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Abstract

We introduce and investigate a notion of multivalued A-dissipative probability vector
field (MPVF) in the Wasserstein space P,(X) of Borel probability measures on a
Hilbert space X. Taking inspiration from the theories of dissipative operators in Hilbert
spaces and of Wasserstein gradient flows for geodesically convex functionals, we
study local and global well posedness of evolution equations driven by dissipative
MPVFs. Our approach is based on a measure-theoretic version of the Explicit Euler
scheme, for which we prove novel convergence results with optimal error estimates
under an abstract stability condition, which do not rely on compactness arguments
and also hold when X has infinite dimension. We characterize the limit solutions by
a suitable Evolution Variational Inequality (EVI), inspired by the Bénilan notion of
integral solutions to dissipative evolutions in Banach spaces. Existence, uniqueness
and stability of EVI solutions are then obtained under quite general assumptions,
leading to the generation of a semigroup of nonlinear contractions.
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1 Introduction

The aim of this paper is to study the local and global well posedness of evolution
equations for Borel probability measures driven by a suitable notion of probability
vector fields in an Eulerian framework.

For the sake of simplicity, let us consider here a finite dimensional Euclidean space
X with scalar product (-, -) and norm | - | (our analysis however will not be confined
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Dissipative probability vector fields... 1089

to finite dimension and will be carried out in a separable Hilbert space) and the space
P(X) (resp. Pp(X)) of Borel probability measures in X (resp. with bounded support).

A Cauchy-Lipschitz approach, via vector fields

A first notion of vector field can be described by maps b : P, (X) — C(X; X), typically
taking values in some subset of continuous vector fields in X (as the locally Lipschitz
ones of Lip;,.(X; X)), and satisfying suitable growth-continuity conditions. In this
respect, the evolution driven by b can be described by a continuous curve ¢ — u; €
Pyp(X), t € [0, T], starting from an initial measure pg € Pp(X) and satisfying the
continuity equation

O +V - (i) =0, in(0,T)xX, (1.1a)
v, = blu,], us-a.e. forevery t € (0, T), (1.1b)

in the distributional sense, i.e.

T
/ / <8t{ +(V¢, v,)) du,dt =0, v, =b[w,], forevery¢ e Ci((O, T) xX).
0 X
(1.2)

If b is sufficiently smooth, solutions to (1.1c,d) can be obtained by many techniques.
Recent contributions in this direction are given by the papers [5, 10, 26, 27], we also
mention [28, 29] for the analysis in presence of sources. In particular, in [5] the aim
of the authors is to develop a suitable Cauchy-Lipschitz theory in Wasserstein spaces
for differential inclusions which generalizes (1.1b) to multivalued maps b : P, (X) =
Lip,,.(X; X) and requires (1.1b), (1.2) to hold for a suitable measurable selection of b.
As itoccurs in the classical finite-dimensional case, the differential-inclusion approach
is suitable to describe the dynamics of control systems, when the velocity vector field
involved in the continuity equation depends on a control parameter.

The Explicit Euler method

It seems natural to approximate solutions of (1.l1c,d) by a measure-theoretic ver-
sion of the Explicit Euler scheme. Choosing a step size T > 0 and a partition
{0,7,...,nt,..., Nt} of the interval [0, T], with N := [T /t], we construct a
sequence M} € P,(X),n =0, ..., N, by the algorithm

MO = o, MU= (ix + b M", b € b[M"], (1.3)

where ix(x) := x is the identity map and r;u denotes the push forward of ;. € P(X)
induced by a Borel map r : X — X and defined by r3u(B) = w(r~'(B)) for every
Borel set B C X. If M, is the piecewise constant interpolation of the discrete values
(M’;)flvzo, one can then study the convergence of M; as t | 0, hoping to obtain a
solution to (1.1c,d) in the limit.
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1090 G. Cavagnari et al.

It is then natural to investigate a few relevant questions:

(E.1) What is the most general framework where the Explicit Euler scheme can be
implemented?

(E.2) What are the structural conditions ensuring its convergence?

(E.3) How to characterize the limit solutions and their properties?

Concerning the first question (E.1), one immediately realizes that each iteration of (1.3)
actually depends on the probability distribution on the tangent bundle X = X x X,
where the second component plays the role of velocity, in the sense that

QY := (ix, b})sM? € P(X)
whose first marginal is M. If we denote by x, v : TX — X the projections
x(x,v) :=x, v(x,v) := v,
and by exp® : TX — X the exponential map in the flat space X, defined by
expt(x,v) :==x + v,
we recover M;’“ by a single step of “free motion” driven by ®? and given by
M = expl @ = (x + TV); D7

This operation does not depend on the fact that ®” is concentrated on the graph of a
map (in this case b” € b[M!]): one can more generally assign a multivalued map F :
Pp(X) = Pp(TX) such that for every u € Pp(X), every measure ® € F[u] € Pp(TX)
has first marginal u = x;®. We call F a multivalued probability vector field (MPVF
in the following), which is in good analogy with the Riemannian interpretation of
Pp(1X). The disintegration @, € P (X) of ® with respect to u provides a (unique up
to u-negligible sets) Borel family of probability measures on the space of velocities
such that & = fx @, du(x). In particular, @ is induced by a vector field b only if
®, = 8p(x) is a Dirac mass for pi-a.e. x. In the general case, (1.3) reads as

MY = po, MIT'i=expl@l = (x+Tv): @), @7 e F[M!]. (1.4)

In addition to its greater generality, this point of view has other advantages: working
with the joint distribution F[] instead of the disintegrated vector field b[ 1] potentially
allows for the weakening of the continuity assumption with respect to . This relax-
ation corresponds to the introduction of Young’s measures to study the limit behaviour
of weakly converging maps [13]. Adopting this viewpoint, the classical discontinuous
example in R (see [16]), where b(x) = —sign(x), admits a natural closed realization
as MPVF given by

. 5b(x) if x 75 0

o eF & D, =
(] Tl -0y +68 ifx=0

for some 6 € [0, 1].
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Dissipative probability vector fields... 1091

In particular, F[§p] = {80 ® ((1 —6)6_1 +651) | 6 € [0, 1]} (see also [9, Exam-
ple 6.2]).

The study of measure-driven differential equations/inclusions is not new in the
literature [15, 34]. However, these studies, devoted to the description of impulsive
control systems [8] and mainly motivated by applications in rational mechanics and
engineering, have been used to describe evolutions in R? rather than in the space of
measures.

A second advantage in considering a MPVF is the consistency with the theory of
Wasserstein gradient flows generated by geodesically convex functionals introduced
in [3] (Wasserstein subdifferentials are particular examples of MPVFs) and with the
multivalued version of the notion of probability vector fields introduced in [26, 27],
whose originating idea was indeed to describe the uncertainty affecting not only the
state of the system, but possibly also the distribution of the vector field itself.

A third advantage is to allow for a more intrinsic geometric viewpoint, inspired
by Otto’s non-smooth Riemannian interpretation of the Wasserstein space: proba-
bility vector fields provide an appropriate description of infinitesimal deformations
of probability measures, which should be measured by, e.g., the L2-Kantorovich-
Rubinstein-Wasserstein distance

Wﬂmvyzmm{ﬁXu—ﬂ%wuyyyerwwﬂ, (1.5)

where I"(u, v) is the set of couplings with marginals u and v respectively. It is well
known [3, 32, 35] that if , v belong to the space P, (X) of Borel probability measures
with finite second moment

MWM=AM%MM<w,

then the minimum in (1.5) is attained in a compact convex set I, (i, v) and (P2 (X), W»)
is a complete and separable metric space. Adopting this viewpoint and proceeding by
analogy with the theory of dissipative operators in Hilbert spaces, a natural class of
MPVFs for evolutionary problems should at least satisfy a A-dissipativity condition,
with A € R, such as

Wa(exp; @, exp W) < (1 + A7) Wa(p, v) +o(7)
as t | 0, for every (®, W) € F[u] x F[v], u # v. (1.6)

Metric dissipativity

Condition (1.6) in the simple case A = 0 has a clear interpretation in terms of one step
of the Explicit Euler method: it is an asymptotic contraction as the time step goes to
0. By using the properties of the Wasserstein distance, we will first compute the right
derivative of its square along the deformation exp® as follows
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1092 G. Cavagnari et al.

[®, V], := liWz(exp’(b expl W)
T T a e 2R TR

0+
= min {/ (w—v,y —x)dOx,v;y, w): ©@ € ' (P, ¥), (X,¥):O € I'h(u, v)}
KxTX

1.7

and we will show that (1.6) admits the equivalent characterization
[, V], < szz(M, v) forevery (O, V) € F[u] x F[v]. (1.8)
If we interpret the left hand side of (1.8) as a sort of Wasserstein pseudo-scalar
product of & and W along the direction of an optimal coupling between p and v,

(1.8) is in perfect analogy with the canonical definition of A-dissipativity (also called
one-sided Lipschitz condition) for a multivalued map F : X =% X, which reads as

(w—v,y—x) <Alx — y|2 for every (v, w) € F[x] x F[y]. (1.9)
It turns out that the (opposite of the) Wasserstein subdifferential dF [3, Sect. 10.3]
of a geodesically (—\)-convex functional F : P»(X) — (—o0, +0o0] is a MPVF and

satisfies a condition equivalent to (1.6) and (1.8). We also notice that (1.8) reduces
to (1.9) in the particular case when ® = §(; ), ¥ = §(y,w) are Dirac masses in TX.

Conditional convergence of the Explicit Euler method
Contrary to the Implicit Euler method, however, even if a MPVF satisfies (1.8), every

step of the Explicit Euler scheme (1.4) affects the distance by a further quadratic
correction according to the formula

W3 (expl ®, expiW) < W2, v) + 27 [, W, + 72(10 + W),

@3 :=f v]* d®(x, v),
X

which depends on the order of magnitude of ® and W, and thus of F, at i and v.

Our first main result (Theorems 6.5 and 6.7), which provides an answer to question
(E.2), states that if F is a A-dissipative MPVF according to (1.8) then every family of
discrete solutions (M;);~¢ of (1.4) in an interval [0, T'] satisfying the abstract stability
condition

|®72 <L if0<n<N:=[T/t], (1.10)

is uniformly converging to a Lipschitz continuous limit curve p : [0, T] — Pr(X)
starting from g, with a uniform error estimate

Wa(ae, M (1)) < CLy/T(t + 7)e! (1.11)
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Dissipative probability vector fields... 1093

for every t € [0, T], and a universal constant C < 14. Apart from the precise value of
C, the estimate (1.11) is sharp [31] and reproduces in the measure-theoretic framework
the celebrated Crandall-Liggett estimate [12] for the generation of dissipative semi-
groups in Banach spaces. We derive it by adapting to the metric-Wasserstein setting
the relaxation and doubling variable techniques of [23], strongly inspired by the ideas
of Kruzkov [21] and Crandall-Evans [11].

This crucial result does not require any bound on the support of the measures
and no local compactness of the underlying space X, so that we will prove it in a
general Hilbert space, possibly with infinite dimension. Moreover, if u, v are two
limit solutions starting from g, vo we show that

Wa(iee, vr) < Wa(uo, vo)e™  forevery ¢ € [0, T1,

as it happens in the case of gradient flows of (—A)-convex functions. Once one has
these building blocks, it is not too difficult to construct a local and global existence
theory, mimicking the standard arguments for ODEs.

Metric characterization of the limit solution

As we stated in question (E.3), a further important point is to get an effective charac-
terization of the solution p obtained as limit of the approximation scheme.

As a first property, considered in [26, 27] in the case of a single-valued PVF, one
could hope that p satisfies the continuity equation (1.1a) coupled with the barycentric
condition, thus replacing (1.1b) with

v,(x):/ vd®,(x,v), D, € Flu]. (1.12)
1¢

This is in fact true, as shown in [26, 27] in the finite dimensional case, if F is single
valued and satisfies a stronger Lipschitz dependence w.r.t. i (see (H1) in Sect. 7.5).

In the framework of dissipative MPVFs, we will replace (1.12) with its relaxation
a la Filippov (see e.g. [36, Chapter 2] and [2, Chapter 10]) given by

v (x) =/ vd®d;(x,v) forsome @; € co(cl(F)[usl),
X

where cl(F) is the sequential closure of the graph of F in the strong-weak topology of
P5¥(TX) and co(cl(F)[14]) denotes the closed convex hull of the given section cl1(F)[].
We refer to [25] and Sect. 2.2 for more details on the mentioned strong-weak topology;
in fact, a more restrictive “directional” closure could be considered, see Sect. 5.5 and
in particular Theorem 5.27.

However, even in the case of a single valued map, (1.12) is not enough to characterize
the limit solution, as it has been shown by an interesting example in [9, 27] (see also
the gradient flow of Example 7.7).

From a Wasserstein viewpoint, one could consider the differential inclusion

(ix, v)")ms € Fp,], forae. r €[0,T], (1.13)
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1094 G. Cavagnari et al.

where v" is the Wasserstein metric velocity field associated to u (see Theorem 2.10).
However, while this property was appropriate to characterize limit solution w in the
case of gradient flows, it is not reasonable for a general MPVF F. Indeed, the given
MPVEF F, even if regular, could have no relation with the tangent space Tan,,, P>(X)
where v lies.

In order to address the problem of characterizing the limit solution w, here we follow
the metric viewpoint adopted in [3] for gradient flows and we will characterize the
limit solutions by a suitable Evolution Variational Inequality satisfied by the squared
distance function from given test measures. As a byproduct (see Theorem 5.4), this
interpretation will be reflected in a relaxed formulation of the inclusion (1.13) with
respect to a suitable extension F of F introduced in Sect. 4.3. This approach is also
strongly influenced by the Bénilan notion of integral solutions to dissipative evolutions
in Banach spaces [4]. The main idea is that any differentiable solution to x (¢) € F[x(¢)]
driven by a A-dissipative operator in a Hilbert space as in (1.9) satisfies

1d s .

EE'x(t) =y =@, x@) —y)
= (X(t) — w, x(1) — y) + (w, x(t) — y)
< Ax(6) =y = (w, y —x(1))

for every w € F[y]. In the framework of P, (X), we replace w € F[y] with ¥ € F[v]
and the scalar product (w, y — x(¢)) with

["Ilv /'Lf]r = min {A X<w! y - X) dg(y’ w; X) . @ € F(lllv Ml)v (y’ X)t@ € F()(v! MI)} )

asin (1.7). According to this formal heuristic, we consider the A-EVI characterization
of a limit curve u as

%% 2 (e v) < AW (s, v) — [W, 1], forevery W e F[v]. (A-EVI)
As for Bénilan integral solutions, we can considerably relax the apriori smoothness
assumptions on u, just imposing that y is continuous and (A-EVI) holds in the sense
of distributions in (0, 7). In this way, we obtain a robust characterization, which is
stable under uniform convergence (cf. Proposition 5.6) and also allows for solutions
taking values in the closure of the domain of F. This is particularly important when F
involves drift terms with superlinear growth (see Example 7.5).

The crucial point of this approach relies on a general error estimate, which extends
the validity of (1.11) to a general A-EVI solution u and therefore guarantees its unique-
ness, whenever the Explicit Euler method is solvable, at least locally in time (see
Sect. 5.3).

Combining local in time existence with suitable global confinement conditions (see
e.g. Theorem 5.32) we can eventually obtain a robust theory for the generation of a
A-flow, i.e. a semigroup (S;);>0 in a suitable subset D of P2 (X) such that S;[0] is the
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Dissipative probability vector fields... 1095

unique A-EVI solution starting from o and for every o, i1 € D

Wa(Sel1e0l, Selir]) < Walpo, 1) forevery t > 0,

as in the case of Wasserstein gradient flows of geodesically (—X)-convex functionals.

Explicit vs Implicit Euler method

In the framework of contraction semigroups generated by A-dissipative operators in
Hilbert or Banach spaces, a crucial role is played by the Implicit Euler scheme, which
has the advantage to be unconditionally stable, and thus avoids any apriori restriction
on the local bound of the operator, as we did in (1.10). In Hilbert spaces, it is well
known that the solvability of the Implicit Euler scheme is equivalent to the maximality
of the graph of the operator.

In the case of a Wasserstein gradient flow of a geodesically convex JF : P (X) —
(—o00, +0o0], every step of the Implicit Euler method (also called JKO/Minimizing
Movement scheme [3, 20]) can be solved by a variational approach: M?“ has to be
selected among the solutions of

1
arg min — W3 (M, M) + F(M). (1.14)
MePy(x) 2T

Notice, however, that in this case the MPVF 93 is defined implicitely in terms of &
and each step of (1.14) provides a suitable variational selection in 95, leading in the
limit to the minimal selection principle.

In the case of more general dissipative evolutions, it is not at all clear how to solve
the Implicit Euler scheme, in particular when F[x] is not concentrated on a map,
and to characterize the maximal extension of F (in the Hilbertian case the maximal
extension of a dissipative operator F is explicitly computable at least when the domain
of F has not empty interior, see the Theorems of Robert and Bénilan in [30]). The
analogy with the Hilbertian theory does not extend to some properties: in particular,
a dissipative MPVF F in P,(X) is not locally bounded in the interior of its domain
(see Example 7.3) and maximality may fail also for single-valued continuous PVFs
(see Example 7.4). Even more remarkably, in the Hilbertian case a crucial equivalent
characterization of dissipativity reads as

[x —y] <|(x —tv) — (y —tw)| forevery (v, w) € F[x] x F[y],

which implies that the resolvent operators (ix — tF)~! — and thus every single step
of the Implicit Euler scheme — are contractions on X. On the contrary, if we assume
the forward characterizations (1.6) and (1.8) of dissipativity in P, (X) (with A = 0) we
cannot conclude in general that

Wo (i, v) < Wz(exp;’di', exp?\l/) for every (®, ¥) € F[u] x F[v], (1.15)
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since the squared distance map f(¢) := sz(expj’itb, expékll), t € R, is not convex
in general (see e.g. [3, Example 9.1.5]) and the fact that its right derivative at t = 0
(corresponding to [®, W],) is < 0 according to (1.8) does not imply that f(0) < f(¢)
for t < 0 (corresponding to (1.15) for t = —1).

For these reasons, we decided to approach the investigation of dissipative evolutions
in P, (X) by the Explicit Euler method, and we defer the study of the implicit one to a
forthcoming paper.

Plan of the paper

As already mentioned, our theory works for a general separable Hilbert space X, and
we recollect some preliminary material concerning the Wasserstein distance in Hilbert
spaces and the properties of strong-weak topology for P, (TX) in Sect. 2.

In Sect. 3, we will study the semi-concavity properties of W5 along general defor-
mations induced by the exponential map exp’ and we introduce and study the pairings
[-, -1, [, -1;- We will apply such tools to derive the precise expressions of the left and
right derivatives of W, along absolutely continuous curves in P> (X) in Sect. 3.2.

In Sect. 4, we will introduce and study the notion of A-dissipative MPVF, in partic-
ular its behaviour along geodesics (Sect. 4.2) and its extension properties (Sect. 4.3).

Sections 5 and 6 contain the core of our results. Section 5 is devoted to the notion
of A-EVI solutions and to their properties: local uniqueness, stability and regularity in
Sect. 5.3, global existence in Sect. 5.4 and barycentric characterizations in Sect. 5.5.
Section 6 contains the main estimates for the Explicit Euler scheme: the Cauchy esti-
mates between two discrete solutions corresponding to different step sizes in Sect. 6.2
and the uniform error estimates between a discrete and a A-EVI solution in Sect. 6.3.

Finally, a few examples are collected in Sect. 7.

2 Preliminaries

In this section, we introduce the main concepts and results of Optimal Transport theory
that will be extensively used in the rest of the paper. We start by listing the adopted
notation.

by the barycenter of ® € P(TX) as in Definition 3.1

Bx(x,r) the open ball with radius r > O centered at x € X

CX;Y) the set of continuous functions from X to Y

Cp(X) the set of bounded continuous real valued functions defined in X
Ce(X) the set of continuous real valued functions with compact support
Cyl(X) the space of cylindrical functions on X, see Definition 2.9

cl(F), co(F)[u] the sequential closure and convexification of F, see Sect. 4.3
co(F)[ul, I sequential closure of convexification and extension of F, see Sect. 4.3
%+§', % ¢ the right upper/lower Dini derivatives of ¢, see (5.3)

D(F) the proper domain of a set-valued function as in Definition 4.1
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&(no, 7, T, L), H (g, t, T, L)
fyv

C(w,v)

To(p, v)

Ty, n1lF), i =0,1

J

ix()
I(u|F)
At

A, A,
L
ma(v)
[®l2
[Fla ()
12z
P(X)
Pp(X)
Pr(X)
PIX X Y)

PXIw)

[ I [

[Dr, Fp,rs[Pr, B es [Dr, iy
[F, wlre, [F, wlp

[F, nlo+. [F, -

supp(v)

Tan,, P2(X)

Wa(u, v)

X

X

x, v, exp’, s

t

X
L. T

the sets associated to the Explicit Euler scheme (EE) defined in (5.12)
the push-forward of v € P(X) through the map f : X — Y
the set of admissible couplings between ., v, see (2.1)
the set of optimal couplings between p, v, see Definition 2.5
the set of optimal couplings conditioned to F, see (4.12)
an interval of R
the identity function on a set X
the set of time instants ¢ s.t. xéu belongs to D(F), see (4.7)
the positive part of A € R, given by A4 = max{x, 0}
the sets of couplings as in Definition 3.8 and Theorem 3.9
the 1-dimensional Lebesgue measure
the 2-nd moment of v € P(X) as in Definition 2.5
the 2-nd moment of ® € P(1X) as in (3.2)
the 2-nd moment of F at p as in (5.20)
the metric derivative at 7 of a locally absolutely continuous curve p
the set of Borel probability measures on the topological space X
the set of Borel probability measures with bounded support
the subset of measures in P(X) with finite quadratic moments
the space P> (X x Y) endowed with a weaker topology
as in Definition 2.14
the subset of P, (TX) with fixed first marginal u as in (3.3)
the pseudo scalar products as in Definition 3.5
the duality pairings as in Definition 3.18
the duality pairings as in Definition 4.8
the limiting duality pairings as in Definition 4.11
the support of v € P(X)
the tangent space defined in Theorem 2.10
the L2-Wasserstein distance between 1 and v, see Definition 2.5
a separable Hilbert space
the tangent bundle to X, usually endowed with the
strong-weak topology
the projection, exponential and reversion maps defined
in (3.1) and (3.26)
the evaluation map defined in (3.4)
the floor and ceiling functions, see (5.8)

In the present paper we will mostly deal with Borel probability measures defined
in (subsets of) some separable Hilbert space endowed with the strong or a weaker
topology. The convenient setting is therefore provided by Polish/Lusin and completely

regular topological spaces.

Recall that a topological space X is Polish (resp. Lusin) if its topology is induced
by a complete and separable metric (resp. is coarser than a Polish topology). We will
denote by P(X) the set of Borel probability measures on X. If X is Lusin, every
measure 4 € P(X) is also a Radon measure, i.e. it satisfies

VB C XBorel, Ve >0 3K C B compacts.t. u(B\K) < e¢.

X is completely regular if it is Hausdorff and for every closed set C and pointx € X\C

there exists a continuous function f : X — [0, 1] s.t. f(x) =0and f(C) = {1}.
Given X and Y Lusin spaces, u € P(X) and a Borel function f : X — Y, thereisa

canonical way to transfer the measure p from X to Y through f. This is called the push
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forward of u through f, denoted by f3u and defined by (fz)(B) = w(f~1(B)) for
every Borel set B in Y, or equivalently

/wd(fuu)=/ po fdu
Y X

for every ¢ bounded (or nonnegative) real valued Borel function on Y. A particular
case occurs if X = X| x Xp,Y = X; and f = 7' is the projection on the i-th
component, i = 1, 2. In this case, f is usually denoted with 7/ or 7%/, and JTtX T
called the i-th marginal of .

This notation is particularly useful when dealing with transport plans: given X and
X, two completely regular spaces and u € P(X1), v € P(X3), we define

Puv) = [y € P01 x Xo) | wly =, wdy =], @.1)

i.e. the set of probability measures on the product space having p and v as marginals.
On P(X) we consider the so-called narrow topology which is the coarsest topology on
P(X) s.t. the maps pu +— fX ¢ dp are continuous for every ¢ € Cp(X), the space of real
valued and bounded continuous functions on X. In this way a net (ig)gea C P(X)
indexed by a directed set A is said to converge narrowly to u € P(X), and we write
e — win P(X), if

lim/ (pd;L(X:/ @du  forevery g € Cp(X).
* Jx X

We recall the well known Prokhorov’s theorem in the context of completely regular
topological spaces (see [33, Appendix]).

Theorem 2.1 (Prokhorov) Let X be a completely regular topological space and let
F C P(X) be a tight subset i.e.

forall ¢ > 0 there exists K, C X compact s.t. sup n(X\K,) < e.
nedF

Then F is relatively compact in P(X) w.r.t. the narrow topology.

It is then relevant to know when a given F C P(X) is tight. If X is a Lusin completely
regular topological space, then the set ¥ = {u} C P(X) is tight. Another trivial
criterion for tightness is the following: if ¥ C P(X| x X3) is s.t. F; := {néy |y €
F} C P(X;) are tight for i = 1, 2, then also JF is tight. We also recall the following
useful proposition (see [3, Remark 5.1.5]).

Proposition 2.2 Let X be a Lusin completely regular topological space and let F C
P(X). Then F is tight if and only if there exists ¢ : X — [0, +00] with compact
sublevels s.t.

sup/ odu < 4o00.
neF JX
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We recall the so-called disintegration theorem (see e.g. [3, Theorem 5.3.1]).

Theorem 2.3 Let X, X be Lusin completely regular topological spaces, p € P(X) and
r : X — X a Borel map. Denote with i = ryp € P(X). Then there exists a j-a.e.
uniquely determined Borel family of probability measures {jt, }xex C P(X) such that
[LX(X\I‘_I(X)) = 0 for u-a.e. x € X, and

/(ﬂ(x)dlt(x)Z/ (/ w(x)dﬂx(x)) du(x)
X X r=1(x)

for every bounded Borel map ¢ : X — R.

Remark 2.4 When X = X| x X; and r = 7!, we can canonically identify the dis-
integration {§t, }xex, C P(X) of p € P(X| x Xo) wrt. u = nnlu, with a family of
probability measures {iy, }x,ex; C P(X2). We write p = le My due(xy).

2.1 Wasserstein distance in Hilbert spaces

Let X be a separable (possibly infinite dimensional) Hilbert space. We will denote
by X* (respt. X") the Hilbert space endowed with its strong (resp. weak) topology.
Notice that X" is a Lusin completely regular space. The spaces X* and X" share
the same class of Borel sets and therefore of Borel probability measures, which we
will simply denote by P(X), using P(X*) and P(X™) only when we will refer to the
corresponding topology. Finally, if X has finite dimension then the two topologies
coincide.

We now list some properties of Wasserstein spaces and we refer to [3, § 7] for a
complete account of this matter.

Definition 2.5 Given u € P(X) we define
Mo = [ Pdueo  and P00 = {u € P00 | mao) < oo,
X

The L2-Wasserstein distance between w, u' € Pr(X) is defined as

Wﬂmww=mﬂf

u—ﬂ%wadnyeFWJA}. 22)

XxX

The set of elements of I'(u, u') realizing the infimum in (2.2) is denoted with

T, (1, i1'). We say that a measure y € P»(X x X) is optimal if y € Fo(nﬁly, nﬁzy).
We will denote by B(u, ¢) the open ball centered at p with radius o in P2 (X).

The metric space (P2(X), W2) enjoys many interesting properties: here we only recall

that it is a complete and separable metric space and that W,-convergence (some-

. L Wy . . .
times denoted with —> ) is stronger than the narrow convergence. In particular, given
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(n)neN C P2(X) and u € Pr(X), we have [3, Remark 7.1.11] that

in P(X%),
M,,Kg,u, asn — 4oo = (M T K X% asn — +oo. (2.3)
ma(py) — ma(w),

Finally, we recall that sequences converging in (P2(X), W>) are tight. More precisely
we have the following characterization of compactness in P, (X).

Lemma 2.6 (Relative compactness in P (X)) A subset KX C P, (X) is relatively com-
pact w.r.t. the Wh-topology if and only if

(1) X is tight w.r.t. X%,
(2) K is uniformly 2-integrable, i.e.

lim sup / Ix|>du = 0. (2.4)
|x|>k

k—)oouex

Proof Tightness is clearly a necessary condition; concerning (2.4) let us notice that
the maps

Fe: P2(X) — [0,00),  Fe() :=/ %P dpe

|x|>k

are upper semicontinuous, are decreasing w.r.t. k, and converge pointwise to O for
every i € P2(X). Therefore, if X is relatively compact, they converge uniformly to O
thanks to Dini’s Theorem.

In order to prove that (1) and (2) are also sufficient for relative compactness, it is
sufficient to check that every sequence (i), in K has a convergent subsequence.
Applying Prokhorov Theorem 2.1, we can find u € P(X) and a convergent subse-
quence k > [, such that u,, — pin P(X*). Since my(u,,) is uniformly bounded,
then u € P2(X). Applying [3, Lemma 5.1.7], we also get

lim My (pp,) = ma(u)
k—o00
so that, by (2.3), we conclude
lim Wa (., u) = 0.
k—o00

O

Definition 2.7 (Geodesics) A curve u : [0, 1] — P»(X) is said to be a (constant
speed) geodesic if forall 0 <s <t <1 we have

Wo (s, pe) = (t — s)Wa (o, 11),

where (; denotes the evaluation attime ¢ € [0, 1] of . We also say that u is a geodesic
from po to wg.
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We say that A C P>(X) is a geodesically convex set if for any pair pg, 1 € A there
exists a geodesic u from pg to g such that u; € A for every ¢ € [0, 1].

We recall also the following useful properties of geodesics (see [3, Theo-
rem 7.2.1, Theorem 7.2.2]).

Theorem 2.8 (Properties of geodesics) Let g, u1 € Po(X) and p € Ty(o, p1)-
Then w : [0, 11 = P2(X), defined by

Mr 1= (Xt)ﬂ"l'v re [07 1]7 (25)
is a (constant speed) geodesic from o to 1, where X' : X*> — X is given by
X' (x0, x1) := (1 — H)xg + tx].

Conversely, any (constant speed) geodesic | from o to 1 admits the representa-
tion (2.5) for a suitable plan p € T, (10, 11).

Finally, if ;1 is a geodesic connecting L to L1, then for every t € (0, 1) there exists a
unique optimal plan between o and i (resp. between [; and ju1) and it is concen-
trated on a map.

We define the counterpart of C2° (R4) when we have X in place of R?.

Definition 2.9 (Cyl(X)) We denote by I (X) the space of linear maps 7 : X — R¢
of the form 7 (x) = ({x, e1), ..., {x, eq)) for an orthonormal set {e], ..., eq} of X. A
function ¢ : X — R belongs to the space of cylindrical functions on X, Cyl(X), if it
is of the form

p=vYom

where 7 € T14(X) and ¥ € C(RY).

We recall the following result (see [3, Theorem 8.3.1, Proposition 8.4.5 and Propo-
sition 8.4.6]) characterizing locally absolutely continuous curves in P, (X) defined
in a (bounded or unbounded) open interval J C R. We use the notation u; for the
evaluation at time ¢t € Jof amap u : J — P1(X).

Theorem 2.10 (Wasserstein velocity field) Let i : I — P2(X) be a locally absolutely
continuous curve defined in an open interval I C R. There exists a Borel vector field
v:Ix X — Xandaset A(u) C Jwith L(I\A(u)) = 0 such that the following hold

2 .
(1) v, € Tany, P2(X) := (Vo [ ¢ € CyIO] X, for every t € A(u);

. . W2 (fhyshsthe)
@ [y v 2 dps = |fe]? := limp_o W,for everyt € A(u);

(3) the continuity equation
Orpr + V- () =0
holds in the sense of distributions inJ x X.
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Moreover, v; is uniquely determined in lem (X; X) fort € A(n) and

. Wao(ix + hve)epde, thesn)
m
0 I

=0 foreveryt € A(u). (2.6)

We conclude this section with a useful property concerning the upper derivative of the
Wasserstein distance, which in fact holds in every metric space.

Lemma2.11 Let pn :J — Pr(X), v € Pr(X), t € J, 64 € T',(uus, v), and consider
the constant speed geodesic V' : [0, 11 — P»(X) defined by v; = (x*)z0; for every
s € [0, 1]. The upper right and left Dini derivatives b* : (0, 1] — R defined by

1 W2 , y _ W2 ’ ;
b*(s) ;=== lim sup 2 (Hasn, v5) 5 (1t VS)7

2s hl0 h

1 W2 , ry _ W2 Y
b~ (s) :=— lim sup 5 (s vy) 5 (Mt—ps V)

2s n0 l’l

are respectively decreasing and increasing in (0, 1].

Proof Take 0 < s’ < s < 1. Since v’ : [0, 1] — P»(X) is a constant speed geodesic
from p, to v, we have

W2(/""l7 Ué) = Wz(:u’t7 vi/) + W2(V§u v;)a
then, by triangular inequality

Wathitns vg) — Wape, vi) < Wa(ign, vi) + Wa (v, v5) — Walu,, vj
= W2(Nt+h7 vi/) - W2(/“"17 Ué/).

Dividing by 4 > 0 and passing to the limit as & | O we obtain that the function
a : [0, 1] — R defined by

W , v — W vl
a+(s) — lim sup 2(Mrh VS) 2 (1 Vs)
hy0 h

is decreasing. It is then sufficient to observe that for s > 0

bT(s) = at(s)

Wa (s, vi)
+ = a™ () Wauar, v).

The monotonicity property of b~ follows by the same argument. O
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2.2 A strong-weak topology on measures in product spaces

Let us consider the case where X = X x Y where X, Y are separable Hilbert spaces.
The space X is naturally endowed with the product Hilbert norm and P,(X) with
the corresponding topology induced by the L>-Wasserstein distance. However, it will
be extremely useful to endow P, (X) with a weaker topology which is related to the
strong-weak topology on X, i.e. the product topology of X* x Y*. We follow the
approach of [25], to which we refer for the proofs of the results presented in this
section.

In order to define the topology, we consider the space C5"” (X x Y) of test functions
¢ : X x Y — R such that

¢ is sequentially continuous in X* x Y¥, 2.7
Ve>03A:>0:[¢(x,y)] <A:(1+ |x|)2() +£|y|$ Vx,y) eXxY.(2.8)

Notice in particular that functions in C5* (X x Y) have quadratic growth. We endow
C5¥(X) with the norm

Il oo == sup 12 (x, W

S w X «— - A A

: opex L+ IxlE + [yl

Remark 2.12 When Y is finite dimensional, (2.7) is equivalent to the continuity of .
Lemma2.13 (C3¥(X x Y), | - llcsw (xxv)) is a Banach space.

Definition 2.14 (Topology of P3* (X x Y), [25]) We denote by P5* (X x Y) the space
P2(X x Y) endowed with the coarsest topology which makes the following functions
continuous

n— /f:(x, ydur(x,y), ¢eC¥(XxY).

It is obvious that the topology of P> (X x Y) is finer than the topology of P5* (X x Y)
and the latter is finer than the topology of P(X* x Y¥). It is worth noticing that any
bounded bilinear form B : X x Y — R belongs to C5* (X x Y), so that for every net
(Bo)aen C P(X x Y) indexed by a directed set A, we have

limp, =p inPPXxY) = lim/Bd;La :[Bdu. (2.9)
aeA aeA

The following proposition justifies the interest in the P35 (X x Y)-topology.

Proposition 2.15 (1) Assume that (ft,)eca C P2(X X Y) is a net indexed by the
directed set A, p € Pr(X x Y) and they satisfy

(@) py = pinPXE x YV),
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(o) lim / B dig (v, y) = / A, y),

(c) sup f 112 dpg (x, y) < 00,
ach

then p, — pin Py¥ (X xY). The converse property holds for sequences: if A = N
and p,, — p in P53 (X x Y) as n — oo then properties (a), (b), (c) hold.
(2) For every compact set KX C Pr(X*) and every constant ¢ < oo the sets

K = {u € PrX x Y) 17l € X, f IyI5 dp(x, y) < c}

are compact and metrizable in P5¥ (X x Y) (in particular they are sequentially
compact).

It is worth noticing that the topology P5* (X x Y) is strictly weaker than P>(X x Y)
even when Y is finite dimensional. In fact, C3" (X x Y) does not contain the quadratic
function (x, y) — | y|$, so that convergence of the quadratic moment w.r.t. y is not
guaranteed.

3 Directional derivatives and probability measures on the tangent
bundle

From now on, we will denote by X a separable Hilbert space with norm | - | and scalar
product (-, -}. We denote by TX the tangent bundle to X, which is identified with the set

X x X with the induced norm |(x, v)| := (|x 12+ |v |2) 12 and the strong-weak topology
of X* x X" (i.e. the product of the strong topology on the first component and the weak
topology on the second one). We will denote by x, v : TX — X the projection maps
and by exp’ : TX — X the exponential map defined by

x(x,v) :==x, v(x,v):=v, exp'(x,v):=x+tv. 3.1)

The set P(TX) is defined thanks to the identification of TX with X x X and is endowed
with the narrow topology induced by the strong-weak topology in TX. For ® € P(TX)
we define

|®13 :=/ [v]? d®(x, v). (3.2)
™

We denote by P (TX) the subset of P(TX) of measures for which [ (|x[*+[v]?) d® < co
endowed with the topology of P35 (TX) asin Sect. 2.2.If i € P(X) we will also consider

PIX|p) = {® € PX) | x:@ = u}, Po(W|p) := {® € P(X|w) : | P[> < o0}
(3.3)
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When we deal with the product space X2, we will use the notation
X' X2 > X, x'(xg,x1):= (1 —t)xo+1tx1, te€]0,1]. (3.4)
Ifve Li(X; X) we can consider the probability measure
@ = (ix, v)zu € P2(X|w). (3.5)

In this case we will say that ® is concentrated on the graph of the map v. More
generally, given a Borel family of probability measures (®,)yex C P2(X) satisfying

/(/ |v|2dd>x(v)) dp(x) < 0o (3.6)

we can consider the probability measure
@ = [ @duc) € 220 @3.7)
X

Conversely, every ® € P, (TX|w) can be disintegrated into a Borel family (@) ex C
P, (X) satisfying (3.6) and (3.7). The measure @ can be associated with a vector field

v E Lﬁ(X; X) if and only if for p-a.e. x € X we have ®, = §y(,). Recalling the

disintegration Theorem 2.3 and Remark 2.4, we give the following definition.

Definition 3.1 Given ® € P,(TX|w), the barycenter of ® is the function by €
LZ(X; X) defined by

b (x) = / vd®,(v) for u-a.e. x € X,
X

where {®, }rex C P2(X) is the disintegration of ® w.r.t. u.

Remark 3.2 Notice that, by the linearity of the scalar product, we get the following
identity which will be useful later

/X@(x),bcp(x))du(x)=/TX<<:(x),v>dd>(x,v) (3.8)
forall ¢ € L2 (X; X).

3.1 Directional derivatives of the Wasserstein distance and duality pairings

Our starting point is a relevant semi-concavity property of the function
1
f(s, 1) = §W22(exp‘§d>o, expi®)), s.t€R, (3.9)
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with ®g, &1 € P,(TX). We first state an auxiliary result, whose proof is based on [3,
Proposition 7.3.1].

Lemma3.3 Let g, &1 € Po(X), s5,t € R, and let ¥°' € I (exp; @, expgcbl). Then
there exists @' € I'(®g, @) such that (exp®, exp'); @' = ¢!,

Proof Define, for every r, s, t € R,

Y= T Z(x,v) = (exp’ (x, ), v);
AT U x X —> X x TX, AT = (T, ).

Consider the probabilities (£*); Do, (X7);P; and #*. They are constructed in such
a way that there exists W%’ € P(TX x TX) s.t.

V)W = (2 @0, (x' vH W = (201, (O, X)W = 9,

where we adopted the notation X! (x0, vo, x1, v1) := x; and Vi (x0, vo, X1, V1) = v;,
i =0, 1. We conclude by taking @*" := (A~ =) WS, |

Proposition 3.4 Let &g, @1 € Po(TX) with w1 = x4 @1 and ¢* := |®g|3 + D13, let
f : R? = R be the function defined by (3.9) and let h, g : R — R be defined by

1
h(s) := f(s,s) = §W22(exp§<l>o, expi®1),

1
8() = [(5,0) = W3 (exp;®o, 1), s €R. (3.10)

(1) The function (s,t) — f(s,t) — %(pz(s2 +12) is concave, i.e. it holds

F(A —a)so+asy, (1 —a)tg+aty) = (1 —a)f(so, to) +af(st, )

1 (3.11)
— sa(l = = 0% + (1~ 10)]¢?

for every sg, 51, to, t1 € R and every o € [0, 1].
(2) The function s — h(s) — <p2s2 is concave.
(3) the function s — g(s) — %s2|d>0|% is concave.
Proof Let us first prove (3.11). We set s := (1 — a)so + asy, t := (1 — a)tg +

oty and we apply Lemma 3.3 to find @ € I'(®g, ®;) such that (exp®, exp’);® €
r, (exp§ Oy, expé ®1). Then, recalling the Hilbertian identity

(1 —a)a +ab|* = (1 —a)|al* +alb]* —a(l —a)la—b|*, a,beX,
we have
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W22(exp‘§d>o, expy ®1)
=/|x0+5v0—(x1+tv1)|2d®
= / (1 — &) (x0 + s0v0) + & (x0 + 51v0) — (1 — @) (x1 + fov1) — & (x1 + t1v1)[* dO
=(1- Ot)/ lx0 + sovo — (x1 + fov1)|* d® +0t/ lxo + s1v0 — (x1 + fv1)|* dO
—a(l— 05)/ (s1 — s0)vo + (11 — 1)1 > O

> (1 — @) W3 (exp} Do, expl! 1) + W5 (expy! @o, expll ®1)
—att= a1 -0 + o - 0?)( [ P oo+ [P aey).

which is the thesis. Claims (2) and (3) follow as particular cases when t = s or t = 0.
O

Semi-concavity is a useful tool to guarantee the existence of one-sided partial deriva-
tives at (0, 0): for every o, 8 € R we have (see e.g. [19, Ch. VI, Prop. 1.1.2]) that

- _ 2
@ py = tim [ @PO L0 f@epo) = fO.0 00 o oo
el0 e 0>0 Q 2
o f(0,0) = f(—ao, —Bo)
file, B) = 1@% 0
S —an — 2
_ g 10,0 — f(=ee. —Bo) 49 24 B,
0>0 o 2

f (resp. f)is a concave (resp. convex) and positively 1-homogeneous function, i.e. a
superlinear (resp. sublinear) function. They satisfy

fi(—a,—B) = —f/(a,B) foreverya,p eR, (3.12)
fl(a, B) > fl(a, B) foreverya, B €R, (3.13)
Fl@, B) = af/(1,0)+ B0, 1) foreverya, f = 0,

2
F(s.) < £0,0)+ fl(s.1) — %(sz—}-tz) for every s, 7 € R. (3.14)

Notice moreover that

g(o) —g(0)

"(1,0) = ¢ (0) = li
f+(1,0) = g,.(0) QI?S 2

where g is the function defined in (3.10); a similar representation holds for fl’(l, 0).
We introduce the following notation for f;, f/, g and g;.
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Definition 3.5 Let 1o, u1 € P2(X), ©g € P2(TX|g) and | € P (TX|w1). We define

W3 (expi @0, i11) — W3 (1o, p1)
2s ’

W3 (1o, 1) — W3 (exp;* ®o, 1)
2s ’

Oy, =1
[P0, p1], slf(}

Do, =1
[Po, m1]; lim
and analogously
W3 (expl, @, exp®1) — W3 (1o, t1)
2t '

W3 (1o, 1) — W3 (exp; " o, exp; ' @)
2t '

Op, D] ;=1
[ 0 l]r tlfg

O, 1], :=1i
[Po, P1]; tlf(f)l

Recalling the definitions of f and g given by (3.9) and (3.10), with &y and ®; as
above, we notice that

[®o, 1], = £,(0) = £,/(1,0),
[®o, u1]; = g(0) = £/(1,0),
[®o, P11, = f/(1. 1),
[P0, D11, = f/(1, 1).

Remark 3.6 Notice that [®o, it1], = [®o. P, |, and [P, i1]; = [P0, Py, ;- Where
@, = (ix, 0)z1 € P2(IX).
Moreover, given ® € P(TX) and using the notation
— & :=J;d, with J(x,v) = (x, —v), (3.15)
we have
[—®o, =P1], = — [P0, P1];.  and  [=Do, u1], = —[Po, p1]; -
In particular, the properties of [+, -]; (in P2 (TX) x P, (TX) or P2 (TX) x P, (X)) and the

ones of [+, -], in P (TX) x P(X) can be easily derived by the corresponding ones of
[, 1, in P2 (TX) x Po(TX).

Recalling (3.14) and (3.12) we obtain the following result.

Corollary 3.7 For every g, w1 € P2(X) and for every &y € Pr(K|umo), ®1 €
P (K1), it holds

[®o, 1], + [P1, ol < [Po, @1], and  [Po, 1]y + [P1, pol; = [Po, P1];.
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Let us now show an important equivalent characterization of the quantities we have
just introduced. As usual we will denote by x°, v0, x! : TX x X — X the projection
maps of a point (xg, vg, x1) in X x X (and similarly for TX x TX with x%, v0, x!, v1).

First of all we introduce the following sets.

Definition 3.8 For every ®¢ € P(TX) with ;o = x3Pp and 1 € P2(X) we set

A@o, ) 1= {o € T(@0, 1) | 6%, x)z0 € Tolgao, )]

Analogously, for every ®g, 1 € P(TX) with uo = xzPp and 1 = x3 P in P (X)
we set

A(®o, ®1) = {© € T(®Po, ®1) | (,x);0 € Topo. ) |

In the following proposition and subsequent corollary, we provide a useful charac-
terization of the pairings [-, -], and [-, -];. Similar results with analogous proofs can
be found also in [18, Theorem 4.2] and [14, Corollary 3.18] where X is a smooth
compact Riemannian manifold.

Theorem 3.9 For every ®q, ®| € P(1X) and n1 € Pr(X) we have

[®o, 1], = min {/ {(xo — x1,v0)do | 0 € A(Dy, ,ul)} , (3.16)
HxX

[Dg, D1], =min{/ (xo — x1,v90 — v1)dO | @GA(@o,q)l)}. (3.17)
K’xK

We denote by A,(Pg, 11) (resp. Ayo(Po, P1)) the subset of A(Do, 1) (resp. A(Py,
®1)) where the minimum in (3.16) (resp. (3.17)) is attained.

Proof First, we recall that the minima in the right hand side are attained since
A(Dg, 1) and A(Dg, @) are compact subsets of P(TX x X) and P,(TX x TX)
respectively by Lemma 2.6 and the integrands are continuous functions with quadratic
growth. Thanks to Remark 3.6, we only need to prove the equality (3.17). For every
O € A(Pg, @) and setting 1o = Xz Pg, 1 = Xz Py, we have

W3 (exp}(®o), exp} (1))

5/ [(xo — x1) 4+ 5(v0 — vp)* d®
™XxTX
=/ o — x> A0, x1);©
X2
—|—2s/ (xo—xl,vo—vl)d®+s2/ lvg — v1|> dO
HKxTX X2

= W3 (ko, 1t1) —|—2s/

(x0 — x1, vp — vl)d®+s2/ lvg — v1|* dO.
TXxTX X2
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1110 G. Cavagnari et al.

and this immediately implies

[<D0,<1>1]r§min{f (XO—xl,vo—vl)d®|@GA(CDO,(DD}-
TXxTX

In order to prove the converse inequality, thanks to Lemma 3.3, for every s > 0 we
can find @ € I'(Pg, O)) s.t.

(exp®, exp*)1 @5 € Fo(expécbo, expé D).
Then

W3 (expi®o, expi®1) — W3 (o, 141) 1
2s — 2s TXxTX
1

25 Jaxxix

Z/ (x0 — x1, v9 — v1) dOy. (3.18)
XXX

|(xo — x1) 4 s(vo — v1)|* dO

2
lxo — x1]° dOy

Since I'(Pg, &) is compact in Pr(TX x TX), there exists a vanishing sequence
k — sy and ® € T'(Pg, 1) s.it. @5, — O in Po(TX x TX). Moreover it holds
(exp*, exp*): @, — (X, x1);@ in P(TX x TX) so that (x°,x!);® € T, (1o, 1),
and therefore ® € A(®g, @;). The convergence in P, (TX x TX) yields

lim (x0 — x1, v0 — v1) dOy, 2/ (xo — x1, v9 — v1) dO,
ko JXx1X ™KxTX

so that, passing to the limit in (3.18) along the sequence s, we obtain

[<Do,<l>1]r2/ (xo — x1,v0 — v1)dO
™YxTX

for some @ € A(Dg, O1). O
Corollary 3.10 Let ®q, ®| € Pr(1X) and u € Pr(X), then

[@, u1]; =maX{/ (xo —x1,v0)do | o EA(CDO,M)},
HxX

[®g, <I>1]Z=max{/ (xo0 — x1,v90 — v1)dO | (")EA(CD(),(Dl)}. (3.19)
Hx K

3.2 Right and left derivatives of the Wasserstein distance along a.c. curves
Let us now discuss the differentiability of the map J > ¢ — %W%(/Lt, v) along a

locally absolutely continuous curve u : J — P, (X), with J an open interval of R and
v € Pr(X).
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Theorem 3.11 Let u : T — P2(X) be a locally absolutely continuous curve and let
v:JIx X — Xand A() be as in Theorem 2.10. Then, for every v € P,(X) and every
t € A(w), it holds

o WEn, v) = W3 (e, v)

lim 5 [Gx. vozus, v],
W3 (pign, v) — Wi (e, v) .
lim o = [Gix, vo)eus. v]; (3.20)

so that the map s +— sz(us, v) is left and right differentiable at every t € A(w). In
particular,

(1) ift € A(n) and v € Pr(X) are s.t. there exists a unique optimal transport plan
between [1; and v, then the map s — W22 (ws, v) is differentiable at t;

(2) there exists a subset A(u, v) C A(w) of full Lebesgue measure such that s +—
W22(u,s, v) is differentiable in A(u, v) and

1d
anzz(l"bfs l)) = [(iXa vt)ﬁ“l’ v]r = [(iX7 vl)ﬁl‘l/lv V]l

= /(v,(xl),xl —x2) dp(xy, x2)

for every p € To(ps, v), t € A, v).

Proof Let v € P»(X) and for every ¢ € J we set ®; := (ix, v/)3pt; € P2(TX). By
Theorem 3.9, we have

_ WE(expl®y,v) — Wi (e, v)
hm = [(lX1 vt)ﬁ/"(’ls V]r )

nl0 2h
o WA ) - Wi v) (G, oot v]
10 2" - X> Ut )Mt 1

Since expg’ ®; = (ix + hv;)z s, then thanks to Theorem 2.10 we have that the above
limits coincide respectively with the limits in the statement, for all ¥ € A(u).

Claim (1) comes by the characterizations given in Theorem 3.9 and Corollary 3.10.
Indeed, if there exists a unique optimal transport plan between u; and v, then
[(ix, Ve )gides V]r = [(ix, Ve)nfhes V]l-

Claim (2) is a simple consequence of the fact that s — W22 (us, v) is differentiable
a.e.inJ. O

Remark 3.12 In Theorem 3.11 we can actually replace v with any Borel velocity field
w solving the continuity equation for u and s.t. |w,|| 2, € L} (9).Indeed, we notice
t

loc
that by [3, Lemma 5.3.2],
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1112 G. Cavagnari et al.

AGx, vz, v) = (0, v, 0X0, XDy |y € o, 1)},
AGix, w)gpe, v) = (O, w, 0x0, xV)py |y € Doy, V),

so that, by [3, Proposition 8.5.4], we get

[(iX7 vl)ﬁl”ftv v]r = [(iX1 wt):IlLt, v]r )
[(iX’ vt)ﬁMt’ v]l = [(iX1 w[)jﬂlv v]l .

Remark 3.13 In general, if u : J — P,(X) is a locally absolutely continuous curve
and v € Pr(X), thenthe mapJ 3 s — W22(,u,s, v) is locally absolutely continuous and
thus differentiable in a set of full measure A(u, v) C J which, in principle, depends
both on p and v. What Theorem 3.11 shows is that, independently of v, there is a full
measure set A(u), depending only on u, where this map is left and right differentiable.
If moreover v and t € A(u) are such that there is a unique optimal transport plan
between them, we can actually conclude that such a map is differentiable at . We
refer in particular to Appendix A for a concrete example showing the optimality of
the result stated in Theorem 3.11.

Theorem 3.14 Let !, % : 3 — Po(X) be locally absolutely continuous curves and
let v',v% 1 I x X — X be the corresponding Wasserstein velocity fields satisfying
(2.6) in A(Ml) and A(Mz) respectively. Then, for every t € A(Ml) N A(M2), it holds

W3 (s 7)) — W3 (s 1)
lim t+h Tith 2 =[i cobaud, Gix, v? 2] ,
110 0 ( X t)ﬁ:u't ( X ;)ﬁ:u't -
W3 (s 7)) — W3 (s 1)
lim i+ Fitn 2 \Hes =[i oDl iy, v2 2] .
lim o (@ v )zhy s (x V)shg |

In particular, there exists a subset A C A(u') N A(u?) of full Lebesgue measure such
that s — W3(ul, u?) is differentiable in A and

1d . .
——Wi(u, u) = [(lx, vz (i, vf)jmz]
2dt r

=[x vhanl. ix vt |

= [l =t - duar e (321)
forevery pu € Fo(utl,,utz), t € A.

The proof of Theorem 3.14 follows by the same argument of the proof of Theorem 3.11.

3.3 Convexity and semicontinuity of duality parings

We want now to investigate the semicontinuity and convexity properties of the func-
tionals [, -], and [, -];.
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Lemma3.15 Let (®,)nen C P2(1X) be converging to @ in P35 (1X), and let (v, )nen C
P2(X) be converging to v in P2(X). Then

liminf [®,, v,], = [®,Vv], and limsup[D,, v,]; <[P, V];. (3.22)
n n

Finally, if(CDil)neN, i =0, 1, are sequences converging to Dl in 3’3’“(7)() then

liminf [ @), o} ] =[a", 0!
r

n—oo

, lim sup [@2, @,11]1 > [@0, CI>1]I . (3.23)

r n—oo

Proof We just consider the proof of the first inequality (3.22); the other statements
follow by similar arguments and by Remark 3.6.

We can extract a subsequence of (®,,),en (not relabeled) s.t. the lim inf is achieved
as a limit. We have to prove that

lim [®,, va], > [®, V], . (3.24)
n

Foreveryn € Ntake o, € A,(P,, v,) and - (XO, xl)uan. Since the marginals
of 15,1 are converging w.r.t. W, the family (ﬁn)neN is relatively compact in P; (X2).
Hence, (0,),en is relatively compact in P5W*(TX x X) by Proposition 2.15, since
the moments f |v()|2 do;, (x0, vo, x1) = |®,|5 are uniformly bounded by assumption.
Thus, possibly passing to a further subsequence, we have that (¢ ,),cN converges to
some ¢ in P3** (TXx X). In particular o € A (P, v) since optimality of the X? marginals
is preserved by narrow convergence. Indeed, it sufficies to use [3, Proposition 7.1.3]
noting that

/Ixo 31 dey < 2m3(xen) +2m3(u) < K.

for some K > 0.
The relation in (2.9) then yields

lim [®g, v,], = n@&/(l}o%o —xi)do, = f(UO,XO —x1)do

n—o0
which yields (3.24) since the r.h.s. is larger than [, v], by Theorem 3.9. O

Remark 3.16 Notice that in the special case in which A (®, v) is a singleton, then the
limit exists and it holds

hm [(Dny Vn]r = [(D, v]r k) hm [q)rh Vn]l = [(D, V][ .
n—0o0 n—0o0
Lemma 3.17 Forevery u, v € Pr(X) the maps ® +— [, v], and (O, V) — [P, V],

(resp. ® — [, v]; and (®, V) +— [D, W];) are convex (resp. concave) in P (TX| 1)
and Py (X)) x P (TX|v).
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1114 G. Cavagnari et al.

Proof We prove the convexity of (O, V) +— [, W], in Po(TX|n) x P2(TX|v); the
argument of the proofs of the other statements are completely analogous.

Let @ € P2(X|w), ¥r € Pr(X|v), and let B > 0, with >, B = 1, k =
1,...,K. We set ® = Zle Bi®r, ¥ = Zle Br W, For every k let us select
O € A(Dy, V) such that

[P, Wi, = /(Ul — v, X1 — Xp) dOx.

It is not difficult to check that @ := )", Br® € A(P, W) so that

[P, ‘I/], < /(vl — Vg, X1 — X0) de

= Zﬂk/(vl —v0, X1 — x0) d@k = Y Bi [Pr, Wil .
k k

3.4 Behaviour of duality pairings along geodesics

We have seen that the duality pairings [-, -], and [+, -]; may differ when the collection
of optimal plans I', (g, 1) contains more than one element. It is natural to expect a
simpler behaviour along geodesics. We will introduce the following definition, where
we use the notation

X! (x0, x1) := (1 — 1)xo + tx1,  VO(x0, vo, x1) 1= vo

for every (xg, vo, x1) € TX x X, ¢ € [0, 1].

Definition 3.18 For ¢ € Po(X x X), ¢ € [0, 1], ¥, = xéﬂ and ®; € P> (TX|;), we set

[;(®;, )= [a € Pr(TX x X) | (XO, xl)nazﬂ and (X' o (xO, xl), vo)na = CD,] ,
(3.25)

which is not empty since ¥, = xé# = X3 P;. We set

(1.9 = [ (x0= 01 o, (X o 00) ) 49 a0,
[®7, #]y := min {/(xo — X1, vo) do (x0, vo, x1) | 0 € [ (P, 19)},

[D;, #];; := max {/(xo — x1, vg) do (xp, vo, x1) | 0 € ', (Py, 1?)}.
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If moreover @y € P> (TX|y), 1 € Po(TX|D1), # € T'(Dg, ¥1), we define

[@o, P1]r9 := [P0, #]r0 — [P1, H]11s
[@o, @111,5 = [Po, Fl10 — [P1, P 1.

Notice that, if (®,), is the disintegration of ®; with respect to ¥%; = x;®P;, we can
consider the barycentric coupling o; := fXxx(ch)X’ dd# e I’y (D4, ), 1e.

[ w0 smdos = [ [ w0, d@a-gmm @] o, x0

so that [®;, #],,, = [(vo, xo — x1) do; and
(@, B < [P, B, < [Py, H]1 s
If we define the reversion map

s: X2 = X%, s(xg, x1) := (x1, X0), (3.26)

with a similar definition for TX x X, given by s(xq, vo, x1) := (x1, Vg, X0), it is easy to
check that

o € Ft(cbt, 1}) = SﬁO' € Fl—t(q)l‘v Sﬁﬂ)
so that
(@, ) = =[P, 6P 1—1,  [Pr, Pir = — [Py, s5P ] 11 (3.27)

We point out that (3.16) and (3.19) have simpler versions in two particular cases, which
will be explained in the next remark.

Remark 3.19 (Particular cases) Suppose that ¢ € Pr(X3), t € [0,1], ¥, = xéﬂ,
@, € Pr(TX|9;) and X' : X* — X is ¥ -essentially injective so that # is concentrated
on a Borel map

XY XD X = XxX, ie # = (X2, X0,

In this case I'; (®;, #) contains a unique element given by (X? oX,V, th oX);®P; and

(D, #yp = [Df, D1yp = [Df, F]ps = f (v, X2(x) — X} (x)) d®; (x, v)

= /(bq>,, XY — x}ydv,, (3.28)
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where in the last formula we have applied the barycentric reduction (3.8). Whent = 0
and ¢ is the unique element of ', (Jy, ¥1) then X ?(x) = x and we obtain

[®, D], = [Pr, 1] = [Pr, Flr 0 = [P, Hi0
= /(v,x — X} (x)) d®, (x,v) = /(b¢,,x — X} (x)) doo(x).

Another simple case is when
&, = (ix, w)uﬂt

for some vector field w € L%r (X; X) asin (3.5) (i.e. its disintegration ®, w.r.t. I, takes
the form 8y (x) and w = bg,). We have

(@, H]r = [Py, iy = f<W((1 — Bxg +1x1), X0 — X1>d1’(XO,X1)~

In particular we get

[®;, 1], = min { /(w(x),xo — x1) dd# (xo, x1) | # € To(Do, 191)}.

An important case in which the previous Remark 3.19 applies is that of geodesics in
P2 (X).

Lemma 3.20 Let g, 11 € P2(X), u : [0, 1] = P2(X) be a constant speed geodesic
induced by an optimal plan i € T',(1g, 1) by the relation

= Xgu, t €[0,1]1, where X'(xg,x1) = (1 —1)xg + tx].

Ift € (0, 1), ®; € Pa(X|py), b = sz € To(ju1, po), with s the reversion map in
(3.26), then

1 1
— @ - [
l—[[ Tle]r l—t[ Ivlu/l]l

=[P, ﬂ]r,t

=[P, wl1s

1
= _7 [ch" Mo]r

1
=—7 [D;, 1ol

= _[q>la ii’]r,l—t
= —[Dy, fils1- (3.29)
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Proof The crucial fact is that X’ : X> — X is injective on supp(s) and thus a bijection
on its image supp(y,). Indeed, take (xq, x1), (x(, x]) € supp(i), then

2
X (x0, x1) — X' (x(, x|~ = (1 = )*|xo — x§|* + £7|x1 — x{|?
+21(1 — 1){x0 — x(, X1 — X})

> (1= 1)%|x0 — xoI* + % [x1 — x{ |

thanks to the cyclical monotonicity of supp(u) (see [3, Remark 7.1.2]).

Then, for every x € supp(u;), there exists a unique couple (xg,x;) =
(X?(x), th (x)) € supp(p) s.t. x = (1 — t)xg + tx1, where we refer to Remark 3.19
for the definitions of X?, X tl (cf. also [32, Theorem 5.29]). Hence, in the following
diagram all maps are bijections:

(Xt,XO) (Xt,Xl)
supp(pt,9) €——— supp(p) ———— supp(s,;)

(ix. X)) ix. XH

supp(per)
where pu,; = (X, xl)tu = (ix, X})ju, is the unique element of I',(us, 1) and
o = X0 = (ix, XDz = (X177, x1)yft is the unique element of T, (17, f20)
(see Theorem 2.8). Since

x—th(x)_x—xl X —x0 x—X?(x)
l—¢t 11—t t t ’

and A(d;, u1) = {(ix, X,1 o x);®,} thanks to Theorem 2.8, by Theorem 3.9 and
Corollary 3.10 we have

[q)tv I’Ll]r = [q)ts Ml]l = /‘D((U’x - X[l (x)) dcb[(-xs U)'
Analogously, A(®;, io) = {(i, X° o x);®,}. Hence

(D, ol = [Py, pol; = /m(” — X)) dd; (x, v).

Also recalling (3.27) and (3.28) we conclude. ]

4 Dissipative probability vector fields: the metric viewpoint
4.1 Multivalued probability vector fields and A-dissipativity

Definition 4.1 (Multivalued Probability Vector Field - MPVF) A multivalued prob-
ability vector field F is a nonempty subset of P, (TX) with domain D(F) := x3(F) =
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{x3® : ® € F}. Given u € P>(X), we define the section F[j1] of F as
Flul:= (x) ' (W) NF={®eF|x:®=pf.

A selection F' of F is a subset of F such that D(F') = D(F). We call F a probability
vector field (PVF) if xy is injective in F, i.e. F[u] contains a unique element for every
w € D(F). AMPVFF is a vector field if for every u € D(F), the section F[u] contains
a unique element ® concentrated on a map, i.e. & = (ix, bo)z .

Remark 4.2 We can equivalently formulate Definition 4.1 by considering F as a mul-
tifunction, as in the case, e.g., of the Wasserstein subdifferential dF of a function
F : Pa(X) —> (—o0,+00], see [3, Ch. 10] and the next Sect. 7.1. According to
this viewpoint, a MPVF is a set-valued map F : P(X) D D(F) = P,(TX) such that
xz® = u for all & € F[u]. In this way, each section F[x] is nothing but the image
of u € D(F) through F. In this case, probability vector fields correspond to single
valued maps: this notion has been used in [27] with the aim of describing a sort of
velocity field on P(X), and later in [26] dealing with Multivalued Probability Vector
Fields (called Probability Multifunctions).

Definition 4.3 (Metrically A-dissipative MPVF) A MPVFF C P, (TX) is (metrically)
A-dissipative, with A € R, if

[®o, @11, < AW3 (ko 1) forevery dg, @1 € F, i =x; ;. (4.1)

We say that F is (metrically) A-accretive if —F = {—® : & € F} (recall (3.15)) is
—A-dissipative, i.e.

[@o, D11, > AW3 (1o, 1) for every dg, @1 € F, j1; = x3D;.

In Sect. 7 we collect explicit examples of A-dissipative MPVFs.

Remark 4.4 Notice that (4.1) is equivalent to asking for the existence of a coupling
O € A(Pg, Py) (thus (x°, xl)ﬁ® is optimal between o = Xz ®p and u; = xzP1)
such that

/(vl — g, x1 — x0) dO® < AW3 (1o, 1) = k/ lx1 — x0/>d@®.

As anticipated in the Introduction, dealing with (1.6) and (1.8), the A-dissipativity
condition (4.1) has a natural metric interpretation: if ®g, ®; € F with uo = xz o,
n1 = Xz ®1, performing a first order Taylor expansion of the map

1 2 2 2
t— EWZ (exp’ ®g, exp' 1)

at t = 0, recalling Definition 3.5, we have

W3 (exp’ dg, exp’ ®1) < (1 4+ 20) W (1o, 1) + o(z) ast | 0.
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Remark 4.5 Thanks to Corollary 3.7, (4.1) implies the weaker condition

(Do, 1], + [®1, wol, < AW5 (1o, 1) forevery ®g, d; € F, p1; = x;®;. (4.2)
It is clear that the inequality of (4.2) implies the inequality of (4.1) whenever
"o (10, 1) contains only one element. More generally, we will see in Corollary 4.13

that (4.2) is in fact equivalent to (4.1) when D(F) is geodesically convex (according
to Definition 2.7).

As in the standard Hilbert case, A-dissipativity can be reduced to dissipativity
(meaning O-dissipativity) by a simple transformation as shown in Lemma 4.6. Let
us introduce the map

LY :TX — X, Lk(x, v) := (x, v — Ax).

Lemma 4.6 F is a A-dissipative MPVF (resp. satisfies (4.2)) if and only if F* =
LQ F) = {Lé‘@ | ® € F} is dissipative (resp. satisfies (4.2) with . = 0).

Proof Letus first check the case of (4.2). If 6 € P, (TX x X) with (Xi)ﬁ(f =i, i =0,1,
the transformed plan ¢* := (L*, ix);0 satisfies

/(UO,XO —x1)do* = /(vo — Axp, X0 — x1) do
A 2
- (vo,XO—Xl)d0—§/|xo—X1| do
A
+ 2 (M3 — mEuo)). (43)

Since 6 € A,(®Pg, i1) if and only if o € A,,(Lgcbo, 1), (4.3) yields
(V. X0 — A _ _ A2 2 2
0, X0 — x1)do” = [ (vg, xo — x1) do 3 m5 (o) — M5 (1) + Wi (uo, p1)

and therefore

A
(200, 11| =100, 1), = 5 (m3Gu) = m3u) + W (o, ). (44)

Using the corresponding identity for [Lé‘ Dy, ,uo] we obtain that F* is dissipative.
r
Similarly, if @ € P2(TX x TX) with x, ©® = p;, the plan @’ := (L%, L"), 0 satisfies

/(UO_UhXO — x1)d@* = /(Uo — v — Alxg — x1), X0 — x1) dO

=/(vo—vl,xo—xl)dG—A/|x0—x1|2d®. 4.5)
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Reasoning with a similar argument as for the case of assumption (4.2), using the iden-
tity (4.5), we get the equivalence between the A-dissipativity of F and the dissipativity
of F*. |

Let us conclude this section by showing that A-dissipativity can be deduced from a
Lipschitz like condition similar to the one considered in [27] (see Sect. 7.5).

Lemma 4.7 Suppose that the MPVF F satisfies
Wy (F[v], F[v']) < LWa(v,V")  foreveryv,v' € D(F),

where Wy : P2(TX) x Po(TX) — [0, +00) is defined by

W%(CD(), @) =inf {/ lvg — v1|2 dO(xg, vg, x1,v1) : O € A(Dg, @1)} ,
X

x X

with A(-, -) as in Definition 3.8. Then F is A-dissipative according to (4.1), for A :=
1 2
51+ L)

Proof Let V', v” € D(F), then by Theorem 3.9 and Young’s inequality, we have

[F[v']. F[v"]], = min { /
X

1

< 5 (W30 ") + WHED) FIV'D))
L*+1

<

(x' =x", v =v")dO® : ® € AF]V], F[v”])}
xTX

A

w3 v,

4.2 Behaviour of 1-dissipative MPVF along geodesics

Let us now study the behaviour of a MPVF F along geodesics. Recall that in the case
of a dissipative map F : H — H in a Hilbert space H, it is quite immediate to prove
that the real function

f@) = (F(x), xo—x1), xr=0—0xo+1tx;, 1€[0,1] (4.6)
is monotone increasing. This property has a natural counterpart in the case of measures.

LetF C P(1X), po, u1 € DF), p € Tp(o, 1)- In order to compute the measure-
theoretic analogue of the scalar product in (4.6), we need to define the set

I(u|F) = [z €10, 17: xp e D(F)} , 4.7)

since we can evaluate the MPVF F along geodesics only for time instants ¢ € [0, 1]
at which they lie inside the domain.
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Definition 4.8 Let F C P, (TX) be a MPVF. Let ug, u; € D(F), p € T'y (o, 1) and
let wu, := xéu, t € [0, 1]. For every ¢ € I(i|F) we define

[F, el = sup [ [l | @1 € Flugl), [P, el = inf (90, mli | & € Flul).

Theorem 4.9 Let us suppose that the MPVF F satisfies (4.2), let o, 1 € D(F), and
let w € T'y(1o, iL1). Then the following properties hold

(1) [F, gl < [F, ey foreveryt € (0, 1) NI(p|F);
() [F, plrs < [F, plis + At — s) W3 (1o, 1) for every s, t € I(u|F), s < t;
(3) the maps

t > [F, wlre + At W3 (wo, 1) and t > [F, i + At Wi (10, 1)

are increasing respectively in I(|F)\{1} and in I(n|F)\{0};
(4) ifty is a right accumulation point of I(i|F), then

lim [F, u],; = lim[F, u]; (4.8)
tlto tlto

and these right limits exist. If, instead, ty is a left accumulation point of 1(n|F),
the same holds with the right limits in (4.8) replaced by the left limits at ty;

(5) [F, nlir = [F, uly; at every interior point t of I(n|F) where one of them is
continuous.

Proof Throughout all the proof we set

fr@)=1[F,pl-, and fi(t):=I[F, ul,. 4.9

Thanks to Lemma 4.6 and in particular to (4.4), it is easy to check that it is sufficient
to consider the dissipative case A = 0.

(1) Itis a direct consequence of Lemma 3.20 and the definitions of f, and f.

(2) We prove that for every @ € F[u,] and @ € F[u,] it holds

[, )5 < [DF, 1l (4.10)
The thesis will follow immediately passing to the sup over ®; € F[u,] in the Lh.s.
and to the inf over @, € F[u,] in the r.h.s.. It is enough to prove (4.10) in case at

least one between s, ¢ belongs to (0, 1). Let us define the map L : Po(TX x X) — R
as

L(y):= /TX X(vo,xo —x1)dy (x0, vo, x1) ¥ € P2(IX x X).

Observe that, since it never happens that s = 0 and ¢+ = 1 at the same time, the
map Ty ; : Is(Pg, p) = A(Dy, pr), with I's(+, -) as in (3.25) and A(-, -) as in
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Definition 3.8, defined as
Ty (0) == (xs o ¢, x1), V0, x' o (x°, xl))ﬁa

is a bijection s.t. (t —s)L(0) = L(T5 (o)) for every o € I'y(®,, p). This imme-
diately gives that

(t — )Py, IL]r,s = [Py, /’Lt]r .

In the same way we can deduce that
(s = DIP], iy = [P, ], -
Thanks to the dissipativity assumption (4.2) of F, we get
(t = )[Ds, wlrs — (¢ = [P}, wlis = [Py, e], + [P, 5], <0.

(3) Combining (1) and (2) we have that for every s, t € I(u|F) with0 <s <t < lit
holds

fils) = fr(s) = fi(0) = fr (@), (4.11)

with f, f; asin (4.9). This implies that both f; and f; are increasing in I(x|F) N
(0, 1). Observe that, again combining (1) and (2), it also holds

/) = fit) = fr @),

fit) = fr () = fi(1)
for every t € I(n|F)\{0, 1}, and then f, is increasing in I(x|F)\{1} and fj is
increasing in I(u|F)\{0}.

(4) It is an immediate consequence of (4.11).
(5) Itis a straightforward consequence of (4).

Thanks to Theorem 49(4), we have
lim[F, = lim[F, y
zl¢ [F, ] ; tlw[ it
lim[F, = lim[F, ,
tlT] [ IL]r,t tlTl[ IL]Z,I‘

and those limits exist whenever the starting time fo = 0 and the final time #; = 1 are
accumulation points of I(u|F), respectively. Due to the importance played by these
objects in Sect. 5, we give the following definitions. These are intended to weaken the
requirement for the operator’s domain D(F) to be open or geodesically convex.
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Definition 4.10 Let F C P, (TX), wo, u1 € D(F), u € T'y (o, 1). We define the sets

Ff)(uo, w1lF) := {p € T'y(1o, p1) : i is an accumulation point of I(u|F)},i =0, 1
4.12)

% (1o, w1|F) := o, w1|F) N TL(wo, p1|F). (4.13)

Notice that these sets depend on F just through D(F). In particular, if o, 1 €
D(F) and D(F) is open or geodesically convex according to Definition 2.7 then

T (o, w1 |F) # 0.

By the previous discussion, the next definition is well posed.
Definition 4.11 Let us suppose that the MPVF F satisfies (4.2), let uo, w1 € D(F).

If € T (no, 11 |F) we set [F, ploy := im(F. nlr; = imF. ul,

If p € Tg (o, 11 |F) we set [F, p]i_ = im{F, w1 = HmlF, .

In the following statements, we make use of the objects introduced in Definition 4.10
in order to get refined dissipativity conditions involving the limiting pseudo-scalar
products of Definition 4.11. These results will be useful in the sequel: in Proposi-
tion 4.17 they allow to get a dissipativity property of a suitable notion of extension F
of F; in Sect. 5 (see in particular Lemma 5.3) they are relevant to study the properties
of so-called A-EVI solutions for a A-dissipative MPVF F.

Corollary 4.12 Let us keep the same notation of Theorem 4.9 andlets € I(n|F)N (0, 1)
with ® € Flu,].

) Ifp € Fg(uo, w1|F), we have that
[F, plo+ < [®, lis +AsW? = [@, plr s + As W (4.14)
if moreover ®¢ € F[ug] then
[®o, u1l, = [Po, lr0 = [F, o+ (4.15)
() If p € T} (1o, n1|F), we have that
[®, plis = A(1 = )W? = [®, I s — A(1 = )W? < [F, pli-;
if moreover ®1 € F[u1] then
[F, phi- < [®1, pli1 < =[P4, wol, (4.16)

(3) In particular, for every ®g € Fl[uol, 1 € Flu1] and p € Fgl(uo, w1|F) we
obtain

[®0, @1l < [F, wlo+ — [F, pli— < AW3 (o, p1).- (4.17)
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(4.17) immediately yields the following property.

Corollary 4.13 Suppose that a MPVF F satisfies
for every o, 1 € D(F) the set Fgl (o, u1|F) of (4.13) is not empty (4.18)

(e.g. if D(F) is open or geodesically convex), then ¥ is A-dissipative according to
(4.1) if and only if it satisfies (4.2).

Proposition 4.14 Let F C P, (1X) be a MPVF satisfying (4.2), let juo € D(F) and let
® € Pr(WK|wo). Consider the following statements

(P1) [®, ul, + [V, pol, < AW3 (1o, ) for every ¥ € F with ju = xyW;

(P2) for every w € D(F) there exists V¥ € F[u] s.t. [D, ul, + [V, nol, =<
AW3 (o, 14); L

(P3) [®, ul 0 < [F, plos for every uy € D(F), p € TO(no, p1|F);

(P4) [®, pl0 < [F, ploy for every i € D(F), p € T (0, j11|F);

(P5) [®, klr 0 < AWZ(io, 1) +I[F, uli— forevery uy € D(F), p € T} (1o, p111F);

(P6) [®, nlr 0 < AW3 (o, w1) +I[F, pli— forevery uy € D(F), p € Tl (1o, p1[F).

Then the following hold

() (P1) = (P2) = (P3) = (P4);

2) (P1) = (P2) = (P5) = (P6);

3) iffor every u1 € D(F) Fg(uo, w1|F) # @, then (P4) = (P1) (in particular, (P1),
(P2), (P3), (P4) are equivalent);

(4) if for every 1 € D(F) F;(uo, w1|F) # @, then (P6) = (P1) (in particular, (P1),
(P2), (PS), (P6) are equivalent).

Proof We first prove that (P2) = (P3),(P5). Let us choose an arbitrary u; € D(F);
by the definition of [F, u], ; and arguing as in the proof of Theorem 4.9(2), for all
€ Ty(pno, 1) and ¢t € I(w|F) there exists W, € F[u,] such that

1
[CI), IL]r,O = ; [CD, /"Ll]r

1
< —7 [Y:, ol + tAsz(Mo, 1)

= [V, 1]y + EAW3 (o, 1)
< [F. lrs 4+ tAWZ (1o. 1),

where we also used (3.29). If u € Ff))(uo, w1|F), by passing to the limit as # | 0 we
get (P3).

In the second case, assuming that u € I‘g (0, 11|F), we can pass to the limit as
t 1 1 and we get (P9).

We now prove item (3). Let u; € DF), ¥ € F[ui], p € Fg(uo,u1|F),
s € I(n|F) N (0,1), &, € Flus], with uy, = xfiu. Assuming (P4) and using
(4.15), (4.14), (3.29) and (4.2), we have
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[CD, Ml]r =< [(I), IL]}’,O =< [F9 M]O—F =< [(D_W IL]}”,S + )\SWQz(M()s Ml)

1
= —— [y, 1], + AsW3 (120, j11)

1—s
1
< = W sl A0+ ) WE o, ).
By Lemma 3.15, letting s | 0 we get (P1). Item (4) follows by (4.15), (4.16). O

4.3 Extensions of dissipative MPVF

Let us briefly study a few simple properties about extensions of A-dissipative MPVFs.
The first one concerns the sequential closure in P35 (TX) (the sequential closure may
be smaller than the topological closure, but see Proposition 2.15): given A C P, (TX),
we will denote by cl(A) its sequential closure defined by

cl(A) := {® € P2(TX) : I(Pp)pen C A Dy > @ in PI(X)} .

Proposition 4.15 IfF is a A-dissipative MPVF according to (4.1), then its sequential
closure cl(F) is A-dissipative as well according to (4.1).

Prqof If @i, i =0, 1, belong to cl(F), we can find sequences (@Z)HGN C F such that
®;, — @' in P3¥(IX) asn — oo, i = 0, 1. It is then sufficient to pass to the limit in
the inequality

(@0, 0] =awdadwp. uh =%
using the lower semicontinuity property (3.23) and the fact that convergence in P3P (X)
yields ui, — xz®' in P2(X) asn — oo. O

A second result concerns the convexification of the sections of F. For every u € D(F)
we set

co(F)[u] :=the convex hull of F[uu] = { Zakfbk : D € Flul], o >0, Zak = 1},
k k
4.19)

co(F)[u] :=cl(co(F)[u]). (4.20)

Notice that if F[u] is bounded in P, (TX) then co(F)[u] coincides with the closed
convex hull of F[u].

Proposition 4.16 If F is A-dissipative according to (4.1), then co(F) and co(F) are
M-dissipative as well according to (4.1).

Proof By Proposition 4.15 and noting that co(F) C cl(co(F)), it is sufficient to prove
that co(F) is A-dissipative. By Lemma 4.6 it is not restrictive to assume A = 0. Let
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&' e co(F)[pil, i = 0, 1; there exist positive coefficients a;'c, k=1,..., K, with
Dk ot,i = 1, and elements CD;; e F[u'],i =0, 1, such that &' = Zle a,’;CD};. Setting
Bnk = ()(205,1, we can apply Lemma 3.17 and we obtain

0 411 _ 0 1 0 4l
[CD , @ ]r = [%; Br ik Py, %{:ﬁh,kq)k]r < %;ﬂh,k [‘Dh, q)k]r <0. |

We recall that in the Hilbertian case (cf. e.g. [7]), a fundamental role is played by
the notion of maximality for a dissipative operator F C H x H. Indeed, this notion
enables to extablish the existence and uniqueness of solutions of the corresponding
evolution equation and to get crucial properties of the resolvent operator. Moreover,
if F is maximal, in order to prove that an element (x, v) € H x H belongs to F it is
enough to verify that it satisfies the dissipativity inequality

(v—w,x —y) <0 forevery (y,w) € F. “4.21)

For these reasons, if F is not maximal it is important to study its maximal extension,
whose elements (x, v) must satisfy (4.21).

By analogy with the Hilbertian framework, it is interesting to study the properties
of the extended MPVF defined by

& . uw=x:® e D),
k= {(b € P20 [®,v], + [V, u], < KW22(M, v) VU eF, v=x¥ |’

(4.22)

This notion of extension F of a MPVF F will be involved later in Sect. 5 dealing
with differential inclusions in Wasserstein spaces, in particular in Theorem 5.4 and in
Sect. 5.5.

Itis obvious that F C F; if the domain of F satisfies the geometric condition (4.24),
the following result shows that F provides the maximal A-dissipative extension of F.

Proposition 4.17 Let F be a A-dissipative MPVF according to (4.1).

(a) IfF' O F is A-dissipative according to (4.1), with D(F') C D(F), then ¥ C F. In
particular co(cl(F)) C F.

(b) (T(F) =1A7andco/(i) =F

(©) Fis sequentially closed and F[A,u] is convex for every | € D(ﬁ‘).

(d) IfD(F) satisfies (4.18), then the restriction of Fto D(F) is A-dissipative according
to (4.1) and for every g, n1 € D(F) it holds

[F, wlot = [F, plos, [F, phi— = [F, pli— forevery w € T (o, w1 |F).
(4.23)

(e) If no € D(F), w1 € D(F) and T} (10, 111|F) # 0 then

®; € Fluil = [®o, D1l < AWE (o, f41)-
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® 1f
for every o, 1 € D(F) the set Fgl (o, u1|F) is not empty, (4.24)

then F is A-dissipative as well according to (4.1) and for every g, u1 € D(F)
(4.23) holds.

Proof Claim (a) is obvious since every A-dissipative extension F’ of F in D(F) satisfies
F CF. -

(b) Let us prove that if ® € F then ® ¢ cl(F). If ¥ e cl(F) we can find a sequence
(W)nen C F converging to W in P53V (TX) as n — oo. We can then pass to the limit
in the inequalities

[, valr + [P, 1], < AWZ (s vn)s =Xy ®, vy = X3 Wy,
using the lower semicontinuity results of Lemma 3.15. We conclude since D(F) =
D(cI(F)).
In order to prove that ® € F = @ € co(F) we take ¥ = ) ;W) € co(F); for

some ¥, € F[v], v = x;¥ € D(F), and positive coefficients o, k = 1, ..., K, with
> ax = 1. Taking a convex combination of the inequalities

[®, V], + [W, ul, < AW5(u,v), foreveryk=1,...,K,

and using Lemma 3.17 we obtain

([, v, + [0, 1, = Yo [0, v], + (Wi 1], ) < AW (1, v).
k

The proof of claim (c) follows by a similar argument.

(d) Let 1; € D(F), ®; € Flj;1,i =0, 1, and w € T% (110, 1 |F). The implication
(P1)=-(P4) of Proposition 4.14 applied to p and to syu, with s the reversion map in
(3.26), yields

[®o, 10 < [F, mlot, [P1,szmlr0 < [F,ssplor = —[F, puli—
so that (4.17) yields
[©0. @11, < [P0, ulr0+ [®1, s:1lr0 < [F, plos — [F, plio < AWZ (1o, 1)
In order to prove (4.23) we observe that FAC F so that, for every ju € Fgl(,uo, w1|F)and
every t € I(u|F), we have [F, u], ; <I[F, ul,; and [F, ul;; > [F, nl;s, hence (4.23)

is a consequence of Definition 4.11 and Theorem 4.9.
The proof of claim (f) follows by the same argument.
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In the case of claim (e), we use the implication (P1)=>(P6) of Proposition 4.14
applied to p and the implication (P1)=(P3) applied to s;u, obtaining

[®o, flr.0 < AWF (o, 1) + [F, wli—, [®1,s:1l0 < [F, szplor = —[F, wli—

and then

[®0, D11, < [Do, plr.0 + [P1, Szptlr0 < AWZ (1o, 11).

5 Solutions to measure differential inclusions
5.1 Metric characterization and EVI

Let J denote an arbitrary (bounded or unbounded) interval in R.
The aim of this section is to study a suitable notion of solution to the following
differential inclusion in the L?-Wasserstein space of probability measures

e € Flugl, tel, (5.1

driven by a MPVF F as in Definition 4.1. In particular, we will address the usual
Cauchy problem when (5.1) is supplemented by a given initial condition.

Measure Differential Inclusions have been introduced in [26] extending to the multi-
valued framework the theory of Measure Differential Equations developed in [27].
In these papers, the author aims to describe the evolution of curves in the space of
probability measures under the action of a so called probability vector field F (see
Definition 4.1 and Remark 4.2). However, as exploited also in [9], the definition of
solution to (5.1) given in [9, 26, 27] is too weak and it does not enjoy uniqueness prop-
erty which is recovered only at the level of the semigroup through an approximation
procedure.

From the Wasserstein viewpoint, the simplest way to interpret (5.1) is to ask for a
locally absolutely continuous curve u : I — P> (X) to satisfy

@ix, v)pur € Flu,] forae.t e, 5.2)

where v is the Wasserstein metric velocity vector associated to u (see Theorem 2.10).
Even in the case of a regular PVF, however, (5.2) is too strong, since there is no
reason why a given F[u;] should be associated to a vector field of the tangent space
Tan,,, P>(X). Starting from (5.2), we thus introduce a weaker definition of solution
to (5.1), modeled on the so-called EVI formulation for gradient flows, which will
eventually suggest, as a natural formulation of (5.1), the relaxed version of (5.2) as a
differential inclusion with respect to the extension F of F introduced in (4.22).

We start from this simple remark: whenever F is A-dissipative according to (4.1),
recalling Theorem 3.11 and Remark 4.5, one easily sees that every locally absolutely
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continuous solution according to the above definition (5.2) also satisfies the Evolution
Variational Inequality (A-EVI)

1d . .
q F(1e, v) < AW (e, v) — [@, 1], in ' (int (7)), (A-EVI)
for every v € D(F) and every ® € F[v], where [, -], is the functional pairing in Defi-
nition 3.5 and the writing @’( int (J) ) means that the expression has to be understood
in the distributional sense over int (J) (in fact, (A-EVI) holds a.e. in J). This provides
a heuristic motivation for the following definition.

Definition 5.1 (A-EVI solution) Let F be a MPVF and let A € R. We say that a
continuous curve u : J — W is a A-EVI solution to (5.1) for the MPVF F if
(A-EVI) holds for every v € D(F) and every @ € F[v].

A A-EVIsolution  is said to be a strict solution if 1, € D(F) foreveryt € J,¢t > inf J.
A A-EVI solution u is said to be a global solution if supJ = +4-o00.

In Example 7.5 we will clarify the interest of imposing no more than continuity in the
above definition.

Recall that the right upper and lower Dini derivatives of a function ¢ : J — R are
defined forevery t € J, ¢ < supJ by

at o @ +h)— ()
I L) = hlefoup —

9 (@) = liminf $ET M =80
dr+ n10 7
(5.3)

Remark 5.2 Arguing as in [22, Lemma A.1] and using the lower semicontinuity of
the map ¢t — [P, u,],, the distributional inequality of (A-EVI) can be equivalently
reformulated in terms of the right upper or lower Dini derivatives of the squared
distance function and requiring the condition to hold for every ¢ € int (J):

1d* .

Sdr W3 (e, v) < AW3 (i, v) — [®, pr], foreveryt eint(J), ® € F, v = x;®,
(A-EVIY)

1d ) .

2drs 2 (Ue,v) < AW5 (e, v) — [@, el foreveryt €int(J), ® € F, v =x;.

(A-EVIL,)

A further equivalent formulation [22, Theorem 3.3] involves the difference quotients:
foreverys,t€J,s <t

g 2M1=s) W22(/Lt, V) — WZZ(PLsa V) (A-EVI3)

t
< —2/ e =) [, wrl, dr forevery ® e F, v = x;®.
N
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Finally, if i is also locally absolutely continuous, then (A-EVI;) and (A-EVI]) are also
equivalent to

1
E%WZZ(M,, v) < AWZZ(;L,, v) — [P, url, fora.e.t € Jandevery ® € F, v = x;D.

The following lemma discusses further properties of A-EVI solutions. We refer
respectively to (4.7), (4.12) and Definition 4.11 for the definitions of I(x|F), I", (-, -|F),
with i = 0, 1, and for the definitions of [F, u]o+ and [F, p]—.

Lemma 5.3 Let F be a A-dissipative MPVF according to (4.1) and let u : 3 — D(F)
be a continuous A-EV1 solution to (5.1). We have

1dt -
5 Wi v) < F miloy foreveryv € D(F), 1 € int (D), p; € T(us, vIF),
(5.4a)
+ 2 2
Ea Z(I’Ll’v) =< )"WQ (M[,V)+[F, I‘Lt]l—
for everyv € D(F), t € int (J), p, € T}y, v|F). (5.4b)

If moreover w is locally absolutely continuous with Wasserstein velocity field v satis-
fying (2.6) for every t in the subset A(n) C J of full Lebesgue measure, then

[Gx, v)amae, v], < AW (i, v) — (@, ], ift € A(n), @ €F, v=x;9, (5.52)
[Gix, v)gies 10 < [F, plot ift € A, v e DF), p, € MO(ur, v|F),
(5.5b)
[Gx, vO)ekes Belr0 < AWS (e, v) + [F - ift € A(), v € D(F), g, € Ty (uy, v[F).
(5.5¢0)

Proof In order to check (5.5a) it is sufficient to combine (3.20) of Theorem 3.11
with (A-EVIj). (5.5b) and (5.5¢) then follow applying Proposition 4.14. Let us now
prove (5.4a): fixv € D(F) and ¢ € int (J). Take u; € I', (14, v) and define the constant
speed geodesic V' : [0, 1] — P»(X) by v§ = (X*)zp;, thus in particular v{) = u; and
vi = v. Then by Lemma 2.11, for every s € I(u|F) N (0, 1) and ®; € F(v!) we have

za Wz(/.L[,V)Sz_Sa Wz(l/«t,vs)
< 5 [Ds, el + ;Wz (pr, vg)
< [F. s + AsW3 (ui, v),

where the second inequality comes from (A-EVI;). Taking u, € FS(,LL,, v|F) and
passing to the limit as s | O we get (5.4a). Analogously for (5.4b). O

We can now give an interpretation of absolutely continuous A-EVI solutions in terms
of differential inclusions.

@ Springer



Dissipative probability vector fields... 1131

Theorem 5.4 Let F be a A-dissipative MPVF according to (4.1) and let u : I — D(F)
be a locally absolutely continuous curve.

(1) If n satisfies the differential inclusion (5.2) driven by any \-dissipative extension
of F in D(F), then w is also a A-EVI solution to (5.1) for F.
(2) wis a A-EVI solution of (5.1) for ¥ if and only if

@@x, vi)is € ﬁ‘[u,] fora.e t €17. (5.6)

(3) IfD(F) satisfies (4.18) and u; € D(F) for a.e. t € J, then the following properties
are equivalent:

— wis a A-EVI solution to (5.1) for F.
— W satisfies (5.5b). A
— wis a A-EVI solution to (5.1) for the restriction of F to D(F).

(4) IfF satisfies (4.24) then is a A-EVI solution to (5.1) for F if and only if it is a
A-EVI solution to (5.1) for F.

Proof (1) It is sufficient to apply Theorem 3.11 and the definition of A-dissipativity.
The left-to-right implication = of (2) follows by (5.5a) of Lemma 5.3 and the
definition of F.
Conversely, if pu satisfies (5.6), v € D(F), ® € F[v], then Theorem 3.11 and the
definition of F yield

< AWZ (s, v) — [®, 1], ae.ind.

r —

1d .
EEW%(M;, V) = [(lX’ Ut)ﬁ/ub[, V]
Claim (3) is an immediate consequence of Lemma 5.3, Proposition 4.17(d) and Propo-
sition 4.14. .
Claim (4) is a consequence of Proposition 4.17(f) and the A-dissipativity of F. O

The result stated in Theorem 5.4 suggests a compatibility between the notion of
EVI solution for a dissipative MPVF and the notion of gradient flow for a convex
functional in P, (X). This correspondence is analysed in Sect. 7.1, where we consider
the particular case where the MPVF is the opposite of the Fréchet subdifferential of a
proper, lower semicontinuous and convex functional F : P, (X) — (—o0, +00] (see
Proposition 7.2).

We derive a further useful a priori bound for A-EVI solutions.

Proposition 5.5 Let F be a A-dissipative MPVF according to (4.1) and let T €
(0, 400]. Every A-EVI solution p : [0, T) — D(F) with initial datum o € D(F)
satisfies the a priori bound

t
Wa (s, 1o) < 2|F|2(10) f M ds (5.7)
0

forallt € [0, T), where

[Fl2(u) := inf {|®[ : @ € Flu]}
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for every u € D(F).
Proof Let ® € F(u). Then (A-EVI) with v := g yields

+

d
T 3 (thes 110) — 2AW5 (1, o) < —2[®@, e, < 2|D[2 Walpr, io)

for every ¢ € [0, T'). We can then apply the estimate of Lemma B.1 to obtain

t
e M Wa(ur, o) < 2|¢|2/ e M ds
0

for all ¢t € [0, T'), which in turn yields (5.7). O

We conclude this section with a result showing the robustness of the notion of
A-EVI solution.

Proposition 5.6 If v, : I — D(F) is a sequence of .-EV1 solutions locally uniformly
converging to |L as n — 0o, then | is a A-EVI solution.

Proof 1 is a continuous curve defined in J with values in D(F). Using pointwise
convergence, the lower semicontinuity of © +— [®, u], of Lemma 3.15, and Fatou’s
Lemma, it is easy to pass to the limit in the equivalent characterization (A-EVI3) of
A-EVI solutions, written for w,,. |

5.2 Local existence of 1-EVI solutions by the Explicit Euler Scheme

In order to prove the existence of a A-EVI solution to (5.1), our strategy is to employ
an approximation argument through an Explicit Euler scheme as it occurs for ODEs.
In the following | -| and [-] denote the floor and the ceiling functions respectively, i.e.

lt] :=max{m e€Z|m <t} and [t]:=min{meZ|m > t}, (5.8)
for any € R.

Definition 5.7 (Explicit Euler Scheme) Let F be a MPVF and suppose we are given a
step size T > 0, an initial datum o € D(F), a bounded interval [0, T'], correspond-
ing to the final step N(7', t) := [T /7], and a stability bound L > 0. A sequence
(M2, ®o<n<N(r,7) C D(F) x Fis a L-stable solution to the Explicit Euler Scheme
in [0, T'] starting from pg € D(F) if

M = po,
" e F[M"], |®", <L 0<n<N(T,1), (EE)
M!" = (exp?);®" ! 1 <n<N(T, 7).

We define the following two different interpolations of the sequence (M}, ®7):
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o the affine interpolation:

M. (1) := (exp'"");®" ift € [nT, (n+ D)t]forsomen € N, 0 <n < N(T, 1),

(5.9)

e the piecewise constant interpolation:
M. (t) =M, telo,T], (5.10)
F.(t) =o' ref0,T]. (5.11)

We define the following (possibly empty) sets

&(no, 7, T, L) := {(My, F;) | M, F are the curves given by (5.9), (5.11) respectively}
M (o, T, T, L) := {M; | M is the curve given by (5.9)}. (5.12)

Remark 5.8 We immediately notice that, if (M, F;) € &(uo, 7, T, L) and M (-) is
as in (5.10), then the following holds forany 0 <s <t < T

(1) the affine interpolation can be trivially written as
M (1) = (exp! /%) (Fo(0):
(2) M, satisfies the uniform Lipschitz bound
Wa (M (1), Mc(s)) < L[t — sl; (5.13)

(3) we have the following estimate

Wa (M, (1), Mz (1)) = W, (Mf (H r) , Mf(r)> <Lt (514

The estimate (5.14) shows that the stability and convergence results stated for the
affine interpolation (see Theorem 5.9) can be easily adapted to the piecewise constant
one.

Notice that, since in general F[u] is not reduced to a singleton, the sets
&(no, t, T, L) and .# (o, T, T, L) may contain more than one element (or may
be empty). Stable solutions to the Explicit Euler scheme generated by a A-dissipative
MPVF exhibit a nice behaviour, which is clarified by the following important result,
which will be proved in Sect. 6 (see Proposition 6.3 and Theorems 6.4, 6.5 and 6.7),
with explicit estimates of the error constants A(§). We stress that in the next statement
A(9) solely depend on § (in particular, it is independent of A, L, T', T, n, My, My).

Theorem 5.9 Let F be a A-dissipative MPVF according to (4.1).
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(1) For every po, iy € D(F), every M, € 4 (o, t,T,L), M, € # (.7, T, L)
with thAy+ <2 we have

Wa (M (0), M{(0) < & Wauo, )+ SLVIT (1 + [ulviT)eh! (5.15)

foreveryt € [0, T].
(2) For every § > 1 there exists a constant A(8) such that if M, € ///(M?, t,T,L)
and My € M (M2, n, T, L) with A (t + 1) < 1 then

Wa (M (), My(0) = (8 Wa(ME, M) + ALY+ )t + 7+ 1))

foreveryt € [0, T].
(3) For every § > 1 there exists a constant A(S8) such thatif u : [0, T] — D(F) isa
A-EVI solution and M, € ///(M?, T, T, L) then

Wa (e, Mo (1)) < (6 Wa (o, MY) + A Ly/T(t + r))e“’ (5.16)

foreveryt € [0, T].

4) Ifn — t(n)isavanishing sequence of time steps, (JL0.n)neN is a sequence in D(F)
converging to o € D(F) in Po(X) and M, € A (po.n, t(n), T, L), then M,, is
uniformly converging to a Lipschitz continuous limit curve p : [0, T] — D(F)
which is a A-EVI solution starting from [o.

Definition 5.10 (Local and global solvability of (EE)) We say that the Explicit Euler
Scheme (EE) associated to a MPVF F is locally solvable at ;1o € D(F) if there exist
strictly positive constants T, T', L such that &(uo, 7, T, L) is not empty for every
T € (0, 7). We say that (EE) is globally solvable at uy € D(F) if for every T > 0
there exist strictly positive constants t, L such that & (o, 7, T, L) is not empty for
every T € (0, 7).

If we assume that the Explicit Euler scheme is locally solvable, Theorem 5.9 pro-
vides a crucial tool to obtain local existence and uniqueness of A-EVI solutions.

Let us now state the main existence result for A-EVI solutions. Given T € (0, +00]
and u : [0, T) — Pr(X) we denote by ||+ the right upper metric derivative

Wo(istns tae)

[+ = lim sup ——
hl0

Theorem 5.11 (Local existence and uniqueness) Let ¥ be a A-dissipative MPVF
according to (4.1).

(a) If the Explicit Euler Scheme is locally solvable at o € D(F), then there exists
T > 0 and a unique Lipschitz continuous A-EVI solution p : [0, T] — D(F)
starting from g, satisfying

t— e_)‘t|,tl,|+ is decreasing in [0, T). (5.17)
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If ' [0, T'1 — D(F) is any other A-EVI solution starting from jvo then (1, = 4,
if0 <t <min{T, T'}.
(b) If the Explicit Euler Scheme is locally solvable in D(F) and

for any local A — EVI solution w starting from py € D(F)
there exists § >0: t €[0,8] = u; € D(F), (5.18)

then for every po € D(F) there exist a unique maximal time T € (0, o] and
a unique strict locally Lipschitz continuous A-EVI solution u : [0, T) — D(F)
starting from g, which satisfies (5.17) and

T<oo = limu ¢ D). (5.19)
t

Any other A-EVI solution 1’ : [0, T') — D(F) starting from g coincides with
in [0, min{T, T'}).

Proof (a) Let T, T, L positive constants such that &(uo, t, T, L) is not empty for
every t € (0, t). Thanks to Theorem 5.9(2), the family M, € & (uo, T, T, L) satisfies
the Cauchy condition in C([0, T]; P2(X)) so that there exists a unique limit curve

=lim M
n Tl¢0 T

which is also Lipschitz in time, thanks to the a-priori bound (5.13). Theorem 5.9(4)
shows that u is a A-EVI solution starting from o and the estimate (5.16) of Theo-
rem 5.9(3) shows that any other A-EVI solution in an interval [0, T”] starting from g
should coincide with w in the interval [0, min{7"’, T'}].

Let us now check (5.17): we fix s, suchthat0 <s <t < T andh € (0, T — 1),
and we set

sr:=tls/t] and h;:=r7t|h/T].

The curves

re—> M. (s; +r) and r+— M (s; +h; +7r)

belong to .# (M. (s;), t,t — s, L) and .# (M, (s + hy), t,t — s, L), so that (5.15)
yields

W2 (M (sc +1 = 8), Me (st + he + (6 =) < I Wa (M (s0), Me (s + heo)) + BT,
for B = B(X, L, t, T). Passing to the limit as = | 0 we get

Waiar, jtean) < U Wo(us, fasin).

Dividing by % and passing to the limit as & | 0 we get (5.17).
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(b) Let us call 8 the collection of A-EVI solutions i : [0, §) — D(F) starting from g
with values in D(F) and defined in some interval [0, §), S = S(u). Thanks to (5.18)
and the previous claim the set § is not empty.

It is also easy to check that two curves u/, u” € 8 coincide in the common domain
[0, S) with

§ :=min {S(u), S(u")} .
Indeed, the set
{tel0.8):pu, =p/if0<r =t}

contains 1 = 0, is closed since u’, u” are continuous, and it is also open since, if
' = u” in [0, ¢], then the previous claim and the fact that ), = ) € D(F) show that
1’ = p” also in a right neighborhood of . Since [0, S) is connected, we conclude that
uw =p"in 0, S).

We can thus define

T :=sup{S(w): n €S},

obtaining that there exists a unique A-EVI solution u starting from 1o and defined in
[0, T) with values in D(F).

If T < oo, since u is Lipschitz in [0, T') thanks to (5.17), we know that there exists
the limit

i :=lim
12 T Mt

in P (X). If i € D(F) we can extend w to a A-EVI solution with values in D(F) and
defined in an interval [0, T") with T’ > T, which contradicts the maximality of 7. O

Recall that a set A in a metric space X is locally closed if every point of A has a
neighborhood U such that AN U = A N U. Equivalently, A is the intersection of an
open and a closed subset of X. In particular, open or closed sets are locally closed.

We refer to Definition 5.1 for the notion of strict EVI solutions, used in the following.

Corollary 5.12 Let F be a A-dissipative MPVF according to (4.1) for which the Explicit
Euler Scheme is locally solvable in D(F). If D(F) is locally closed then for every
no € D(F) there exists a unique maximal strict and locally Lipschitz continuous
M-EVI solution u : [0, T) — D(F), T € (0, 400], satisfying (5.19).

Let us briefly discuss the question of local solvability of the Explicit Euler scheme.
The main constraints of the Explicit Euler construction relies on the a priori stability
bound and in the condition M? e D(F) for every step 0 < n < N(7, t). This
constraint is feasible if at each measure M}, 0 < n < N(T, 1), the set Adm; ; (M?7)
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defined by

Adme (1) = {cb €Flul: [®h <L and expid® e D(F)}
is not empty. If D(F) is open and F is locally bounded, then it is easy to check that
the Explicit Euler scheme is locally solvable (see Lemma 5.13). We will adopt the
following notation:

[Fla(w) := inf {|®[|, : & € F[u]} forevery u € D(F), (5.20)

and we will also introduce the upper semicontinuous envelope |F|,, of the function
|Fl|:i.e.

IFl2.(u) == inf sup {[F|o(v) : v € D(F), Wo(v, 1) < 3}

= sup {lim sup |[Fl2(ux) : ux € D(F), pp — pin Tz(X)} .

k— 00

Lemma 5.13 IfF is a A-dissipative MPVF according to (4.1), uo € Int(D(F)) and F
is bounded in a neighborhood of Lo, i.e. there exists ¢ > 0 such that |F|; is bounded
in B(ro, 0), then the Explicit Euler scheme is locally solvable at 11y and the locally
Lipschitz continuous solution i given by Theorem 5.11(a) satisfies

|fael+ < € [Flou(uo) forall t €10,T). (5.21)
In particular, if D(F) is open and ¥ is locally bounded, for every o € D(F) there exists

a unique maximal locally Lipschitz continuous A-EVI solution u : [0, T) — P(X)
satisfying (5.19) and (5.21).

Proof Let o € Int(D(F)) and let o, L > 0 so that |[Flo(n) < L for every u €
B(uo, 0). We set

T :=0/(2L) and 7 :=min{T, 1}
and we perform a simple induction argument to prove that
Wa(M7, j0) < Lnt < 0

ifn < N(T, 1), so that we can always find an element ®? € Adm, ; (M7}). In fact, if
Wr (M2, o) < Lat andn < N(T', 1) then

Wa (M, o) < Wa(METH, M) + Wa (M2, o) < L(n + Dr.

The property in (5.17) shows that |/i;|+ < Le* for every L > |F|2.(10), so that we
obtain (5.21). O
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More refined estimates will be discussed in the next sections. Here we will show
another example, tailored to the case of measures with bounded support.

Proposition 5.14 Let F be a A-dissipative MPVF according to (4.1). Assume that
D(F) C Pv(X) and for every g € D(F) there exist o > 0, L > 0 such that, for every
w € Pp(X) with supp(u) C supp(uo) + Bx(0), there exists ® € F[u] such that

supp(v¢®) C Bx(L).

Then for every (g € D(F) there exists T € (0, 400] and a unique maximal strict and
locally Lipschitz continuous A-EV1 solution  : [0, T) — D(F) satisfying (5.19).

Proof Arguing as in the proof of Lemma 5.13, it is easy to check that setting T :=
0/4L, T = min{T, 1}, we can find a discrete solution (M, F;) € &(uo,t, T, L)
satisfying the more restrictive condition

supp(M?) C supp(io) + Bx(Lnt) C supp(ro) + Bx(0/2), and supp(v:®?) C Bx(L).

So that the Explicit Euler scheme is locally solvable and M satisfies the uniform
bound

supp(M (1)) C supp(io) + Bx(e/2) (5.22)

for every t € [0, T]. Theorem 5.11 then yields the existence of a local solution, and
Theorem 5.9(3) shows that the local solution satisfies the same bound (5.22) on the
support, so that (5.18) holds. O

5.3 Stability and uniqueness

In the following theorem we prove a stability result for A-EVI solutions of (5.1), as it
occurs in the classical Hilbert case. We distinguish three cases: the first one assumes
that the Explicit Euler scheme is locally solvable in D(F).

Theorem 5.15 (Uniqueness and Stability) Let F be a A-dissipative MPVF according
to (4.1) such that the Explicit Euler scheme is locally solvable in D(F), and let
w', 1?1 [0, T) — D(F), T € (0, +oc], be A-EVI solutions to (5.1). If u" is strict,
then

Wa(us s iug) < Waug, ug) €™+ foreveryt € [0, T). (5.23)

In particular, ifu(l) = M(z) then u' = p? in [0, T).
If u', u? are both strict, then

Walu), 1) < Waud, ud) e foreveryt € [0, T). (5.24)
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Proof In order to prove (5.23), let us fix r € (0, T). Since the Explicit Euler scheme
is locally solvable and ,utl € D(F), there exist T, §, L such that ,///(/Ltl, 7,8, L) is not
empty for every T € (0, 7). If M,1 € ,///(u}, 7,8, L), then (5.16) yields

Wa (it 1) < Wa(ME(R), 2, p) + Wa(ME(h), 1))
<8 Wau!. ue" + BYT if0<h <3,

for B = B(), L, t, §) Passing to the limit as T | 0 we obtain

W2y s i) < 8 Waluy, ui)e+"
and a further limit as § | 1 yields

1 2 1,2
WZ(I’L[+h7 Mz+h) = WZ(M; s My )e)H—h

for every h € [0, 8], which implies that the map ¢ > e+ Wz(u}, u[z) is decreasing
in [t, t + §]. Since ¢ is arbitrary, we obtain (5.23).

In order to prove the estimate (5.24) (which is better than (5.23) when A < 0), we
argue in a similar way, using (5.15).

As before, foragivent € (0, T), since the Explicit Euler scheme is locally solvable
and ,utl, ,utz € D(F), there exist T, 8, L such that ///(,utl, 7,8, L) and ///(/L,z, 7,8, L)
are not empty for every v € (0, 7). If Mi € ///(Mi’ 7,8,L), fori = 1,2, (5.15)
and (5.16) then yield

Wo (it s ) < Waul oy, ME(R)) + Wa(ML(h), M2(R)) + Wa(uZ, ), MZ(h))
<M Wau, 1) + BVT

if0 <h <4§,with B = B(}, L, t,$). Passing to the limit as t | 0 we obtain
Wa(ifops i) < € Waluy, 1)

which implies that the map ¢ +— e~M Wz(u}, u?) is decreasing in (0, T'). O

It is possible to prove (5.24) by a direct argument depending on the definition of A-
EVI solution and a geometric condition on D(F). The simplest situation deals with
absolutely continuous curves.

Theorem 5.16 (Stability for absolutely continuous solutions) Let F be a A-dissipative
MPVF according to (4.1) and let Ml,uz : [0, T) - DF), T € (0,+o0c], be
locally absolutely continuous A-EVI solutions to (5.1). If I‘g(,utl, ,ut2|F) # 0 for a.e.
t € (0, T), then (5.24) holds. In particular, if ), = p3 then p' = p2 in [0, T).

Proof Since !, u? are locally absolutely continuous curves, we can apply Theo-
rem 3.14 and find a subset A C A(u') N A(u?) of full Lebesgue measure such that
(3.21) holds and TO(u!, u?|F) # @ for every t € A. Selecting u, € T'O(u/}, u?|F),
we have
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d
mwzz(u}, n? = /<v}(x1>,x1 — x2) dp, (x1, x2) + f<v,2<xz),xz —x1)dp, (x1, x2).

Note that
Po (Gx vhsmfs ) = & (Gx whsmt s w?) = {0, 0] ox®, XD, |
Po (G, oDzt seme) = A (G, oDt} ) = {07 ox! xXsm, |
by [3, Lemma 5.3.2], where I'g(:, -) is the set defined in (3.25) with # = 0 and A(-, -)

is defined in Definition 3.8. Hence, using (5.5b), (5.5¢) and recalling the definition of
reversion map s in (3.26), for every t € A we get

L4 a0 02y = L oDettls a0 + [Gixs v2)2i2, 52t
2 ds 2 My s Uy ) = LIX, Uy )glhy s Melr,0 X, Uy )My s SgMelr,0
< [F, plo+ +AWZ (!, 1?) + [F, szp 11—

= 2W3 (i, 1),
where we also used the property

[F, sgm li— = —[F, p;lo+-

m}

The last situation deals with the comparison between an absolutely continuous and
a merely continuous A-EVI solution. The argument is technically more involved and
takes inspiration from the proof of [23, Theorem 1.1]: we refer to the Introduction
of [23] for an explanation of the heuristic idea.

Theorem 5.17 (Refined stability) Let T > 0 and F be a A-dissipative MPVF according
to (4.1). Let

@) ,ul : [0, T] — D(F) be an absolutely continuous A-EVI solution for F, with
ny € D(F);

(i) u?: [0, T] — D(F) be A-EVI solution for F.

If at least one of the following properties hold:

(1) TOul, u2|F) # @foreverys € (0,T)andr € [0,T)\N with N C
0,T), LIN)=0;
(2) ! satisfies (5.2),

then
1,2 At 1,2
Wolu,, puy) < e Walug, bg) foreveryt € [0, T].
Proof We extend ! in (—oo, 0) with the constant value ,u(l), denote by v the Wasser-

stein velocity field associated to ! (and extended to 0 outside A(x')) and define the
functions w, f,h: (—oo, T] x [0, T] — R by
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w(r, s) = Wa(u), u?)

2F (uhw(0, s) ifr <0, B 5) 0 ifr <0,

r,s) = ) . )
f.) 0 ifr >0, 2 [(tx, v,)t,u}, Mf]r ifr >0.

Theorem 3.11 yields
J 2 : /
a—w (r,s) =h(@r,s) inP'(—o0,T), foreverys € [0, T]. (5.25)
r

In case (1) holds, writing (5.4b) for w? with v = u} and r € (—oo, T]\N, then for
every i, € Fg(,u}, ,uf.IF) we obtain

d+
— w?(r,s) < 2xw?(r,s) —2[F, u,lo, fors € (0,T)andr € (—oo, T)\N.

ds
(5.26)

On the other hand (5.5b) yields

—2[F, g, 5lo < —=2[Gx. v)3i4) rglr0
2 [(ix, v)eul, Mf] forevery r € A(W)\N,  (5.27)
r

—2[F, p,sJo+ < 2|F|2(,u(1))w(0, s)= f(r,s) foreveryr <O.

IA

Combining (5.26) and (5.27) we obtain

+
;—s w2(r, ) < 2Aw’(r,s) + f(r,s) — h(r,s) forse (0,T), r € (—00,0]UA(u")\N.

Since, recalling Theorem 2.10, we have |h(r,s)| < 2|,l:l,,1,| w(r, s), then applying
Lemma B.4 we get

ng(r, $) < 2aw’(r,s) + f(r,s) — h(r,s) in2'(0,T), forae.r e (—oo, T].
S
(5.28)

The expression in (5.28) can also be deduced in case (2) using (5.2).
By multiplying both inequalities (5.25) and (5.28) by e~** we get

0
o (efz“wz(r, s)) =e¢ ™n(r,s) in 9 (—oo, T) and every s € [0, T,
;

ai(e_z’“wz(r, s)) < e_”“‘(f(r, s) —h(r,s)) in2'(0,T)andae.r € (o0, T].
s
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Fig.1 Strip Qf),r corresponding s
to penalization about the
diagonal {r = s}

Wefixt € [0, T]and ¢ > 0 and we apply the Divergence theorem in [23, Lemma 6.15]
on the two-dimensional strip Qg , as in Fig. 1,

05, ={(r.9) eR*|0<s<t,s—e=<r=<s} (5.29)

and we get
t 0
/ e i, dr < f w?(r,0)dr + // e 2 f(r,s)drds.
t—e¢ —¢& Q(S).t
Using
t t
w(t, 1) < / lalidu + wer, 1) < / lalidu + wer, ) ifr—e<r<it,
r t—e

then, for every §, 6, > 1 conjugate coefficients (§, = §/(§ — 1)), we get

t 2
wz(t,t)§8w2(r,t)+8,,(/ |u;|du). (5.30)
t—¢

Integrating (5.30) w.r.t. 7 in the interval (¢ — €, t), we obtain

t 2
e Mwl(r, t)dr + 5, (/ k| du) max{1, 2T},
t—¢&

(5.31)

) t
e—ZAth(t,t) < _/
&

t—e

Finally, we have the following inequality

/)
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Summing up (5.31) and (5.32) we obtain

e i) < 8 <w2(0) +2|F|2(,u(1))/ e (0, s)ds)
0

P 2
+68, (f k] du) max{1, 27},
t—e&

where we have used the notation w(s) = w(s, s). Taking the limitas e | Oand§ | 1,
we obtain the thesis. O

Corollary 5.18 (Local Lipschitz estimate) Let F be a A-dissipative MPVF according
to 4.1)andlet u: (0,T) — D(F), T € (0, +o0], be a .-EVI solution to (5.1). If at
least one of the following two conditions holds

(a) w is strict and (EE) is locally solvable in D(F),
(b) w is locally absolutely continuous and (4.24) holds,

then  is locally Lipschitz and
t— e M|y isdecreasing in (0, T). (5.33)
Proof Since for every & > 0 the curve t — ;4 is a A-EVI solution, (5.24) yields

e M TOWo (s 1e) < Walfhsns is)

for every 0 < s < t. Dividing by A and taking the limsup as 2 | 0, we get (5.33),
which in turn shows the local Lipschitz character of . O

5.4 Global existence and generation of 1-flows

We collect here a few simple results on the existence of global solutions and the
generation of a A-flow. A first result can be deduced from the global solvability of the
Explicit Euler scheme.

Theorem 5.19 (Global existence) Let F be a A-dissipative MPVF according to (4.1).
If the Explicit Euler Scheme is globally solvable at o € D(F), then there exists a
unique global and locally Lipschitz continuous A-EV1 solution j : [0, o0) — D(F)
starting from (L.

Proof We can argue as in the proof of Theorem 5.11(a), observing that the global
solvability of (EE) allows for the construction of a limit solution on every interval

[0,T], T > 0. O

Let us provide a simple condition ensuring global solvability, whose proof is deferred
to Sect. 6.
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Proposition 5.20 Let F be a A-dissipative MPVF according to (4.1). Assume that for
every R > 0 there exist M = M(R) > 0 and T = T(R) > 0 such that, for every
u € D(F) withma(u) < Randevery() <t <7,

there exists ® € F[u] s.t. || < M(R) and exp;@ e D(F). (5.34)

Then the Explicit Euler scheme is globally solvable in D(F).
Global existence of A-EVI solution is also related to the existence of a A-flow.

Definition 5.21 We say that the A-dissipative MPVF F, according to (4.1), generates a
M-flow if for every g € D(F) there exists a unique A-EVI solution u = S[u] starting
from wg and the maps po — S;[o] = (S[io]); induce a semigroup of Lipschitz
transformations (S;);>0 of W satisfying

Wa(Si[iol. Silp1]) < e Wa(uo, 1) for every ¢ > 0. (5.35)

Theorem 5.22 (Generation of a A-flow) Let F be a A-dissipative MPVF according to
(4.1). If at least one of the following properties is satisfied:

(a) the Explicit Euler Scheme is globally solvable for every g in a dense subset of
D(F);

(b) the Explicit Euler Scheme is locally solvable in D(F) and, for every [ in a dense
subset of D(F), there exists a strict global A-EV1 solution starting from o

(c) the Explicit Euler Scheme is locally solvable in D(F) and D(F) is closed;

(d) forevery uo € D(F), 1 € D(F) we have Fg(,uo, w1|F) #£ @ and, for every g in
a dense subset of D(F), there exists a locally absolutely continuous strict global
A-EVI solution starting from 1o,

(e) forevery g in a dense subset of D(F), there exists a locally absolutely continuous
solution of (5.2) starting from L,

then F generates a A-flow.

Proof (a) Let D be the dense subset of D(F) for which (EE) is globally solvable. For
every uo € D we define S;[uo], t > 0, as the value at time ¢ of the unique A-EVI
solution starting from t¢, whose existence is guaranteed by Theorem 5.19.

If wo,u1 € D, T > 0, we can find 7, L such that .#(ug,t,T,L) and
M (1, T, T, L) are not empty for every T € (0, T). We can then pass to the
limit in the uniform estimate (5.15) for every choice of Mi e M (ui,t, T, L),
i =0, 1, obtaining (5.35) for every uo, w1 € D.

We can then extend the map S; to D = D(F) still preserving the same property.
Proposition 5.6 shows that for every 1o € D(F) the continuous curve ¢ — S;[110]
is a A-EVI solution starting from p.

Finally, if u : [0, T’) — D(F) is any A-EVI solution starting from g, we can
apply (5.16) to get

W, ME@) < (2Waio, ) + €z, L DIVE ) (5.36)
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foreveryt € [0,T], T < T’ and t < 7, where C(t, L, T) > 0 is a suitable
constant. Passing to the limit as 7 | 0 in (5.36) we obtain

Wa(us, Selie1]) < 2Wa(po, pr)e**" foreveryr € [0,T].  (5.37)

Choosing now a sequence (41, in D converging to po and observing that we can
choose arbitrary T < T’, we eventually get u; = S;[1o] for every r € [0, T").

(b) Let D be the dense subset of D(F) such that there exists a global strict A-EVI
solution starting from D. By Theorem 5.15 such a solution is unique and the
corresponding family of solution maps S; : D — D(F) satisfy (5.35). Arguing as
in the previous claim, we can extend S; to D(F) still preserving (5.35) and the fact
that t — S;[uo] is a A-EVI solution.

If i is A-EVI solution starting from p9, Theorem 5.15 shows that (5.37) holds for
every u1 € D. By approximation we conclude that p; = S;[10]-

(c) Corollary 5.12 shows that for every initial datum o € D(F) there exists a global
A-EVI solution. We can then apply Claim (b).

(d) Let D be the dense subset of D(F) such that there exists a locally absolutely
continuous strict global A-EVI solution starting from D. By Theorem 5.16 such a
solution is the unique locally absolutely continuous solution starting from p¢ and
the corresponding family of solution maps S; : D — D(F) satisfy (5.35). Arguing
as in the previous claim (b), we can extend S, to D(F) still preserving (5.35) (again
thanks to Theorem 5.16) and the fact that # — S;[1t0] is a A-EVI solution.

If v is a A-EVI solution starting from g € D(F) and (MS)HGN C D is a sequence
converging to (1o, we can apply Theorem 5.17(1) and conclude that p; = S;[uo]-

(e) The proof follows by the same argument of the previous claim, eventually applying
Theorem 5.17(2). ]

By Lemma 5.13 we immediately get the following result.

Corollary 5.23 If F is locally bounded \-dissipative MPVF according to (4.1), with
D(F) = Pr(X), then for every g € P2(X) there exists a unique global A-EV1 solution
starting from [g.

We conclude this section by showing a consistency result with the Hilbertian theory,
related to the example of Sect. 7.2.

Corollary 5.24 (Consistency with the theory of contraction semigroups in Hilbert
spaces) Let I C X x X be a dissipative maximal subset generating the semigroup
(R¢)s>0 of nonlinear contractions [7, Theorem 3.1]. Let F be the dissipative MPVF
according to (4.1), defined by

F:={® € Po(IX) | ® is concentrated on F} .
The semigroup po — Stlpol := (Ry)gteo, t = 0, is the O-flow generated by F in D(F).

Proof Let D be the set of discrete measures rll > =1 8x; withx; € D(F). Since every
no € D(F) is supported in D(F'), D is dense in D(F). Our thesis follows by applying
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1146 G. Cavagnari et al.

Theorem 5.22(e) if we show that for every ug = % Z?zl 8x;0 € D there exists a
locally absolutely continuous solution p" : [0, 00) — D of (5.2) starting from .
It can be directly checked that

1 n
ui = (ROgug =~ 3 B0 Xy 1= Ri(xj0)
Jj=1

satisfies the continuity equation with Wasserstein velocity vector v; (defined on the
finite support of u}') satisfying

v(xj) =% =F°(xj,) and |v;(x; )| < |F°(xj0)l

forevery j = 1,...,n,and a.e. t > 0, where F° is the minimal selection of F. It
follows that

(ix, v)epy € Fluyl forae.t >0,
so that u" is a Lipschitz EVI solution for F starting from p;. We can thus conclude

observing that the map po — (R;)spto is a contraction in P> (X) and the curve u} =
(R;)z g is continuous with values in D(F). m]

5.5 Barycentric property

If we assume that the MPVF F is a sequentially closed subset of P3* (TX) with convex
sections, we are able to provide a stronger result showing a particular property satisfied
by the solutions of (5.1) (see Theorem 5.27). This is called barycentric property and
it is strictly connected with the weaker definition of solution discussed in [9, 26, 27].

We first introduce a directional closure of F along smooth cylindrical deformations.
We set

exp?(x) := x + Vo(x)
for every ¢ € Cyl(X), and
Hgo € Cyl(x)? (rn)neN C [Oa +OO)7 r}’l \L Oa

Flpl = {‘D € Tz(x)‘ ®, € Flexp"ul : @, — & in Py (TX) } (5.38)

Definition 5.25 (Barycentric property) Let F be a MPVF. We say that a locally
absolutely continuous curve u : J — D(F) satisfies the barycentric property
(resp. the relaxed barycentric property) if for a.e. t € J there exists &, € F[u,]
(resp. &; € @(F[,ut])) such that

% / @(x)dus(x) :f (Vo(x), v)dd,(x,v) forevery ¢ € Cyl(X). (5.39)
X X
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Notice that F  F C cI(F) and F = Fif F is sequentially closed in P3¥(1X). Recalling
Proposition 4.17(a) we also get

co(F) C F,

so that the relaxed barycentric property implies the corresponding property for the
extended MPVF F defined in (4.22). In particular, considering the directional closure
F in place of the sequential closure cI(F) not only allows us to obtain a finer result,
but it could be easier to compute when one considers specific examples, being F the
closure of F along regular directions.

Remark 5.26 1f X = R?, the property stated in Definition 5.25 coincides with the weak
definition of solution to (5.1) given in [26].

The aim is to prove that the A-EVI solution of (5.1) enjoys the barycentric property
of Definition 5.25, under suitable mild conditions on F. This is strictly related to
the behaviour of F along the family of smooth deformations induced by cylindrical
functions. Let us denote by pr, the orthogonal projection in L/%L (X; X) onto the tangent
space Tan,, P»(X) and by bo the barycenter of ® as in Definition 3.1.

Theorem 5.27 Let F be a A-dissipative MPVF according to (4.1). Assume that for
every u € D(F) there exist constants M, ¢ > 0 such that

exp(é)u e D(F) and |F|2(exp‘§u) <M (5.40)

for every ¢ € Cyl(X) such that sup |Vo| < e. If u : I — D(F) is a locally absolutely
X

continuous A-EVI solution of (5.1) with Wasserstein velocity field v satisfying (2.6)
for every t in the subset A(i) C J of full Lebesgue measure, then

for everyt € A(i) there exists ®, € co(F)[u;] such that v, = pr,, obe,. (5.41)

In particular, u satisfies the relaxed barycentric property.

If moreover ¥ = F and, for every v € D(F), the section F[v] is a convex subset of

Pr(1X), i.e.
Flv] = co(F)[v],

then w satisfies the barycentric property (5.39).
Proof We divide the proof of (5.41) into two steps.

Claim1 Lett € A(u) and M = M, be the constant associated to the measure [L; in
(5.40). Then v, € co(K;), where

K, :={pr,, (bo) : ® € Fu;], |®|2 < M} C Tan,, Pr(X). (5.42)
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1148 G. Cavagnari et al.

Proof of Claim 1 For every ¢ € Cyl(X) there exists § = §(¢) > 0 such that v* :=
expgag w: € D(F) and ¢ := (ix, exp~%¢) i, € T (11, v¥|F) is the unique optimal
transport plan between p; and v?.

Thanks to Theorem 3.11, the map s +— W22 (is, v¥) is differentiable at s = ¢, moreover
by employing also (5.5b), it holds

d1
5 fx (0, (x), V£ () dity (x) =

e 2 (e, v) < [F, 6° lo+ =1im [F, o). (5.43)

We can choose a decreasing vanishing sequence (sx)reny C (0, 1), measures v,f =

x;'o¢ and CI>,€ € F[v,f] such that sup; |d>,€|2 < M, and <I>,€ — ®¢ in P5¥(1X).
Then, by (5.16), we get ®¢ € F[u,] with |®¢|, < M, and by (5.43) and the upper
semicontinuity of [-, -]; (see Lemma 3.15) we get

5/<vz(X),V§(X))sz(X) < [®°.v¢], =8/ (v, VE(x)) O (x, v). (5.44)
X X

Indeed, notice that, by [3, Lemma 5.3.2], we have A(®%,v%) = {®% ® v¢} with
0, xhy(d¢ ® v¥) = o,

By means of the identity highlighted in Remark 3.2, the expression in (5.44) can
be written as follows

(0, VO 12 ) = (bt V12 60 = Py, (Bot)s VD 12 xix)
so that

(vy, VC)L%” oKX = bséllg (b, V§>Ll2” X:X)
for all ¢ € Cyl(X), with K; as in (5.42). Applying Lemma B.3 in Tan,, P>(X) C
leh (X; X) we obtain that v, € co(K;).
Claim 2 For every w € co(K;) there exists W € co(F)[w;] such that w = pr,, oby.

Proof of Claim 2 Notice that an element w € Tan;, P>(X) coincides with pr,, (by) for
W € P,(TX|w) if and only if

/(w, Veydu = /(v, V¢)dw (x, v) (5.45)

for every ¢ € Cyl(X). It is easy to check that any element w € co(K), can
be represented as pr,, (by) (and thus as in (5.45)) for some ¥ € co(F[u,]). If

w € co(K;) we can find a sequence (V,),eny C co(F[ul]) such that |V, |, < M;
and w, = pr,, (by,) > win leu (X; X). Since the sequence (V)N is relatively
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compact in P5¥(TX) by Proposition 2.15(2), we can extract a (not relabeled) subse-
quence converging to a limit W in P53 (1X), as n — +o00. By definition ¥ € co(Flu:])
with |V, < M;. We can eventually pass to the limit in (5.45) written for w, and ¥,
thanks to P3* (TX) convergence, obtaining the corresponding identity for w and W in
the limit.

The thesis (5.41) follows by Claim 1 and Claim 2.
Finally, being u locally absolutely continuous, it satisfies the continuity equation
driven by v in the sense of distributions (see Theorem 2.10), so that by (5.41) we have

d
» / £(x) die (x) = / (V2 () 00 () djas ()
rJx X
= / (V¢ (x), v)dd,(x,v) forall ¢ € Cyl(X),
™

forallz € A(w). O

Remark 5.28 We notice that it is always possible to estimate the value of M; in (5.42)
by |F|2*(/~‘Lt)'

Remark 5.29 Using a standard approximation argument (see for example the proof
of Lemma 5.1.12(f) in [3]) it is possible to show that actually the barycentric prop-
erty (5.39) holds for every ¢ € CI1(X; R) (indeed, in this case, Vo € Tan,, P»(X) for
every u € Pr(X)).

Remark 5.30 We point out that the result stated in Theorem 5.27 is still valid if we
replace the convex hull of F defined in (4.19) using the “flat” structure of P, (TX), with
the following one which makes use of plan interpolations

® € POXNHY), (x, vi)p @ = Dk, Dy € Fv],
>0, k=1,...,N, YN =1, NeN|[’

N
OF)(v) = <x, Z akvk> )
ki g

for any v € D(F), where
X(x,vi,...,ony) =x and vig(x,vi,...,ony)=v, k=1,...,N.
Indeed, co(F)(v) and ¢o(F)(v) share the same barycentric projection. However,
while co(F) preserves dissipativity as proved in Proposition 4.16, ¢o(F)(v) does not

satisfy this property in general, as highlighted in the following example: let X = R
and consider the PVF F, with domain D(F) = {8, %5 |+ %80}, defined by

1 1 1 1 1 1
F[éo] := 58(0,3) + 55(0,,3), F |:§81 + 530i| = 55(1,2) + 58(()’1).

Then F is dissipative, indeed

1 1
F[8ol. F| =81+ =8 || <-1<0.

@ Springer



1150 G. Cavagnari et al.

However, ¢o(F) is not dissipative, indeed, if we take &(9,0) € ¢0(F)[do], we have

1 1
800,00, F| =61 + =4 =2>0.
|: 0 |:2 e 2 Oi|j|r i

As a complement to the studies investigated in this section, we prove the converse
characterization of Theorem 5.27 in the particular case of regular measures or regular
vector fields. We refer to [3, Definitions 6.2.1, 6.2.2] for the definition of ng (X), that
is the space of regular measures on X. When X = R? has finite dimension, P50
is just the subset of measures in P,(X) which are absolutely continuous w.r.t. the
d-dimensional Lebesgue measure L.

Theorem 5.31 Let F be a A-dissipative MPVF according to (4.1). Let u : J — D(F)
be a locally absolutely continuous curve satisfying the relaxed barycentric property
of Definition 5.25. If for a.e. t € J at least one of the following properties holds:

(1) € P5X),
(2) Flu] contains a unique element ®, concentrated onamap, i.e. ®; = (ix, bo,) 1141

then w is L-EVI solution of (5.1).

Proof Take ¢ € Cyl(X) and observe that, since u has the relaxed barycentric property,
then for a.e. t € J (recall Theorem 3.11) there exists ®, € co(F[u,]) such that

d
= e duw = / (Vo). v) 4, = / (Vo.pr,, oba,)du = f (vr. V) diar,
tJx X X X

hence u solves the continuity equation 9; u; + div(v; ;) = 0, with v, = pr,, o bs, €
Tan,,, P>(X). By Theorem 3.11, we also know that

dl1

53 ) = /X2<vt(xo), %o = x1)dy, (xo, 1) (5.46)

forany t € A(u,v), ¥, € I'o(us, v), v € Pa(X). Possibly disregarding a Lebesgue
negligible set, we can decompose the set A(u, v) in the union A; U Ao, where A1, Ay
correspond to the times ¢ for which the properties (1) and (2) hold.

Ift € Ay and v € D(F), then by [3, Theorem 6.2.10], since u; € ng(X), there
exists a unique ¥, € I',(iu, v) and y, = (ix, )z, for some map r; s.t. ix —r; €
Tan,, P2(X) C Lit (X; X) (recall [3, Proposition 8.5.2]), so that

/Xz(vz(xo), xo — x1) dy,(x0, x1) = fx(vz(xo), x0 — r(x0)) du (xo)
= /X(bcp,,XO —r(x0)) dp, (x0)

= / (U,)C — rt(x)) dq)t(-x’ U)
X
=[], , (547)

@ Springer



Dissipative probability vector fields... 1151

where we also applied Theorem 3.9 and Remark 3.19, recalling that in this case
A(Dy, v) is a singleton.

If t+ € A, we can select the optimal plan y, € I',(u;, v) along which

[®r, V], =[P, ¥, )r0 = /)‘((bCD,(XO)va —x1) dy,(x0, x1).

If r, is the barycenter of y, with respect to its first marginal p,, recalling thatix —r; €
Tan,,, P>(X) (see also the proof of [3, Thm. 12.4.4]) we also get

/X2<vt(x0)a xo — x1) dy,(x0, x1) = /X(vt(XO), x0 — ¢ (x0)) dper (x0)
= /)((bcp, (x0), x0 — r+(x0)) dps (x0)

= /XURD,(XO),XO —x1) dy,(xo, x1)
=[P4, v],, (5.48)

where we still applied Theorem 3.9 and Remark 3.19.
Combining (5.46) with (5.47) and (5.48) we eventually get

d1
EEWZZ(“” V) = [®r, ], < — (W, ], + AW3 (s, v)  forevery ¥ € F[v],

by definition of F and the fact that co(F)[u,] C Flz,]. O

Thanks to Theorem 5.31, we can apply to barycentric solutions the uniqueness
and approximation results of the previous Sections. We conclude this section with
a general result on the existence of a A-flow for A-dissipative MPVFs, which is the
natural refinement of Proposition 5.14

Theorem 5.32 (Generation of A-flow) Let F be a A-dissipative MPVF according to
(4.1). Assume that Pp(X) C D(F) and for every oy € Pp(X) there exist o > 0 and
L > 0 such that, for every p with supp(u) C supp(ro) + Bx (o),

there exists ® € F[u] s.t. supp(vy®) C Bx(L). (5.49)

Let ¥y, := F N Pp(1X). If there exists a > 0 such that for every ® € Fy,
supp(®) € | (x,v) € X: (0.0) = a1 + 15 (5.50)

then F generates a A-flow.

Proof 1t is enough to prove that F, generates a A-flow. Applying Proposition 5.14 to
the MPVF Fj, we know that for every poy € D(F}p) there exists a unique maximal
strict and locally Lipschitz continuous A-EVI solution w : [0, T) — P (X) driven by

@ Springer



1152 G. Cavagnari et al.

F; and satisfying (5.19). We argue by contradiction, and we assume that 7 < +o0.
Notice that by (5.49) F satisfies (5.40), so that u is a relaxed barycentric solution for
F. Since pg € Pp(X), we know that supp(ug) C Bx(rg) for some rg > 1.

It is easy to check that (5.50) holds also for every @ € co(F}). Moreover, setting
b := 2a, condition (5.50) yields

(v, x) < b|x|2 forevery (x,v) e supp® € Fp, |x| > 1. (5.51)

Let¢(r) : R — Rbe any smooth increasing function such that ¢ (r) = 0ifr < rp and
¢(r) = 1ifr > ro+1,andlet (7, x) := ¢(|x|e™?"). Clearly ¢ € C-1(X x [0, +00)),
with

Vo, x) = |i—|¢’(|x|e_}”)e_ht if x £0,

Vo(r,0) =0,
dp(t, x) = —bg' (Ix[e™")|x|e™"".

We thus have fora.e.t € [0, T)

o o = [ (=bo'e 1l + w01l ele ) a0, o0
dr Jx X

e /
X

where in the last inequality we used (5.51) and the fact that the integrand vanishes if
[x] < 1. We get

/N

= b/ (1x[e™") x| + bIx|@'(1x]e ™) ), (v, ) = 0

/fﬂ(t,x)duz =0 in[0, T);
X

this implies that supp(u;) C Bx((ro + De’) so that the limit measure 7 belongs to
Py (X) as well, leading to a contradiction with (5.19) for F,.

We deduce that p is a global strict A-EVI solution for F;. We can then apply
Theorem 5.22(b) to Fp,. O

6 Explicit Euler scheme

In this section, we collect all the main estimates concerning the Explicit Euler scheme
(EE) of Definition 5.7. For the sequel, we recall the notations

M:(-) and Mt()
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for the affine and piecewise constant interpolations, respectively, of the sequence
(M7, ®7) in (EE). We also recall the notations

g(MO» fvTvL) and %(M()’r’T’L)

for the (possibly empty) set of all the curves (M, F) and M., respectively, arising
from the solution of (EE).

6.1 The Explicit Euler scheme: preliminary estimates

Our first step is to prove simple a priori estimates and a discrete version of (A-EVI) as
a consequence of Proposition 3.4.

Proposition 6.1 Every solution (M., F;) € &(wo, t, T, L) of (EE) satisfies

Wo(M:(2), no) < Lt, |F¢ ()l <L foreveryt [0, T], (6.1)
Wo(M.(t), M (s)) < L|t —s| foreverys,t € [0, T], (6.2)

and

%%WZZ(M'[([)» V) < [Fe(0),v], + T|F- ()3 < [F.(t),v], + tL>  (IEVI)

foreveryt € [0, T]and v € P2(X), with possibly countable exceptions. In particular

1 1 1
5 F(MIF ) — EWZZ(Mf, v) < T[®%v] + Ersz (6.3)

forevery0 <n < N(T, t) and v € Pr(X).
Proof The second inequality of (6.1) is a trivial consequence of the definition of

& (o, t, T, L), the first inequality is a particular case of (6.2). The estimate (6.2) is
immediate if nt < s <t < (n + 1)7 since

Wa (M (s), Mc (1)) = W ((exp™™""); 7, (exp™""); ®7)

< \// I(r — s)v)|> dP?
™
=(t—>9) // v[2 ddn
X

<(t-—s)L.

This implies that the metric velocity of M; is bounded by L in [0, T'] and therefore
M is L-Lipschitz.
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Let us recall that for every v € P(X) and ® € P,(TX) the function g(r) :=
%sz(expgcb, V) satisfies

1
t— g(t) — 5z2|c1>|§ is concave, g/(0) = [®, v],,

g1) < [®,v], +1|®3 for 1 >0, 6.4)

by Definition 3.5 and Proposition 3.4. In particular, the concavity yields the dif-
ferentiability of g with at most countable exceptions. Thus, taking any n € N,
0<n<N(T,1),telnt,n+1)7t)and ® = O sothatexpgcb = M. (t),(6.4)yields
(IEVI). The inequality in (6.3) follows by integration in each interval [n7, (n 4+ 1)7].
O

In the following, we prove a uniform bound on curves M; € .# (uo,t, T, L)
which is useful to prove global solvability of the Explicit Euler scheme, as stated in
Proposition 5.20. We will use the Gronwall estimates of Lemma B.1 and Lemma B.2.

Proposition 6.2 Let F be a A-dissipative MPVF according to (4.1). Assume that for
every R > 0 there exist M = M(R) > 0 and T = T(R) > 0 such that, for every
u € D(F) withma(u) < Rand every) <t <7,

there exists ® € F[u] s.t. || < M(R) and eXpECD e D(F). (6.5)

Then the Explicit Euler scheme is globally solvable in D(F). More precisely, if for a
given ug € D(F) with Wy € F[uol, mg := ma(uo), and we set

1
R := mo—l-(I\I/olz—l—l)«/ZTe(Hm*)T, L := M(R), r:min{ﬁ,f(R),T},

(6.6)

then for every T € (0, 7] the set &(uo, T, T, L) is not empty.

Proof We want to prove by induction that for every integer N < N(7T', 7), (EE) has a
solution up to the index N satisfying the upper bound

may(MY) < R, (6.7)

corresponding to the constants R, L given by (6.6). For N = 0 the statement is trivially
satisfied. Assuming that0 < N < N(7T', ) and elements (M}, ®?),0 <n < N, M?’,
are given satisfying (EE) and (6.7), we want to show that we can perform a further step
of the Euler Scheme so that (EE) is solvable up to the index N +1 and m; (Mﬁv 1y < R.

Notice that by the induction hypothesis, forn =0, ..., N — 1, we have |®"|, < L;
since my(MY) < R, by (6.5) we can select @Y € F[MY] with |®¥|, < L such
that MN*! = expf @Y € D(F). Using (6.3) with v = po, the A-dissipativity with
Yo € Fluol

[@7. o], < AW5 (MY o) — [Wo. M7], .
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and the bound
n 1 2 n 1 2
- [‘I’O, Mf]r < EWQ (M7, o) + §|\I’O|2,
we end up with
L [ R ﬁ 2 1 2 aqn T 2
2Wz(Mr s 140) 2W2(Mf,,u0) =3 L+ 3 + At Wz(Mf,Mo)—FzI‘l’olz,
for every n < N. Using the Gronwall estimate of Lemma B.2 we get

Wa(M7, o) < VT + 7 (1Wolz + V7L )@ T+ < AT (1wl + 1)el #2447

for every n < N + 1, so that

m2(M£V+1) <mg+ «/2T(|\y0|2 + 1>e(1+2x+)r <R
|

We conclude this section by proving the stability estimate (5.15) of Theorem 5.9.
We introduce the notation

t
1
I.(t) = / e dr =~ —1) ifxk £0; Iy(t) :=t.
0 K
Notice that for every r > 0
I.(t) < te*" ifk >0. 6.8)

Proposition 6.3 Let M; € .4 (o, v, T, L) and M, € A (., T, T,L). If Ay <2
then

Wa (Mo (1), My (1)) < Wa(po, po)e™ + 8L/t (1 + I?»Ix/ﬁ)e“t

foreveryt € [0, T].

Proof Let us set w(t) := Wa(M(r), M,(t)). Since by Proposition 3.4(2), in every
interval [nt, (n 4+ 1)7] the function ¢ w2(r) — 4L2(t — n1)? is concave, with

L2 =2[F.(1), Fi.(1)], < 2AWZ(M (1), ML(1)),
dr t=nt+ "

we obtain
i 2 Ry - 2
” w(t) < 2AW5 (M. (1), M (t)) + 8Lt
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for every ¢ € [0, T], with possibly countable exceptions. Using the identity
a*> —b*> =2b(a—b)+ |a — b)?
with a = Wa (M (1), ML(t)) and b = Wo(M.(t), M. (t)) and observing that
la — bl < Wa(My (1), Mr (1)) + Wa (M, (1), M;(1)) < 2L,

we eventually get

d
sz(t) < 22w?(t) + 8L%t + 8|A|Ltw(r) + AL 8L%7?

< 2w%(t) + 8|A|Ltw(r) + 24L%t,

since A4 T < 2 by assumption. The Gronwall estimate in Lemma B.1 and (6.8) yield

12
w(t) < (wZ(O)ez“ n 24L2ﬂn(z)) + 8IAILTL ()
< w(0)eM + 8LJE(1 + |)»|\/E)e)‘+l.

6.2 Error estimates for the Explicit Euler Scheme

This subsection is devoted to the proof of the core of Theorem 5.9. In particular,
we prove a Cauchy estimate for the affine interpolant of the Explicit Euler Scheme
under different step sizes and a uniform (optimal, see [31]) error estimate between the
affine interpolation and the A-EVI solution for F. We stress that the results obtained
for the affine interpolant of the sequence generated by the Explicit Euler Scheme
in Definition 5.7 can be adjusted for the piecewise contant interpolant M, (-) thanks
to (5.14).

Theorem 6.4 Let ¥ be a A-dissipative MPVF according to (4.1). If M, €
///(M?, ,T,L), M, € M(MO,n, T, L) with \WT(T +1n) < 1, then for every
8 > 1 there exists a constant C(8) such that

Wa(Me(0), My () = (VEWa (M2, M) + COLY T+ + 7 + 1))t

foreveryt € [0, T].
Proof We argue as in the Proof of Theorem 5.17. Since A-dissipativity implies A’-

dissipativity for A’ > 2, it is not restrictive to assume A > 0. We set o := t + 1. We
will extensively use the a priori bounds (6.1) and (6.2); in particular,

Wa (M (1), M () < Lt, Wa(M,(t), My(t)) < Ln.
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We will also extend M, and M, for negative times by setting
M. (t) =M. (t) =M°, F.(t)=M’®6&y ifr <O. (6.9)

The proof is divided into several steps.

1. Doubling variables.
We fix afinal time ¢ € [0, T'] and two variables r, s € [0, #] together with the functions

w(r, s) = Wa(Me (1), My(s)), we (r, 8) 1= Wa(M<(r), My(s)),
wy(r, s) = Wa (M (r), My(s)), we p(r,s) = Wao (M (r), My(s)), (6.10)

observing that
max {|w — we|, lwy — wepl} < LT, max {|w — wyl, lwr — weyl} < Ln. (6.11)

By Proposition 6.1, we can write (IEVI) for M, and get

a1
Esz(Mr(r), v) < T|Fo(r)5 4+ [F1(r), v1], forevery v € Py(X); (IEVL)

and for M, obtaining
31,
ai z(Mn(S)s v2)
<nIFy(9)3 + [Fy(s). 1],
< 0IFy(8)3 + AWZ(My(s), v2) — [®, My(s)],  forevery @ € F[u2], v2 € D(F).
(IEVI,)

Apart from possible countable_ exceptions, (IEVI;) holds forr € (—o0, t] and (IEVL,)
for s € [0, t]. Taking vi = M, (s), vo = M(r), ® = F;(max{r,0}) € F[M.(r)],
summing the two inequalities (IEVI, ;), setting

2LWy (M, (s), M (0)) = 2Lw, (0, s) ifr <0,

frs)=1, ifr >0,

using (6.1) and the A-dissipativity of F, we obtain
9 2(r )+i 2(r,s) <2aw2, (r,s) +2L% + f(r,s)
oy W $) + —~wr(r,5) < 2Awg, (v, s , 8

in (—oo0, 1] x [0, 1] (see also [23, Lemma 6.15]). By multiplying both sides by e~>*5,
we have

0 —2As ., 2 d —2As . 2 2 2 2 —2A
a—re Swn + ae fwi < (ZA (wm} — wf) + f+2L a)e S (6.12)
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Using (6.11), the inequalities

Wrp + Wr = Wep — Wr + 2(we —w) +2w < 2Lo + 2w,

lw(r,s) —w(s,s)| < L|r —s|
and the elementary inequality a*> — b < |a — b||a + b|, we get
2(w%’n(r, s) — w%(r, s)) <R,s, ifr,s <t,
where R, ; := 4L%0 (0 + |r — s|) +4Low(s, s). Thus (6.12) becomes

0 -2 2 0 -2 2
e )‘swn—i—a—se Mw? < Z, s, (6.13)

where Z, ; 1= (Rk + f+ 2L20>e_2“.

2. Penalization.

We fix any ¢ > 0 and apply the Divergence Theorem to the inequality (6.13) in the
two-dimensional strip Qg’t as in (5.29) and we get

t 0
/ e—z“wz(r,t)drgf w2(r, 0) dr+
1—e —&

' !
+/0 e (w%(s, §) — w,zl(s, s)) ds +/0 e (w,zl(s —&,5) — w%(s — ¢, s)) ds

+ /f Zy s drds. (6.14)
0

€
0,1
3. Estimates of the r.h.s..

We want to estimate the integrals (say lo, 11, I2, I3) of the right hand side of (6.14) in
terms of

w(s) == w(s,s) and W(¢) := sup e_}‘sw(s).

0<s<t

We easily get

0
Ip= / w2(r, 0)dr = sw?(0).

—&

(6.11) yields
|lwe (s, s) —wy(s,s)| < L(t +n) = Lo
and

w2(s, s) — wl(s, )| < Lo (La + 2w(s));
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after an integration,
t
I < L%%t + 2L0/ e S w(s)ds < L?6%t + 2LotW(1).
0

Performing the same computations for the third integral term at the r.h.s. of (6.14) we
end up with

t
L= / e (w,zl(s —&,5) — w%(s —¢, s)) ds
0
t
< L%*0% +2Lo / e_zmw(s —¢g,5)ds
0

t
< L’c%t+2L% st +2Lo / e w(s)ds
0

< L?c%t +2L% st + 2LotW(2).

Eventually, using the elementary inequalities,

// re M drds < i, //
0 2 0

&
0,1

t
e M w(s,s)drds = ¢ / e M w(s) ds,
0

£
0,1

and f(r,s) <2L*(nn +s) 4+ 2Lw(s) forr < 0and f(r,s) = 0 for r > 0, we get

t
I = // Zygdrds < 2L%0 (0 + ¢) +4Lkae/ e w(s)ds +2L%0et
o) 0

0,1

+2 / (L (n + ) + Lw(s))e ™ drds

0,min{e,t}

< 2L20‘8(0 +¢) + 2L282(O‘ + &)+ 2L%cst + 4LroetW(t) + 2L82W(min{t, e}).

We eventually get

3
> I < ew?(0) +2L%0%t + 4L%0 et + 2L7e(0 + )’
k=0
+4Lo (1 + Ae)tW(t) + 2Le*> W (min{z, &}). (6.15)

4. L.h.s. and penalization
We want to use the first integral term in (6.14) to derive a pointwise estimate for w(z);
(6.2) and (6.10) yield

wt) =w(t,t) <Lt —r)+wr,t) <La+|t—r))+w(r,1). (6.16)
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We then square (6.16), use the Young inequality (i.e. 2ab < %2 +0b2 for anya,b >0,

¥ > 0), multiply the resulting inequality by ‘fzkt and integrate over the interval

(t — &, t). So that, for every 8, §, > 1 conjugate coefficients, we get

(3 t
- / e Ml (r, 1) dr 4 8, L7 (t + ¢)?
& Ji—e

e—ZM w2 (t)

A

IA

8
“Uo+h+h+1)+ 8.L*(t + &),
with Iy, I1, I, I3 as in step 3. Using (6.15) yields

e M u2(r) < 28+ 8,)L% (0 + )2 + 8(w2(0) 121262 e + 4L2m)

AL(1 + Ae)os
LALAFAE08 oy 2 LesW (min(r, e)).
&

5. Conclusion.
Choosing ¢ := /o max{o, ¢t} and assuming A~/ To < 1, we obtain

e Mw?(t) < Sw?(0) + (148 + 468,)L? 0 max{o, t} + 106L/o max{c, t}W(¢).
(6.17)

Since the right hand side of (6.17) is an increasing function of #, (6.17) holds even if
we substitute the left hand side with e=2*w?(s) for every s € [0, t]; we thus obtain
the inequality

W2(1) < sw?(0) + (148 + 48,)L? o max{o, t} + 108L\/o max{c, t}W (7).
Using the elementary property for positive a, b
W2<a+2bW = W<b++vVb2+a<2b+/a, (6.18)

we eventually obtain

e Muw(r) < (8w2(0) 1 (145 + 48,)L* o max{o, r})l/2 +108L\/o max(o, 1}
< V6w(0) + C(8)Ly/o max{o, 1},

with C(8) := (148 +48,)1/2 + 106. o

6.3 Error estimates between discrete and EVI solutions

Theorem 6.5 LetF be a A-dissipative MPVF according to (4.1). If u : [0, T] — D(F)
is a A-EVI solution and M, € J/Z(Mg, 7, T, L), then for every § > 1 there exists a
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constant C(8) such that
Walue, Me (1)) = (V5 Waluo, M) + COLVT( + 1))
foreveryt € [0, T].
Remark 6.6 When g = M? and A < 0 we obtain the optimal error estimate
Wa(pe, Mo (1)) < 13Ly/T(1 + 7).

Proof We repeat the same argument of the previous proof, still assuming 2 > 0,
extending M, M., F as in (6.9) and setting

w(r,s) = Wo(M(r), is), w(r,s) = WQ(M,(I’), Ms)-

We use (A-EVI) for pug withv = M. (r)and ® = F, (max{r, 0}) and (IEVI) for M, (r)
with v = pu, obtaining

d e, s 2

= WAM ), 1) =€ (AR OB Pl ) 5 €10, Thr € (00, )
9 e—ZAs ) _ ”

PP W5 (s, M (r)) < —e™=** [F(max{r, 0}), s, in2'(0,T),r € (—o0, T).

Using [23, Lemma 6.15] we can sum the two contributions obtaining

0 0
—e M uwl(r, s) + —e M wi(r,5) < Zp s,
or as ’

where Z, ; 1= QL%t +2f(r,s))e" 2 and

LW2(M(0), pg) = Lw(0,5) ifr <0,

fr.s) = :0 itr > 0.

Lett € [0,T] and ¢ > 0. Applying the Divergence Theorem in Qg’[ (see (5.29)
and Figure 1), we get

t 0
/ e_zmwz(r, t)ydr < / w%(r, 0)dr
t—¢& —&

t t
+/ e ks (wz(s, 5) — w2(s, s)) ds + / e (wz(s —&,5) — w%(s — &, S)) ds
0 0

+ / / 7, drds. 6.19)
0

&
0,t
Using

wt,t) Sw@r, )+ L —r) S w(r,t)+L(t+¢) ift—e<r=<t,
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we get for every 8, 6, > 1 conjugate coefficients (8, = /(6 — 1))

5 t
e Mul(t) < - / e wl(r, ) dr 4+ 8, L% (t + )% (6.20)
I

t—e

Similarly to (6.11) we have
we(s,s) — ws,$) < Lt, |wi(s,s) — w(s, )| < Lr(Lt + 2w(s)>

and, after an integration,
t t
/ e 2 (w%(s, s) — w2(s, s)) ds < L*tt% + 2Lr/ e w(s)ds. (6.21)
0 0
Performing the same computations for the third integral term at the r.h.s. of (6.19) we

end up with

t t
/ e (wz(s —&,5) — w%(s — ¢, s)) ds < L%tt2 + 2Lr/ e M w(s — e, 5)ds
0 0 , (6.22)
< L%tt(tr +2¢) + 2Lt / e w(s) ds.
0

Finally, since if r < 0 we have f(r,s) = Lw(0, s) < L%s + Lw(s, s), then

g} // Z, sdrds < 2027 + 7! // 2f(r, s)e 2 drds
Q5.

Qg.min(a.t}
2 2.2 —As
<2L°tt + L°e“+ 2Le sup e Mw(s). (6.23)

0<s<min{e,t}

Using (6.21), (6.22), (6.23) in (6.19), we can rewrite the bound in (6.20) as

e M uwl(t) < 8,L2(r + )% + 8(w2(0) F 21272 Je + 2021 + L6

+2Le  sup e*“w(s)>

0<s<min{e,t}

46Lt
+
£

Choosing ¢ := /t max{r, t} we get

t
/ e S w(s) ds.
0

e_Zsz(t) <45,L%7 max{t, t} + 8<w2(0) +5L%t max{t, t})

+6 8L/t max{z, 1} sup e M w(s).

0<s<t
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A further application of (6.18) yields

e Mw(r) < (8w2(0) + (58 4 48,)L? t max|r, t}>1/2 + 65L/7 max(z, 1}
< Vsw(0) + CS) LV + /7,

with C(8) := (58 + 48,)1/% + 6. O

As proved in the following, the limit curve of the interpolants (M- );~¢ of the Euler
Scheme defined in (5.9) is actually a A-EVI solution of (5.1).

Theorem 6.7 Let F be a A-dissipative MPVF according to (4.1) and let n — t(n) be
a vanishing sequence of time steps, let (1Lo.n)neN be a sequence in D(F) converging
to o € D(F) in P2(X) and let M, € A (joo.n, T(n), T, L). Then M, is uniformly
converging to a Lipschitz continuous limit curve u : [0, T] — D(F) which is a A-EVI
solution starting from L.

Proof Theorem 6.4 shows that M,, is a Cauchy sequence in C([0, T']; D(F)), so that
there exists a unique limit curve u as n — oco. Moreover, _is also L-Lipschitz and,
recalling (5.14), we have that p is also the uniform limit of M ).

Let us fix a reference measure v € D(F) and ® € F[v]. The (IEVI) and the -
dissipativity of F yield

EEWQ (M, (t),v) < f(n)|Fr(n)(t)|2 + [Ft(n)» V],

< 7(n) L? + AW3 (M) (), v) — [ @, My (1)],

for a.e. t € [0, T]. Integrating the above inequality in an interval (¢, ¢ + k) C [0, T']
we get

W3 (Mt + h), v) = W3 (My (1), v)
2h

1 t+h - .
+ Z/t (AWz (M) (), ) — [®, My (9)], ) ds. (6.24)

< 'l:(n)L2

Notice that as n — +00, by (5.14), we have

ng_il_gg [CD, Mt(n)(s)]r > [D, usl,
for every s € [0, T'], together with the uniform bound given by

; [ Lo
[, Mo ()], = 5 W3 W (). v) + 5|13
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for every s € [0, T']. Thanks to Fatou’s Lemma and the uniform convergence given
by Theorem 6.4, we can pass to the limit as n — +o00 in (6.24) obtaining

W3 (ign,v) — Wi(ug,v) 1 f1H0
: 2h 2 = E,/; ()\'WZZ(I’L57 U) - [CD’ I’LS]r ) dS.

A further limit as & |, 0 yields

1d*

orT W3 (e, v) < AW3 (1, v) — [®, ],

which provides (A-EVI). O

7 Examples of A-dissipative MPVFs and A-flows

In the first part of this section, we present significant examples of A-dissipative MPVFs
which are interesting for applications. In Sect. 7.4, we give some examples of MPVFs
generating A-flows with particular properties. We then conclude with Sect. 7.5, where
we compare our framework with that developed in [27], revisiting in particular the
splitting particle example in Example 7.11.

7.1 Subdifferentials of A1-convex functionals

Recall that a functional F : Pr(X) — (—o00, +00] is A-(geodesically) convex on
P2(X) (see [3, Definition 9.1.1]) if for any wg, ;1 in the proper domain D(F) :=
{n € Pr(X) | F(u) < +oo} there exists u € 'y (1o, 1) such that

A
Flu) = (1= 0)F (o) +1F (1) — St = W3 (1o, 1)

forevery t € [0, 1], where w : [0, 1] — P2(X) is the constant speed geodesic induced
by w,ie. = xjp.

The Fréchet subdifferential 9F of F [3, Definition 10.3.1] is a MPVF which can
be characterized [3, Theorem 10.3.6] by

O caTlul & ueD@),F0) —Fw > — [P, vl + Wi, v)

2
for every v € D(J).
According to the notation introduced in (3.15), we set
—0F ] = Jz0F ], with J(x,v) = (x, —v), (7.1)

and we have the following result.
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Theorem7.1 If F : Pr(X) — (—o00, +00] is a proper, lower semicontinuous and
A-convex functional, then —3F is a (—\)-dissipative MPVF according to (4.1).

In the following proposition, we prove a correspondence between gradient flows for
F and (—A)-EVI solutions for the MPVF —3%F. We refer respectively to (4.7), (4.12)
and Definition 4.11 for the definitions of I(u|F), I‘g(‘, -|F) and [F, p]o+.

Proposition 7.2 Let F : Pr(X) — (—o0, +00] be a proper, lower semicontinuous and
A-convex functional and let p : I — D(3F) be a locally absolutely continuous curve,
with J a (bounded or unbounded) interval in R. Then

(1) if u is a Gradient Flow for ¥ i.e.
(ix, v)gus € —0F () a.e.t €7,

then u is a (—A)-EVI solution of (5.1) for the MPVF —9% as in (7.1);
(2) if nis a (—1)-EVI solution of (5.1) for the MPVF —93 and the domain of 0F

satisfies
fora.e. t €7, Fg(,ut, v|0F) £ @ forevery v € D(3Y),

then u is a Gradient Flow for F.

Proof The first assertion is a consequence Theorem 5.4(1). We prove the second claim;
by (5.5b) we have that for a.e. r € J it holds

< [Gx, v)epes, pelro <[0T, pelos

r —

[(iX7 vl)ﬁ“lv V]

for every v € D(¥F) and p; € Fg(ut, v|0F). We show that for every vg, vi € D(3F)
and every v € Fg(vo, v1|F)

A
[—3F, v]o+ < F(v1) — F(vo) — 5W§<vo, vy). (7.2)

To prove that, we take s € I(v|dF) N (0, 1) and 3 € —3dF (vy), where vy := xgv. By
definition of subdifferential we have

A
[Ds, v1], < F(v1) — F(vy) — 5W§(vs, V).

Dividing by (1 —s), using (3.29) and passing to the infimum w.r.t. &, € —9F (vy) we
obtain

1 Al —
[—3F, v]rs = T—s (Fv) = F(vy)) — %sz(vm v1).

Passing to the limit as s | 0 and using the lower semicontinuity of F lead to the result.
Once that (7.2) is established we have that for a.e. r € J it holds

[(in V)t V]

r —

A
<FWw) —F(ur) — EWZZ(:“N v) forevery v e D(8F). (7.3)
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To conclude it is enough to use the lower semicontinuity of the L.h.s. (see Lemma 3.15)
and the fact that D(dF) is dense in D(¥) in energy: indeed we can apply [25, Corol-
lary 4.5] and [3, Lemma 3.1.2] to the proper, lower semicontinuous and convex
functional F* : P>(X) — (—00, +00] defined as

A
Frw) =FW) — Em%(v)

to get the existence, for every v € D(F), of a family (v7);~¢ C D(F*) = D(F) s.t.
vt =, FHY) - FHw) ast | 0.

Of course F(v*) — F(v) as t | 0 and, applying [3, Lemma 10.3.4], we see that

v?T € D(F*). However F* = LQ&IF (see (4.4)) so that v* € D(3F). We can thus

write (7.3) for v* in place of v and pass to the limit as t | 0, obtaining that, by
definition of subdifferential, (ix, v/)zu; € —0F (i) forae.r € J. O

Referring to [3], here we list interesting and explicit examples of (—A)-dissipative
MPVFs, according to (4.1), induced by proper, lower semicontinuous and A-convex
functionals, focusing on the cases when D(3F) = P, (X).

(1) Potential energy. Let P : X — R be a l.s.c. and A-convex functional satisfying
[0°P(x)| < C(1 + |x|) forevery x € X,

for some constant C > 0, where 9° P (x) is the element of minimal norm in d P (x).
By [3, Proposition 10.4.2] the PVF

Flu] := (ix, =0 Pz, € Pa(X),

is a (—A)-dissipative selection of —dF p for the potential energy functional

Fp(n) :=/XPdu, w € Pr(X).

(2) Interaction energy. If W : X — [0, +00) is an even, differentiable, and A-convex
function for some A € R, whose differential has a linear growth, then, by [3,
Theorem 10.4.11], the PVF

Flul == (x, (VW )y n, n e PrX),

is a (—X)-dissipative selection of —dJFw, the opposite of the Wasserstein subdif-
ferential of the interaction energy functional

1
Twp) == 3 /Xz W —y)dip®p(x,y), wnePrX).
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(3) Opposite Wasserstein distance. Let 1 € P,(X) be fixed and consider the functional
Fwass : P2(X) — R defined as

1 _
Fwass(14) := —szz(u, m), e PaX),

which is geodesically (—1)-convex [3, Proposition 9.3.12]. Setting

b(u) = arg min {/ b(x) — x*du : b=b, € LZ(X;X), ¥ € To(i, /1)} :
X
the PVF

Flul := (@x, ix = b))z, e Pr(X)

is a selection of —dFwass (1) and it is therefore 1-dissipative according to (4.1).

7.2 MPVF concentrated on the graph of a multifunction

The previous example of Sect. 7.1 has a natural generalization in terms of dissipative
graphs in X x X [1, 2, 7]. We consider a (non-empty) A-dissipative set F C X x X,
i.e. satisfying

(vo — v1, X0 — x1) < Alxo —x1|*  for every (xo, vo), (x1,v1) € F.
The corresponding MPVF defined as
F := {® € P,(TX) |  is concentrated on F}

is A-dissipative as well, according to (4.1). In fact, if g, ®; € F with v; = xz;,
i=0,1,and ® € A(Dg, P1) then (xg, vo, x1, V1) € F x F @-a.e., so that

/ (vo — v1, Xp — x1) dO(xp, vo,X1,v1)Sk/ lxo — x11* d® = AW3 (vo, v1).
™XxTX ™YxTX

since (x°, xl)ﬁG € 'y (vo, v1). Taking the supremum w.r.t. @ € A (g, 1) we obtain
[Pg, D1]; < szz(vo, v1) which is even stronger than A-dissipativity. If D(F) = X
then D(F) contains P (X), the set of Borel probability measures with compact support.
If F has also a linear growth, then it is easy to check that D(F) = P, (X) as well.

Despite the analogy just shown with dissipative operators in Hilbert spaces, there
are important differences with the Wasserstein framework, as highlighted in the fol-
lowing examples. In particular, in Sect. 4.2 we showed how dissipativity allows to
deduce relevant properties when the MPVF F is tested against optimal directions.
On the contrary, whenever vyF[u] is orthogonal to Tan, P>(X), we are not able to
deduce informations through the dissipativity assumption, as shown in Example 7.3
and Example 7.4.
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Example 7.3 LetX = R?,let B := {x € R? | |x| < 1} be the closed unit ball, let £ g be
the (normalized) Lebesgue measure on B, andletr : R* — R2, r(x1, x2) = (x2, —x1)
be the anti-clockwise rotation of 7 /2 degrees. We define the MPVF

Flo] = | G2 Oz if v e PyRH\{Lp),
- {Gge,ar)slp la e R}, ifv=_Lg.

Observe that D(F) = P>(R2) and F is obviously unbounded at v = Lp, i.e.
sup {|®] : ® € F[Lp]} = +o0.

The MPVF F is also dissipative with A = 0 according to (4.1): indeed, thanks to
Remark 3.6 it is enough to check that

[(ig2.ar)sLp,v], =0 forevery v e Pr(R?), a e R. (7.4)

To prove (7.4), we notice that the optimal transport plan from L g to v is concentrated
on a map which belongs to the tangent space Tang, P,(R?) [3, Prop. 8.5.2]; by
Remark 3.19 we have just to check that

/ (r(x), Vo(x))dLp(x) =0 forevery ¢ € CSO(R2),
R2

that is a consequence of the Divergence Theorem on B. This example is in contrast
with the Hilbertian theory of dissipative operators according to which an everywhere
defined dissipative operator is locally bounded (see [7, Proposition 2.9]).

Example 7.4 In the same setting of the previous example, let us define the MPVF
Flv] = (igz, r)zv, rx,m) = (2, —x1), v e PR,

It is easy to check that F is dissipative according to (4.1) and Lipschitz continuous (as
a map from P> (R?) to P»(TR?)). Moreover, arguing as in Example 7.3, we can show
that (iga, 0):Lp € F[L 5], where F is defined in (4.22). This is again in contrast with
the Hilbertian theory of dissipative operators, stating that a single valued, everywhere
defined, and continuous dissipative operator coincides with its maximal extension (see
[7, Proposition 2.4]).

7.3 Interaction field induced by a dissipative map

Let us consider the Hilbert space Y = X", n € N, endowed with the scalar product
(x,y) = %Z?:l(xi,yi), for every x = (x;))i_;, y = (y)}_; € X". We identify
TY with (TX)” and we denote by x', v/ the i-th coordinate maps. Every permutation
o:{l,...,n} — {1,...,n}inSym(n) operates on Y by the obvious formula o (x); =
Xoi@),i=1,...,n,x €Y.
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LetG : Y — Y be aBorel A-dissipative map bounded on bounded sets (this property
is always true if Y has finite dimension) and satisfying

xeD(G) = o(x)eD(G), G(o(x)) =0(G(x)) forevery permutation o.
(7.5)

Denoting by (G, ..., G") the components of G, by x! the projections from Y to X
and by u®" = @/_, i, we have that the MPVF

Flul := (x!', GH,u®" with domain D(F) := Pp(X)

is A-dissipative as well according to (4.1). Indeed, let u, v € D(F), y € I'(u, v) and
let

®=x',GHu® and W= (x!, GHp®".
We can consider the plan B := P;y®" € I'(u®", v®"), where

P((.Xl, )’1)7 e (-xl’lv )’n)) = ((xlv '~-3xn)r (yls ’Yn))

Considering the map H!(x, y) = (x, Gl(x), y1, G!(y)) we have © := Hﬁlﬁ €
A(P, W), so that

[@, W], S/(vl —wi, x; — y1) dO(xy, vy, y1, wy)

= /<G1<x> —G'(y),x1 —y1)dB(x, y)
1 n
== Z/(G"(x) — G*(y), xk — y) dB(x, y)
k=1
_ /<G(x> —G(y).x — y)dBx. ).

where we used (7.5) and the invariance of § with respect to permutations. The A-
dissipativity of G then yields

/<G(x)—G(y),x—y> dB(x,y) < Af X — ylg dB(x, y)
1 n
= A Z/ Xk — yily dB(x, y)
k=1

1 n
=r Z/ lxk — yily dy (e, yio) = AWZ (1, v).
k=1
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A typical example when n = 2 is provided by
G(x1,x2) == (A(x1 — x2), A(x2 — x1))

where A : X — X is a Borel, locally bounded, dissipative and antisymmetric map
satisfying A(—z) = —A(z). We easily get

(G(x) = G(y).x—y)

1
= §<(A(X1 —x2)— A1 — y2), x1—=y1)—{A(x1 —x2) —A(y1 — y2), x2 — Y2)>

1
= §<A(x1 —x2) —A(y1 —y2), x1 —x2— (y1 —y)) < 0.

In this case

Flul = (ix, aluDgp, alpl(x) = /XA(x —y)du(y) forevery x € X.

7.4 A few borderline examples

In this subsection, we collect a few examples which reveal the importance of some
of the technical tools we developed in Sect. 5. First of all we exhibit an example of
dissipative MPVF generating a 0-flow, for which solutions starting from given initial
data are merely continuous. In particular, the nice regularizing effect of gradient flows
(see [6] for the Hilbert case and [3, Theorem 4.0.4, Theorem 11.2.1] for the general
metric and Wasserstein settings), according to which a solution belongs to the domain
of the functional for any # > 0 even if the initial datum merely belongs to its closure,
does not hold for general dissipative evolutions. This also clarifies the interest in
a definition of continuous, not necessarily absolutely continuous, solution given in
Definition 5.1.

Example 7.5 (Lifting of dissipative evolutions and lack of regularizing effect) Let
us consider the situation of Corollary 5.24, choosing the Hilbert space X = ¢2(N).
Following [31, Example 3] we can easily find a maximal linear dissipative operator
A : D(A) C £2(N) — ¢%(N) whose semigroup does not provide a regularizing effect.
We define A as

A(X1, X2, o0y X2k—1, X2ks ... ) = (—X2, X1, ..., —kXxok, kxok—1,...), x € D(A),

with domain

D(A) := {x € ¢*(N) : Zk2|xk|2 < oo},

k=1

so that there is no regularizing effect for the semigroup (R;);>o generated by (the
graph of) A: evolutions starting outside the domain D(A) stay outside the domain
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and do not give raise to locally Lipschitz or a.e. differentiable curves. Corollary 5.24
shows that the O-flow (S;);>0 generated by F on P2 (X) is given by

Stlmol = (Ri)guo  for every 1o € D(F) = P2(X)
so that there is the same lack of regularizing effect on probability measures.

In the next example we show that a constant MPVF generates a barycentric solution.

Example 7.6 (Constant PVF and barycentric evolutions) Given8 € P, (X), we consider
the constant PVF

Flul =un®9®6.

F is dissipative according to (4.1): in fact, if &; = u; ® 0,i =0, 1, p € 'y (o, 1),
andr : X x X x X — TX x TXis defined by r(xg, x1, v) := (xg, v; X1, v), then

O =ry(p®0) e A(Pg, D)

so that (3.17) yields

[@o, @1], = f(xo —x1,v —v)d(p ® 0)(x0, x1, v) = 0.

Applying Proposition 5.20 and Theorem 5.19 we immediately see that F generates
a 0-flow (S;);>0 in P2(X), obtained as a limit of the Explicit Euler scheme. It is
also straightforward to notice that we can apply Theorem 5.27 to F so that for every
1o € P2(X) the unique EVI solution u; = S; g satisfies the continuity equation

o + V- (bu) =0, b=/vd9(v).
X

Since b is constant, we deduce that S; acts as a translation with constant velocity b,
i.e.

W = (@x +th)z o,

so that S; coincides with the semigroup generated by the PVF F'[u] := (ix, b

We conclude this subsection with a 1-dimensional example of a curve which satisfies
the barycentric property but it is not an EVI solution.

Example 7.7 Let X = R. It is well known (see e.g. [24]) that P, (R) is isometric to
the closed convex subset K  L2(0, 1) of the (essentially) increasing maps under the
action of the isometry J : P2(R) — K which maps each measure u € P, (R) into the
pseudo inverse of its cumulative distribution function.
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It follows that for every v € P, (R) the functional F : P> (R) — R defined as

1
F(w) = W3 (1, )

is 1-convex, since it satisfies F(u) = G(J(n)) where G : L2(0, 1) — R is defined as

T aeg2
9(u>;:izllu IO ifueX,
400

otherwise.

Thus J generates a gradient flow (S;);>o which is a semigroup of contractions in
P2(R); for every uo € P2(R), the map S;[uo] is the unique (—1)-EVI solution for
the MPVF —a3 starting from g € P2(R) (see Proposition 7.2). Since the notion of
gradient flow is purely metric, the gradient flow of G starting from J(u¢) is just the
image through J of the gradient flow of JF starting from o € P2(R). Indeed: let 1 be
the gradient flow for JF starting from g € P2(R), then by e.g. [3, Theorem 11.1.4]
we have that y satisfies

d1 1
EEWZQ(;M, V) <TFW) —F(uy) — EWZZ(,LL[, v) forae.t > 0, forevery v € P>(R),

so that we get

d1 1
5 3130 = I < SE@W) — 5 (r)) — 1300 = I3,

which, recalling the characterization of gradient flows in Hilbert spaces, gives that
u(t) := J(uy) is the gradient flow of G starting from J(ug). It is easy to check that

u(t) ==e"J(po) + (1 — e HI(®)

is the gradient flow of G starting from ug = J(wp). Note that u(¢) is the L2(0,1)
geodesic from J(P) to J(uo) evaluated at the rescaled time e, so that S;[wo] must
coincide with the evaluation at time e~ of the (unique) geodesic connecting ¥ to 1
i.e.

Silrol = xiy, s=e"" € (0, 1],

where y € 'y (V, no).
Let us now consider the particular case v = %S,a + %Sa, where a > 0 is a fixed
parameter and o = 8. It is straightforward to see that

1 1
M = S¢[do] = zaau_eft) + Eaa(e*f—l)s t>0
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so that

. 1 1
@x, vt)ti:u't = 58((1751_’)(1,6_’(1) + 58((6_’71)51,78_%1) € _agj(,ut)a ae. t >0,
where v is the Wasserstein velocity field of ;. On the other hand, [3, Lemma 10.3.8]
shows that

1 1
80 ® (E(Sg + 5561) S —33:(5())

so that the constant curve fi; := o for t > 0 has the barycentric property for the
MPVF —93F but it is not a EVI solution for —dF, being different from w; = S;[5¢]-

7.5 Comparison with [27]

In this section, we provide a brief comparison between the assumptions we required
in order to develop a strong concept of solution to (5.1) and the hypotheses assumed in
[27]. We remind that the relation between our solution and the weaker notion studied
in [27] was exploited in Sect. 5.5. Here, we conclude with a further remark coming
from the connections between our approximating scheme proposed in (EE) and the
schemes proposed in [9] and [27].

We consider a finite time horizon [0, 7] with T > 0, the space X = R9 and we deal
with measures in P, (]Rd) and in P}, (T]Rd ), i.e. compactly supported. We also deal with
single-valued probability vector fields (PVF) for simplicity, which can be considered
as everywhere defined maps F : P, (RY) — P, (TR?) such that xzF[v] = v. This is
indeed the framework examined in [27].

We start by recalling the assumptions required in [27] for a PVF F : P,(RY) —
Pp(TRY).

(H1) there exists a constant M > 0 such that for all v € P, (R?),

sup vl =M1+ sup [|x]];
(x,v)esupp(F[v]) xesupp(v)

(H2) F satisfies the following Lipschitz condition: there exists a constant L > 0 such
that for every @ = F[v], ® = F[V'] there exists ® € A(®, ®’) satisfying

/ o lvo — 11> dO(x0, vo, x1, V1) < L2W3 (v, 1),
TR xTR

with A(:, -) as in Definition 3.8.

Remark 7.8 Condition (H1) is (H:bound) in [27], while (H2) corresponds to (H:lip)
in [27] in case p = 2 (see also Remark 5 in [27]).

We stress that actually in [27] condition (H2) is local, meaning that L is allowed to
depend on the radius R of a ball centered at 0 and containing the supports of v and
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V'. Thanks to assumption (H1), it is easy to show that for every final time T all the
discrete solutions of the Explicit Euler scheme and of the scheme of [27] starting from
an initial measure with support in B(0, R) are supported in a ball B(0, R’) where R’
solely depends on R and T'. We can thus restrict the PVF F to the (geodesically convex)
set of measures with support in B(0, R’) and act as L does not depend on the support
of the measures.

Proposition 7.9 If F : P,(R?) — P,(TR?) is a PVF satisfying (H2), then F is A-
dissipative according to (4.1) for A = # the Explicit Euler scheme is globally
solvable in D(F), and F generates a A-flow, whose trajectories are the limit of the

Explicit Euler scheme in each finite interval [0, T.

Proof The A-dissipativity comes from Lemma 4.7. We prove that (5.34) holds. Let
v € D(F) and take ® € A(F[v], F[8p]) such that

f L v —v"2dO < L*W3 (v, §) = L*m3(v).
TRE x TR

Since F[§y] € P, (TR") by assumption, there exists D > 0 such that supp(v4F[§p]) C
Bp(0). Hence, we have

L’m3(v) > f v —v")?dO®
TR x TR4

zf (| - D12 d®
TR x TR4

z/ |v’|2dF[v]—2Df W' dF[V],
TR4 TR4

/2
where [.]4+ denotes the positive part. By the trivial estimate [v/| < D + %, we
conclude

F[v] 3 <2 (202 + Lzmg(u)> .

Hence (5.34) and thus the global solvability of the Explicit Euler scheme in D(F) by
Proposition 5.20. To conclude it is enough to apply Theorem 5.22(a) and Theorem 6.7.
O

It is immediate to notice that the semi-discrete Lagrangian scheme proposed in [9]
coincides with the Explicit Euler Scheme given in Definition 5.7. In particular, we
can state the following comparison between the limit obtained by the Explicit Euler
scheme (EE) (leading to the A-EVI solution of (5.1)) and that of the approximating
LASs scheme proposed in [27] (leading to a barycentric solution to (5.1) in the sense
of Definition 5.25).

Corollary 7.10 Let F be a PVF satisfying (H1)-(H2), o € Pp(R?) and let T €
(0, +00). Let (ng)ren be a sequence such that the LASs scheme (W™ )ren of [27,
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Definition 3.1] converges uniformly-in-time and let (M, ) keN be the affine interpolants
of the Explicit Euler Scheme defined in (5.9), with tp = % Then (") xen and

(Mq, )ken converge to the same limit curve v : [0, T] — P (]Rd), which is the unique
M-EVI solution of (5.1)in [0, T].
Proof By Proposition 7.9, F is a (%)-dissipative MPVF according to (4.1) s.t.

M (o, 7, T, Z) # () for every t > 0, where L > 0 is a suitable constant depending
on 110 and F. Thus by Theorem 6.7, (M<, )ren uniformly converges to a A-EVI solution
w0, T]— Py (R which is unique since F generates a (#)-ﬂow. Since we start

from a compactly supported 10, the semi-discrete Lagrangian scheme of [9] and our
Euler Scheme actually coincide. To conclude we apply [9, Theorem 4.1] obtaining
that w is also the limit of the LASs scheme. O

We conclude that among the possibly not-unique (see [9]) barycentric solutions to (5.1)
- i.e. the solutions in the sense of [27]/Definition 5.25 - we are selecting only one (the
A-EVIsolution), which turns out to be the one associated with the LASs approximating
scheme.

Inlight of this observation, we revisit an interesting example studied in [27, Sect7.1]
and [9, Sect. 6].

Example 7.11 (Splitting particle) For every v € P, (R) define:

1 1
B(v) := sup {x cv(l—o0,x]) < 5} s, ) =v(]—o00, BW)] — >

so that v({B(v)}) = n(v) + % — v(] — oo, B(v)[). We define the PVF F[v] :=
[ Fi[vldv(x), by

5_1 if x < B(v)
F.[v] = |51 if x > B(v)
o (181 + (3 — v — o0, BOD)8-1) if x = Bw), v({B()}) > 0.

By [27, Proposition 7.2], F satisfies assumptions (H1)-(H2) with L = 0 and the LASs
scheme admits a unique limit. Moreover, the solution u : [0, T] — P»(R) obtained
as limit of LASs, is given by

wi(A) = po((AN] — oo, B(uo) — t[) + 1) + po((ANIB(uo) + ¢, +o0[) — 1)

1
+m (7753(/40)+1(A) + (5 — mo(] — oo, B(MO)[))SB(MQ)—t(A)> . (7~6)

By Corollary 7.10, (7.6) is the (unique) A-EVI solution of (5.1). In particular:

@) if uo = b%»&l_[a’b], i.e. the normalized Lebesgue measure restricted to [a, b], we

_ 1 .
get iy = 55 L[a—t,#—t]_‘_mﬁm[#ﬂ,bﬂ]’
(ii) if 1o = 8z, We get iy = 58xg4s + 58591+
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Notice that, in case (i), since u;, < L forall r € (0,7), ie. u, € Py(R), we
can also apply Theorem 5.31 to conclude that u is the A-EVI solution of (5.1) with
Ho = blaﬁxl_[ayb]. Moreover, take ¢ > 0, and consider case (i) where we denote
by pug the initial datum and by u® the corresponding A-EVI solution to (5.1) with
a = xo—¢&,b = xo+e. We can apply (5.35) with po = pg and p; = 8y, in order
to give another proof that, for all r € [0, T'], the W-limit of S; [ug] as e | 0, that is
Si[8xy] = %8)(04_, + %3;(0—:, is a A-EVI solution starting from d,. Thus we end up with
(ii).

Dealing with case (ii), we recall that, if ;1o = 8, then also the stationary curve
iy = 8y, forallz € [0, T'], satisfies the barycentric property of Definition 5.25 (see [9,
Example 6.1]), thus it is a solution in the sense of [27]. However, [ is not a A-EVI
solution since it does not coincide with the curve given by (ii). This fact can also be
checked by a direct calculation as follows: we find v € P, (R) such that

dl1
Eiwzz(ﬂz, v) > AW (g, v) — [Fv], ], 1€ (0, T), (1.7)

where A = % is the dissipativity constant of the PVF F coming from the proof of
Proposition 7.9. Notice that the Lh.s. of (7.7) is always zero since t — [; = 8¢ is
constant. Take v = Lo, 1] so that we get F[v] = fo[v]dv(x), with Fy[v] = 6 if
X > %, F.vl=46_1ifx < % Noting that A (F[v], é9) = {F[v] ® o}, by using the
characterization in Theorem 3.9 we compute

[F[v], dol, =/<x,v>dF[V]

X

172
_ / (x, v) dFx[v](v) dx
0

1
+/ (x,v) dF[v](v)dx =
1/2

Since W22(80, V) = m%(v) = %, we have

_ _ 1 1
AW3 (i v) = [FD). ), = 2 = 7 <0,

and thus we obtain the desired inequality (7.7) with v = L(0,13-
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Appendix A. Wasserstein differentiability along curves
We want to highlight how the result in Theorem 3.11, emphasized in Remark 3.13, is
optimal giving an example of a locally absolutely continuous curve p : [0, 400) —

P, (R?) s.t. the full measure set of differentiability points of the map [0, +00) > s >
W22(,us, v) depends alsoon v € P; (R2). To do that it is enough to show that

for every 19 € A(u) there exist vy € ?Q(Rz) and y, ¥, € [o(ugy, vo) s.t. L(y 1) # L(y»),

where A () is as in Theorem 2.10 and, for y € P»(R? x R?) s.t. xgy = w;, we define

L(y) = [Xz(vt(X),x —y)ydy(x,y).

Indeed this will imply that [(ix. v)zits. V0], # [(EX Vi)gitsg- V0];» hence the non
differentiability at 7.

Let us consider two regular functions u : [0, 400) — R2andr : [0, +00) = R
s.t. |u;| = 1 for every t > 0. Let w : [0, +00) — R? be defined as the orthogonal

direction to u;:
Wy = (? _Ol> Uy, t > 0.

Being the norm of u constant in time, there exists some regular A : (0, +00) - R
s.t. ity = Asw; for every ¢t > 0. Finally we define

x1 : [0, +00) — R2, x1(t) :
x2 [0, +00) — Rz, x2(1) :

relUg,

—Ttly,

1
w10, 4+00) > Pa®RY, gy = 5 (B +800)
Observe that x1(t) = ryuy + riy = —x2(t) for every t > 0. Moreover, for every

/RS CSO(RZ) and ¢t > 0, we have

d o, — d /1 1
at Je gdu = - (Ew(m(t)) + Ew(Xz(t)))
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1 1
=5 Ve ) 21(1) + Ve (x(1)) %a(1)

:/ (v (x), Vo(x)) duy,
RZ

where

Xa(t) ifx = x2(2),

o(x) im {xl(r) if x = x1(1),

Hence, the above defined vector field v; solves the continuity equation with u,. Let
to € A(u) and let us define wg := w(fp), vy := %5(»0 + %8_,00 and the plans y{, ¥, €
Lo (119, v0) by

1 1
V1= _Sx]([()) ® 80)0 + _‘sz(to) ® S—wov

2 2
1 1
V2= 58162(10) ® Suwy + 58)(1([0) ® S—awy-

Notice that they are optimal since any plan in I' (i, vo) has the same cost, being the
points wo, x1(f), x2(fp), —wo the vertexes of a rhombus. Finally, we compute L(y)
and L(y,):

Lm):/ (x — v, 0,(0)) dy (x, )
R2 xR2

1 1
= E(il(to), x1(to) — wo) + E(J'Cz(to), x2(t0) + wo)

()&1(10)7)61(1‘0) - CL)()) = (i.t()ul‘() + rt()l'.tl‘()v rt()ul() - CL)()> = rt()};l() - rt())"toy

L(y,) = / (x —y,v,(x))dy,(x,y)
R2xR2

1 1
= z(iz(to), x2(t) — wo) + 5()'6100), x1(to) + wo)

= (xl(to)JCl(fO) +C()()> = (i't()uto + rt()l'.ttov rl()ul() +w0> = rtoi‘lo +r[())‘t()'

In this way, if r, # 0 and A4, # 0 we have L(y) # L(y,). A possible choice for u
and r satisfying the assumptions is

u; == (cos(t),sin(t)), rr=1, >0,

so that A; = 1 for every t > 0.

Appendix B. Technical results

We report here two useful versions of the Gronwall Lemma, where the first one is [3,
Lemma 4.1.8].
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LemmaB.1 Let x : [0, +00) — R be a locally absolutely continuous function, let
a,beLl ([0, +00)) and let § € R be such that

loc
%ﬁ(z) +28x2(t) < a(r) + 2b(t)x(t) forae t > 0.

Then for every T > 0 we have
‘ 1/2 T
T x(T)| < [ x%(0) + sup / e?a(s)ds +2/ e 1b(t)| dt.
te[0,T1J0 0

LemmaB.2 (Discrete Gronwall inequality) Leta > 0, y > 0, T > O and N € N with
N > 0. If a sequence (x,)neN of positive real numbers satisfies

Xn+l — Xn S TY + T0X, (B.1)
forany O <n < N, then
oant

Xp < (x0 + Tny)e™”,

foranyQ <n <N + 1.

Proof We treat only the non trivial case n > 1 and a > 0; we will repeatedly use the
elementary inequality

1+x<ef (B.2)

for every x € R. Multiplying (B.1) written forn = k € {0, ..., N} by e *7*+D we
obtain

e—ar(k+1)xk+1 < _L_ye—ozr(k+l) +xe(1 4 .L_a)e—ar(k+l) < _L_ye—ozr(k—H) _'_xke—otrk7
where the last inequality comes from (B.2) withx = at. Letn € {0, ..., N 4+ 1}; we
sum the previous inequality written for k € {0, ..., n — 1} obtaining
n—1 x 1 —e—atn
e_‘””x” —x0 < 7,')76_11‘r Z (e—otr) = Tye_arm.
k=0
Then we get
et _ |
aTtn
xXn < Xp€ + Tyeaf——l

oaTtn
atn e 1 ot

= Xxp€ +Ttyn

atn  e¥t —1

aTtn

< x0e*™" 4+ Tyne*™",
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where we used again (B.2) in the last step. O

We recall the following characterization of the closed convex hull co(C) of a set C
(i.e. the intersection of all the closed convex sets containing C) in a Banach space.

LemmaB.3 Let Z be a Banach space and let C C Z be nonempty. Then v € ¢o(C) if
and only if

*

,v) < sup (¥, c) (B.3)
ceC

(z

for all z* € Z*. Moreover if C is bounded, it is enough to have (B.3) holding for
every z* € W, with W a dense subset of Z*.

Proof The result is a direct consequence of Hahn-Banach theorem.
Concerning the last assertion, observe that the function

Z* 3 7% — sup (z¥, ¢)
ceC

is Lipschitz continuous if C is bounded. Hence, if (B.3) holds only for some W C Z*
dense, then it holds for the whole Z*. O

Let us state and prove a simple lemma that allows us to pass from a differen-
tial inequality for the right upper Dini derivative to the corresponding distributional
inequality (see also [22, Lemma A.1] and [17]).

LemmaB.4 Let (a,b) C R be an open interval (bounded or unbounded) and let

¢,n: (a,b) - R be s.t. ¢ is continuous in (a, b) and n is measurable and locally
bounded from above in (a, b). If

d+
I ¢() < n()

foreveryt € (a, b), then the above inequality holds also in the sense of distributions,
meaning that

b b
—/ c(t)w/(t)dtsf n(H)e(t) dt

a
for every ¢ € C2°(a, b) with ¢ > 0.

Proof Lety € C°(a, b) withg > 0, thenthereexista < x < y < bs.t. the support of
¢ is contained in [x, y] ; since 7 is locally bounded from above, there exists a positive
constant C > 0 s.t. n(t) < C for every t € [x, y]. Then the function  — ¢(¢) — Ct
is such that

d+
I (&) —-Cr =0
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for every ¢ € [x, y], so that it is decreasing in [x, y] and hence a function of bounded
variation in [x, y]. Its distributional derivative is hence a non positive measure 7 on
[x, ¥] whose absolutely continuous part (w.r.t. the 1-dimensional Lebesgue measure
on [x, y]) coincides a.e. with the right upper Dini derivative. Then we have

+

b b d
- / (€)= CH' (1) di = T(g) = / = ~ Copl) dr + Ty()

b
< f (n — Cho(n) dt,

where Ty is the singular part of 7. This immediately gives the thesis. O
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