 1”4 u’ilw—y’wlyﬂ)
2 prAE Ly 42
—\5 —#) |l K ”Wm%)w' -

Since 1 —y < 0if y > 1, we know that there is a constant C; depending on
d,y.q,s, kg, for kg > Ko 24, such that if

2
A2 o V- —28
lle* liegs2e < 57— and [l 12y < 00, (4.53)
L Yol Vil cogta M

¢

then ||e¢’[Al/2u’ I is strictly decreasing on [0, T']. A fortiori,

W/(qx.Zq’

1 A1)2 172
He? A 1 N prmyag < 11N g ag V2 €10, T1. (4.54)
Therefore, suppose that
2 2
A2 0 v —=28 v-—-28
37kg5,2q" min s s 4.55
I 1 panas < {2Cq|M| 2C; 4IM] %
2
aAl2 0 v- =28 aAl2 0
Vikrsar < - 2 kas.2q + 456
164 W0 rer < gy — 1€ s (4.56)

Under these assumptions, it follows by repeating the continuity argument from above
that the quantity ||e¢’Al/2 W s s strictly decreasing on [0, T']. With this last bit,
the proof of Proposition 4.1 is complete. O

4.2 Proof of Theorem 1.2

We now use the local well-posedness established by Proposition 3.1 together with the
monotonicity of the Gevrey norm established by Proposition 4.1 in order to show that
with high probability, solutions in the class we consider are global. Moreover, their
Gevrey norm strictly decreases as time ¢ — oo. This then proves Theorem 1.2. To
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show the desired result, we use a refined reformulation of the iterative argument from
[14, Section 5].

Let us first present the case 0 < y < 1, which is simpler due to not needing a
two-tiered norm. Fix € > 0 and suppose that ° € Gg°+2 for o( above the regularity
threshold «p - given by Proposition 4.1. Throughout this subsection, we assume that
the parameters d, y, r, s, 00, &, B, v satisfy all the constraints of Theorem 1.2. We also

assume that

0 < 110 et} (4.57)
" G"‘(‘)#E Cmon|M|’ '

where Cp,on = C, > 0 is the constant from Proposition 4.1. The strict positivity
assumption is because u’ = 0 implies u is identically zero, and therefore strict
monotonicity does not hold in this trivial case. Assuming a realization of W from
Q4 p,v and givenr > 1 sufficiently small depending ond, y, s, Proposition 3.1 implies
thatforany 0 < o < 2=l with 1 — y < os,sufficiently large dependingond, y, s, r,
there is a maximal solution p to the Cauchy problem (3.1) with lifespan [0, Tiax.o.¢)»
such that p belongs to C(%G;’; ¢ forany 0 < T < Tiax,,e. Our main lemma to

conclude global existence is the following result relating the lifespan of u! in Gg;lg

o,r

¢ +e”
Lemma4.5 Let u be as above. There exists a constant C > 0 depending on
d,y,r,s,o, B,v such that for any 0 < € < €1 < €, the maximal times of exis-
tence Tmax,o.¢;» Tmax,0.e; Of wu! as taking values in G;}im , Gg}lez, respectively, satisfy
the inequality

to the lifespan of w in the larger space G for any €’ € [0, €).

2s
T 2s—os—1
Tnax.c2 = Tmaxr + C (MKl gro- ) . (4.58)

Proof Fix 0 < € < €] < €. For any ¢’ > o, it follows from Lemma 3.5 that u is
"r

i for any 0 < T < Tmax.o.¢, - Furthermore, we have the

also a solution in C%Gg
quantitative bound

m LAty Vo<1 <T, (4.59)
o r — o,r =r< . .
a S (T >) i H Cyire, e
Choose ¢’ such that

o9 >0 > ko, (4.60)
where kg is the regularity threshold of Proposition 4.1. Using the assumption (4.57),
we can then apply Proposition 4.1 to conclude that the function ¢ — ||u/|] o is

' +ep
strictly decreasing on the interval [0, T'] for any T < Tiax,o.¢, - In particular, since we

can ensure that o < ¢’, it follows from this monotonicity and Lemma 3.5 that

0 0
< ’ < < s Y 0 < Z < 1 .
||M||cggg’62 = ”M”CgGg ,22 = ||M ||Gg/'22 = ||M ”GZOZ = max,o, €|
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4.61)

Let Cjyp,o be the constant from Proposition 3.1, and choose Ty < Tiax,o,¢; SO that

2s

T Z5—os—1
Crupr (M1l )
Tmax,o,el - T, < 5 . (4.62)

Thus by relabeling time, we can apply Proposition 3.1 once more, but with initial

datum 7+, to find that  belongs to C%) Ggi o Where

_ 2s
To = T: + Crup.o (Ml|u° gy, )™ 5o

0 _ 2s
= (T — Tmax,a,sl) + Tmax,a,el + Clwp,a(|M|”l"« ”Ggiéz) 2s—os=1

2s

Crup,o (IM[[ 1| goo.r) ™ T=osT
o+€e

= Tmax,o,el + ) , (4'63)

where we have used that ||M0||G"i < ||/LO||Gao.r . Taking C = %, the preceding
o+ey at+en

inequality is exactly what we need to show. O

Proof of Theorem 1.2 for y < 1.Fix 0 < €’ < €. Let 0, 09 be as above. If Tiyax 5.’ <

2s
00, then let n € N be such that nC (|M| ||/LO||Go(ir)_25—vs—' satisfies the inequality

_ 2s
nCMIIHC llgror) "5 > Thaxoe' = Tnaxove. (4.64)

where C is the same constant as in the inequality (4.58). We observe from Lemma 4.5
that

n

n—1
Ty -, =>(r ey — T o
max,o,€’ max,o, e max,a,ef(-”")f e max,a,eff“ e)
Jj=0

n—1
0 _ 2s
> o0, " s—os—
= ) CAMIp0lgyr) ™ FT
=0
> Tmax,o,e’ — Thmax,o,¢» (4.65)

which is a contradiction. Thus, Tiyax . = 0.
We have shown that for any 0 < €’ < € and any 0 < 0 < == sufficiently
large depending on d, v, s, r, it holds that ||,u||cha,r < oo forall T > 0. Using the
¢+e€

2s—1
s

arbitrariness of €/, we see from Lemma 3.5 that for any T > 0, ||| o oo+ 2s < OO
C I

T =¢p+e
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Using that

2
v- =28
11 goor < 110l goor < — (4.66)
Cavte Sate " Con M|

by assumption (4.57), where C,,0,, > 0 is the constant from Proposition 4.1, we can
apply Proposition 4.1 on the interval [0, T'] to obtain that the functionz — || u’| coor 18
¢Y+€/

strictly decreasing on [0, T']. Since T > 0 was arbitrary, we see that this monotonicity
property holds on the entire interval [0, c0).

Finally, we show that p actually belongs to CgoGg‘}; . and that the decreasing prop-
erty holds on [0, 0o). Note that there is no longer a loss in the Gevrey index value
(i.e. €’ = €). To this end, we observe from the result of the preceding paragraph and

[ - llgeor < Il - llgoor, for € < €, that for any ¢ > 0,
ate’ ate

0 0
I llgeor < ln”llgror < I’ lgeor < o0 (4.67)
¢!+’ ate’ ate

Unpacking the definition of the left-hand side and appealing to monotone convergence
theorem, it follows that

Iy = Jim </
€'—e~ R4

1/r
t i Sy A r
(£)7e @+ 1 6)| dé) < Ielggy-

(4.68)
Similarly, for any #, > t; > 0,
1 : t : t t
I llgoor = lim [u?llgor < lim [[u|lgoor = [ lgror , (4.69)
12 4e € —e~ ¢+’ €/ —e~ g '+

where the inequality is strict if o > #;. This completes the proof of Theorem 1.2 in
the case y < 1. 0O
Letusnow presentthecasey > 1, the strategy for which is similar to before. Fix € >
00,r,00,q5"
a+e,y
Ko,r, Ko,q given by Proposition 4.1 and 1 < g < Tl' Let us drop the subscript y
from the notation Xy4e .y, as y > 1 is fixed. In what follows, we assume that the
parameters d, v, 7, ¢, S, 00,r, 00,4, @, B, v satisfy all the constraints of Theorem 1.2.
We also assume that

0 and suppose that M eX T for 00,7, 00 q above the regularity thresholds

2
0 < (1L y < 2P (4.70)
9 5 .
Z(LZ’UO""V"I*I max{Cpon,r» Cmon,q}|M|
where Cpon,r = Cr, Cpong = C4 > 0 are the constants from Proposition 4.1.

Assuming a realization of W from €24 g,,, Proposition 3.1 implies that given r > 1
sufficiently small depending ond, s, y and 0 < o < %=L sufficiently large depending
ond, y, s, r,there is a maximal solution u to the Cauchy problem (3.1) with lifespan
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0,0,r, 24
[0, Timax,o,¢), such that p belongs to CT bte ! for any 0 < T < Tmax,0.e. Here,
we recycle the notation T ¢ o used above. Analogous to Lemma 4.5, we have the
following relation for the maximal lifespans as we decrease €.

Lemma4.6 Let u be as above. There exists a constant C > 0 depending on
d,y,r,q,s,0,B,vsuchthat forany 0 < €; < €1 < €, the maximal times of existence

29 0,0,r, 2q
Tmax.o.¢;» Tmax.o.e, Of ' as taking values in X¢’+el - X¢,+Ezq7 respectively, satisfy
the inequality
0 2
Tmax,o,ez = Tmax,a,el + C(M ||l UOrYUOq‘,_qu) Zs—os—1, (4.71)
Xete 17

Proof Fix 0 < €3 < €] < €. For any 0, > o and o4 > 0, it follows from Lemma 3.5

ro 2
that u is also a solution in CTX¢+52 e for any 0 < T < Tmax,o,¢, - Furthermore,
we have the quantitative bounds

[0, —o]! [
! ||G;;+' < W”M ”G;Hq VO <t < Thaxoe (4.72)
[og1!
| 2 = W”M I VO <1< Tmaxope (4.73)
G¢’+ € ¢’+61

which of course imply that ||u|| 24 1s finite on any compact subinterval of
—1

or,0q.7,
T ¢+ey
[0, Timax,0,¢,)- Choose o, o4 such that

00, > 0y > ko, and 004 > 04 > Ko,q, (4.74)

where kg ,, k0,4 are the regularity thresholds of Proposition 4.1. Using the assump-

tion (4.57), we can then apply Proposition 4.1 to conclude that the function ¢ +—

[ or.rgor, 20 is strictly decreasing on the interval [0, T'] for any T < Tiax,0.¢,- In
¢l +ey "

particular, since we can ensure 0 < o, and 0 < oy, it follows from this monotonicity

and Lemma 3.5 that

< < <
i g SV 1 gty S IO gy 2
T"¢+ey T p+ey a+62 ate

(4.75)

forall0 < T < Thax,o,¢, - Let Cpyp,o be the constant from Proposition 3.1, and choose
T < Tmax,0,¢; SO that

25
Clwp,a(|M|”M0” 00,6+90,4-7" 27‘,1) Z5—os—1
X"
Tmax.c.er = Tv < : . (4.76)
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Then by the same argument as in the proof of Lemma 4.5, we see that u €

0 a,0,r, ;qu
CTOX¢+62 , where
_ 2s
2s—os—1
Clwp,cr |M] ”/'LO” UOI"UOJ,]""qZTq]
To = Tmax,0,e; + 5 , (4.77)
which completes the proof of the lemma. O

Proof of Theorem 1.2 for y > 1. Fix 0 < €' < €. Let 0, 09,,, 00,4 be as above. If
Tax.o.c < 00, then choosing n € N such that

0 _ 2s
nC(|M|||M I UOr’an’,,qZqu) 2—os—1 > Tmax,(f,e’ - Tmax,a,e» (4.78)
ate

where C is the same constant as in the inequality (4.71), one can use the same argu-
ment from above, except now invoking Lemma 4.6, to derive a contradiction. Thus,
Thax,0,er = 00.

We have shown that forany 0 < ¢’ < eandall0 < o < sufficiently large
depending on d, s, y, r, it holds that | || a{()_ﬁqziql < oo for all T > 0. By the

0
CXy o

arbitrariness of €/, Lemma 3.5 implies for any T > 0, || u]|

25—1
s

2 g—1 2q <
0 UO‘r+F’°0<q+7q R

q
T ¢+e
00. Using initial datum assumption (4.70), we can apply Proposition 4.1 on the interval

[0, T]to obtain that the function? — ||’ || or00.0r 2 is strictly decreasing on [0, T'].
O yr,a w‘i"'qj

¢!+’
Since T > 0 was arbitrary, we see that this monotonicity property holds on the entire
interval [0, 0o). Using the same monotone convergence argument from before, we

complete the proof in the y > 1 case. O
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