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Abstract

This paper first investigates the equivalence of the space and translation invariance of
Stepanov-like doubly weighted pseudo almost automorphic stochastic processes for
nonequivalent weight functions; secondly, based on semigroup theory, fractional
calculations, and the Krasnoselskii fixed-point theorem, we obtain the existence and
unigueness of Stepanov-like doubly weighted pseudo almost automorphic mild
solutions for a class of nonlinear fractional stochastic neutral functional differential
equations under non-Lipschitz conditions. These results enrich the complex dynamics
of Stepanov-like doubly weighted pseudo almost automorphic stochastic processes.
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1 Introduction

Historically, a great many mathematical models for dynamic processes in the fields of en-
gineering, biological, and physical sciences are elucidated by stochastic differential equa-
tions. Under the background of dynamical systems, functional differential equations have
become an important focus of attention of investigation and research, in view of the ubiq-
uity and persistence of time delays, see [1] and [2] for details. In [3], the author presented
a comprehensive study of functional differential equations endowed with infinite delay.
Since uncertainties and random factors are commonly encountered in differential equa-
tions, which are the key factors causing system instability, in recent years, the theory of
stochastic functional differential equations has attracted the attention of more and more
researchers, such as the related stability, ergodicity, etc. [4—7].

With the development of differential equations, the qualitative properties of fractional
differential equations both with and without delays have long been an active topic in the
interest of researchers. In particular, the Mittag—Leffler stability and asymptotic stability
of solutions have been widely studied due to their importance in applications in the areas
of engineering and applied sciences. For more detailed information on this subject, see
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[8-10]. As a combination of stochastic functional differential equations and fractional dif-
ferential equations, the fractional stochastic neutral functional differential equation made
its entrance into the hot topic [11-13]. Most importantly, noninteger-order stochastic dif-
ferential equations possess the capability of describing the memory effects and real behav-
ior that play a crucial role in mathematical models. Hence, it is significant and necessary
to further explore this kind of equations.

In the course of studying the qualitative behavior of solutions to stochastic differential
equations, the changes in the environment are not precisely periodic, therefore, the in-
vestigation of almost periodic solutions occupies an important position in the aspect of
the qualitative theory of stochastic differential equations. As an extension of an almost
periodic stochastic process, the almost automorphic stochastic process and other gener-
alizations have developed rapidly and have been widely investigated in many publications
due to its applications and significance in physics, mathematical biology, and mechanics
[14-20], which constitute a significant part of mild solutions. In addition, while the au-
thors in these papers studied the existence and uniqueness of solutions, the classical Ba-
nach fixed-point theorem is indispensable, but whether the properties of the solution will
still hold if we replace the Banach fixed-point theorem with the more general Krasnosel-
skii fixed-point theorem under non-Lipschitz conditions [21] is an important question
that needs to be studied.

It is worth mentioning that Chen and Lin introduced the concept of a weighted pseudo
almost automorphic stochastic process and studied its translation invariance and com-
position theorem [22]. Further, Tang and Chang proposed the Stepanov-like weighted
pseudo almost automorphic stochastic process that included the former as a special case,
and investigated the existence and uniqueness of Stepanov-like weighted pseudo almost
automorphic mild solutions in a real separable Hilbert space to a class of stochastic differ-
ential equations under global Lipschitz conditions [23]. Very recently, Yang and Zhu intro-
duced the Stepanov-like doubly weighted pseudo almost automorphic stochastic process
for nonequivalent weight functions, and explored its properties, such as the completeness,
convolution invariance, etc.; further, the authors proved the existence and uniqueness for
the stochastic differential equations driven by G-Brownian motion by using the Banach
fixed-point theorem [24]. However, up to now, there are very few research results about
Stepanov-like doubly weighted pseudo almost automorphic stochastic processes and still
many properties have not been explored, let alone its applications to fractional stochastic
functional differential equation, so it is necessary to further study this area.

Motivated by the above-mentioned works, the goal of our work is to investigate the the-
ory for the p-mean Stepanov-like doubly weighted pseudo almost automorphic stochastic
process and its applications to a class of nonlinear fractional stochastic neutral functional

differential equation as follows:

D [x(t) = h(t,x,) | = Ax() + fi(t, %0) + (2, xt)dZ—it), t>s, (1)

where (DY is the Caputo fractional derivative of order « € (%, 1); A is a sectorial linear
operator and —A is the infinitesimal generator of an analytic semigroup on Hilbert space

[25]; f1, f2, and h are suitable functions and w(¢) is a two-sided cylindrical Wiener process,
which will be specified in Sect. 2.
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The structure of this paper is as follows. Section 2 preliminarily introduces several
definitions and related lemmas. Section 3 investigates the equivalence of the space and
translation invariance of Stepanov-like doubly weighted pseudo almost automorphic
stochastic processes for nonequivalent weight functions, which enrich the dynamics
of Stepanov-like doubly weighted pseudo almost automorphic stochastic processes. In
Sect. 4, based on semigroup theory and the famous Krasnoselskii fixed-point theorem,
by using analytical skills of the Lebesgue dominated convergence theorem, Fubini theo-
rem, Burkholder—Davis—Gundy inequality, etc., we obtain the existence and uniqueness of
p-mean Stepanov-like doubly weighted pseudo almost automorphic mild solutions for a
class of nonlinear fractional stochastic neutral functional differential equation under non-
Lipschitz conditions. Moreover, an example is investigated to illustrate our conclusions.

2 Preliminaries

Let (2, .#,P) stand for a complete probability space with the filtration {.%;}:>0 satisfying
the usual conditions, and H and K are real separable Hilbert spaces. The family of all p-
mean integrable H-valued random variables is denoted by L? (P, H) for p > 2, which is a
Banach space equipped with the norm || - ||» = (E| - ||1’)Il’ < oo for the expectation E. De-
note by L, (K; H) the space of all Hilbert—Schmidt operators from K to H equipped with
the Hilbert—Schmidt norm || - ||;. We assume {w(t)}.cr is a K-valued Q-Wiener process
with the covariance operator Q € L,(IK; H). Let K, = Q%K and L9 (Ko; H) endowed with
the norm || - ||Lg. In addition, let BC(R; L?(IP, H)) be the set of all stochastic bounded and
continuous processes X: R — L?(IP,H), and o: (—00,0] — [0, +00) be a continuous func-
tion such that o* := ff)oo o(s) ds < +00. Define

B, := {o : (=00,0] — LP(P,H) ‘ for any s < 0, ||o||z» is bounded measurable
0 t+1
on [s,0] such that / Q(S)/ sup E|o(0)|” duds < +oo},
-0 t $<6<0

which is a Banach space endowed with the norm

0 t+1 117
lolle = </ Q(S)/ sup ]E||o(9)“pduds) < +00,
—00 t $<6<0

it is not difficult to deduce that ||z, = o*||l*|ls», where x.(s) = x(¢ + s) for any ¢ € R and
s € (—00,0].

2.1 Stepanov-like doubly weighted pseudo almost automorphic stochastic
process

The Bochner transform x’(¢,s) for any ¢t € R and s € [0,1] of a stochastic process x is

denoted by x°(¢,s) = x(t +s). Based on the Definitions 7—10 in [24], by replacing the Banach

space LZ(Q) with L7 (P, H), we present the next concepts.

Definition 2.1 A continuous stochastic process Z : R — L7(P, H) is called p-mean almost
automorphic if for every sequence of real numbers {7, },cn, there exists {7, },en € {7, }ren
and a stochastic process Y : R — LP(P,H) such that lim,_, .o (E||Z(¢ + 7,,) = Y(®)||?)? =0
and lim,,_, . (E|| Y (¢ - 7,) — Z(t)||p)ll’ =0 foreachteR.
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Denote by AA(RR; L?(PP, HI)) the set of all such stochastic processes; this is a Banach space
1
endowed with the norm || Z||« = sup,r(E||Z(2)[|7)7.

Remark 2.1 The set of all Stepanov-like bounded stochastic processes is denoted by
BSP(R; L7 (P, H)), which includes all stochastic processes Z: R — L?(P, H) satisfying Z° €
L*(R; L?(0, 1; L? (P, H))). This is a Banach space equipped with the norm

1 ;
1Zlls» = sup( f Iff‘JIIZ(HS)H”dS)
teR 0
t+1 [ly
= sup (/ IEHZ(S) ||p ds) = sup”Zb(t, ) ||p.
teR \J¢ teR

Definition 2.2 A stochastic process Z € BS?(R; L (P, H)) is said to be Stepanov-like al-
most automorphic if Z? € AA(R; L?(0, 1; L7 (P, H))).

The collection of such functions is defined by SPAA(R; L?(IP,H)); it is a Banach space
under the norm || - ||sp.

Let % be the set of all locally integrable positive p on R. For given p € %/ and r > 0,
assume Q,(p) = ffr p(t) dt. Further, denote %, and %}, by

Uso = {,o ew :VEIPooQ’(p) = +oo}, Uy = {,o € Uso:pis bounded,}gﬂ{p(t) >0}.

Obviously, %, C U C % .

Remark 2.2 A stochastic processes Z € BS?(R; L?(IP,H])) is called Stepanov-like doubly
weighted ergodic in t € R, if i’ € PAA((R; L#(0, 1; L7 (P, H)), p, q), i.e.,

1 r t+1 »
li [ Elh dsq(t)dt =0,
Jim o [ Elo 1 asato

the set of all such functions will be labeled by SPPAA((R; L (P, H), p, ).

Definition 2.3 Let p, ¢ € - A stochastic process f € BS?(R; L?(P,H)) is said to be
Stepanov-like doubly weighted pseudo almost automorphic provided f = g + 4, where
g€ SPAAR; LP (P, H)) and h € SPPAA((R; LP (P, H), p, q).

The family of all such processes will be denoted by S WPAA(R; L? (P, H), p, q), which is
a Banach space with the norm || - ||s».

Similarly, S WPAA(R x L?(P,H); L?(P,H), p,q) can be defined, that is, for any f €
SPWPAA(R x LP(P, H); LP(P, H), p, q), then f = g + h with

g € SPAA(R x I#(P, H); I* (P, H))

= [g(t,2) € SPAA(R; L (P, H)) : for any z € LP(P, H)}
and

h € SPPAA(R x LP (P, H); L* (P, H), p, q)

= {h(t,2) € SPPAAG(R; L7 (P, H), p, q) : for any z € LP(P, H)}.
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Remark 2.3 1f p is equivalent to g (i.e., p ~ q), it follows that S» WPAA(R; L?(P,H), p,q) =
SPWPAA(R; LP (P, H), p) = SPWPAA(R; L? (P, H), ). For the particular case of p = 2, one
can refer to Definition 2.6 in [19] for more details.

This paper aims at studying the case of p > 2, p and g are nonequivalent for the
Stepanov-like doubly weighted pseudo almost automorphic stochastic processes that ad-
mits more complex dynamics than the classical square-mean Stepanov-like weighted

pseudo almost automorphic stochastic processes established in related papers.
Next, we introduce an indispensable Krasnoselskii fixed-point theorem used in Sect. 4.

Lemma 2.1 ([21]) Let B be a bounded closed and convex subset of a Banach space X, J1, >
be two maps of B into X such that J1x + J,y € B for x, y € B. If ]1 is a contraction and ], is
completely continuous, then there exists a x € B that satisfies J1x + Jox = x.

2.2 Caputo derivative and fractional powers of sectorial operators
We recall the fractional integral of order « for a function f defined as

1

IKf(t) = ﬁ

/t(t—s)’(_lf(s) ds, k>0,

where I' is the Gamma function, that is I'(x) := 0+°° < let dt.

For 0 < k < 1, the fractional Caputo’s derivative of the function f with order « is

1 L fls)
Fl-«)J, (£-9)*

eDif(2):=

Next, we recall some knowledge of fractional powers of sectorial operators.

Definition 2.4 ([25]) Let X be a Banach space, a densely defined and closed linear oper-
ator A: D(A) € X — X is said to be sectorial if there exist constants { € R, 6 € (0, Z), and
M > 0 that satisfy
() p(A) 2 S i= {h €C: 1AL, larglh - O)] > 0);
(I IR Allrxy < MMT“ for each A € Sy, where p(A) and R(%, A) stand for the
resolvent subset and the resolvent operator of A, respectively.

Let {S(¢)}:cr be an analytic semigroup with infinitesimal generator —A that satisfies
1S(8) |20y < Me™® for M > 1and § > 0, where A is a linear sectorial operator with 0 € p(A),
then the fractional powers of A is defined as

1 +00
AF = —/ 18t ds, K >0,
I'(x) Jo

clearly, {A™} is an operator semigroup and the next result holds.

Lemma 2.2 ([25]) Let 0 <« <k, then
(i) The operator A~ is one-to-one and denotes its inverse operator by A*. Moreover, the
closed operator A* is also the fractional powers of linear operator A with range
X, :=D(A*) = R(A™);
(i) X, is a Banach space equipped with the norm ||x||, := ||A*||x for x € X, and the
injection X, < X, is continuous;
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(iii) There exists M, > 0 such that ||A*S(t)|l L) < Mt e, where t > 0;
(iv) Forany 0<k <1, there exists N, > 0 such that ||S(t)x — x||x < N t*||A*x|| x with
t>0andx e X,.

3 Equivalence and translation invariance
For any set D C R, denote its complementary set by D¢, then the following results hold.

Theorem 3.1 Let p;, q; € U for i = 1,2. Assume that there exist a measurable set Ao C R
and constants m;, M; > 0 (j = 1,2, 3) that satisfy

p1(t) 41 (t)
=< , my < <M,, t¢Ao,
P2(t) ! 2= 50 2 0

p1(2) pa(t) -
mi"{ 00 0 } =M

my <

lim q:i(t)dt =0,
r~>+09 Q.(0:) J-rrna,

then S* WPAA(R; LP (P, H), p1, q1) = S* WPAA(R; LF (P, H), p2, q2).

Proof Based on the measurable set Ay and its complementary set A in R, we have

= d d
Qr(pz) Qr(pZ) [-=rrINAg P (t) o Qr(pZ) [-r,rInAg pl(t) '

_ Q) sup pi(t) 1
- Qr(pZ) teAgy 91 (t) Qr(pl) [-r,rINAg

+ sup a1 / pa2(t) dt
sedo P2() Qr(02) Jiorrinag

q1(0) dt

Further, from sup, 4, —( < M3 and sup,44, % < Mj, it follows that

Qr(lol) |: M3 ] M
- a dt < M,.
Qr(pZ) Qr(pl) /[N]W‘O (t) ‘ Qr(pZ) [r,r]mg ’OZ(t) =

Since lim,_, ;o0 % f[—r,r] na, Q1) dt = 0, it follows that

1. Qr(:ol)
st Qp2)

< +00. (2)

For any f? € PAA(R; L7(0, 1; L (P, H)), p1, q1), based on m, < Z;—Eg, t ¢ Ay, we have
1 r pt+l »
—_— E|\f(s)|” dsqx(t)de
gl ) BVl

1 t+1
= B ’y ,
Q(p2) /[_,,,]MO /t 1£(s)||” dsqa(2) dt

E b
Qr(pZ) /[~ Vr]ﬁA”/t “f(S)” dsq2(t)dt

L Q) 1 // E ? dsar () d IIf1lse 4
= my Qr P2) Qr “f(S)” Sql(t L Qr(pZ) [-r,rlNAg qZ(t) :
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Combined with (2) and lim,_, , @ f[fr’r] Ao qo(t) dt = 0, we conclude that f% € PAA((R;
17(0,1; L7 (P,H)), p2,q2); moreover, SPPAA((R;L?(P,H), p1,q1) S SPPAA((R;L? (P, H),
p2,q2). Using a similar method as above, it follows that SPPAA((R; L (P, H), p2,q2) C
SPPAAL(R; L (P, H), p1,41). From Definition 2.3, this yields S WPAA(R; L# (P, H), p1,41) =
SPWPAA(R; L7 (P, H), p2, q2)- O

Theorem 3.2 Let p;, q; € Us for i = 1,2. Assume that there exists a constant 0 < a < 1 and
measurable set Ay C R such that

1 Qar(pl)
1m Ssu
r—>+oo Qr(pt)

fA,on qi(t)dt

)

lim =0, whereA,:{teR:arglt—tdfr},

r=roo Qi)

5 [ p1(2) q2(8)  palt) (t):|

1m max| sup sup Suj sup < +00,
r—>+00 ter P2(t) teANA ql(t) ter P1(t) teA,NA q2(2)

then SP WPAA(R; LP (P, H), p1,q1) = SP WPAA(R; L7 (P, H), p3, q>)-

Proof For any h* € PAA(R; L7(0, 1; L7 (P, H)), p1,41), define

1 ropt+l
- E » |
He Qr(p2) /_, /t |15(s)[[” dsqa(2) dt

then

Qur(p2) 1 1 p
= E .
HO =000 T Qo) /A/ A dso(er ®

Further, one obtains

+1
IE”h(s) ”p dsq,(t) dt

) Ja, Ji

p1(t) ,
E|k d
ieﬂg 02(t) teiu};c ql(t) Qr(Pl) /A MC/t |7()||” dsq (2) d

7l s
+
Qr(p2) ArNAg

q(t) dt.

Jaynap 20 dt

By usulg lim, 00 SupteR SupteArﬂAg qlﬁt; < 400, lim, 100 Qr(p2) =0 and hh €
PAAL(R; LP(0, 1; L7 (P, H)), pl,ql) it follows that
1 t+1
lim / / E”h(s) ||p dsq,(t)dt = 0. (4)
r—+00 Q,(p2) Ja, Ji

According to (3) and (4), one has

limsup H(r) < limsup Qor(p2) lim sup H(ar).

r—+00 r—+00 r ;02) r—+00
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Since limsup,_, , ., H(r) =limsup,_, , . H(ar) < +00 and limsup,_, , %‘r’((ppz 2)) < 1, therefore

limsup H(r) = lim sup H(ar) = 0;

r—+00 r—+00

further, lim,_, .o, H(r) = 0, which indicates that #* € PAA((R; L?(0, 1; L? (P, H)), 03, ¢2) and
SPPAA(R; LP (P, H), p1,q1) € SPPAAG(R; L (P, H), p2, q>).

Similarly, it follows that SPPAA(R; L?(IP,H), p2, q2) € SPPAA(R; LP (P, H), p1,41). Based
on Definition 2.3, this completes the proof. g

Corollary 3.1 Let p;, q; € U for i = 1,2. Assume that there exist a constant o > 1 and
measurable set Ay C R such that

lim sup Q(p) <1
r—+00 Qar(pi)

qi(¢) dt
f“”““‘oi =0, whereA,={teR:r<|t|<ar},

’

lim
r—>+00 Qar()oi)

i [ p1(2) q2(2) pa(t) ql(t)]
im max | sup s , sup < +00,
r—+00 tek P2(t) reanag 1(8) ter P1(E) ren,nag 42(8)

then, SPWPAA(R; L (P, H), p1,q1) = S* WPAA(R; LP (P, H), p2, q2).
Next, we present the conclusion on the translation invariance.

Theorem 3.3 Let p, q € Ux, and H be a measurable set, if

lim sup ple+o) 00, (5)
|t|—>+00 P t)

q@) 4t -1)
e oo R ©

1
lim
r—>+00 Qy(to, p) Jarz e

q(t)dt =0, whereAf;f:{teR:m§|t|§r+|t|}, (7)

then SP WPAA(R; L? (P, H), p, q) is translation invariant.

Proof For any f* € PAA(R; L?(0, 1; L7 (P, H)), p, q), denote by £, (-) = f(- + 7) for any 7 € R,
it follows that

r t+1
f_/t E|lf, )] dsq(@) dt
r+lt| pt+l
p p—
5/_,_|T, /t E|f(s)|” dsq(t - v)dt

m t+1
< |lf||spf q(t —7)dt +/ / E||f(s)|” dsq(t - ) dt
-m ApfOH Jt

+Iflls / g(t-7)ds,
Apf OHE
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therefore

r t+1
o [ [ Bl saoa

Qi) q® fllse [ .,
< S S o1 Lo PO
(t-) Wl o

wer 4 Qrp) ApfOHe

q(t—7) Qrir(p) 1 el »
E d. d
T a0 Q) Qo) |re m/ If )| dsq(e) d.

It is not difficult to show that (5) implies

s Qe ®)
1m su <+

r—>+oo Qr(ﬂ) o ®)

which, together with (6)—(8) and f* € PAA((R; L?(0, 1; L7 (P, H)), p, q), yields

r t+1
tim [Tl dawar-

that is, SPPAA((R;L?(P,H), p,q) is translation invariant. Moreover, the space of
SPWPAA(R; LP(P,H), p, q) is translation invariant in view of the translation invariance
of SPAA(R; LP (P, H)).

Denote by Uy :={p € U : p ~ p*} forany t € R and p*(£) = p(t — 7), then the next result
holds. O

Theorem 3.4 Let p, g € Uy, then SP WPAA(R; L# (P, H), o, q) is translation invariant.

Proof For anyfh € PAAo(R; L?(0, 1; L# (P, H)), p, q), denote by f;(-) =f(- + 7) for any 7 € R,
it follows that

r o pt+l
ﬁ/ / IEHf,(s) ||pdsq(t)dt

_ Q) 1 rifz] )
E d .
=70 Q) Lo / lf)|” dsq () at

From p € Uy, then p ~ p27, therefore

r+7

Quelp?) = [ ple-mat

r—T

—r+27 r
< / P (0)dt + / p(O)dt < (m+ Qo).

r r

According to f? € PAA(R; L7(0, 1; L7 (P, H)), p, q), it is not difficult to prove f? € PAA((R;
L7(0,1; L7 (P,H)), p*,4"), which implies frb € PAA((R; L#(0,1; L?(P,H)), p,q). Further,
SPWPAA(R; LP(P,H), p, q) is translation invariant. O

Page 9 of 21
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Remark 3.1 For simplicity, denote
G, = {p | p € Uy such that S’PAA,(R; L* (P, H), p, q) is translation invariant}.
4 Existence and uniqueness

Definition 4.1 A {%#,},cr progressively measurable process {x(£)};cr is called a mild so-
lution of Eq. (1) if x(¢) satisfies

0) = (e =) - hisx] + (6 VAt — ot )
+h(t,xt)+/t( W) Lot (t - u)fi(u,x,) du
- (e o) i),
for all £ > s and for each s € R, where

isa(t):/H><> £c(0)S(£°0) do, m(t)zx/megk(e)s(tke)de
0 0

1 .1 _1 1A ()" T(kn+1)
;K(Q)zze Kw(@ ")20, wK(Q)z;Z 9KVI+1 T

sin(nk )
n=1

and ¢, is a probability density function defined on (0, 00) satisfying fo 0¢.(0)db = = Fim

Moreover, the next lemma holds.

Lemma 4.1 .7, (¢t) and <Z.(t) are strongly continuous for t > 0 such that
W) 1701 <M, | @] < 22,
(2) Foranyt>0,.%(t) and <, (t) are compact operators if S(t) is compact;
(3) ForanyO<a<land0<pB <1,x€H, :=D((-A)*), one has

-Ad (t)x = (-A) A (O(-A)"%, >0,

KkMgT'(2 - B)
= WP+ x(- B)

|AY )] e £50.

Based on this lemma, the next conclusions hold.
Lemma 4.2 Let 1, € SPAA(R; L7 (P, H)), then
t
61(t) := / (¢ — ) e, (t — ) (u) dw(u) € SPAA (R; 17 (P, ]HI))
—00

forteR.

Proof Since 1y € SPAA(R; LP (P, H)), for any real sequence {7,},en, there exists {7, },en S
{T1}nen € R and stochastic processes R — P (P, H) such that

) 1
lim </ E||A1(t+s+r,;)—Xl(t+s)||pds>p =0. 9)
0

n—+00
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Consider
t

Cr(t) = f (t — u) e (t — u)oy () dw(ue)

o0

and denote by W(¢) = w(t + t) — w(t,) for t € R, then W is also a Brownian motion with
the same distribution as w, therefore, from the Burkholder—Davis—Gundy inequality, we

obtain
B[ (e +,) -4 @)
/ (5 1 (A (A A (s )
)

t
< 4M; / (t- u)z("“’l)e’2”(t’”)E||kl (u+1)- () ||]i(2) du

00

<E (sup

s<t

ra (e + 7)) = K ()] doi(w)

and for p > 2 that

E[€i(t+7) - 670

<E (sup

s<t

/ (s 1) (A (—A) (s — )
)

t
< Cng]E</ (t — w)XeaD g=2n(t=10) [ A1 (u + 7)) = 21 (w0) Hig du)
—00

AUEE AR Il(u)] dw(u)

p
2

t
<C,M; / (t- u)z('("“l)e’2”(t’“)E||)\1 (u+1)- 1 (u) ||p du,

{oe]
where C, = [p*1/2(p — 1)?"'1?"? and

I'2ca —1) t

_ kMo T A+ ) (Al

M
0 'l +«ka)

, M= M’g[
Denote by C; = C, for p > 2 and Cy = 4 for p = 2, which yields
E|%i(t+ 1) -7 0|

< C;Ml / mz(K“_l)e_Z”’”EHM (t -m+ r,’,) - 'Xl(t —m) Hp dm.
0
From the famous Fubini theorem, we obtain
1
/ E|€(t+s+1,)-C(t+9)| ds
0

+00 1
< C;Ml / mz(’“"_l)e_z””’/ IE”kl(t +Ss—m+ r,’,)
0 0

—3:1(1.‘+s— m) ”pdsdm.
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Based on the translation invariance of SPAA(R; L? (P, H)), (9) and the Lebesgue dominated

convergence theorem, it follows that
1 ’
(/ E|6i(t+s+1)) —‘51*(t+s)||pds) —0 asn— oo.
0

Similarly, it follows that lim,Hoo(fO1 E|6(t+s—1),) -Gt +9)|F ds)ll’ =0. O

Lemma 4.3 Let Ay € SPAA(R; L (P, Hy,)), then

G (t) := /t (6 — ) A (t — u)ho(u) du € SPAA (R; (P, H)) forteR.

(o¢]

Proof Since X, € SPAA(R; L? (P, H)), for any real sequence {t,},en, there exists {7, },en €
{T1}nen € R and stochastic processes R —IP (P, H) such that

1

1 7
lim (/ IEH (—A)“Az(t +5+ t,/l) — (=A)* s (t +5) Hp ds> =0. (10)
0

n—+00

Assume

E(t) = / t (t — u) " A (t — u)ho(u) du,

o]

further, it follows that

]E”%z (t + r,/,) 0] Hp

p

: EH [ - ar s - A ) - A Ra(w)] du
MP

0 E( / Ui (=) Ao (1 + 7)) = (A Ra () | du)p

<
AP entt=u)
-1
< Mg F(KO[) P ‘ (t_u);(oz—le—n(t—u)
T AP L g —0

E||(=A)*ha(u + 7)) = (A Do (@)||” du

+0Q0
<M, / m* e R |(=A)* Ay (t —m + T,) — (~A)%9n (£ — m) ¥ dm,
0

where M, = [Mﬁ]” [ F,jzg) 17-1. From the famous Fubini theorem, we obtain

1
/ E||%(t +s+1,) - €t +5)|" ds
0

+00 1
< M, / el / E|(-A) A (t+s-m+ 1))
0 0

— (<A Ra(t + 5 —m)| dsdm.
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Based on the translation invariance of SPAA(R; L?(IP,H,)), (10), and the Lebesgue domi-

nated convergence theorem, it follows that

1 :
(/ E||‘€2(t+s+r,/,)—‘52*(t+s)”pds) —0 asn— oo.
0

Similarly, it follows that lim,Hoo(fOl E|€5(t+s—1)) — Gt +s)|IF a’s)l% =0. O

Corollary 4.1 Let A3 € SPAA(R; LP(P,H,)), then

&)

()= /t (t —u) e (t —u)rs3(u)du € SPAA (R; L7 (P, H))

forteR.

Based on Lemmas 4.2 and 4.3, to establish the existence and uniqueness of a Stepanov-

like doubly weighted pseudo almost automorphic mild solution of Eq. (1), the following

hypotheses are necessary.

(H1)

(H3)

Assume p, q € G%, and f; = ¢; + ; € SPWPAAR x B,; L (P, H), p,q), where
¢ € SPAAR x By; L (IP,H)) and wib € PAA((R; L(0, 1; L# (P, H)), p, q), there exists
a positive constant L that satisfies

t+1 [l,
(f E||¢i(s,xs)—¢i(s,ys)||”ds) <Ll -y, teRi=1,2 (11)
t

for any x, y € B,. Furthermore, there exist y € S’PAA((R;R*) and a nondecreasing
function ¢: R* — R* that satisfies for all x € L?(IP,B,) with ||#|lo < 8, which yields
t+1 t+1 §0(8)
/ E||wi(s,xs)||p ds < <p"(8)/ E”y(s) ||pds and liminf— =5b. (12)
: ¢ §—>+00 §
Let p, g € G, and h = hy + hy € SPWPAAR x By; L (P, Hy), p,q), where by €
SPAAR x By; LP(P,H,)) and hé’ € PAA(R; LP(0, 1; L# (P, H)), p, q), there exists a

positive constant L that satisfies

t+1 }g
</ E||(—A)”h1(s,xs)—(—A)“hl(s,ys)||pd5> <Llxe—yell,, teR (13)
t

for any x, y € B,. Furthermore, there exist y € S’PAA(R;R*) and a nondecreas-
ing function ¢: R* — R* that satisfies for all x € LP(P,B,) with ||x|l« < §, which
satisfies

t+1 t+l
/ E||(=A)*ha(s, x;) ||pd5 < gDp(B)/ E”y(s)”pds and
@(3)

liminf — = b.

§—+00

(14)

Denote a = ||y ||s¢, thus the next result holds.

Page 13 of 21
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Theorem 4.1 Assume (H,) and (H,) hold and

0*(ab+ L)[M3(1 + |[(=A)*7H||) + Ma + || (=A)*||] < L, (15)
s o—1
where My = ”Cle—ar(:a))”( = ”[ 2:% D13, M MIW“F @) then Eq. (1) admits a unique

Stepanov-like doubly weighted pseudo almost automorphlc mild solution.

Proof According to (15), there exists a constant d > 0 that satisfies
o*[ap(d + llwl,) + Ld|[M5(1 + [ (=A)* 7)) + Ma + | (=A)*|] < 4. (16)

To finish the proof, we will complete it in several steps.
Step 1. For above d > 0, let

3a:= {€ € PPAAV(R; P (P H), p,q) : 6]l < ),

obviously, 3, is a bounded closed and convex subset of S?PAAy(R; L?(P, H), p, q). For any
w € SPAAR; LP (P, H)), & € I, assume the operator (ZBE)(t) = Zle(«%)ig)(t), where

(%:6)(t) = ha(t, p + &) + /t (t — )" At (t — wha(u, @, + &) du,
(2:8)(t) = [ (t, 0y + &) — (8, ) ]

+ /t (t - u)K_lAvQ{K (t - M)[hl (u’ wy + %—u) - hl(ur wu)] du:

o ¢}
t

(o)1) - [ (6= ) A = s (00 + £) i,

o0

(Bu&)(1) = / (t = u) ' e (t — )1 (w, 04 + ) — 1 (1, 0,) | s,

t

(B5)(0) = / (6= ) (6 = )t 0 + £u) A1),

(o.¢]

(Bsé)(t) = / (t — ) (= W[ o, 0y + £4) = o1, 0,) | dw ().

By applying (11)—(14), we deduce that

1

t+1 p
( / E|| (A1 (1, 0 + £2) = (=AY Iy (16, 0,) [ du) <Ll 17)
t+1 t+1
/ E||(~A) hat, 0 + £ | due < o (d + lo]l,) / E||y(5)[? ds, (18)
and
t+1 },
( / Euqsxu,wu+su)—¢i(u,wu>u"du> < Ll (19)

t+1

t+1
/ E|| ity 0 + &) die < ¢ (d + ]l f E|y )| ds (20)
t t
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which indicates based on y € SPPAA((R;R*) and & € SPPAA(R; L7 (P,H), p,q) that
CA) h(w,0p + &) — (FA) " m(w,wy) € SPPAAR;LP (P H), p,q), Yi(u, 0, + &) €
SPPAAGR; LP (P, H), p,q), (wA)*hy(u, w, + &,) € SPPAAR; LP(P,H), p,q), and ¢;(u, w, +
&) — ¢i(u, w,) € STPAA(R; L7 (P, H), p, q).

Let W(¢) = ¢y (t, w; + &) — o (t, wy), then WP() € PAA((R; L7(0, 1; L7 (P, H)), p, q), further

1 r t+1
. E p
M e / , / |(Z66))| dsq(t)d

< im s [ e (s

/m (Wl _ u)x—l(_A)oz—l(_A)l—a

- e (m — u)W (i) dw(u) )qu(t)dt
t+1 ps 2(ka—1)
(s—u) »
=GM, lim Q(r’ 5 / r ft / e K| VW) |’ dudsq(t)dt
. +00 m2(Ka 1) »
Ecle_/O erﬁm o ,0)/ / IE||‘-II(t+r—m)|| dtq(t) dt dm,

where CJ, M defined as in Lemma 4.3. Combining the Lebesgue dominated convergence
theorem with W(.) € PAA((R; L7(0, 1; L7 (P, H)), p, q), we deduce

r t+1
. r _
rkryoo 00.0) /_r/t EH (Ps€)(s) || dsq(t) dt = 0,

that is, (%Be&)(-) € SPPAA(R; LP(P, H), p,q). Taking a similar argument, we obtain that
(Bi&)(-) € SPPAANR; LP (P, H), p,q) fori=1,...,5.

Let (A18)(8) = (Z18)(8) + (B3E)(2) + (B5E)(2), (M26)(2) = (5a8)(2) + (Ba&)(E) + (B6§)(2)
for t € R, obviously, this gives (A;§)() € SPPAA(R; L# (P, H), p, q) for i = 1,2, based on the

Burkholder—Davis—Gundy inequality, we obtain

|(#:8) (t,m)|,

t+1 pr
ﬂMmW’ww%mwmmwmewm]
t
+00 t+1
+ [Mg / r’“"_le"”/ ]E” (A hi(m —r, 0y + E_y)
0 ¢

— Ay (1 — 1y o) | dm dr} !

< Ld||(-Ay“| + Ld [Mz / g dr:| ’
0

= Ld(]| )| + M),

[(Ba8) (t.m) ||, + ()" 6. m) |,

+00 t+1 1
swwwW/rww/EMmﬂwﬁwwm$
0 t
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1
p

+00 t+1
+ [C;le r2("°‘_1)e_2"’/ E” Y (m — 1, Omers Emer) ||p dmdr]
0 t

. !
< Ld]|(-ay| [Mz [ dr:|
0

+00
+Ld[c;M1 [ e dr}” < Ld[M | (<A + My)
0

where ¥ (m — 1,0y, Emy) = Yi(M = 1,0y + Emy) = Yi(m = 1y 0p,) for i = 1,2, My =
PG M1 T @)A1
I(ka)

(525013, My = 2140 Therefore,

[A28)m)| g = Za[Ms (1 + [| (A H]) + M+ [ cA) [ ]
Analogously, this gives
[ (A16)m)| g < ap(d + llwllg) [Ms (1 + [ (=AY ])) + Ma + [ (=A)[].

From (16), it follows that || A;§]l, < d, furthermore, A; maps I into J, for i = 1,2.
Step 2. A, is a contraction mapping and A; is completely continuous on 3.

For any é, § € 34, we obtain

[(4:8)@0) - (A:5) @],
< [#:5)0) - (BOO|, + [(BD) O - (BE D], + | (ZeE)e) - (ZE)W)],

1
p

t+1
< | [ / E [ (<AYhy (11,0 + B — (—AY Iy O, o + E,) ||Pdm]

+00 t+1
+ [M2 / Pt / E|| (<A)hy (71— 1, @y + Eyrr)
0 t

1
p

— (<A (m = r,0py +E,,,) | dm dr:|

+00 t+1
+ [ (=4 [Mz / rrelenr / E||y1(m - 7, omey + Enr)
0 t

1
p

—Ym—-r,0n,+£&,._,) ||p dm dr]

+00 t+1 -
+ I:C;Ml / 72(’“"_1)6_2"’/ IE” Yo(m — 1,0y + Epr)
0 t

1
—Yo(m—r,0mn, +&,_,) ||p am dr] '

<Lo*|[(-A)™“||IIE - Ells»

p

+L(1+]|(-A)*) [Mz / PO e |y — E 1P dri|
0
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+L [c;;Ml f e TS dr} ’
0
< Lo*[Ms(1+ || (=AY ) + Ma+ | (-A)“ | ]IE - Ellsr,
and based on (15), we have

1(AD)®) - (AE)D)
< Lo*[Ms(1+ [ (<A [) + My + [ (=A)* | ]IE - Ells> < IE — & 5.
Since for any &, € 3, this yields |[(A1£) ||, < d, therefore, A, is uniformly bounded. Based
on the Arzela—Ascoli theorem, it is not difficult to derive that A; is compact, further, A;

is completely continuous on 3.
Step 3. Let 77 on SPAA(R; L? (P, H)) satisfy

(H)O) - / (= 0 A )y (ot 00) i
+ /t (t — u) ' e (t — )1 (u, w,) du
. / = 0 A )ty o) AW ) + a0, ).

oo

From w € SPAA(R; L?(P,H)) and /; € SPAA(R x B,; L?(P,H)), we can extract a real se-
quence {7, },en such that stochastic processes w: R — L?(IP, H) and hi R x B, — L7 (P, H)

such that
1 5
lim </ IE||a)(t+s+ T,) —5(t+s)||pds> =0 (21)
n—+0Q 0
and
1 ~ ’
lim </ IE||h1(t+s+t,,,x)—hl(t+s,x)||pds> =0, (22)
n—+0Q 0

where x € B, therefore

[ (A I (1 + Ty 11my) — (AT (1,35, |
p

E || (_A)ah}f(u + tnrwu+rn) - (_A)ahll’(u + Tny CN‘)M) ”p

AR+ 1 30) - (A (0],

< Lo @pre, = Bellsr + | (=AY I + 7 B,) = (=AY I (w, @) |, = 0,
which indicates from (21) and (22) that

lim H (—A)ahl(u + Ty CULHI,,) - (_A)a];i(u’ 5”) Hp =0.

n—+00

Further, we have 4 (¢, w;) € SPAA(R; L? (P, H,)) for ¢ € R. Analogously, this gives ¢;(¢, ;) €
SPAA(R;LP(P)H)) fori= 1,2. Denote bY )"1() = ¢2(',C{).), )"2() = hl('vw-)r )"3() = ¢1('7 (,().),
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based on Lemmas 4.2 and 4.3 and Corollary 4.1, we deduce that .7 maps SPAA(R;
L?(P,H)) into itself.

Next, we prove /¢ is a contraction mapping on SPAA(R; L# (P, H)). For any @, @ € B,,
similar to the proof of Step 2, it follows that

|tB) ) - (o)),

+00 7
L(1+ [ (=41 [Mz / R [ S dr}
0

oo 1
+L|:C;M1/ 72(’(& D _an”wm r— W r” d’{|
0

+L|(-A) | Il& -l

< Lo*[Ms(1+ [[(=A)* ) + My + || (-A) || ] 1@ - @lls,
and based on (15), we have

|2@) - ra)

< Lo*[Ms(1+ | (=A)*H]) + Ma+ | (~A) | JI1& - @5 < 1@~ |50

From what has been discussed above, based on the results of step 1, step 2, and the Kras-
noselskii fixed-point theorem, there exists a fixed point £* € SPPAA((R; L7 (P, H), p, q).
Combining step 3 with the Banach fixed-point theorem, it follows that .72 admits a unique
fixed point w* in SPAA(R; L?(P, H)). Consider the coupled system

w*(t) = f (t — u) A, (t — u)h (u, 0?) du
+f (t - u) L, (t — u)d (1, k) du
+f )L (¢ — u)pa(u, ) dw(u) + (¢, ),
EX(t) = ho(t, ) + &) + ffoc(t —u) VA, (t — why(u, wh+ &) du
+ [t of + &) = hi(t, )]
ft (t - u) " Adt, (t — u) [ (u, 0F + EF) — I (u, @})] du
f (t —u) et (t — )y (u, 0} + EF) du
+ [ (= u) T A (= )y (w0 + EF) — 1 (u, 7)) du
+ [ (= u) T A~ u) Yo (u, 0% + E5) dw(u)
[ (= )L (= 1) o, ] + E) — o, )] dw(u);

further, x*(¢) = w*(t) + £*(t) € SPWPAA(R x By; L (P, H), p, g), which is a Stepanov-like
doubly weighted pseudo almost automorphic mild solution of (1).

Substituting the assumptions (H;) and (Hs) for the following (H}) and (Hy), respectively,
that is
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(Hy) Assume p, g € G, and f; € S’WPAA(R x B,; LP (P, H), p, q), there exists a positive
constant L that satisfies

t+1
(/ EHﬁ(s,xs) —f,»(s,ys)des)p <Llx =yl teR,i=1,2
t

for any x, y € B,,.
(H3) Let p, q € G, and h € SPWPAA(R x By; L (P, Hy), p,q), there exists a positive
constant L that satisfies

1

t+1 »
(/ E|(=A)h(s,x;) — (~A)* ks, 5) | dS) <Llx=yelle, teR,

for any x, y € B,,.
Similar to the discussion in Theorem 4.1, by utilizing the Banach fixed-point theorem,

it is not difficult to show the next conclusion holds. O

Corollary 4.2 Let (HY) and (H;) hold. Then, Eq. (1) admits a unique Stepanov-like doubly
weighted pseudo almost automorphic mild solution provided that

O L[M3(1+ |(A)* ) + Ma+ | (-A) 7] <1, (23)

Y Mo T @)l (47|
T'(ka)

[F(Zka—l)]%, M = Mi_oT ()

Where M4 = (27])2'“"71 nke

Remark 4.1 By comparing Theorem 4.1 and Corollary 4.2, it is obvious that the condition
(15) is more accurate than (23), which indicates the discussion and computation in Theo-
rem 4.1 based on the Krasnoselskii fixed-point theorem is more complex and challenging;
therefore, Theorem 4.1 is significant compared to the relevant existence and uniqueness
of the Stepanov-like doubly weighted pseudo almost automorphic mild solution by using
the Banach fixed-point theorem.

Example 4.1 Consider the following special one-dimensional stochastic neutral differen-
tial equation of the form

O [x(t, ¢) = h(t,x(t = (1), )] = 3x(t, §) + fi(t,x(t — T(8),0))

+ ot x(t — T(2), C))%, (24)
x(¢,0)=x(t,1) =0, teR,
where
h(t,x(t-(0),2)) = 1 sin( 1 >c0sx(t 7,0)
' ¢ 100 1+ cost + cos /2t s

+eMx(t, ¢)sin® x(¢, ),

1 . 1
Sfibx(t-1(),0)) = 100 sm(2 Teoia cosﬁt) cosx(t—1,2)

+ e Mx(t, ¢)sin® x(8, ).
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LetH = L2[0,1] and A: D(A) € H — H with (Ax)(¢) = x”(¢), A is an infinitesimal generator
of an analytic semigroup {S(¢)};>0 such that ||S(¢)|| < e™* and

(—A)%x = Zn(x,x,,)x,,,x € D((—A)%) =1xeH: Zn(x,xn)xn eH
n=0 n=0
Assume
1, t>0,
PO =qt)=y ,

et, t<0,

then Eq. (24) can be formulated in abstract form as Eq. (1) and the conditions (H;) and

(H,) hold, where L = Wlo’ @) =8b=1y=ell,k=a-= %, ||(—A)‘%|| =1, F(%) =7,

M = n = 1, it follows that (24) admits a unique square-mean Stepanov-like doubly weighted
pseudo almost automorphic mild solution.
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