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Abstract

For a d-dimensional random vector X, let p, x(9) be the probability that the convex
hull of n independent copies of X contains a given point 6. We provide sev-
eral sharp inequalities regarding p, x(0) and Nx(6) denoting the smallest n for
which p, x(6) > 1/2. As a main result, we derive the totally general inequality
1/2 <ax(@)Nx(0) < 3d + 1, where ax (0) (a.k.a. the Tukey depth) is the minimum
probability that X is in a fixed closed halfspace containing the point 8. We also show
several applications of our general results: one is a moment-based bound on Ny (E[ X]),
which is an important quantity in randomized approaches to cubature construction or
measure reduction problem. Another application is the determination of the canonical
convex body included in a random convex polytope given by independent copies of X,
where our combinatorial approach allows us to generalize existing results in random
matrix community significantly.

Keywords Random convex hull - Tukey depth - Berry—Esseen theorem - Floating
body - Cubature

Mathematics Subject Classification Primary 60D05 - Secondary 65C05

1 Introduction

Consider generating independent and identically distributed d-dimensional random
vectors. How many vectors do we have to generate in order that a point 6 € R¥ is
contained in the convex hull of the sample with probability atleast 1 /2? More generally,
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what is the probability of the event with an n-point sample for each n? These questions
were first solved for a general distribution which has a certain symmetry about 6 by
Wendel [45]. Let us describe the problem more formally.

Let X be a d-dimensional random vector and X1, X», ... be independent copies of
X. For each 6 € R? and positive integer n, define

Pnx(©) :=P@ € conv{Xy,..., X,}),

where conv A := {} 7" Aix; |m > 1, x; € A, &; =0, Y 7" | &; = 1} denotes the
convex hull of a set A C R?. We also define

Nx (@) :=1inf{n | p, x(©@) = 1/2}

as the reasonable number of observations we need. As p,, x and Ny are only dependent
on the probability distribution of X, we also write p, , and N, when X follows the
distribution p. We want to evaluate p, x as well as Nx for a general X.

Wendel [45] showed that

1 S
pn,x<0>=1—2,,—12( l. ) M
i=0

holds for an X such that X and —X have the same distribution and X, ..., X4
are almost surely linearly independent. In particular, Nx(0) = 2d holds for such
random vectors. For an X with an absolutely continuous distribution with respect to
the Lebesgue measure, Wagner and Welzl [44] showed more generally that the right-
hand side of (1) is indeed an upper bound of p, x, and they also characterized the
condition for equality (see Theorem 6). Moreover, Kabluchko and Zaporozhets [20]
recently gave an explicit formula for p, x when X is a shifted Gaussian.

In this paper, our aim is to give generic bounds of p, x and Ny, and we are
particularly interested in the upper bound of Ny, which is opposite to the bound given
by [44]. Estimating p, x and N is of great interest from application, which ranges
from numerical analysis to statistics, and compressed sensing. As a by-product, we
also give a general result explaining the deterministic body included in the random
polytope conv{Xfy, ..., X, }, which is a sharp generalization of a recent work in the
random matrix community [15]. The remainder of this section will explain more
detailed motivation from related fields and implications of our results.

Throughout the paper, let (-, -) be any inner product on R?, and || - || be the norm
it induces.

1.1 Cubature and measure reduction
Let © be a Borel probability measure on some topological space X'. Consider d

integrable functions fi,..., fz : X — R. Then, we know the existence of “good
reduction" of u by Tchakaloff’s theorem [3, 40]:
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Theorem 1 (Tchakaloff) There are d + 1 points x1, ..., X441 € supp u and weights

Wi, ..., W1 > 0 such that wy + - - - + wgy1 = 1 and
d+1
/Xfi(x)du(X) =Y w;filx)) )

j=1
holds for eachi =1, ...,d.

The proof is essentially given by classical Carathéodory’s theorem. The points and
weights treated in Tchakaloff’s theorem is an important object in the field of numerical
integration, called cubature [39]. An equivalent problem is also treated as a beneficial
way of data compression in the field of data science [8, 26]. A typical choice of test
function f; is monomials when X’ is a subset of an Euclidean space, so the integration
with respect to the measure Z‘;:} wjdy; is a good approximation of / x fdu fora
smooth integrand f. However, constructions under general setting are also useful; for
example, in the cubature on Wiener space [25], X is the space of continuous paths, ©
is the Wiener measure, and the test functions are iterated integrals of paths.

To this generalized cubature construction (or measure reduction) problem, there are
efficient deterministic approaches [22, 26, 41] when p is discrete. Using randomness
for construction is recently considered [8, 17] and it is important to know p, x (E[X])
for the d-dimensional random variable

X=f@)=(AQ),..., fa¥)T,

where Y is drawn from w. Indeed, once we have E[X] € conv{X1, ..., X,,} (X; =
f(Y;) are independent copies of X), then we can choose d + 1 points and weights
satisfying (2) by solving a simple linear programming problem. Evaluation of Ny is
sought for estimating the computational complexity of this naive scheme.

1.2 Statistical depth

From the statistical context, pg41,x(0) for a d-dimensional X is called the simplicial
depth of & € RY with respect to the (population) distribution of X [5, 24], which can
be used for mathematically characterizing the intuitive “depth” of each point & when
we are given the distribution of X. For an empirical measure, it corresponds to the
number of simplices (whose vertices are in the data) containing 6.

There are also a various concepts measuring depth, all called statistical depth [5,
31]. One of the first such concepts is the halfspace depth proposed by [42]:

ax(@) = inf P{c, X —-0)<0),
ceRI\{0}

which can equivalently defined as the minimum measure of a halfspace containing

6. Donoho and Gasko [11] and Rousseeuw and Ruts [36] extensively studied general
features of ary. We call it the Tukey depth throughout the paper.
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Our finding is that these two depth notions are indeed deeply related. We prove the
rate of convergence p, x — 1 is essentially determined by ax (Proposition 13), and
we have a beautiful relation 1/2 < ax Ny < 3d + 1 in Theorem 16.

1.3 Inclusion of deterministic convex bodies

Although we have seen the background of the p,, x(6), which only describes the prob-
ability of a single vector contained in the random convex polytope, several aspects
of such random polytopes have been studied [19, 27]. In particular, people also stud-
ied deterministic convex bodies associated with the distribution of a random vector.
For example, one consequence of well-known Dvoretzky—Milman’s Theorem (see,
e.g., [43, Chapter 11]) is that the convex hull of n independent samples from the
d-dimensional standard normal distribution is “approximately” a Euclidean ball of
radius ~ 4/log n with high probability for a sufficiently large 7.

Mainly from the context of random matrices, there have been several researches on
the interior convex body of conv{Xy, ..., X,} or its “absolute” version conv{+X1,
..., £X,} for various classes of X such as Gaussian, Rademacher or vector with i.i.d.
subgaussian entries [10, 13, 14, 16, 23]. One result about the Rademacher vector is
the following:

Theorem 2 [13] Let d be a sufficiently large positive integer and X1, X2, . . . be inde-
pendent samples from the uniform distribution over the set {—1,1}¢ C R9. Then,
there exists an absolute constant ¢ > O such that, for each integer n > d(log d)z, we
have

conv{EX, ..., £X,) O ¢ (Viog(n/d)BS N B,

with probability at least 1 — e~?. Here, Bg is the Euclidean unit ball in R¢ and
BL =[—1, 119

Although each of those results in literature was based on its specific assumptions
on the distribution of X, Guédon et al. [15] found a possible way of treating the results
in a unified manner under some technical assumptions on X. They introduced the
floating body associated with X

K“X) :={s e RY | P((s, X) > 1) <}

to our context (the notation here is slightly changed from the original one), and argued
that, under some assumptions on X, with high probability, conv{ X7, ..., X, } includes
a constant multiple of the polar body of K?(X) with log(1/a) ~ 1 4 log(n/d). Note
that their main object of interest is the absolute convex hull, but their results can be
extended to the ordinary convex hull (see [15, Remark 1.7]).

Let us explain more formally. Firstly, for a set A C R?, the polar body of A is
defined as

A°:={x eRY | (a,x) < 1foralla € A}.
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Secondly, we shall describe the assumptions used in [15]. Let |||-||| be a norm on R4
and y, 8, r, R > 0 be constants. Their assumptions are as follows:

— (y, 8) small-ball condition: P(|(z, X)| > y|llzlll) > & holds for all t € R?.
~ L, condition with constant R: E[|(z, X)|"]"/" < Rl holds for all r € RY.

Under these conditions, they proved the following assertion by using concentration
inequalities.

Theorem 3 [15] Let X be a d-dimensional symmetric random vector that satisfies the
small-ball condition and L, condition for anorm |||-||| and constantsy, §,r, R > 0. Let
B €(0,1) and set o« = (en/d)*ﬁ. Then, there exist a constant cy = co(B, 8,1, R/y)
and an absolute constant c1 > 0 such that, for each integer n > cod,

I, - o
conv{Xy,..., X,} D E(K“(X))

holds with probability at least 1 — Zexp(—clnl_ﬂdﬂ), where X1, X», ... are inde-
pendent copies of X.

Though computing (K*(X))° for individual X is not necessarily an easy task,
this gives us a unified understanding of existing results in terms of the polar of the
floating body K®(X). However, its use is limited due to the technical assumptions.
In this paper, we show that we can completely remove the assumptions in Theorem 3
and obtain a similar statement only with explicit constants (see Proposition 22 and
Corollary 25, or the next section).

Finally, we add that this interior body of random polytopes or its radius is recently
reported to be essential in the robustness of sparse recovery [15] and the convergence
rate of greedy approximation algorithms [6, 29] when the data is random.

1.4 Organization of the paper

In this paper, our aim is to derive general inequalities for p, x and Nx. The main part
of this paper is Sects. 2, 3, 4 and 5. The following is a broad description of the contents
of each section.

Section 2: General bounds of p, x without specific quantitative assumptions

— Section 3: Bounds of p, x uniformly determined by oy

Section 4: Bounds of Ny (E[X]) uniformly determined by the moments of X
Section 5: Results on deterministic convex bodies included in random polytopes

Let us give more detailed explanation about each section. Section 2 provides gen-
eralization of the results of [44], and we give generic bounds of p, x(6) under a mild
assumption pg x(0) = 0, which is satisfied with absolutely continuous distributions
as well as typical empirical distributions. Our main result in Sect. 2 is as follows
(Theorem 8):
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Theorem Let X be an arbitrary d-dimensional random vector and 60 € RY. If
pa.x(0) = 0 holds, then, for any n > m > d + 1, inequalities

1 -1
pn,x(e)sl—ﬁz< l_ )
i=0

1 (dil) (dil)
oy P x (0) < pp x(0) < 755 P x (6)
2 (1) (1)

hold.

In Sect. 3, we introduce p,ﬁ’ y and a§ foran e > 0, which are “e-relaxation” of p, x
and oy in that pgy x = Pn,x and a(})( = ax hold. For this generalization, we prove that
the convergence of pﬁ’ x — 1is uniformly evaluated in terms of a§ (Proposition 13),
and obtain the following result (Theorem 14):

Theorem Let X be an arbitrary d-dimensional random vector and 6 € R?. Then, for
each ¢ > 0 and positive integer n > 3d /a5 (0), we have

R 1
Ppx(@)>1- >
Although we do not define ¢-relaxation version here, we can see from the case ¢ = 0
that, for example, Ny (0) < [3d/ax(0)] generally holds (see also Theorem 16).

In Sect. 4, we derive upper bounds of Ny without relying on «x, which may also be
unfamiliar. By using the result in the preceding section and the Berry—Esseen theorem,
we show some upper bounds of Ny in terms of the (normarized) moments of X as
follows (Theorem 19):

Theorem Let X be a centered d-dimensional random vector with nonsingular covari-
ance matrix V. Then,

9 T 1/2 32
Ny <17d[1+>  sup EUC V/X”

ceRY, [iella=1

holds.

Here, || - ||» denotes the usual Euclidean norm on R¢. Note that the right-hand side
can easily be replaced by the moment of ||V ~1/2X |, (see also Corollary 20).

Section 5 asserts that K*(X) := {6 € R? | ax(9) > «} (« € (0, 1)) is a canonical
deterministic body included in the random convex polytope conv{ Xy, ..., X, }. We see
in Proposition 22 that this body is essentially equivalent to the (IE' (X ))O mentioned
in Sect. 1.3, and prove the following (Theorem 24):

Theorem Let X be an arbitrary symmetric d-dimensional random vector, and let

o, 8, ¢ € (0, 1). If a positive integer n satisfies

2d log(1/6 1
nz—maX{M—F },

log—, 6
o £
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then we have, with probability at least 1 — 6,
conv{Xq,..., X,} D (1 —8)K*“X),

where X1, X7, ... are independent copies of X.

A consequence of this theorem (Corollary 25) enables us to remove the technical
assumption of Theorem 3.

Note that all these results give explicit constants with reasonable magnitude, which
is because of our combinatorial approach typically seen in the proof of Proposition 10
and Proposition 15. After these main sections, we give some implications of our results
on motivational examples (introduced in Sects. 1.1, 1.2) in Sect. 6, and we finally give
our conclusion in Sect. 7.

2 General bounds of p,, x

In this section, we denote p, x(0) by only p, x. As we always have p, x(6) =
Pn.x—0(0), it suffices to treat p, x(0) unless we consider properties of p, x as a
function.

Let us start with easier observations. Proposition 4 and Proposition 5 are almost
dimension-free. Firstly, as one expects, the following simple assertion holds.

Proposition 4 For an arbitrary d-dimensional random vector X with E[X] = 0 and
P(X # 0) > 0, we have

O<pd+l,X < Pd42,X << Ppx <> 1.
The conclusion still holds if we only assume p, x > 0 for some n instead of E[X] = 0.

Proof For the proof of pas x > O, see, e.g., [17]. From this and Carathéodory’s
theorem, we also have py41 x > 0. Weclearly have p,, 1, x > p, x foreachn > d+1.

The strict inequality also seems trivial, but we prove this for completeness. Assume
Pn+1,x = pn.x for some n. This implies that 0 ¢ COIIV{X,‘};;] =0¢ COHV{X,‘};IIII
holds almost surely. By symmetry, for any J C {1,...,n + 2} with |[J| = n + 1,
0 ¢ conv{X l-};’ill = 0 ¢ conv{X,};cs holds almost surely. Therefore, we have 0 ¢
conv{X;}? | = 0 ¢ conv{X i}?;rf with probability one. By repeating this argument,
we obtain

0 ¢ conv{Xy,..., X} = 0 ¢ conv{Xy, ..., Xntq+1}
= 0 ¢ conv{Xy11,..., Xpta+1}

with probability one, but this is only possible when P(0 ¢ conv{Xy, ..., X,}) = 0as
Pd+1.x > 0 and the variables X, 1, ..., X,+4+1 are independent from the others.
This is of course impossible from the assumption P(X 7 0) > 0 (there exists a unit
vector ¢ € R? such that P({c, X) > 0) > 0), so we finally obtain p, x < pn+1,x-
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Proving p, x — 1 is also easy. From the independence, we have

1 —P(0 ¢ conv{X1, ..., Xm@+1})

Pm(d+1),X

v

m
1— P(ﬂ{O ¢ conv{Xk—1y@d+D+1> -+ -5 Xk(d+l)}})

k=1

1= (1= pay1,x)" > 1 (m— o00).

This leads to the conclusion combined with the monotonicity of p, x.
Note that we have used the condition E[X] = 0 only to ensure py4+1 > 0. Hence
the latter statement readily holds from the same argument. O

The next one includes a little quantitative relation among p, x and Ny.

Proposition 5 For an arbitrary d-dimensional random vector X and integers n >
m>d+1,

n

n
Pn. X =< ( )Pm,)ﬁ NX =
m Pn. X

hold.

Proof Let M be the number of m-point subsets of {X1, ..., X,,} whose convex hull
contains 0. Then, we have

E[Ml= Y P econv{X}ics) = <Z>Pm,x-

Jc{l,...,n}
[J|=m

As py.x =P(M > 1) < E[M], we obtain the first inequality.
For the second part, we carry out the following rough estimate: For the minimum
integer k satisfying (1 — pn,x)k < 1/2, wehave Ny < kn.If p, x > 1/2 holds, then

Nx < nimmediately holds. Thus it suffices to prove k& < "1;,;,;)(" when p, x < 1/2.

Indeed, by the motonicity of (1 4+ 1/x)* over x > 0, we have

1 l’pn,X 17pn,)(
Pn,X Pn,X
(o)™ (22 ) s iy
1- Pn.X 1 - Pn,X
so the conclusion follows. O
Remark 1 Although the estimate Ny < p:x looks loose in general, Ny < pzzfx is

a sharp uniform bound for each dimension d up to a universal constant. Indeed, in
Examples 34 and 35 (Appendix B), we prove that

. 1

lim sup —_ > -

&N\O x:¢-dimensional 2d 4
P2d.x <€
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holds for each positive integer d. In contrast, the other inequality p, x < (:1) Pm.x 18
indeed very loose and drastically improved in Proposition 7.

In Propositions 4 and 5, we have never used the information of dimension except
for observing pg+1,x > 0 in Proposition 4. However, when the distribution of X has
a certain regularity, there already exists a strong result that reflects the dimensionality.

Theorem 6 [44] When the distribution of X is absolutely continuous with respect to
the Lebesgue measure on RY,
n—1
SO

|
Pn,Xfl—FZ< i >=
i=0

holds for each n > d + 1. The equality is attained if and only if the distribution is
balanced, i.e., P({c, X) < 0) = 1/2 holds for all the unit vectors c € R,

n—d—1

The authors of [44] derived this result by showing the existence of a nonneg-
ative continuous function hy on [0, 1] such that hx(t) = hx(l — 1), hx() <
T min{r?, (1 — 1)) and

1
n
Pnx = 2<d+ 1)/0 "4y () dr. 4)

We shall provide an intuitive description of the function hy. Let us consider a
one-dimensional i.i.d. sequence Y7, Y>,... (also independent from X1, X»,...),
where each Y; follows the uniform distribution over (0, 1). If we consider the
(d + 1)-dimensional random vectors X i = (X;,Y), then, for each n, 0 €
conv{X1,..., X,} C R is obviously equivalent to the condition that the (d + 1)-th
codordinate axis (denoted by £) intersects the convex set C‘n = conv{f( Tyeens X nt C
RA+T,

Under a certain regularity condition, there are exactly two facets (a d-dimensional
face of Cp,) respectively composed of a (d 4 1)-point subset of {X1,..., X, that inter-
sects £. Let us call them rop and bottom, where the top is the facet whose intersection
with £ has the bigger (d + 1)-th coordinate. Let us define another random variable H
as

— 0if £ does not intersect conv{X1, . . )~(d+1}
— otherwise the probability that 0 and Xd+2 are on the same side of the hyperplane
supporting conv{X1, .. Xd+1} (conditioned by Xi,.. Xd+1)
Then, for a given realization of (X1,...,X,},the probablhty thatconv{X1, ..., Xgi1)

becomes the top of Cpis H" 41 As there are ( dt l) choice of (equally) possible “top,"
we can conclude that

DPnx = IP’(E intersects Cn) = (d i l)P({Xl, ..oy Xg4+1} s the top ofé‘n)

_ (d i 1>]E[H"d‘] .
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A similar observation shows p, x = (dil)E[(l — H)"~?"!, H > 0], and so we can
understand /& x as the density of a half mixture of H and 1 — H over {H > 0}. This
has been a simplified explanation of / x. For more rigorous arguments and proofs, see
[44].

By using this “densit” function, we can prove the following interesting relationship.

Proposition 7 Let X be an R?-valued random variable with an absolutely continuous
distribution. Then, for any integers n > m > d + 1, we have

1 nn—1---(n—4d) nn—1---(n—d)

20— 1y (m — 1).”(m_d)pm,X = Pnx = m(m — 1)”'(m_d)17m,x. 5)

Proof The right inequality is clear from (4). For the left inequality, by using hx (¢) =
hx(1 —t), we can rewrite (4) as

n 1
Pnx = (d+1)/ "Ny (6) + hx (1 — 1)) dt

t94+(1—1)¢
th4-(1—1)b
using the method of Lagrange multipliers. Accordingly, we obtain

We can prove for a > b > 0 that attains its minimum at ¢t = 1/2, e.g., by

—d-1 —d—1 —n Pm.X
>2"" / " — 0" Dy () dr = 2"
(a1)
which is equivalent to the inequality to prove. O

Remark 2 The left inequality has nothing to say when n and m are large so 2"~ is
faster than (n/ m)d . However, for small n and m, it works as a nice estimate. Consider
the case n = 2d and m = d + 1. Then, the proposition and the usual estimate for
central binomial coefficients yield

2d d
P2d.x = ; 2 Pd+1,X = ! d_2 Pd+1,x = 2 ﬁpd+l X-
' 2d=1\d 4+ 1 ' 24-1\d +12/d ' d+1

This is comparable to the symmetric case, where pg41.x = 1 /2% and Pa.x = 1/2
hold.

The right inequality is an obvious improvement of the dimension-free estimate
given in Proposition 5.

We next generalize these results to general distributions including discrete ones
such as empirical measures. However, at least we have to assume py x = 0. Note that
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it is weaker than the condition that X has an absolutely continuous distribution, as it
is satisfied with usual empirical measures (see Proposition 9).

From smoothing arguments, we obtain the following generalization of inequalities
(3) and (5).
Theorem 8 Let X be an arbitrary d-dimensional random vector with pg x = 0. Then,
foranyn > m > d + 1, inequalities

d—1

PN 3 n—1 1 (4 - <(d-n|-1)
Pn,X = 2n—1 ar; i s n—m (djl_l) Pm,X = Pn,X = (dT_l) Pm, X

hold.

Proof Let U be auniform random variable over the unit ball of R which is independent
from X. Let also Uy, Us ... be independent copies of U, which is independent from
X1, X2, .... We shall prove that limg\ 0 pn,x+eU = pn,x for each n. Note that the
distribution of X + €U has the probability density function

Fo) = %P(IIX _xla <o),

where V denotes the volume of the unit ball. Therefore, once we establish the limit
limg\ 0 pn,x+eU = Pn,x the statement of the theorem is clear.
From p,y x = 0, we know that

qx () =P inf Iyl <8) =0, §0. (6)

yEconV{X,'}?’=1
For each n > d + 1, consider the event A, := {0 € conv{Xy,..., X,}}. If the
closed e-ball centered at O is included in conv{Xy, ..., X,}, then O is also contained

in conv{X; + eU;}!_; as [|eU;|| < e for all i (more precisely, we can prove this by
using the separating hyperplane theorem). Therefore, by considering the facets of the
convex hull, we have

Pla,n ) { inf ||y||zs} < P(0 € conv{X; + eU;}!_|) = pux+eU-
yeconv{X;}icy
Jc{l,...,n}
|J|=d

By using (6), we have

>P(A4,) — P l | inf
Pnx+eU = P(Ap) {yeconl\gX,-},-Ej Iyl < 5}
JC{Lm)
[J]=

d

> Pnx — (Z)qx(s) = Pox (€N0),
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and so we obtain lim infe\ o pn, x+eU = Pn.x-

On the other hand, if we have 0 € conv{X; + ¢U;}!_; and 0 ¢ conv{X;}} ,
at the same time, then there exsits J C {l,...,n} such that |J| = d and
infyeconviX;}iey 1Yl < €. Indeed, we can write 0 as a convex combination
Z?:l ri(X;+eU;) =0,s0

n
inx,»
i=1

n
82)\,1‘[11‘
i=1

n
<eY 2l <e.
i=1

As 0 ¢ conv{X; }l’.l:l, there is a facet within e-distance from 0. Therefore, we obtain

P(0 € conv{X; +eUi}_,) <Pl A, U { inf ||yl 58} ,
Iclln) yeconv{X;}ies
|J|=d

and similarly it follows that

n

d)CIX(E) and limsup py x+eU < Pn.X-

Pn,X+eU = Pnx + (
e\0

Thus we finally obtain limg\ 0 pp, x+eU = Pu.x- O

We should remark that p; x = 0 is naturally satisfied with (centered) empirical
measures.

Proposition 9 Let 1 be an absolutely continuous probability distribution on R¢ and
Y1, Y2, ... be an i.i.d. samplings from . Then, with probability one, for each M >
d + 1, distributions

1 L
o= 37 300w and fars= 3038y vw

i=1 i=

Satisfy pd.uy = Pd,jiy = 0. Pd.uy = 0 also holds for 1 < M < d and requires only
Pd, = 0.

Proof For iy, it suffices to prove that with probability one there are no J C
{1,..., M} with |J| = d such that 0 € conv{Y;};c;. This readily follows from the
absolute continuity of the original measure n. The extension to the case u satisfies
only py4 , = 0 is immediate.

For the centered version iy, what to prove is that with probability one there are
noJ C{l,..., M} with |J| = d such that ﬁ Zlﬁil Y; € conv{Y;};e,. Suppose this
occurs for some J. Then, we have that ﬁ Zi# ; Yi is on the affine hull of {Y;};cy.
However, as {Y;};¢; is independent from {Y;};c; for a fixed J, this probability is zero
again from the absolute continuity of . Therefore, we have the desired conclusion. O
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3 Uniform bounds of p;f’ x Via the relaxed Tukey depth

We have not used any quantitative assumption on the distribution of X in the previ-
ous section. In this section, however, we shall evaluate p, x and its e-approximation
version by using the Tukey depth and its relaxation. We shall fix an arbitrarily
real inner product (-,-) on R?, and use the induced norm || - || and the notation
dist(x, A) ;= infuea ||x — a| foranx € R? and A C R?.

For a d-dimensional random vector X and 6 € Rd, define an e-relaxation version
of the Tukey depth by

a%(0) = |\i}|l£11p((c’ X —0)<e¢).

We also define, for a positive integer n,
pﬁ’x(G) = P(dist(@, conv{ Xy, ..., X,;}) <e¢),

where X1, ..., X, are independent copies of X. Note that p, x = p2 x- Although we
regard them as functions of 6 in Sect. 5, we only treat the case & = 0 and omit the
argument 6 in this section.

Proposition 10 Let X be a d-dimensional random vector with an absolutely contin-
uous distribution with respect to the Lebesgue measure. Then, for each ¢ > 0 and
positive integer n > d + 1, we have

n(l —af)

— 4 (1 _P,if],x)

1— pf, x =
Before going into details of quantitative results, we note the following equivalence
of the positivity of & and p! , which immediately follows from this assertion.

Proposition 11 Let X be an arbitrary d-dimensional random vector and let ¢ > 0.
Then, p, x > 0 for some n > 1 implies a5 > 0. Reciprocally, % > 0 implies
Ppx > 0foralln >d+ 1.

Proof If dist(0, conv{X;}!_|) < e, thereexistsapointx € conv{X;}!_, with [ x| <e.
Then, for each ¢ € R? with llcll = 1, we have (¢, x) < € and so {(c, X;) < ¢ for at
leastone i € {1, ..., n}. Hence we have a uniform evaluation

Ple, X) <) = - Y Blle, Xi) <) 2 %P(U{(c, X)) = e})
i=1 i=1

1 . n
> —P(dlst(O, conv{X;}i_) < 8) ,
n

and the first assertion follows.

For the latter, if o is positive, we have p; > 0 for a sufficiently large n
from Proposition 10. Finally, Carathéodory’s theorem yields the positivity for all
n>d+1. 0O
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Let us prove Proposition 10.

Proof of Proposition 10 Let m > d be an integer. We first consider the quantity ¢, :=
1 — p, x-Let A, be the event given by

dist(0, conv{X;} |) > e.

Also, let B, be the event that {X1, ..., X;,} is in general position. Then, we have
P(B;,) =1 and g, = P(A,;, N Byy).

Under the event A,, N B, we have a unique point &, € conv{X;}" | that minimizes
7, ]. Let Hy, be the open halfspace defined by H,, := {x € R | (x — hp, hp) > O}.
Then, the boundary d H,, is the hyperplane going through #,, and perpendicular to
hy,. From the general-position assumption, there are at most d points on d H,,. Let
I, be the set of indices i satisfying d Hy,, then I, is a random subset of {1, ..., m}
with 1 < |I,,] < d under the event A,, N B,,. Note also that X; € H for each
i €{l,...,d}\I,.For simplicity, define I,, = @ for the event (A,, N B,,).

As I, is a random set determined uniquely, we can decompose the probability
P(A,, N By,) as follows by symmetry:

d

m
gm =P(An N By) = Z <k>]P’(Im ={1,...,k}).
k=1
Hence, we want to evaluate the probability P(1,, = {1, ..., k}). Note that we can

similarly define % as the unique pointin conv{X; }{'C=1

the origin. Then, Hy is the open halfspace Hy = {x € R? | (x — hy i, hm i) > O}.
Then, we have

that minimizes the distance from

Py = {1,...,k))

k
{IhxlI>¢, conviX;}¥_ CoHy) 1_[ I[D(Xj € Hy | COHV{Xi}i:l)
j=k+1

x m—k
= E[]l{lhk|>e, conv{X;} caHk}P<X/ € H | COHV{Xi}i=1) } g

i=l1

=El1

where X’ isacopy of X independent from X, X, .. ..AsIP’(X’ € Hy, | conv{X,'}f?zl) <
1 — af under the event {[|/]l > &, conV{X,'}f:1 C 0 Hy}, we have

m+1—k
P(Lysr = {1,....k}) = E|:]l{Hth>& COHV{X‘_}L]@HUP(X’ € H | conv{x,»}{;l) }

< (1 —a)P(Ly ={1,....k}).
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Therefore, we have

d
1
_ Z%<m>(l —aPUy ={1,...,k})

= m+ 1 k
(m+ 1)(1 —af)
S ——qm-
m+1—d
By letting n = m + 1, we obtain the conclusion. O

If we define g4 (o) by g4.n :=1forn=1,...,d and

1—
8a.n(at) := min {1, u
n—d

8d.n—1(a) } (N
forn=d+1,d+2,..., weclearly have 1 — pf;’X < gd,,,(oz%) from Proposition 10
for a d-dimensional X having density. We can actually generalize this to a general X.

Lemma 12 Let X be an arbitrary d-dimensional random vector. Then, for each ¢ > 0
and positive integer n, we have 1 — p? o < gq n(a%).

Proof Note first that g , () is non-increasing with respect to o € [0, 1]. Let Xbea
d-dimensional random vector such that | X — X|| < § for some § > 0. Then, for an
arbitrary ¢ € R? with ||c|| = 1, we have

(¢, X) = (c, X) +94,

so P((c, X) < &) <P({c, X) < & + §). Hence we have af < a?‘s.

Consider generating i.i.d. pairs (X1, 5(1), ey (X, Xn) that are copies of (X, )~().
Then, for each x € conv{X;}!_,, there is a convex combination such that x =
Yo'y AiX; with2; > 0and )/, A; = 1. Then, we have

n
X — Zki}?i
i=1

n
<Y MlXi— Xl <.
i=1

It means that infyeconv{;(i}?:l lx — yll < & holds for every x € conv{X;}7_,, and we

can deduce that p:;{zs > sz}f holds.

&e+8 <

In particular, we can choose X having density, so that we have 1 — DPnx

8d.n (a;”s). Therefore, from the monotonicity of g4 ,, we have
28 s s
L= PR < 1= p*% < gu (@) < gan(@).
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As § > 0 can be taken arbitrarily, we finally obtain

1 - pfl,x =< gd,n(“?()

by letting § — 0. The §-relaxation technique used in this proof is a big advantage of
introducing p;, y extending py, x. O

From this lemma, we obtain the following general bound.

Proposition 13 Let X be an arbitrary d-dimensional random vector. Then, for each
e > 0 and positive integer n > d/oti, we have

nos, 1 1 nos, d
l—p;XS( dXexp{(a—slogl_ag)(l+(x§(—7x>}) :
X X

Proof From Lemma 12, it suffices to prove that

1 1 ¢
8an(a) < (% exp {(alog 1 —oz) (1 +a— %)}) 8

holds for each « € (0, 1) and n > d/«. From the definition of g4 , (see (7)), if we set
ng := [d/a7, then we have

nn—1)---ng
—dn—d—-1)---(ngp—d)
_ nn—1---(n—d+1)
~ (no—1D(nop—2)---(no—d)

d
n
< 1 — n—n0+1.
_<n0—d> (-

As we know d/a < ng < d/a + 1 by definition, we have

gdn(@) < & (1 =)™ gy 0 1()

(1 _ a)n—no—H

no\4

d
n n—4 _ o _ nfgfd
gd,n(a>s<d/a—_d) (—a) &= (=) a—ay i

This is indeed the desired inequality (8). O

Remark3 As Llog 1 > 1 holds on (0, 1) for n > U@ the bound (8) yields a
looser but more understandable variant

8d.n(a) < (% exp (1 +a— %))d.

Note that we have a trivial lower bound of 1 — Pi, x> 1- oti)”, which is proven by
fixing a separating hyperplane between the origin and sample points.

For a special choice n = [3d/«, the following is readily available:
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Theorem 14 Let X be an arbitrary d-dimensional random vector. Then, for eache > 0
and positive integer n > 3d/a, we have

p;i,x>1_2_d'

Proof From Proposition 13, it suffices to prove

1 1 1
3exp{(;logl_a)(a—2)}<§ )

forall @ € (0, 1). If we let f(x) = "x;z log ﬁ for x € (0, 1), then we have

, 1 1 x(2—x) 1 1
f(x):;(Zlog - >=x—2<210g1

1—x 1—x —X

1
+(1—x)—m)‘

If we set ¢ := log ﬁ, t takes positive reals and we have

1
2log +(1—x)—1—=2t+e—‘—e’=2(r—sinht) <0.
— X

1—x

Therefore, it suffices to consider the limit & N\ 0. In this limit, the left-hand side of
(9) is equal to 3e~2, which is smaller than 1 /2 since e > /6 holds. O

We complete this section with a stronger version of Proposition 10 only for ¢ = 0.
Indeed, by summing up the following inequality, we can immediately obtain the ¢ = 0
case in Proposition 10.

Proposition 15 Let X be a d-dimensional random vector with an absolutely continu-
ous distribution with respect to the Lebesgue measure. Then,

n(l —ay)

— (Pn.x — Pn—1,x)

Pn+1,X — Pn,x =

holds foralln > d + 1.

Proof First, observe that p,11x — po.x = P(0) € conv{Xy,..., X,41}\conv
{X1,...,Xn} for n > d + 1 and independent copies X1, X5, ... of X. Assume
0 € conv{Xy,..., Xyp1}\conv{Xi,..., X} holds and no d + 1 points of
{0, X1, ..., X;41} lie on the same hyperplane (the latter is satisfied almost surely
as X is absolutely continuous). Then, there exists an expression such that

n+1 n+1

OZZ)»,‘XI‘, Z)»,‘Zl, Ai > 0.
i=1 i=1
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Here 0 < A,+1 < 1 must hold as 0 ¢ conv{Xy, ..., X,} and X, 11 # 0. Therefore,
Wwe can rewrite

1 - X = )Ln+1
1 r

1

Xn+1

- An+1 ie _1 — A+l

and this left-hand side is a convex combination of {X1, ..., X, }. Therefore, the line
£ passing through X, ;1 and O intersects conv{X7y, ..., X, } after O (if directed from
X,4+1 to 0). Also, £ never intersects conv{Xy, ..., X, } before 0. Indeed, if A X, 1| €
conv{Xq,..., X,} for some A > O, then 0 € conv{iX,41, —lf”k—tlHXn_H} C
conv{Xy, ..., X, } holds and it contradicts the assumption.

Hence, we can define the first hitting point of ¢ and conv{Xy,..., X,} after
0. More formally, let P be the minimum-normed point in £ N conv{Xy, ..., X, }.
Then, by the general-position assumption, there exists a unique J C {1, ..., n} with
|J| = d such that P € conv{X;};cs (more strongly, P is in the relative interior of
conv{X;};cs). In other words, conv{X;};c is the unique facet which intersects ¢ first.
Then, there exists a unique normal vector c; that defines the hyperplane supporting
{Xi}ies,ie., (cy, X;) = 1 foreachi € J. Since (cy, P) = 1 also holds, we have
(cr, Xn+1) < 0. We can also prove (c;, X;) > 1 foreachi € {1,...,n}\J. Indeed,
if we have (CJ, Xj> < 1 forsome j € {1, ..., n}\J, then there are interior points of
conv{X;};esu(;} that belongs to £ and this contradicts the minimality of the norm of
P.

Therefore, for a fixed J C {l,...,n} with |J| = d, the probability that
0 € conv{Xy, ..., Xpt1}\conv{Xy,..., X,} holds and conv{X;};c; becomes the
first facet intersecting £ after O is, from the independence,

E| P(0 € conv{X;}icsumr1) | {Xities) H P((cs, Xj) > 1| {Xi}ies)
jellon\J

= E[P(O € conv{X;}icsumr1y | {Xities) P((cs. X') > 1] {Xi}iej)nid]s

where X is a copy of X independent from {X;};>. By symmetry, this J is chosen with
equal probability given O € conv{Xy, ..., Xp+1}\ conv{Xy, ..., X,} (almost surely
without overlapping). Hence, we obtain

Pn+1,X — Pn,X

= (Z)]E[]P’(O econv{Xyq, ..., Xg+1} | {Xi}iel)IP’((CI, X/> =1 {Xi}iel)nid:l,

where I = {1, ..., d}. Observe that this representation is still valid for n = d. From
the definition of ax, we have P((c;, X') > 1| {X;}ies) < 1 — ax, so finally obtain,
forn >d+1,

@ Springer



Estimating the probability that a given vector is in the... 723

Pn+1,X — Pn,X

= (Z)E[]P(O e conv{X1, ..., Xaq1} | {Xitie) P({cr, X') > 1] {X,»},-E,)"fd]

<a —ax><Z>JE[P(o € conv(X1, ..., Xas1} | (Xikien B(ler, X') > 11 (Xibier)"™ ]

=(1 —ax)%(pn,x — Pn—-1,X)
("s)
n(l —ax)

= ﬁ(m,x = Pn—1,X)-

This is the desired inequality. O

4 Bounds of Ny via Berry—-Esseen theorem

In this section, we discuss upper bounds of Ny for a centered X, which are of particular
interest from the randomized measure reduction (see Sect. 1.1).
We know the following assertion as a consequence of Theorem 14.

Theorem 16 Let X be an arbitrary d-dimensional random vector. Then, we have

1 [3d"‘
— <Ny<|—|.
20(X [(05'¢

Proof The right inequality is an immediate consequence of Theorem 14. To prove the
left one, let n be a positive integer satisfying 2]—n > ax. Then, there exists a vector
¢ € R4\{0} such that P(cT X < 0) < 5-. Then, for X1, X», ..., X, (i.i.d. copies of
X), we have

n
1
pnx =P € conv{Xy,..., X} < P(U{CTXi < O}) < nIP’(cTX < 0) < >
i=1
Therefore, Ny must satisfy ﬁ < ay. O

Remark 4 The above theorem states that 1/2 < ax Nx < 3d + 1. This evaluation for
ax Ny is indeed tight up to a universal constant. For example, if X is a d-dimensional
standard Gaussian, we have oy = % and Nx = 2d, so ax Nx = d. Moreover, for a

small ¢ € (0, 1), if we consider X = (Xl, ...,Xd) such that
-P(x!=1)=candP(X/=—-1)=1—p¢,
— (X', ..., X9 1| ya_, is a standard Gaussian,
- X'=... =X =0if X4 = -1,

then we can see ax = ¢/2 and Ny = £2((d — 1)/¢) as (0, ..., 0, 1) has to be in the
convex hull of samples to include the origin in it. Hence the bound ax Nx = O(d) is
sharp even for a small .
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On the contrary,

in axNy <2
X:d-dimensional
holds (even when requiring pgy x = 0) for each positive integer d from Example 34
and Example 35 in the appendix (Sect. B).

Although Theorem 16 has strong generality, in many situations we have little infor-
mation about the Tukey depth ay. Indeed, approximately computing the Tukey depth
itself is an important and difficult problem [9, 47]. However, if we limit the argument
to a centered X, we can obtain various moment-based bounds as shown below. In this
section, we use the usual Euclidean norm || - ||> given by ||x ||z = ~/x T x for simplicity.

Let X be a d-dimensional centered random vector whose covariance matrix V :=
E[X X T] is nonsingular. We also define V~!/2 as the positive-definite square root of
V~1. Then, for each unit vector ¢ € R? (namely ||c|, = 1), we have

E[(CTV*‘/ZXY] - E[CTV’I/zXXTV’]/Zc] = E[CTC] =1, (10

We have the following simple result for a bounded X.

Proposition 17 Let X be a centered d-dimensional random vector with nonsingular
covariance matrix V. If ||V =12 X||» < B holds almost surely for a positive constant
B, then we have

ax > 21?, Nx < [6dB™].

Proof For a one-dimensional random variable ¥ with E[Y] = 0, IE[Y 2] = 1 and
Y| < B, we have

BP(Y < 0) > E[—min{Y, 0}] = %E[|Y|]

and so

E[lY]] _ E[IYP] 1
P(Y <0) > > = .
2B 2B2 2B2
By observing this inequality for each ¥ = ¢ V~1/2X with ||c[l» = 1, we obtain the
bound of ax. The latter bound then follows from Theorem 16. O

Let us consider the unbounded case. The Berry—Esseen theorem evaluates the speed
of convergence in the central limit theorem [4, 12]. The following is a recent result
with an explicit small constant.

Theorem 18 [21] Let Y be a random variable with E[Y] = O, E[Yz] = 1, and

E[|Y|3] < 00, and let Y1, Ya, ... be independent copies of Y. Also let Z be one-
dimensional standard Gaussian. Then, we have
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0.4784E[|Y ]
Jn

=<

‘]P(Yl +;/-n;+ Yy

for arbitrary x € Randn > 1.

§x>—IP’(Z§x)

We can apply the Berry—Esseen theorem for evaluating the probability ]P’(cT Sy, < O)
from (10), where S, is the normalized i.i.d. sum JLEV_I/Z(Xl + .-+ X,). By elab-
orating this idea, we obtain the following bound of Ny.

Theorem 19 Let X be a centered d-dimensional random vector with nonsingular
covariance matrix V. Then,

9 372

Nx <17d |1+ - sup EUCTV_l/zX‘ j|
ceR4 ||c|r=1

holds.

Proof Let n be an integer satisfying

2

9
n > 7 sup IE|:

ceR?,[cl2=1

3
ch—l/zx‘ }

Then, for an arbitrary ||c||> = 1, from Theorem 18, we have

Ty—1/2 Ty-—1/2
IED(cV (X1 + +Xn)§0>:]P)<CV (X1 + +Xn)§0)
n Jn
1 2 9
> - ——.048 = —,
2 3 50

where X1, X7, ... are independent copies of X. Hence 1 (X 4t X)) = 9/50 holds.
Then we can use Theorem 16 to obtain

50
Nl’lfl(Xl-‘r"--‘an) S ’V? N 3d—‘ S 17d

Since Nx < nN,-1(x,+..4+x,) holds, we have
9 Tu-12v]? g
Ny<17d (142 sup E‘c v—/x‘ ,
ceRY, Jlcll=1
which is the desired conclusion. ]

Remark 5 The bound in Theorem 19 is sharp up to constant as a uniform bound in
terms of ]E[|CTV_1/ 2x |3] Indeed, if X is d-dimensional standard Gaussian, then

E[|Jv—1/2x|3] - %5 holds for all ||l = 1 while Ny = 2d, so we have
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3 -2
ch—l/zx‘ } Ny = %d.

sup E |:

ceR? | c|l2=1
From Theorem 19, we can also obtain several looser but more tractable bounds.

Corollary 20 Let X be a centered d-dimensional random vector with nonsingular
covariance matrix V. Nx can be bounded as

9 1/2 3 : 1/2 4
Nx = 17d {14 7 min E[HV—/XM ,E[Hv—/xM .

Proof From Theorem 19, it suffices to prove

[lervores T <ef|v-ex ]|y

for each unit vector ¢ € R?. The first bound is clear from
TV < el [V ex ] = vk
The second bound can also be derived as

372 2 4
EUCTVWX‘ } SEUCTVUZX‘ }EUCTVWX‘ }

:]E|:

where we have used the Cauchy—Schwarz inequality. O

4 4
v <]

Remark 6 In the order notation, the first bound in this corollary states

ve=o(az{|v-2x]).

This estimate is also sharp up to O(d) factor in the sense that we can prove

Ny Xis d-dimensional, E[X] =0, 1

sup{ —M—— . . _ 3 > —
P IE[HV*I/ZXHZ]Z 1% =IEJ[XXT] is nonsingular, IEJ[HV 1/2XH2] < 00 2

for each positive integer d. For the proof of this fact, see Example 34 and Example 35
in the appendix (Sect. B).
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We finally remark that there are multivariate versions of the Berry—Esseen theorem
[35, 46] and we can use them to derive a bound of Ny in a different approach which
does not use ox. However, their bounds only gives the estimate

Ny = O<d7/zu<:[Hv—1/szz]2), (11)

which is far worse than the bounds obtained in Theorem 19 and Corollary 20. How-
ever, it is notable that this approach from multidimensional Berry—Esseen formulas
is applicable to non-identical X;’s if the second and third moments are uniformly
bounded, while the combinatorial approach based on ay seems to be fully exploiting
the i.i.d. assumption. Therefore, we provide the details of this alternative approach in
the appendix (Sect. A).

5 Deterministic interior body of random polytopes

For each o > 0, define a deterministic set defined by the level sets of Tukey depth
K%X):=1{0 e R? | ax(0) > a}.

This set is known to be compact and convex [36]. We can also naturally generalize

this set for the e-relaxation of Tukey depth, and the generalization also satisfies the
following:

Proposition 21 Let X be a d-dimensional random vector. Then, for each ¢ > 0 and
o > 0, the set {0 € R? | a% () > a} is compact and convex, and satisfies

(0 eRY | a%(0) > a) D {0 € R | dist(0, K*(X)) < ).
Proof We fix « and denote
K. ={0 eRY | a5(0) > a).
Note that Ko = K%(X). Let ¢ € R¥ satisfy ||c|| = 1. Define #(c) by
t(c) :=inf{t e R | P({c, X) <t) > a}. (12)

If t(c) = oo, i.e., the right-hand set is empty for some c, then each set K, is empty.
t(c) > —oois clear from o > 0. Suppose #(c) € R for all ¢. From the continuity of
probability, the infimum can actually be replaced by minimum, so we have

P({c, X —-0)<e)>a < (c,0)+e=>1(c)

for each @ € RY. Hence, if 6p € Ko and ||6 — || < e, then we have 6 € K., so we
obtain the inclusion statement.
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Let us prove that K, is compact and convex. Define H.(c) := {6 € R? | (c,0) >
t(c) — €} for each ¢ € R? with ||c|| = 1. From (12), we have K, = m\lc‘ll=l H,(c).
As H¢(c) is closed and convex, K, is also closed and convex. To prove compactness,
we shall prove K, is bounded. As X is a random vector, there is an R > 0 such that
P(|X|| = R) < «. Then, for each # € R? satisfying ||| > R + ¢, we have

P((—i, X —e> - s) - P(<—i, x> <e— ||9||) <P(IX] = R) < a.
@ 191

Therefore, we have ||0| < R + ¢ for each 8 € K, and so K, is bounded. m]

Remark 7 Note that the inclusion stated in Proposition 21 can be strict. For example,
if X is a d-dimensional standard Gaussian, K (X) is empty for each « > 1/2, but the
e-relaxation of Tukey depth can be greater than 1/2 for ¢ > 0.

From this proposition, we can naturally generalize the arguments given in
this section to the e-relaxation case; natural interior bodies of ¢-neighborhood of
conv{X1, ..., X,} are given by the e-relaxation of Tukey depth. However, to keep the
notation simple, we only treat K*(X) the interior body of usual convex hull in the
following.

We next prove that the polar body (IE “X )) °usedin [15], which we have introduced
in Sect. 1.3, is essentially the same as K (X) in their setting, i.e., when X is symmetric.
Recall that K%(X) is defined as

K*X)={s eRT[P((5.X) = 1) < ax).
Note that the following proposition is not surprising if we go back to the original

background of K [37], where X is uniform from some deterministic convex set, and
recent reseaches on its deep relation to the Tukey depth [32].

Proposition 22 Let X be a d-dimensional symmetric random vector. Then, for each
o € (0,1/2), we have

{0 eRY | ax(®) > a} € (K*(X))° C K“(X).
Proof Consider the set
A% :={s e RY | P((s, X) > 1) < a}.
Then, we clearly have A% C K%(X) and so (A%)° D (I%“ (X))O. We first prove that
(A%)° = K*(X) actually holds. From the definition of a polar, 8 € (A%*)° if and only
if
P((s,X)>1) <a = (5,0) <1

holds for each s € R?\{0}. If we represent s = r—'c¢ by r > 0 and ¢ € R? with
llc|l = 1, this is equivalent to
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Plc,X)>r)<a — (c,0)<r (13)

for each r > 0 and ||c|| = 1. As we have assumed that X is symmetric and o < 1/2,
(13) is still equivalent even if we allow r to take all reals.

We shall prove that, for a fixed ¢, (13) is equivalent to P({c, X —0) > 0) > «.
Indeed, if

P{c,X —0) >0) =P{c, X) > (c,0)) <a

holds, there exists a § > 0 such that P({c, X) > (c, ) — §) < «. Then, we have the
negation of (13) by letting r = (c, 8) — 8. For the opposite direction, if we assume
P({c, X) > {(c,0)) > o, we have P({c, X) > r) > « forall r < (c, #) and so (13) is
true. Therefore, we obtain (A%)° = K*(X).

For each B € (a, 1/2), we clearly have K% (X) C AP. Therefore, we have

U kfPx) c(K*X)° c K*X),
a<pB<l1/2

which is the desired assertion. |

We are going to prove the extension of Theorem 3 by finding a finite set of points
whose convex hull approximates K (X). The following statement is essentially well-
known [2, 34], but we give the precise statement and a brief proof for completeness.

Proposition 23 Ler K be a compact and convex subset of R? such that K = —K.
Then, for each ¢ € (0, 1), there is a finite set A C R? such that

2 d
(1 —e)K CconvA CK, |A|§<1+—) .
&

Proof We can only consider the case K has full dimension, i.e., K has a nonempty
interior. Then, the Minkowski functional of K (e.g., see [7, [V.1.14])

lx|l| :=inf{z |t > 0, x € tK}

defines a norm on R? (note that all norms are equivalent on R?). For this norm, it is
known that there is a finite subset A C S such that minyea [lx — y|| < eforallx € B
and |[A] < (1 + 2/e)d [34, Lemma 4.10]. It suffices to prove (1 — ¢)K C conv A.
Assume the contrary, i.e., let xo be a point such that |[|x]|| < 1 — ¢ and x¢ ¢ conv A.
Then, there exists a (d — 1)-dimensional hyperplane H C R? such that xo € H
and all the points in A lie (strictly) on the same side as the origin with respect to H.

Let y € argmin, gy lllx[ll. Then, we have ||yl < 1 —¢, and z := |||y|||’1y satisfies
minyeq |llz — x||| > ¢. Hence, we have min,c4 ||z — x||| > & and it contradicts the
assumption for A. O

Theorem 24 Let X be an arbitrary symmetric d-dimensional random vector, and let
o, 8, ¢ € (0, 1). If a positive integer n satisfies
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2d log(1/6 1
n > —max{% +log —, 6},
P

o

then we have, with probability at least 1 — 6,
conv{Xy,..., X,} D (1 —8)K*“X),

where X1, X2, ... are independent copies of X.

Proof As K“(X) is symmetric and convex, there is aset A C K% (X) with cardinality
at most (1 + Z/S)d such that (1 — &) K*(X) C conv A from Proposition 23. We
shall evaluate the probability of A C conv{X;}?_,. As each point 6 € A satisfies
ax (@) > «a, from Remark 3, we have

= pux® = (“Lexp (140~ "))’ (14)

for each 6 € A. Hence, it suffices to prove the right-hand side of (14) is bounded by
(14 2/¢)~45. By taking the logarithm, it is equivalent to showing

no no log(1/6) 2
— —log— >1 — +1 I+-).
p og 7> +a+ 4 + og( —i—(9

Let us denote x := na/d. For x > 12, as x/2 — log x is increasing, we have
%—logx >6—logb>2+log3>1+a+1log3

by a simple computation. Therefore, from log(1 4+ 2/¢) < log3 + log(1/¢) and the
assumption for n, we obtain the inequality (14). O

Remark 8 Although the bound given in Theorem 24 requires n > 12d/a, it can be
loosened for moderate § and ¢. For example, if we want to obtain a bound for the
case § = ¢ = 1/2, then we can prove n > 5d/a to be sufficient by using the
bound in Proposition 13. Moreover, we should note that we have used the assumption
that X is symmetric only for assuring that K*(X) is symmetric so that we can use
Proposition 23. If we take a symmetric convex subset K C K*(X), we can prove a
similar inclusion statement for K even for a nonsymmetric X.

If we want a generalized version of Theorem 3, we can prove the following:

Corollary 25 Let X be an arbitrary d-dimensional symmetric random vector. Let 8 €
0, 1) and set ¢ = (en/d)_ﬁ. Then, there exists an absolute constant ¢ > 0.45 such
that, for each integer n satisfying n > (12¢#)/0=P)d, we have

1
conv{Xy,...,X,} D EK"‘(X)

with probability at least 1 — exp(—ce Pn'=PdP), where X1, X5, . .. are independent
copies of X.
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Proof For a = (en/d)™P, we have

o . 1 (n>1*/3
124" = 12F \a)

son > 12d/a is equivalent to n > (126ﬁ)1/(1_ﬁ)d. Hence, from Theorem 24, it
suffices to determine how small § can be taken so as to satisfy

2 log(1
nZ—d<M+log2>.
o d

As n > 12d holds for all g, for a := % < 0.1, we have an > 2“—‘1 log 2. Therefore,
we can take § as small as

1 —
log(1/68) = %(1 —ay = 5 ae_ﬂnl_ﬂdﬂ.

Therefore, we can take ¢ = 1%“ > (.45 as desired. O

6 Application

We discuss implications of the results of this paper in two parts. The first part discusses
the use of the bounds we gave on p, x, while the second part gives implication of
Nx’s bounds on the randomized cubature construction.

6.1 Bounds of p,, x

Firstly, the inequality between p, x and p, x given in Proposition 7 provides the
inequality

> 21vd

D2, x = drl

Pd+1.x (15)

as it is mentioned in Remark 2.
Measure reduction Consider a discrete (probability) measure u = ) .y wy8y for
a finite subset of X C R?. In [8], randomized algorithms for constructing a convex
combination satisfying Ex~, [X] = Zf;’ll Aix; (x; € X), whose existence is assured
by Tchakaloff’s theorem [3, 40], are considered. As a basic algorithm, the authors
consider the following scheme:

(a.1) Randomly choose d points A = {x1, ..., x4} from X

(a.2) Foreachx € X C A, determineif Ex~,[X] € conv(AU{x}) or not, and finish
the algorithm and return A U {x} if it holds.

(a.3) Go back to (a.l).

Although we can execute the decision for each x in (a.2) with (’)(dz) computational
costwithan O (d 3) preprocessing for a fixed A, the overall expected computational cost
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until the end of the algorithm is at least £2 (d 2/ pas1 ) X) under some natural assumption
on i (see Proposition 9).
However, we can also consdier the following naive procedure:

(b.1) Randomly choose 2d points B = {x1, ..., xo4} from X
(b.2) Return B if Ex~,[X] € conv B, and go back to (b.1) if not.

By using an LP solver with the simplex method we can execute (b.2) in (empirically)
@) (d 3) time [33, 38]. Hence the overall computational cost can be heuristically bounded
above by O(d>/paq,x), which is faster than the former by £2(d~>/2¢) from the
evaluation in (15). Note also that we have rigorously polynomial bounds via other LP
methods (e.g., an infeasible-interior-point method [30]), and so the latter scheme is
preferable even in worst-case when the dimension d becomes large.
Relation between two depths We can also deduce an inequality between two depth
concepts in statistics. As is mentioned in Introduction, for a random vector X € R,
Pd+1.x 1s called the simplicial depth whereas ax is the Tukey depth of the origin with
respect to X.

Naively, we have oy > "”TX for each nn, so ay > % holds. However, by using
(15) here, we obtain a sharper estimate

P2d.X 1 29/d 241
Z - Pd+1,X = —F—=———
2d T 2dd+1 Vd@d+1)

ax = Pd+1,X-

In contrast, deriving a nontrivial upper bound of ay in terms of py41 x still seems
difficult.

6.2 Bounds of Ny

Secondly, we give applications of the bounds of Nx given in Sect. 4.
Random trigonometic cubature Consider a d-dimensional random vector

X = (cos@,...,cosd@)T e R4

for a positive integer d, where 6 is a uniform random variable over (—m, ). Then,
from an easy computation, we have V := E[X X T] = %Id, and so we obtain

IV-12X)? < 2d
almost surely. Therefore, from Proposition 17, we have

Nx <1+ 12d°.
This example is equivalent to a random construction of the so-called Gauss—Chebyshev
quadrature [28, Chapter 8]. Although we can bound as above the number of observa-

tions required in a random construction, concrete constructions with fewer points are
already known.
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Deriving a bound for random construction of cubature without any know determin-

istic construction, such as cubature on Wiener space [18, 25], which is more important,
is still unsolved and left for future work.
Beyond naive cubature construction Recall the cubature construction problem
described in Sect. 1.1. We consider a random variable of the form X = f(Y), where Y
is a random variable on some topological space X and f = (f1,..., fa)| : X — R4
is a d-dimensional vector valued integrable function. Our aim is to find points
Y15 ..., Yd+1 € X and weights wy, ..., wz4+1 > 0 whose total is one such that

d+1

E[f(N)] =) wif()). (16)
j=1

A naive algorithm proposed by [17] was to generate independent copies Y7, Y2, ...
of Y and choose y; from these random samples. Without any knowledge of N, the
algorithm would be of the form

(c.1) Take k = 2d.

(c.2) Randomly generate Y; up to i = k and determine if (16) can be satisfied with
yj € {Y,-}f.‘:1 by using an LP solver.

(c.3) If we find a solution, stop the algorithm. Otherwise, go to (c.2) after replacing
k by 2k.

This procedure ends at k < 2Ny (E[X]) with probability more than half. We can
then heuristically estimate the computational cost by @ (C(d, Nx (E[X]))), where we
denote by C(d, n) the computational complexity of a linear programming problem
finding the solution of (16) from n sample points. Empirically, this is estimated as
.Q(dzn) or more when we use the simplex method [38].

However, our analysis on Ny via the Berry—Esseen bound tells us the possibility
of an alternative (Algorithm 1).

Although the pseudocode may seem a little long, this is just uses £d random vectors
of the form n=1(X| + - -- + X,,) as the possible vertices of the convex combination,
which is used for deriving bounds of Ny in Sect. 4. After executing Algorithm 1,
we can use any algorithm for deterministic measures (typically called recombination;
[22, 26, 41]) to obtain an actual d 4 1 points cubature rule, whose time complexity
is rigorously bounded by (D(kd3 + 2kd2) by using the final value of k in the above
algorithm.

As we can carry out Algorithm 1 within (’)(2"&12 +kC(d, Ed)), the overall com-
putational cost is O(kC(d, €d) + 2¥¢d*). Then we heuristically have the bound
O(kﬂa’3 + 2k£d2) for a small £. By using the number N = 2¥¢d, which is the number
of randomly generated copies of Y, this cost is rewritten as

0(1og(N Jed)ed® + Nd) .

As our bound for Nx(E[X]) in Theorem 19 is applicable for this N because of the
use of Berry—Esseen type estimate (¢ = 17 is used in the proof), we can also give an
estimate for this alternative algorithm. If the N is not as large as £2(d Nx (E[X])) for
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Algorithm 1 Randomized cubature construction for recombination

Input: An integer £ > 2

Output: (wi, y1), ..., (Wy, yn) € R>g x X satisfying Z;:I w; = land E[X] = Zl}:l w; f(y;)
1: Initialize:

2: xl,.A.,xgd,zl,...,zgd:vectorsian,k<—0
3:fori=1,...,4d do

4 Sample Y;

500 xp < f(Y)

6: end for

7: while E[X] ¢ conv{xy, ..., xpq} do
8 fori=1,...,4d do

9: z; < 0 (as an R4 vector)

10:  end for

11:  forj=2 ... 21 _14do
12: fori =1,...,4d do

13: Sample Yjq4

14 5 <2+ 27K fYjeari)
15: end for

16:  end for

17: fori=1,...,4d do

18: xj < (x; +z;)/2

19:  end for

20 k< k+1
21: end while
22: Take x;, ... s Xigy and Ay, ..., Ag41 such that E[X] = fln";ll AmXj,, by solving an LP

23: Return (2 %A, ¥jpati,,) for (jom) € {0, ..., 28 =1} x {1,....d + 1}

an appropriate choice of ¢, we indeed have a better scheme, though the comparison
itself may be a nontrivial problem in general. In any event, the fact that we can avoid
solving a large LP problem is an obvious advantage.

7 Concluding remarks

In this paper, we have investigated inequalities regarding p, x, Nx and oy, which is
motivated from the fields of numerical analysis, data science, statistics and random
matrix. We generalized the existing inequalities for p, x in Sect. 2. After pointing out
that the convergence rate of p, x is determined by ay in Sect. 3 with introduction of
e-relaxation of both quantities, we proved that Nx and 1/«ax are of the same magni-
tude up to an O(d) factor in Theorem 16. We also gave estimates of Nx based on the
moments of X in Sect. 4 by using Berry—Esseen type bounds. Although arguments
have been based on whether a given vector is included in the random convex polytope
conv{Xy, ..., X}, in Sect. 4, we extended our results to the analysis of deterministic
convex bodies included in the random convex hull, which immediately led to a techni-
cal improvement on a result from the random matrix community. We finally discussed
several implications of our results on application in Sect. 6.

Data availibility Data sharing not applicable to this article as no datasets were generated or analysed during
the current study.
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A Bounds of Ny via Multivariate Berry—-Esseen theorem

In this section, we provide two different estimates of Ny. Although we can prove that
the first bound (Sect. A.2) is strictly stronger than the second one (Sect. A.3), we also
give the proof of the second as there seems to be more room for improvement in the
second approach than in the first.

The following first bound is the one mentioned in (11). The proof is given in
Sect. A.2.

Theorem 26 Let X be an R?-valued random vector which is centered and of nonsin-
gular covariance matrix V. Then,

3 2
Nx < 8d [ 1+ 3642424 + 16)2]E|:HV_1/2XH2]

holds.

Note that
372 )13
E[HVWXH ] > E[H voirx| } — &
2 2
holds so we can ignore the O(d) term. In the case sup H V_1/2X”2 < 00, we have

372 2 2 2
l[vx ] < [vorex s |voex] | = x|,

Therefore, the following proposition, which only states Ny = @(d 15/2 sup || v-12x || ; ) ,

is weaker than Theorem 26. However, the approach of proofs is different and there
seems to remain some room for improvement in the proof of Proposition 27, so we
give the proof in Sect. 1.

Proposition 27 Let X be an R9 -valued random vector which is centered, bounded and
of nonsingular covariance matrix V. Then, for all n satisfying

2
2210100432 sup HV’I/ZXH ,
(1 +logn)? 2
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Nx < 6dn holds.

A.1 Multivariate Berry-Esseen bounds

Before proceeding to the evaluation of Ny, we briefly review multivariate Berry—
Esseen type theorems. The following theorem should be the best known bound with
explicit constants and dependence with respect to the dimension.

Theorem 28 [35] Let Yy, ..., Y, bei.i.d. D-dimensional independent random vectors
with mean zero and covariance Ip. For any convex measurable set A C RP| it holds

@2DY* + 16)E[|1Y113]
ﬁ 9

p(Nit otV
Jn

where Z is a D-dimensional standard Gaussian.

eA)—IP’(ZeA)’S

Note that the original statement is not limited to the i.i.d. case. However, similarly to the
other existing Berry—Esseen type bounds, Theorem 28 only gives information about
convex measurable sets. Thus we cannot use this result directly. However, Sect. A.2
gives a creative use of Theorem 28.

Unlike the usual Berry—Esseen results, the next theorem can be used for noncon-
vex case with reasonable dependence on dimension. We denote by Wh(u, v) the
Wasserstein-2 distribution between two probability measures p and v on the same
domain. This is defined formally as

Wauv) = inf B[ - ZI].
Y~wu,Z~v

where the infimum is taken for all the joint distribution (Y, Z) with the marginal
satisfying ¥ ~ w and Z ~ v. Although it is an abuse of notation, we also write
Wh(Y, Z) to represent Wh(u, v) when Y ~ w and Z ~ v for some random variables
Y and Z.

Theorem 29 [46] Let Yy, ..., Y, be D-dimensional independent random vectors with
mean zero, covariance X, and ||Yi|l» < B almost surely for each i. If we let Z be a
Gaussian with covariance X, then we have

W (Yl +;/.;+ Yn7Z> B 5\/53(\1/_—|—10gn)'
n n

Foraset A C RP and an ¢ > 0, define

A% = {xeRD

inf ||x—y||2§s}, AT% = {xeRD
yeEA

inf ||x —y|lo>¢€}.
inf b=l = e

By combining the following assertion with Theorem 29, we derive another bound of
Nyx in Sect. 1.
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Proposition 30 Let Y, Z be D-dimensional random vectors. Then, for any measurable
set A C R and any € > 0, the following estimates hold:

Y,Z7)?
P(Y e A) <P(Z e A£)+WZ(—2’),
&
Wy, 2)?

P(Y € A) >P(Ze A™) 5
&

Proof This proof is essentially the same as the argument given in the proof of [46,

Proposition 1.4]. Let (Y’, Z’) be an arbitrary couple of random variables such that
Y’ ~ Y and Z' ~ Z. Then, we have

P(Y e A)=P(IY = Z'la <&, Y e A)+P(|IY = Z'|, = &, Y € A)
<P(Z € A)+P(|Y = Z'|, > ¢)

1
<P(Z' € A®) + S—ZE[”Y’ - Z/||%] . (by Chebyshev’s inequality)

By taking the infimum of the right-hand side with respect to all the possible couples
(Y', Z'), we obtain the former result. The latter can also be derived by evaluating

P(Z e A)=P(IY = Z|la<e, Z e A°)+P(IY = Z'|, =6, Ze A™°)

<PY' €eA)+P(IY - Z'|2 > ¢)
1
<P(Y e A)+ S—ZE[HW - z/n%]
and again taking the infimum. O
A.2 The first bound

In this section, we prove Theorem 26. We shall set D = d and make use of Theorem 28.

First, fix a set S C R and consider the set C(S) := {x € R4 | 0 € conv(S U
{x})}. We can prove this set is convex for any S. Indeed, if 0 € conv S, then clearly
cS) = R?. Otherwise, x € C (S) is equivalent to the existence of some k > 0 and
X1y eeos Xk €8S, A >0,A1,..., A > 0such that

A+M A+ =1, Ax +Axp + -+ Agxg = 0.

Here, A > 0 comes from the assumption 0 ¢ conv S. This occurs if and only if x is

contained in the negative cone of S, i.e., C(S) = {Zle Xl-xi | k>0, ):,- <0, x; € S}

In both cases C(S) is convex, so Sy is always convex (and of course measurable).
Let X be an R¢-valued random vector with mean 0 and nonsingular covariance V.

Suppose IE[” v-12x ||;] < oo. Let X1, X», ... be independent copies of X, and for
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a fixed positive integer n, define

V2 X pypgr 4+ VT2XG,

i = Jn
fori =1,...,2d. We also let Z1, ..., Z»4 be independent d-dimensional standard
Gaussian which is also independent from X1, X», . ... Then, by using Theorem 28 and

the above-mentioned convexity of C(S), we have

PO e {Wy,..., WD) =P(W; € C({Wa, ..., Wa}))
(24" +16)E[ | v/ ]
NG
2" +16)E] [v-12x]3]
NG

= P(Z1 € C({W2, ..., Waa})) —

=P(0 € conv{Zy, Wy, ..., Way}) —

By repeating similar evaluations, we obtain

P(0 € conv{Wi, ..., Waq})
24" +16)E] [v-12x]3]
N
24244 + 10K v 12X |5 ]
Jn

>P(0 € conv{Z|, Wy, ..., Wa}) —

> P(0 € conv{Zy, Zp, W3, ..., Wau}) —

i@2d"* + 16)E[ | V12X |5 ]
NG

> PO econv{Zy, ..., Z;, Wi, ..., Wag}) —

2d(42d"* +16)E| |[v-12x ]
NG

> P e conv{Zy, ..., Zo}) —

| 2d@2d' + 16)E[||v—1/2x||§]

2 Ji

Therefore, by letting

3 2
n— {3&12(42@11/4 + 16)21E[Hv—1/2XH2] —‘
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we have P(0 € conv{X1, ..., Xo4n}) > 1/6.Since (1—1/6)* < 1/2holds, we finally
obtain Nx < 8dn.

A.3 The second bound

In this section, we provide a proof of Sect. 27 in a different manner from the one given
in the previous section. We set D = 2d° and define Ay C RP as follows:

Agi={x=(x1,...,x00) € RH2 ~RP | 0 € conv{xy, ..., x2q} C R?}.

Then, it suffices to find a suitable upper bound of IED(Z € Ad\A;‘e) fora D-dimensional

standard Gaussian Z for our purpose. Foran e > 0, Bq,. := Ag\A;* can be explicitly
written as

0 € conv{x;}?¢
Bie=14x=(x1,...,x4) €RP| __ . Hi=1 -
d. { (x1 2) I = (@)%, e RP sit|x — [l < &, 0 ¢ conv{Z;}>,

(17
For a (finite) set S = {v1,...,v;} C R?, define the negative box N (S) C R4 by
N(S) :=={a1v1 +---+ajv; | a; € [-1,0]}.

N (S) is obviously a convex set.

Lemma 31 For an arbitrary x = (x1,...,x2q4) € By, there exists an index k €
{1,...,2d} such that x; € N({x; | i #kD\N{x; | i # k})_am.

Proof As 0 € conv{x,-}l-zi |» there exist nonnegative weights Ap, ..., Axq such that
Mx1 + - + Axgxaqg = 0 with the total weight one. Let k& be an index such that wy
is the maximum weight. Then, X is clearly positive and we have x; = Z#k —)):—lixi.
Therefore, we obtain x; € N({x; | i # k}).

By (17), there exists an X = ()Z,-)%d1 € RP such that Zizi] lx;i — )Ei||% < ¢ and

0¢ conv{fi}?il. We can prove that x; ¢ N({x; | i # k}). Indeed, if we can write
X =— Zi#k a;X; with a; € [0, 1], then

1

l+Za,‘ ik"‘zaiii =0

ik ik

is a convex combination and it contradicts the assumption O ¢ conv{x; }1'221 . Therefore,
we can take a unit vector ¢ € R? such that

¢ % >max{cy |y e N({Z | i # kD). (18)

Let us assume the closed ball with center x; and radius § is included in N ({x; | i # k})
for a § > 0. Then, if § > ||xx — Xi||2, the closed ball with center x; and radius
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8 := 8 — |lxx — X2 is included in N({x; | i # k}). In particular, we have some
coefficients a; € [—1, 0] such that ¥ + 8'c = Z#k a;x;. By the inequality (18), we
have

CT)Ek>c—|—z:a,~)?i:c—r ik+5’c+Zai(ii—xi) ,
i#k i#k
so by arranging
§ <Y aicT (i — %) <) xi — Filla.
i#k i#k

Therefore, from the definition of §’, we obtain

2d 2d 172
§< )l —Filla < (2d2 Ix; —mu) < ev2d
i=1 i=1

by Cauchy-Schwarz and the assumption. It immediately implies the desired assertion.
]

Proposition 32 P(Z € B,.) < 8v/2d"/*¢ holds.

Proof By Lemma 31, we have By C Ut {x | xx € N({x; | i # kD\N({x; |

i # k})‘gm}. Therefore, letting Z = (Z1, ..., Z»4) be a standard Gaussian in R?
(where each Z; is a independent standard Gaussian in R?), we can evaluate

ZeBdg

||M&

(zk € N(Zi i £ D\NAZ | # kD~Y)).

For each k, Z is independent from the random convex set N({Z; | i # k}). Therefore,
we can use the result of [ 1] to deduce IF’(Zk eN(Zi |i #kD\NUZi | i # k})—fm})
< 4dY* . £/2d. Therefore, we finally obtain

P(Z € Ba) <2d -4d"* - e/2d = 8v/2d" .

O

By letting & = 27'%/24~7/% we have P(Z € Bgy,¢) < 1/8. Under this value of ¢, if
we let n satisfy

n - 8.25DB?
(1 +1logn)? — g2

=400d’>B?* - 21347? = 213100B%4"'/?, (19)
for a constant B, then we have
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5VDB(1 +logm ) _ e
Vn B

Now consider a bounded and centered R?-valued random vector X with V =
E[XXT] nonsingular. Then B’ := sup ||V’1/2X||2 is finite. Let X, X5, ... be
independent copies of X. Define R”-valued random vectors Y1, Ya, ... by ¥; :=
(V_I/ZX(zi_l)d_H, e, V_I/ZXZ,'d)T for each i. Then, note that || Y; ||2 < V2dB'. By
taking B = +v/2d B in (19), we have from Theorem 29 that (for ¢ = 213/24=7/4)

1 1 Yi+--- 47, 1
P(Z € B < -, W, | ———,Z ) < —-.
(Z€Bae) g W2 ( Jn ) 8

From Proposition 30, we obtain

P<Y1+-~-+Yn

NG € Ad> >P(Z € Ag) —P(Z € Bay)

1 Yi 4+, 1
SR VIAY (d IO/ I
g2 2( Jn )_4

Therefore, 0 is contained in the convex hull of { X1, ..., X24,} with probability at least
1/4. Since (1—1/4)* < 1/2, Nx < 6dn holds. Therefore, our proof of Proposition 27
is complete.

B Extreme examples

Before treating concrete examples, we prove a proposition which is useful for evalu-
ating Ny.

Lemma 33 For a random vector X and its independent copies X1, X3, . . ., define N e
as the minimum index n satisfying 0 € conv{Xy, ..., X, }. Then, we have

1 1~ -

EE[NX:I < Ny < ZEI:NX:I .
Proof From the definition of Nx, P(0 € {Xy,..., Xyy—1}) < 1/2 holds. Thus
IP(NX > Nx> > 1/2, and so we obtain E[NX] > %Nx.

For the other inequality, we use the evaluation IP’(I(’ x > kN X) < 27k for each

nonnegative integer k. As Ny is a nonnegative discrete random variable, we have

EI:NX:I = §P<NX > l’l) < gN;dP’(]\N]X > kNx> < 2Ny.

O
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Note that all the examples given below satisfy pgs x = 0. They are given as one of
the worst-case examples for uniform estimates of Ny in Proposition 5 or Theorem 26.
Let us start with the simplest extreme case.

Example34 1Let d = 1. For an ¢ € (0, 1), let X be a random variable such that
P(X=1/e)=eand P(X = —1/(1 —¢)) =1 — . Then E[X] = 0.

In this example, we can explicitly calculate p, x as
pnx=1—¢"—(1—-¢)".

In particular, pr x = 2¢ — 262, We have limg\o(1 — 8)1/28 =e¢ 12 =0.60...50
Prij2¢1,x < 1/2 holds for a sufficiently small . For such an &, we have

1 1—e 2
Nx>—: _

, 20
2= (20)

and so Ny < pzix in Proposition 5 is sharp up to constant.
For ¢ € (0,1/2), Nx can also be evaluated above as Ny < 2E[ﬁx] <

2 (% + (I]Ta)) by using Proposition 33. We also have oy = ¢ for ¢ € (0, 1/2),
SO

2¢e
in axNy <2+ —— =2 (¢ = 0).
X:1-dimensional 1—¢

As the variance is V = E[Xz] = % + lng = é‘(ll_—&‘)’ we have

32 1 1 2
—1/2 _y3(__
EUV X’] =V <e2+<1—e>2)
—3(1—)3<i+ I )
SEUT E T 20— T U=

l+(9(1).
I

Therefore, from (20), we obtain

372 X is 1-dimensional, E[X] =0,
sup E[‘V‘l/zX’ :| Ny

1
V= E[Xz] € (0, 00), E[|V_1/2X|3] - oo} > 5

which is what is mentioned in Remark 6 when d = 1.
The next example is a multi-dimensional version of the previous one.
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Example 35 Letd > 2. Let{ey,...,eq} C R4 be the standard basis of RY. Let us first
consider, for an arbitrary ¢ € (0, 1), a random vector X given by

d—1
X=Y (Z Zie —
i=1

1
€d> + E(l —Yey,

where P(Y = 1) =1—¢,P(Y =0) =eand Z', ..., Z?! are independent uniform
random variables over [—1, 1]. (also independent from Y). Namely, X is e~ ley with
probability € and a (d — 1)-dimensional uniform vector over a box on the hyperplane
{x e R? | e;lrx = —(1 — &)~} otherwise. E[X] = 0 also holds.

Letus estimate py+1,x, p24,x and N for this X. To contain the origin in the convex
hull, we have to observe at least one X; with Y = 0. Therefore, for an ¢ < 1/d, we
have

pasix = (d+ De(l —)f27@=D = ‘;“ (1+0(a))

4 14
k 2d—k
= 1— 1y
P2d.X 1;:1 (k )8 (I-¢) P2d—k, X
1 2d — 2
= 2epai-1x+O(de%) =d (1 " 22d——2<d 1 )) e+ 0()

Zd(l —i—N%)e—l—O(dzez),

where X’ represents a (d — 1)-dimensional uniform random vector over the box
[—1, 119~!. We can see that Pr.x 2 Zd’lpdﬂ,x holds for a small ¢ as Remark 2
suggests.

For the calculation of Ny, we can exploit Proposition 33. We first bound the expec-
tation of N x . For independent copies X1, X», ... of X, let N1 be the minimum integer
n satisfying X,, = ¢~'e;. We also define N, as the minimum integer n satisfying
—(1 —¢&)"ley € conv{X1, ..., X,}. Then, Nx = max{N;, N>} holds. Thus we have
N < ]\7X < Ni 4+ N,. E[N1] = 1/¢ clearly holds. For N,, we can evaluate (again
using X') as

2Ny 4(a’—1)
“l—-¢ 1-c¢

E[N,] = %E[NX/]

’

where we have used Proposition 33 for the inequality. Therefore, from Proposition 33,
we obtain | | 8(d 1)
- = SE[Nx] = vx < 21E[1\7X] <Zy2 @1
2¢ 7 2 s 1—e¢
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n
n, X

We finally compare the naive general estimate Ny < n in Proposition 5 with

this example. From (21), we have

N 1
XP2u.X _ P2.X >+ ——— +0Ws).

1
2d T 4de T4 8Jd—1

Therefore, the evaluation Ny < % is sharp even for small pa4 x up to constant in
the sense that
N 1 1
lim sup XxPax > — 4+ —
=0 x.4_dimensional 2d 4 8vd —1

P2d.x <€

holds.
Also in this example, we have oy = ¢ for ¢ € (0, 1/3). Hence, combined with
(21), we have

2+M>:2+M92 (e = 0).

aXNXSS(E l—¢ 1—¢

Therefore, we have inf x.4.4im ax Nx < 2.
We next evaluate the value of E[ || v-12x || ;] where V = (V) is the covariance

matrix of X with respect to the basis {ey, ..., e4}. Then, for (i, j) € {1,...,d — 1}2,
we obtain
.. . . 1— .. ..
Vi = E[Yzz’ Z~/] = E[YZ] E[Zl Z/] = 88”, (6" : Kronecker’s delta)

V"dzE[Yz" (—1i8+1;Y>i|=E[Zi]E|:Y(—1iE+lzy):|=0

by using the independence of Y, Zy, ..., Zs_1. For the V44 we have

1 1 1
ydd — e —
1—8+€ e(l—¢)

Therefore, V~1/2X can be explicitly written as

d—1
2 . P 1—¢
x=vl(, Zie; — J—— (1 = Yeg.
14 ( 1_8; e; T + A ( )edq

Thus we have

2 2(d —1 1-—
”V_1/2XH < y& +(1-7Y) 8’
2 1—¢ €

and so
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<4 4571

E[Hv—mxuz] 3 <2(d—11)_+gs)3/2 e —}:3/2

holds when 0 < ¢ < 1/2. By using (21), we obtain

Nx - 1 _ 1
2 — 3/2 —1/2y2 — 3/201/2 2°

Therefore, by taking ¢ — 0, we finally obtain the estimate

Nx X isd-dimensional, E[X] =0,

_ Mx . . ! .
P E[”V’l/zxng]z V = E[X?] is nonsingular, E[“V 12 | ] < 00

v

| =

as mentioned in Remark 6.

References

1. Ball, K.: The reverse isoperimetric problem for Gaussian measure. Discrete Comput. Geom. 10(4),
411-420 (1993)

2. Barvinok, A.: Thrifty approximations of convex bodies by polytopes. Int. Math. Res. Not. 2014(16),
4341-4356 (2014)

3. Bayer, C., Teichmann, J.: The proof of Tchakaloff’s theorem. Proc. Am. Math. Soc. 134(10), 3035—
3040 (2006)

4. Berry, A.C.: The accuracy of the Gaussian approximation to the sum of independent variates. Trans.
Am. Math. Soc. 49(1), 122-136 (1941)

5. Cascos, I.: Depth functions based on a number of observations of a random vector. Working paper
07-07, Statistics and Econometrics Series, Universidad Carlos III de Madrid (2007). https://hdl.handle.
net/10016/700

6. Combettes, C.W., Pokutta, S.: Revisiting the approximate Carathéodory problem via the Frank—Wolfe
algorithm. Math. Program. (2021). https://doi.org/10.1007/s10107-021-01735-x

7. Conway, J.B.: A Course in Functional Analysis. Springer, Berlin (2007)

8. Cosentino, F.,, Oberhauser, H., Abate, A.: A randomized algorithm to reduce the support of discrete
measures. In: Larochelle, H., Ranzato, M., Hadsell, R., Balcan, M.F., Lin, H. (eds.) Advances in Neural
Information Processing Systems, vol. 33, pp. 15100-15110, Curran Associates, Inc (2020)

9. Cuesta-Albertos, J.A., Nieto-Reyes, A.: The random Tukey depth. Comput. Stat. Data Anal. 52(11),
4979-4988 (2008)

10. Dafnis, N., Giannopoulos, A., Tsolomitis, A.: Asymptotic shape of a random polytope in a convex
body. J. Funct. Anal. 257(9), 2820-2839 (2009)

11. Donoho, D.L., Gasko, M.: Breakdown properties of location estimates based on halfspace depth and
projected outlyingness. Ann. Stat. 20(4), 1803-1827 (1992)

12. Esseen, C.G.: On the Liapunoff limit of error in the theory of probability. Arkiv for Matematik,
Astronomi och Fysik, A 1-19 (1942)

13. Giannopoulos, A., Hartzoulaki, M.: Random spaces generated by vertices of the cube. Discrete Comput.
Geom. 28(2), 255-273 (2002)

14. Gluskin, E.D.: Extremal properties of orthogonal parallelepipeds and their applications to the geometry
of Banach spaces. Math. USSR-Sbornik 64(1), 85-96 (1989)

15. Guédon, O., Krahmer, F., Kiimmerle, C., Mendelson, S., Rauhut, H.: On the geometry of polytopes
generated by heavy-tailed random vectors. Commun. Contemp. Math. 24(03), 2150056 (2022)

16. Guédon, O., Litvak, A.E., Tatarko, K.: Random polytopes obtained by matrices with heavy-tailed
entries. Commun. Contemp. Math. 22(04), 1950027 (2020)

@ Springer


https://hdl.handle.net/10016/700
https://hdl.handle.net/10016/700
https://doi.org/10.1007/s10107-021-01735-x

746

S. Hayakawa et al.

17.
18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.
29.

30.

31.

32.
33.

43.

44.

45.
46.

47.

Hayakawa, S.: Monte Carlo cubature construction. Jpn. J. Ind. Appl. Math. 38, 561-577 (2021)
Hayakawa, S., Tanaka, K.: Monte Carlo construction of cubature on Wiener space. Jpn. J. Ind. Appl.
Math. 39(2), 543-571 (2022)

Hug, D.: Random polytopes. In: Spodarev, E. (ed.) Stochastic Geometry, Spatial Statistics and Random
Fields, pp. 205-238. Springer, Berlin (2013)

Kabluchko, Z., Zaporozhets, D.: Absorption probabilities for Gaussian polytopes and regular spherical
simplices. Adv. Appl. Probab. 52(2), 588-616 (2020)

Korolev, V., Shevtsova, I.: An improvement of the Berry-Esseen inequality with applications to Poisson
and mixed Poisson random sums. Scand. Actuar. J. 2012(2), 81-105 (2012)

Litterer, C., Lyons, T.: High order recombination and an application to cubature on Wiener space. Ann.
Appl. Probab. 22(4), 1301-1327 (2012)

Litvak, A., Pajor, A., Rudelson, M., Tomczak-Jaegermann, N.: Smallest singular value of random
matrices and geometry of random polytopes. Adv. Math. 195(2), 491-523 (2005)

Liu, R.Y.: On a notion of data depth based on random simplices. Ann. Stat. 18(1), 405-414 (1990)
Lyons, T., Victoir, N.: Cubature on Wiener space. Proc. R. Soc. Lond. Ser. A 460, 169—-198 (2004)
Maalouf, A., Jubran, I., Feldman, D.: Fast and accurate least-mean-squares solvers. In: Wallach, H.,
Larochelle, H., Beygelzimer, A., d’Alché Buc, F, Fox, E., Garnett, R. (eds.) Advances in Neural
Information Processing Systems, vol. 32. Curran Associates Inc., Red Hook (2019)

Majumdar, S.N., Comtet, A., Randon-Furling, J.: Random convex hulls and extreme value statistics.
J. Stat. Phys. 138(6), 955-1009 (2010)

Mason, J.C., Handscomb, D.C.: Chebyshev Polynomials. CRC Press, Boca Raton (2002)

Mirrokni, V., Leme, R.P., Vladu, A., Wong, S.C.W.: Tight bounds for approximate Carathéodory and
beyond. In: International Conference on Machine Learning, pp. 2440-2448. PMLR (2017)

Mizuno, S.: Polynomiality of infeasible-interior-point algorithms for linear programming. Math. Pro-
gram. 67(1-3), 109-119 (1994)

Mosler, K.: Depth statistics. In: Becker, C., Fried, R., Kuhnt, S. (eds.) Robustness and Complex Data
Structures, pp. 17-34. Springer, Berlin (2013)

Nagy, S., Schiitt, C., Werner, E.M.: Halfspace depth and floating body. Stat. Surv. 13(1), 52-118 (2019)
Pan, V.: On the complexity of a pivot step of the revised simplex algorithm. Comput. Math. Appl.
11(11), 1127-1140 (1985)

. Pisier, G. (ed.): The Volume of Convex Bodies and Banach Space Geometry, vol. 94. Cambridge

University Press, Cambridge (1999)

. Rai¢, M.: A multivariate Berry—Esseen theorem with explicit constants. Bernoulli 25(4A), 2824-2853

(2019)

. Rousseeuw, P.J., Ruts, I.: The depth function of a population distribution. Metrika 49(3), 213-244

(1999)

. Schiitt, C., Werner, E.: The convex floating body. Math. Scand. 66(2), 275-290 (1990)

. Shamir, R.: The efficiency of the simplex method: a survey. Manag. Sci. 33(3), 301-334 (1987)

. Stroud, A.H.: Approximate Calculation of Multiple Integrals. Prentice-Hall, Hoboken (1971)

. Tchakaloff, V.: Formules de cubature mécanique a coefficients non négatifs. Bulletin des Sciences

Mathématiques 81, 123-134 (1957)

. Tchernychova, M.: Carathéodory cubature measures. Ph.D. thesis, University of Oxford (2015)
. Tukey, J.W.: Mathematics and the picturing of data. In: Proceedings of the International Congress of

Mathematicians, Vancouver, 1975, vol. 2, pp. 523-531 (1975)

Vershynin, R.: High-Dimensional Probability: An Introduction with Applications in Data Science, vol.
47. Cambridge University Press, Cambridge (2018)

Wagner, U., Welzl, E.: A continuous analogue of the upper bound theorem. Discrete Comput. Geom.
26(2), 205-219 (2001)

Wendel, J.G.: A problem in geometric probability. Math. Scand. 11(1), 109-111 (1963)

Zhai, A.: A high-dimensional CLT in W, distance with near optimal convergence rate. Probab. Theory
Relat. Fields 170(3-4), 821-845 (2018)

Zuo, Y.: A new approach for the computation of halfspace depth in high dimensions. Commun. Stat.
Simul. Comput. 48(3), 900-921 (2019)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Estimating the probability that a given vector  is in the convex hull of a random sample
	Abstract
	1 Introduction
	1.1 Cubature and measure reduction
	1.2 Statistical depth
	1.3 Inclusion of deterministic convex bodies
	1.4 Organization of the paper

	2 General bounds of pn,X
	3 Uniform bounds of pn, Xε via the relaxed Tukey depth
	4 Bounds of NX via Berry–Esseen theorem
	5 Deterministic interior body of random polytopes
	6 Application
	6.1 Bounds of pn, X
	6.2 Bounds of NX

	7 Concluding remarks
	A Bounds of NX via Multivariate Berry–Esseen theorem
	A.1 Multivariate Berry–Esseen bounds
	A.2 The first bound
	A.3 The second bound

	B Extreme examples
	References




