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1 Introduction
Let T be an arbitrary time scale (nonempty closed subset of R). As usual, o : T — T is the

forward jump operator defined by
o(t)=inf{s e T:s>t}.

Also y° (t) = y(o(¢)), and y*(¢) denotes the time scale derivative of y. Higher order jump
and derivative are defined inductively by o/(¢) = o(6/"1(¢)) and yA(j) (t) = (yA(Fl)(t))A, j=>1.
It is assumed that the reader is familiar with the time scale calculus. Some preliminary
definitions and theorems on time scales can be found in [1-3].

Lidstone boundary value problems appear as a mathematical model of real world prob-
lems such as the study of bending of simply supported beams or suspended bridges [4—6].
The existence of positive solutions of the boundary value problems (BVPs) has created a
great deal of interest due to wide applicability in both theory and applications [7, 8]. Some
authors in the literature have obtained existence results about the solutions, positive so-
lutions, or symmetric positive solutions of Lidstone type BVPs associated with ordinary
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differential equations, differential equations, and dynamic equations on time scales by us-
ing various methods (see [7—24] and the references therein).

In 2021 Graef and Yang investigated the following complementary Lidstone boundary
value problem [25]:

-1y () = gO)f (1), te(0,1]
$(0) = 0,y%V(0) = y* V(1) =0, i=1,...,n

They obtained sufficient conditions for the existence and nonexistence of positive solu-
tions and some upper and lower bounds for positive solutions of the problem.

Cetin and Topal studied the following Lidstone boundary value problem on time scales
[26]:

2n

A @0 =f(6y° (1), telo,1],

0 =92 (e(1)) =0, i=1,...,n-1,

where n > 1 and f : [0,6(1)]r x R — R is continuous and ¢/(1) = o (1) for j > 1. They
obtained sufficient conditions for the existence of solution by using Schauder’s fixed point
theorem in a cone and Krasnosel’skii’s fixed point theorem. Also, the existence result for
the problem was given by the monotone method.

In [17], the authors investigated the following complementary Lidstone boundary value
problem on time scales [26]:

A" ) + qOf (67 () =0, t€la,blr,

7@ =0,5°"" (@) =y (62 (b)) =0, i=1,....n,

where n>1and f : [a4,0(b)]lt x R — Rand q: [a,0(b)]r — [0,00) are continuous. They
gave the existence of one and two solutions by using fixed points methods.

Inspired by the aforementioned papers, the purpose of this paper is to study the exis-
tence of positive solutions to the Lidstone boundary value problem (LBVP) on time scales

2n

)" @) =f(6,9(0),  t€lablr,

AR) NG Y . LD
¥y (a) =y (cr (b)):O, i=0,1,...,n—-1,

wheren>1,a,b € T,and f : [a,0(b)]T X R — R is continuous.

In [17], while the authors studied complementary Lidstone boundary value problem,
they reduced this problem to the Lidstone boundary value problem (1.1) and had the
Green function of (1.1). For this reason we will use this Green function of LBVP obtained
in [17] and its properties. Then we will give new results for LBVP (1.1). Also, although the
authors considered the 2n-order LBVP on time scales in [2, 27, 28], the boundary condi-
tions in (1.1) are more general than the boundary conditions of the problem in [2, 27, 28].
In this paper, unlike [29], new sufficient conditions are obtained for the existence of so-
lutions of LBVP (1.1) by using Schauder’s fixed point theorem, Krasnosel’skii’s fixed point
theorem, the Leggett—Williams fixed point theorem, and the upper and lower solutions
method.
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Hereafter, we use the notation [a, b]t to indicate the time scale interval [a, 5] N T. The
intervals [a, b)1, (a, b]T, and (a, b)t are similarly defined.

In Sect. 2, we develop some inequalities for certain Green’s functions. In Sect. 3, using
a variety of fixed point theorems, we establish the existence of a solution (not necessary
positive), and we also discuss the existence of a nontrivial positive solution. Also, we give
the existence results for two and three nontrivial positive solutions.

2 Preliminaries
To obtain a solution for LBVP (1.1), we require a mapping whose kernel G (t,5s) is the
Green function of the homogeneous Lidstone boundary value problem

-1y @) =0, telablr,

(i) @) ; @D
yA (a) :yA (02”’2‘(19)) =0, i=0,1,...,n—1.
The Green function for problem (2.1) is
aZn—l(b)
Gi,(t, s) = / G,(t, r)Gi,_l(r,s)Ar, (2.2)

where

Gltys) = — (t—a) o (b)-o(s), t<s, -
n\L, o2(b)—a (0(s) —a) (@ (b) —t), ols)<t, .

and

Gi(t, s) = Gi(t,s). (2.4)
G, is the Green function of the problem

y* 20 =0,  ya)=y(c>(b)=0.

Furthermore, it is easily seen that from (2.3) we have

G,(t,s) <0, (ts)€ [a,ozn(b)]T X [a,aZ”‘Z(b)]T, (2.5)
and from (2.5) and (2.2) we have

(-1)"GL(t,5) >0, (t,)€ [a,ozn(b)]T x [a, b]. (2.6)

Now let give some properties about the Green function G}q(t, s), which can be found in
reference [17].

Lemma 2.1 ([17]) For (t,s) € [a,a%"(b)]T X [a, b, we have

(-1)"G(t,5) = |GL(t,9)| < Ou(0(s) —a)(a*(b) - 5 (s)), (2.7)
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where
9;’! = |:1_[ 2l(b) a :| 1_[S2£l
i=1
5= é{ #2b) ~a)’ + > u(®*[3(c7*(b) +a) —2(t + 20 (1))
teA; (2'8)
—X:M(t)2 (t+20(8)) - 3(c’(b) +a)]}, j=>2,
teB/
and
Aj = [a, Gi+1(§) +a] - {max{t:t [S |:6l, 0j+l(§) +a:| ”,
: ! (2.9)

B; = o/+1(b)+d,a/+1(h) U{maxit:te a,aj+1(b)+d .
’ 2 T 2 T

Remark 2.2 ([17]) If T = R, then from Lemma 2.1 we obtain for (t,s) € [a, b] x [a, b]

§<(b a)z)”l(s a)(b-s)

~1)"G:(¢,s) = |GL(¢,
(-1)"G(t,5) = |G, G -

(2.10)

Lemma 2.3 ([17]) Let § € (0, %) be a given constant. For (t,s) € [, Bu]T X [a, b]T, we have

(=1)"Gultss) =

> Y,(8) (o (s) — a)(o?(b) = o (s)), (2.11)
where o = min{¢ € [a,0%"(b)r: a + § <t}, Bj = max{t € [a,0%(b)]r: t < 0¥ (D) -5},
Va(8) = 8" []‘[ (0*(b)-a } ]‘[s,+1,

i=1

and

Sj= é {(ﬂj ~-a)Ba7(b)(B; + &) +3a(B; + o — 207 (b)) - 2(,3/.2 + B +ao®)

> u@?[3(c¥(b) +a) - 2(t+20(1))]

teAj-[aa)T

-y /L(t)z[Z(t+2o(t))—3(02j(b)+a)]}, j=2.

teB;~(8j,0 % (b)It
Here, the sets Aj and B; are defined as in (2.9).

Remark 2.4 ([17]) If T = R, then from Lemma 2.3 we obtain for (¢,5) € [a +3,b— 8] x [a, b]

(s—a)(b-s)

1)"Gi(t,s) = |GL(t, ,
(-1) s) = | -

(8) (2.12)

where ,(8) = g (52)"((b— a)> - 682 + 2y,

Page 4 of 20



Cetin et al. Boundary Value Problems (2023) 2023:31 Page 5 of 20

Remark 2.5 ([17]) From Lemmas 2.1 and 2.3, for § = % € (0, %), we have

1
min_ |G, (t,5)| = ¥,(1/4)G1 (0 (s),5) > Yula) max |G, (t,s)|

t€(oBulT On  telao?(b)ly

>y, max ‘G;(t,s)
tela,c?(b)lr

’

where

n-1
l_[izl Siv1
Vn = a1, "
4 TTL s2

It is clear that sy; > S;41, 1 <i <n—1. Thus, we have 0 < y,, < 1.

In this section, we also state Schauder’s and Krasnosel’skii’s fixed point theorems in a
cone [30, 31] to prove the existence of at least one and two positive solutions of the prob-
lem.

Theorem 2.6 Let A be a closed convex subset of a Banach space B = (B, | - ||), and assume
there exists a continuous map T sending A to a countably compact subset T(A) of A. Then
T has a fixed point.

Theorem 2.7 Let B= (B, | - ||) be a Banach space, P C B be a cone in B. Suppose that Q,
and Q0 are open and bounded subsets of Bwith 0 € Q; and Q1 C Q. Suppose further that
T:PN(Qy\ Q1) — P is a continuous and compact operator such that either

@) |1 Tu|l < |||l for u € PN O, | Tull = ||ul| for u € PN 32y, or

(@) | Tull = \u|l for u € PN O, | Tull < ||ull foru e PN o2y,

holds. Then T has a fixed point in PN (2 \ Q7).

Finally, to prove the existence of at least three positive solutions of the problem, we now
introduce the following fixed point theorem due to Leggett—Williams.

Theorem 2.8 Let P be a cone in a real Banach space E. Set

Pri={xeP:lxl<r},
P(,a,b):={xeP:a<y),lx| <b}

Suppose that A : P, — P, is a completely continuous operator and v is a nonnegative, con-
tinuous, concave functional on P with y(u) < |ul|| for all u € P,. Ifthere exist 0 <p < q <
| <r such that the following conditions hold.:

@) {wePW,q,D): ) >q}t #9 and Y (Au) > q for all u € P(y¥,q,1),

(i) Aull < p for all |u|l < p,

(iii) W (Au) > g for u € P(y,q,7) with || Aul| > L.

Then A has at least three positive solutions uy, u, and us in P, satisfying

llua |l < ps Y (u2) > q, p<llusll  with y(uz) <q.
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3 Existence of positive solutions

Let the Banach space B = Cla,0'(b)lr be equipped with the norm |y|| =
MaXye (4,027 (b)] ly(¢)| for y € B. We now define a mapping T : C[a,o?"(b)]r — Cla,c?"(b)]r
by

a(b)
nm=/ (1)"GL(t,5)f (5,3(5)) As, (3.1)

where G1(t,5) is the Green function given in (2.2).
Let

K= {y €B:y(t) >0,t e [u,ozn(b)]ﬂ,}.

We now give a condition, which will be used in some results in this paper:
(Cy) f is continuous on [a, o (b)]T x R with f(¢,y) > 0 for (¢t,y) € [a,0(b)]T x K.
Our first result is an existence criterion for a solution (it need not be positive).

Theorem 3.1 Let (Cy) hold and let f be continuous. If M > 0 satisfies 6,,Qsy < M, where
Q > 0 satisfies

Q > max [f(t,y(t)| forte [a,cr(b)]T

llyll=M

and the numbers 6, and s, are defined in Lemma 2.1 and (2.8)|;-o respectively, then LBVP
(1.1) has a solution y(t).

Proof Let K = {y € B: ||y|| < M}. We will apply Schauder’s fixed point theorem. The solu-
tions of LBVP (1.1) are the fixed points of the operator 7. A standard argument guarantees
that T': K; — B is continuous. Next we show T(K;) C Kj. For y € Kj, we obtain

o(b)
!MM=/ (C1)'G (6, 5)f (5, () As

a(b)
< / |G (&.9)|If (5,5(6)) | As

o(b)
59,,(2/ (a(s)—a)(az(b)—a(s))As

= 9;1 QSO

<M
for all £ € [, a?"(b)]t. This implies that || Ty|| < M. A standard argument, via the Arzela—

Ascoli theorem, guarantees that 7' : K; — Kj is a compact operator. Hence T has a fixed

point y € K; by Schauder’s fixed point theorem. O

Corollary 3.2 If f is continuous and bounded on [a,0(b)]r x R, then LBVP (1.1) has a

solution.
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Now, we will give the existence of positive solutions by the monotone method, and we
define the set

D:= {y:yA(zn) is continuous on [, b]r}.
For any u,v € D, we define the sector [u,v] by
[,v] :={weD:u<v<w}

Definition 3.3 A real-valued function u(¢) € D on [a,b]r is a lower solution for LBVP
(1.1) if
D"t () <f(Lul), telabl,

D)@ <0, (DU (0 @) <0, 0<isn-1.
Similarly, a real-valued function v(¢) € D on [a, D] is an upper solution for LBVP (1.1) if

() = f (Lv(©), telablr,
)@ =0, () (07 2B) =0, 0<i<n-1.

Lemma 3.4 Assume that w(t) € C?[a, b] and w(t) satisfies —-w"*(t) < 0 on [a, b]T, w(a) <
0, w(o2(b)) < 0. Then w(t) <0 on [a,0%(b)].

Proof Since —w”2(t) <0, then w22 (¢) > 0 on [a, b]1. By the mean value theorem on time

scales, there exists 7 € [a, t)T such that
w(t) — wla) < w™(11)(t - a).

For all ¢ € [a,0%(b)] 1, we take £ = A1a + A0 2(b) with A1 + Ay = 1and Ay, Ao > 0.
So we have
w(t) —wla) < wA(rl)(kla + Ao 2(b) — a)
=w?(t1)(a(h1 — 1) + A0>(D))
= w(11)(=A2a + A0 (D))

= wA(rl)kz(az(b) - a).
Similarly, there exists , € [¢,52(b))r such that

w(az(b)) —w(t) > wA(rz)(az(b) - t)
= WA(TQ)(O'Z(b) —AMa-— )\.20’2(b))
=w(12)((1 - A2)0(b) — A14)

= WA(Tz))\l (O'z(b) - (l).

Page 7 of 20
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Combining these inequalities, we get

Mw(o? (D)) + 2aw(a) — (A1 + Aa)w(t) > [w™(12) - w? (11) | A1 22 (02 () — a).
Again, using the mean value theorem on [73, To]1, we have

daw(0*(B)) + Mw(@) = (1 + da)w(t) = WA (T)(12 = T1)Mada (07(B) ~ ),

where © € [11, T))T.
Since w*%(£) > 0 on [a, b]T, we get Aaw(o*(b)) + Aiw(a) — (k1 + A2)w(t) = 0, so w(t) <0
on [a,05%(b)]. =

Lemma 3.5 Assume that w(t) € C*"[a, b] and w(t) satisfies 1)"wA®(¢) < 0 on [a, b]T,
~1D)wA* (@) <0, (<1)iwA® (e 22 (b)) < 0, for 0 < i < n—1. Then w(t) is nonpositive on
[a,02"(b)]r.

Proof Let us define z,_1(¢) := (1) 1wV (£). Then —z24(¢) < 0 on [a, b]t, and by the
boundary condition we get z,_1(a) <0, z,_1(c2(b)) < 0. It follows from Lemma 3.4 that
Z,-1(t) < 0. Similarly, let us define z,_»(£) := (=1)"2wA"" (). Then —z25(t) < 0on [a, blT,
and from the boundary condition we get z,.»(a@) < 0, z,_2(c*(b)) < 0. Thus we have
Z,2(t) <0 on [a,0%(b)] by Lemma 3.4.

The conclusion of the lemma follows by an induction argument. O

In this part of the section, we will prove that when the lower and upper solutions are
given well order, i.e., u < v, LBVP (1.1) admits a solution lying between the lower and

upper solutions.

Theorem 3.6 Let fbe continuous on [a,o (b)]r x R. Assume that there exist a lower solution
u and an upper solution v for LBVP (1.1) such that u < v on [a,c¥"(b)]1. Then LBVP (1.1)

has a solution y € [u,v] on [a,0>(b)]T.

Proof Consider the LBVP

(~1y** () = E(t,9(1), te [a,blr,

yA(Zi) (a) :yA(%) (Gzn—Zi(b)) =0, i=0,1,...,n-1,

where

feve) -8, &= w),
E(t,8)=1f(56), u(t) <& < v(t),
fleu®)+ 559, E<u,

for t € [a,o (b)]T.
Clearly, the function F is bounded for ¢ € [4,0(b)]T and & € R, and is continuous in §&.
Thus, by Corollary 3.2, there exists a solution y(£) of LBVP (3.2).
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We claim y(¢) < v(¢) for t € [a,%"(b)]t. If not, we know that y(t) — v(¢) > 0 for t €
[@,0*"(b)]T and

12" @) = F(6,(0)

y—v(2)
1+ 1yl

=f(t7 V(t)) -
<f(t, V(t))

O
Hence, we have
D" r-n" @ <o,
and from the boundary conditions we get
CD'r-1»""@=0 and (- )0, 0=izn-1.
Using Lemma 3.5, we have that
y-v<0 onl[a,c”(b)lr,

which is a contradiction. It follows that y(¢) < v(¢) on [a,0>"(b)]T.

Similarly, we get easily u < y on [a,52"(b)]r.

Thus y(¢) is a solution of LBVP (1.1) and lies between u and v. O
Next let
P= [y €B: min y()>0and min y(¢t)> y,,llyll] CK. (3.3)
telao2(b)lT tel,ulr

It is easy to check that P is a cone of nonnegative functions in C[a,o?"(b)]r. Now assume
(C1). Next we will apply Theorem 2.7. First we show T : P — P (see (3.1) for the definition
of T). Now (Cy) and y € P implies that Ty(¢) > 0 on [a,0%*(b)]r and

o(b)
min Ty(t):/ , %nin (—1)”G}11(t,s)f(s,y(s))As

te[oz,ﬁ,,]T Olv,Bnhl'

a(b)
> / Va  max |G(t,8)|f(s,5(s)) As.
a tela,o?(b))r

It follows that

min  Ty(t) > yull Tyll.

tela,fulT

Thus Ty € P so T(P) C P. A standard argument, via the Arzela—Ascoli theorem, guaran-
tees that 7: P — P is continuous and completely continuous.

Page 9 of 20
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Theorem 3.7 Let (Cy) hold. Also assume

(Cy) limy_, o+ f(;’y) =0, limy_,wo@ = +00 for t € [a,0 (b)]r.

Then LBVP (1.1) has at least one positive solution.

Proof We will apply Theorem 2.7 with the cone P defined in (3.3). Since lim,_, o+ L (;’y )
there exists 1 > 0 such that

f&y)<ny, 0<y<r,a<t=<o(b),
where n = ﬁ and the number s, is defined in (2.8)];—0. Let Q1 = {y € B: ||lyll < r1}.

Using Lemma 2.1 and (3.4), we find for ¢ € [a,02"(b)]t that

o(b)
Ty(t) =/ (-1)"G(t,5)f (5,5(5)) As
o(b)
<n / 0,G1(0 (s),8)y(s)As
o (b)
< 77/ 0,G1 (o(s),s)rlAs

<nb,r /G(b) (o(s) - a) (oz(b) - a(s)) As
<6unriso =r1 =yl
and so
Iyl < llyll forallye PN as2.
Since lim,_, ;o @ = +00, there exists R > 0 such that
f&y)=ny, y=Ra<t<a(b),

where = (v, ¥s(1/4) ff” Gi(o(s),s)As)™L.
Let R, = max{2ry, f—n} and Q; = {y € B: ||y|| < Ry}. For y € PN 025, we have

min y(t) = yullyll = yaR1 = R.
[a,BulT
Using Lemma 2.3 and (3.5), we find for ¢ € [, B,]T that
o(b)
Bi) = [ (1G5 (5(9) As
Bn
> [ va(1/4)Gi(o(s),))f (s,7(s) As

ﬁn
> Y, (1/4) / Gy (0(5),5)y(s) As

ﬂﬂ
> Y, (1/4) / G (0/(5),s)uyuR1 As

Page 10 of 20
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Bn
> 1;an(l/éL)/vLVan/ G, (O'(S),S)AS

o

=Ry =iyl
and so

Tyl =yl forally € PN oK.

Consequently, Theorem 2.7 guarantees that 7 has a fixed point y € PN (2 \ ;).

Theorem 3.8 Let (C) hold. Also assume

(Cs) limyq: 12 = 100, limy 10, 762 = 0 for t € [a,5(b)]r.

Then LBVP (1.1) has at least one positive solution.

Proof Since lim,_, o+ f(;—y) = +00, there exists 5 > 0 such that

fty)=my, O<y<mr,a<t<o(b),

where [t > u; here p is given in the proof of Theorem 3.7.
Let Q1 = {y € B:||y|| < r2}. For y € PN 91, we have for ¢, € [«, B,]T that

o(b)
Ty(ty) = / (—1)”G§,(to, s)f(s,y(s)) As

ﬁ}’l
> Vn(1/4)Gy (0 (s),5))f (s:9(5)) As

o

Bn
= 0,14 [ G0 ms

o

Bn
> Yu(1/4) / Gi (o (s), s)iTyuR1 As

o

Bn
= v [ Gi(o9)As

o

=ry =yl

and so | Ty|| > |y|| for all y € PN 9.

Since limy_, @ =0, there exists 7, such that

fty) <y, y=r,a<t<o(b),
where 7 < 1.

We consider two cases.
Case 1. Suppose that f is bounded. Then there exists some N > 0 such that

f(t,y) <N, te [a,a(b)]T,ye [0, 00).

O

(3.7)

Page 11 of 20
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Let r3 = max{r, + 1, N6,so} and Q, = {y € B: ||y|| < r3}. For y € PN 3, using Lemma 2.1
and (3.7), we get

a(b)
Ty(0) = f (C1)'GL (6 ) (55(5)) As

o(b)
ENQ,,/ G1 (G(S),S)As

<Nbso <r3=|yl.

Hence, || Ty|| < ||ly|| for all y € PN 9L2;5.
Case 2. Suppose that f is unbounded. In this case let

g(r) = max{f(t,y) ‘te [a,o(b)]T,O <y=< i’}

such that lim,_, o, g(r) = 00. We choose r3 > max{2r,, ;—E} such that g(r3) > g(r) and let 2, =
{y € B: ||lyll < rs}. For y € PN 9y, using Lemma 2.1 and (3.6), we have

o(b)
Ty(e) = / (1)"GA (6, ) (s, 71s)) As
o (b)
<6, / G; (a (s),s)f(s,y[s))As

o(b)
<0yl [ Gilo0)s)as
< Tusollyl = Il

and so || Ty| < ||y|| for all y € PN 3£2;. It follows from Theorem 2.7 that T has a fixed point
yePN(Q\ Q). O

Theorem 3.9 Let (Cy) hold. Also assume

(C4) limy_, o+ J% = 400, limyﬁwof(tT'y) = +00 for t € [a,0 (b)]T,
(Cs) There exists a constant p; such that f(t,y) < Ipy fory € [0, p1]T,
where ' <.

Then LBVP (1.1) has at least two positive solutions y; and y, such that

0 <lyill = p1 < lly2ll-

f&y) _
y

Proof Since lim,_, o+ +00, there exists p, € (0, p1) such that

fy) =y for0<y<p,a<t<o(d) (3.8)

where (1 > u; here p is given in the proof of Theorem 3.7. Set 21 = {y € B: ||y|| < ps}. For
y € PN 9L, using Lemma 2.3 and (3.8), we find for ¢ € [«, B,]T that

o(b)
Ty(to) = / (-1)"GL(to, s)f (s, ¥(s)) As

Page 12 of 20
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51’1
> | Ya(L/Gi(a(s),5)f (5,9(5)) As

o

ﬁl’l
> wn<1/4)/ Gi(o(s),8)pry(s) As

Bn
> Y (1/4)yups i1 / G (O‘(S),S)AS

o

= ps =yl
and so
1Tyl > |lyll forallye PNoy. (3.9)
Since limy_,wo@ = +00, there exists p* > p; such that
S&69) = poy  fory=p*, (3.10)

where 5 > u; here p is given in the proof of Theorem 3.7.
Choose p* > max{}’i—:,pl} and set Q5 = {y € B: ||y|| < p*}. For any y € P N 3€2,, we get

y(8) > m}gn] Y(©) = yullyll = (v — @) yup* > p*. (3.11)
niT

tela,

Using Lemma 2.1, (3.10) and (3.11), for £, € [«, B,]T we have

o(b)
Ty(ty) = / (—1)”Gf,(to, s)f(s,y(s)) As

Bn
> [ va(1/4)Gi(o(5),8)f (5,(5)) As
Bn
> Y(1/4) / Gy (o), ) ay(9) As

o

.B}’l
> wn(1/4)7/n?#2'/ Gi(o(s),s)As

o

> 0% = Iyll,
which yields
ITy|| = Iyl forally e PNa2,. (3.12)

Let Q3 ={y € B: |yl < p1}. For y € PN 923 from (Cs) we obtain
o(b)
Ty(e) = / (1G5 (5 7(5)) As
o (b)
5/ 0,G1 (a(s),s)f(s,y(s))As

ob)
< On/ Gi(o(s),s)Tp1As
a

Page 13 of 20
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<6,Tp; fa(h) Gi(o(s),s)As
a
< 6usolp1 = p1=Iyll,
which yields
1Tyl < |lyll forallye PN ofs. (3.13)

Hence, since p, < p; < p* and from (3.9), (3.12), and (3.13) it follows from Theorem 2.7
that T has a fixed point y; in P N (Q3\;) and a fixed point y, in P N (2,\23). Note that
both are positive solutions of LBVP (1.1) satisfying

0<lyill = pr <lly2ll- O

Theorem 3.10 Let (C;) hold. Also assume

(Ce) lim, g+ L “y’” =0, nmyﬁm@ =0fort € [a,0(b)]r;

(C7) There exists a constant py such that f(t,y) > Op, for y € [y 00, p2]T,
where ® > [Ly,.

Then LBVP (1.1) has at least two positive solutions y, and y, such that
0 <yl = o2 < llyall-
Let us define the functional

o(y) = min ‘y(t)’

te[a,ulT

,Ny =L

and the numbers N1 <n = o

Onso’

Theorem 3.11 Let (C;) hold and there exist constants A,B,C,D with 0 <A<B<C=D
such that the following conditions hold:
(Cs) f(t.y) < NiA for all (t,5) € [a,0(b)] x [0, 4],
(Co) f(t,3) = NoB for all (t,) € [, B,] x [B, C],
(Cro) f(t,y) <NiC forall (t,y) € [a,0(b)] x [0,C].
Then LBVP (1.1) has at least three positive solutions y1,y2,y3 such that

max \yl(t)|<A B< mm |y2(t)| max |y2(t)| <C,

tela,o21(b)]

min }yg(t)| <B, A< max |y3(t)| <C.
tela,Bul te[a,o (b))

Proof Let Pc, then |y|| < C. So we get

[Tyl = max |Ty(t)|
tela,o2n(b)]

= max
tela,o 21 (b))

o(b)
< / 0,G1(0(5),5)f (5,3(5)) As

o(b)
[ crciesrae)as
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ob)
5/ 6,G1 (o (s),s)N1 CAs
a

o(b)
< GnN1C/ (o(s)—a)(o?(b) —a(s))As

<0,N1Csp=C = |lyll.

In the same way, we can show that if (Cg) holds, then TP, C P,. Hence condition (ii) of
Theorem 2.8 is satisfied.

To show condition (i) of Theorem 2.8, we choose y(t) = % for all t € [a, 0" (b)]7. It is
easy to see that yo € P and ||y = % > B. That is, yo € {y € P(w,B,D) : w(y) > B} # 0.

Moreover, ify € P(w, B, D), we have B < y(t) < Cfor ¢ € [«, Bu]T. By (Co) and Remark 2.5,

we have
o(Ty) = min |Ty(t
( y) tE[a,ﬁn]T{ y( ){

oo n el
z/ min |(—1) Gn(t,s)f(s,y(s))‘As

tea,fulT

Bn
1
’ ) A
= Y / te[;f}?n’é,,)]ﬂGn“ 9)|If (s,79)|As

> YnSoN2B = B.

Hence condition (i) of Theorem 2.8 is satisfied.
Since D = C, condition (i) implies condition (iii) of Theorem 2.8.

To sum up, all the hypotheses of Theorem 2.8 are satisfied. The proof is complete. [J

Example 3.12 Let T = Z. We consider the following complementary Lidstone boundary
value problem on T:

520 =f(Ly@), tel0,5r,

_ L AD A A A (3.14)
¥(0) = y(11) =y27(0) =y* 7 (9) =y~ "(0) =y* "(7) = 0.

Note that (3.14) is a particular case of (1.1) with 2n = 6. Since T =7Z, o(¢) = ¢t + 1,
o/(t) = t +j and x2(¢) = Ax(t), £ () = Aix(t). We notice that our Lidstone boundary

value problem is the following difference Lidstone boundary value problem:

A%(@) +f(t,y(1) =0, t=0,1,...,5

$(0) = y(11) = A%»(0) = A*¥(9) = A*y(0) = A*y(7) = 0.

The Green function Gi(t,s) is

a5(5) 9
Gl = [ GalenGhr9ar= Y Galt NG
0

r=0
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where

Gg(t, S) =

—1 |tc®(5)-0(s), t<s, -1 £(10 - s), t<s,
o%5) | 6(s)(65(5) = 1), o(s)<t (s+1)(11-98), s+1<¢

3(5)

(5 7
Gl(t,s) = fo Gy, NGl (r,8)Ar = Y Gy(t, )Gl (r,5),

r=0

-1 Jto*(G)-o(s), t=s, -1 ]t8~9) t<s,
o*0) |o)0t6)-1), o)<t s+1)9—8), s+1<t

GZ(t’S) =

and

2 — _ —
6169 - Gt lt(o G)-o(s), t<s, :_1’1,‘(6 9, t<s,

02(5) | o(s)(02(5) = t), ols)<t +1)(7-1), s+l<t
In Lemma 2.1, we find 63 = T Szz‘*) 55 = e, Where
2= { (0*3)* + > u®?[ ~2(t+20(1))]
teAy
_ Z/L t)2 t+ 20 (t )) 3(04(5))]}
teBy
1 8
= {93 + 223 6t — ;a 23} =120
and
84-1{ (0°3)* + > u(®?[3 ~2(t+20(1))]
teAy
3 w2t + 20(0) - 3(6°9))] }
teBy

4 10
1
=13y 29 -6t- Y 6t -291 =252

with A, = {0,1,2,3}, B, = {4,5,...,8}, Ay = {0,1,2,3,4}, and By = {5,...,9,10}.

120%252 ~
S0 6 = 120x252 ~ 4363,

Also, choosing « = 1,83 = 10,8, = 8,6 = 6,v = 4, we find ¥3(5) = 83% =
SpS3

7x9x11’

where

= % {(ﬂz —a)36*(5)(B2 + &) = 2(B3 + Pact + @)
+ Y u@?[3(c*(B) - 2(t +20(2))]

teAr—[0,1)

_ Z n(@)?[2(t +20(2)) - 3(04(5))]}

teBy~(B2,04(5)]

Page 16 of 20
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3 8
1
o 7><27><9—2(64+8+1)+Z23—6t—26t—23 ~211.6

t=1 t=4

and

S5= £ ((Bs-a)B30°B)(Bs + @) 2 + frova?) + 3 [30°6) - 2(t +20(0)]

6 teA3-[0,1)

- Y [2(t+20(0) - 30°(5)]

teB3—(83,05(5)]

3 9
1
=-193311-2(100+10+1 27 -6t - 6t —29 ¢ =449

with A3 ={0,1,2,3}, B3 = {4,5,...,8,9}, A4 = {0,1,2,3,4}, and By = {5,...,9,10}.
So ¥3(8) = 83137 and y3 = 4§§j§4 ~ 0.04.
Besides these, also find

2 6
1
So = 8{73 +Zl7—6t—Z6t—17} ~33.3.
t=0 t=3

We note that

6

6 6
0</ Gl(a(s),s)As:/ (s+ 1)(8—S)AS:Z(—S2+6S+7)234.
4 4

s=4

y
105(1+92) °
It is easy to see that f satisfies condition (C;). If we choose M = 10°, we can easily see

that the condition 85Qsy < M is satisfied for Q = 11. Therefore, according to Theorem 3.1,
Lidstone BVP (3.14) has a solution y().
(i) Consider the Lidstone dynamic equation (3.14) with the function f(¢,y) = 1 —sin® y. It

(i) Consider the Lidstone dynamic equation (3.14) with the function f(t,y) =

is easy to see that f satisfies condition (C;). Also the continuous function f is bounded on
[0,6] x R. Therefore, according to Corollary 3.2, Lidstone BVP (3.14) has a solution y(t).
Also, u(t) = 0 is a lower solution and v(¢) = 7 is an upper solution for LBVP (3.14). Thus,
according to Theorem 3.6, Lidstone BVP (3.14) has a solution y € [0, 7] on ¢ € [1, 11].

(iii) Consider the Lidstone dynamic equation (3.14) with the function f(¢,y) = y*(t + ¥).
It is easy to see that f satisfies condition (C;). Since

t, 2(t
lim 9 _ 7 EtY) _o,
y—>0* Yy y—0* y
t, 2(¢
lim M = lim M =+00 fort e [0,8],
y—>+00 Y y—>+00 y

condition (C) is fulfilled. Therefore, according to Theorem 3.7, Lidstone BVP (3.14) has
at least one positive solution.

(iv) Consider the Lidstone dynamic equation (3.14) with the function f(¢,y) = /y(t) + .
It is easy to see that f satisfies condition (C;). Also we obtain

t, S
tim LGP _ iy V2

y—0t y y—0t y
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t £
im FE9 o YT

y—>+00 Y y—>+00 y

=0 forte]l0,8]r,

so condition (C3) is fulfilled. From Theorem 3.8, Lidstone BVP (3.14) has at least one pos-
itive solution.
(v) Consider the Lidstone dynamic equation (3.14) with the function

3
_—r .
Flty) = | FOwr V=
=, 0<y<4.
The function f is continuous on [0,5]r x R and nondecreasing in the second argument
with f(z,y) > 0 for (¢,x) € [0,5]1 x K. We can easily see that condition (C;) is fulfilled. Also

we have
t, .
lim M - lim ﬂ = 400,
y—=>0t y y—0*t 106y
t 2
im LY _ Y - +o00 fortel0,8]r.

= Im -————-7
y=>+00 Y y—>+00 43105(1 +_)/)

Thus (C,) is satisfied. Furthermore, we find I' < @ = %. If we choose p; = # and
_ 390
I = 55515053530 We have
flty) = 1_{)2 <Tp;, for0<y<10*tel0,5]r,

so condition (Cs) is satisfied. Thus all the conditions of Theorem 3.9 are satisfied, so the
LBVP has at least two positive solutions.
(vi) Consider the Lidstone dynamic equation (3.14) with the function

-1+ y>1;
flep={ ¥ =
1+§’ 0<y<l.

The function f is continuous on [0,5]r x R and nondecreasing in the second argument
with f(£,x) > 0 for (¢,x) € [0, 5]t x K. We can easily see that condition (C;) is fulfilled. Also

we have
t, . 101
lim /&) = lim 24 =0,
y—=>0t y y—0+ 1 +y
/fy—1 + 19
fim 2 i TS e o8]
y—>+00 Y y—+00 y

Thus (Cg) is satisfied. Now, if we calculate the number ® in Theorem 3.10, we obtain
® = 0.04. If we choose p; = %, and noting y3 = 0.04, we have

101y? _ 4

t,y) =
f®y) 1+y — 100

, foryspy <y < pytel0,5]r,

[SSRIN

so condition (C5) is satisfied. Thus all the conditions of Theorem 3.10 are satisfied, so the
LBVP has at least two positive solutions.
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4 Conclusion

In this paper, we obtain sufficient conditions that guarantee the existence of solutions for
LBVP (1.1) on time scales. Firstly, by using Schauder’s fixed point theorem, the existence
of a solution is proved, and by using this theorem and lower and upper solutions method,
the other existence result is also given. Later, by using Krasnoselskii’s fixed point theorem
the existence of one and two positive solutions is proved. Finally, by using the Leggett—
Williams fixed point theorem, the existence of three positive solutions is proved. Although
the studies [2, 15, 27, 28] worked on limited time scales, which satisfies that [0, 1]7 and o' (1)
is right dense, 6/(1) = o (1) for j > 1, this study works on [a,52*(b)]T where T is any time
scale. Therefore this work generalizes papers about the existence of solutions for LBVP.
This study demonstrates the combining and generalizing properties of time scale theory.
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