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Abstract. We investigate some spectral properties of differential—
difference operators, which are symmetrizations of differential operators
of the form (272)" and (90")*, k > 1. Here, d = p-£ + g and ' stands
for the formal adjoint of @ on L*((0,b),w dx). In the simpliest case k = 1,
this symmetrization brings in the operator —®?, which can be seen as
a ‘Laplacian’, and D f := Do f = 0(foven) — 01 (fodd), a skew-symmetric
operator in L*(I,wdz), I = (—b,0)U(0,b), is the symmetrization of 0.
Investigated spectral properties include self-adjoint extensions, among
them the Friedrichs extensions, of the symmetrized operators.
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1. Introduction

In this paper, we propose a treatment of some class of differential-difference
operators in dimension one from the spectral theory point of view. These
operators emerge as symmetrizations of differential operators on (0,b), 0 <
b < oo, admitting, in the simplest case, a decomposition of type L, = 0'0;
see Sect. 2.

In some specific frameworks, the analysis of the so-called Jacobi—Dunkl
operators of both compact and non-compact types (see Examples 2.1 and 2.2)
was initiated by Ben Salem and Samaali [1]. Some aspects of harmonic analy-
sis of a (first-order) differential-difference ‘derivative’, a building block of the
Jacobi-Dunkl operator, in the compact case were investigated by Chouchene
[3], and in the non-compact case by Chouchene et al. [4]; see again Examples
2.1 and 2.2.
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Nowak and the author [8] established a general symmetrization proce-
dure in the context of orthogonal expansions associated with a second-order
differential operator £, a ‘Laplacian’. Roughly, the important point of the
symmetrization procedure consisted in removing asymmetry of the decom-
position £ =20 +a, a € R, where 9 is an associated ‘derivative’ and o1 is its
formal adjoint. This general theory was constructed in the multi-dimensional
setting and permitted to shed a new light on the theory of higher order Riesz
transforms for orthogonal expansions. In some cases of orthogonal expansions,
the theory was applied with emphasis on specific harmonic analysis issues.
For instance, Langowski [7] studied the symmetrized Jacobi expansions with
emphasis on potential and Sobolev spaces. See also [5]. Nowak, Szarek and
the author [9] discussed the symmetrized Laguerre expansions with focus on
some harmonic analysis operators.

Recently, the author [11] investigated spectral properties of ordinary dif-
ferential operators admitting the beforementioned decomposition. The present
paper continues this line of investigation but in the setting of symmetrized
operators, i.e., differential-difference operators. Some aspects of such inves-
tigation were already undertaken by the author [12] in a specific case of the
Jacobi-Dunkl operator of compact type. It is worth mentioning that the the-
ory presented in this paper: (a) does not refer to orthogonal expansions, i.e.,
an associated orthonormal system is not postulated (as it was done in [8]);
(b) includes not only second-order but also higher order differential-difference
operators.

The Friedrichs extensions of differential operators, notably for the Sturm—
Liouville operators, were widely investigated in the literature. See [13] and
the references therein. In this paper, we describe the Friedrichs extension of
the differential-difference operators (—1)¥D2* on L2(I,w); see Theorem 4.6.
The description is given in terms of ®-derivatives and ®-Sobolev spaces, and
for k = 1, this extension can be seen as the ‘Dirichlet Laplacian’.

The paper is organized as follows. In Sect. 2, we recall the setting
of Sturm—Liouville operators admitting a special decomposition and out-
line a symmetrization procedure leading to the setting of the corresponding
differential-difference operators; the Liouville form of the latter operators is
also discussed. This is then illustrated by two important examples of Jacobi
differential operators and Jacobi-Dunkl differential-difference operators of
both compact and non-compact types. In Sect. 3, we introduce and investi-
gate weak ®-derivatives and compare them with weak 9- and ?-derivatives.
In particular, we establish relations between the weak derivatives Z)ife?k and
(0M0)k . or (001)k .k > 1, cf. Proposition 3.7. Section4 is devoted to in-
troducing and studying ®-Sobolev spaces, subsequently applied to describing
the minimal and maximal operators and the Friedrichs extensions. Again, we
relate the Sobolev spaces in the ® and 0 settings, cf. Proposition 4.4. All
such relations, suggested by (2.3), find their cumulation in Proposition 4.7.

Finally, Theorem 4.6 contains the main result on the Friedrichs extension of
(—1)kD2*,
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Notation and Terminology. Throughout the paper, we use standard notions
and symbols. Thus, given a function f on (—b,0) U (0,0), 0 < b < oo, we
write feven and foaqq for its even and odd parts, feven(z) := (f(z)+ f(—x))/2,
foaa(x) := (f(x) — f(—x))/2, respectively. We shall frequently use the fact
that

/feven/odd (x)g(x)w(x)dx = /f(x)geven/odd (x)w(x)dx, (11)
I I

whenever the integral (on the left-hand side, say) exist. We also use fairly
standard notation for (complex-valued) function spaces. For instance, AC),¢
(O), where O stands for an open subset of R, denotes the space of all functions
fon O, such that f € AC[«, 3], for every bounded interval [, 5] C O. Weak

derivatives of a function f will be denoted by f ..., fooars fv(vzzlk The symbol
{-,-)r2 will mean the inner product in a relevant L? space. Given an open
interval J C R and a set of Sturm-Liouville coefficients {v,r, s}, that is a
triple of real-valued functions on J satisfying some natural smoothness and
positivity assumptions, the associated Sturm-Liouville differential expression
is
1 d d
C{’U,T,s} = @( — @(T‘(w)@) + S(CE))

One can associate with Ly, ;. s} a boundary value problem or an unbounded
operator on L2(J,v(z)dx).

We shall also apply the following convention: by affixing one of the su-
perscripts ‘—/+’ to an object originally considered on (—b,0)U(0,b), we mean
the restriction of this object to (—b,0) or (0, b), respectively. For instance, for
a function f on (—b,0) U (0,b), f stands for the restriction of f to (0,b).

2. Preliminaries

Let 0 <b<ooand I =(-b0)U(0,b) :=1" UIT be given, and let w be a
weight function on I, by which we mean a real-valued positive C* function.
For real-valued p,q € C*°(I"), p(z) > 0 for z € I'", consider the first-order
linear differential expression

d
0 = 0fupq) = @)1+ 4(a)
treated as an operator on the Hilbert space L?(IT,wdx). We call d the

delta-derivative associated with the triple {w,p,q}. The formal adjoint to
2 in L2(I*,w), in the sense that

<a@aw>L2(1+,w) = <¢70Tw>L2(1+,w)a <)07¢ € CZX)(IJF)v (21)
is

o' = —ple) - +4'(a),

where
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Note that d is the delta-derivative associated with the dual triple {w, —p, ¢'}.
Also, notice that (¢")T = g and (2")" = 9 and, in general, skew-symmetry does
not hold, o # —0. This lack of skew-symmetry gave an impact for considering
a symmetrization process, see [8].

In this symmetrization of 9 = 0y, ;4 the functions from the triple
{w, p, q}, initially considered on I'", are extended to functions on I by setting

w(—zx) =w(x), p(—z)=p), q(—z)=—q(x), zelt, (2.2)

so that w and p are even and ¢ (and ¢') is odd. Then, we let

Do f = feven) — 0 (foaa). (2:3)
Here, we treat 9 and df as operators acting on suitable functions on I, with
p, q, and w extended by (2.2). Notice that

e 0f (and 07 f) is even/odd for f odd/even,
e D, f is even/odd for f odd/even,
o (Dof)t =0(fF) for f even and (D, f)T = —0f(fT) for f odd.

It is also worth observing that

_,4f N A YOS S SO
Dof = pg; + Afeven — 4" foaa =pg - + 5 q)f+2(q+q)f,

where fdenotes the reflection of f, fv(x) = f(—z), z € I
Checking that ® := D, is skew-symmetric in L*(w) := L?(I,wdz) in
the sense that
<©@u¢>L2(w) = _<SO7©1/}>L2(IU)7 307¢ € 030(1)7

is not difficult using the above representations (as it was explained in [8]), but
this can be also seen as a consequence of (2.1). Namely, for ¢, € C°(I),
using (2.3) and the identities (consequences of (1.1))

<f7 g>L2(I,w) = 2<f7 geven/odd>L2(I+,w)v
valid for even/odd f € L?(w), respectively, one gets

(Do, V) r2(rw) = ((Peven), V) 12(1,0) — (07 (Podd ), V) £2(1,0)
2[(®(Peven)s Yodd) 2 (1+,w) — (O (Podd)s Yeven) £2(r+ )]
= 2[(Peven> 01 (Yoda)) 2(1+ w) — {Podds d(Weven)) L2(1+ w)]
(0,07 (Voda)) £2(r,w) — (5 ¥(Weven)) 2(1,w)

= *<907@7/1>L2(1,w)-

Since ® maps C°(I) into C°(I), we can consider, and we do this, the
operators ®", n > 1, as densely defined operators on L?(w) with domain

C(I). We let Lg) = (=1)*D%* k > 1, writing simply Ly when k = 1.
Notice that

° Lg) is symmetric and nonnegative on L2(u))7

e for f even, (Lg)f)+ = (0"0)*(f 1),

e for f odd, (L(Qk)f)Jr = (00 (f1).
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For further reference, we note (cf. [8]) that explicitly

2 a? / 2w\ d + ’ \/
Lo = —p" 5 - (200’ +p E>£ + 49" — pq’ (-)even +2(q") (*)oda
d> w' d 1
S el U e e (aq" — SP(d — @)
1 o
_§p(q/ L (dY) () (2.4)

We pause for a moment to point out a simple property of function spaces
on I =1~ UI" that will be used throughout (usually without mention). For
instance, for the spaces of smooth compactly supported functions, we identify
C2°(I) with the direct sum C°(I7)®C (1), in the sense that o € C°(1) is
associated with ¢+ € C2°(IF). Analogous identification will concern L (1),
L3(I,w), ACoc(I) and other function spaces.

Spectral analysis of operators of the form £, = 00 (more generally
Ly + a, a € R) with domain C2°(IT), which are symmetric and nonnegative
on L?(IT,w), was recently performed by the author in [11]. Notice that each
Ly is a Sturm-Liouville operator on I, corresponding to the Sturm-Liouville
triple {w, 7, s} with r := wp? and s := w(q'q — pq’). For the Sturm-Liouville
operators in divergent form Ly, ., 0y, We have Ly, 0y = Lo with

d d d? w d
0= — =" — and Ly=-——5 — 2.5
dz’ az w B ° dz?2  wdz’ (2:5)
Consequently, we have
df !

2 / /
Df = + fodd and Lpf= _ﬁ - Eﬂ — (%) fodd- (26)

dz?  w dx

We now analyse two specific examples of differential operators which
are in divergent form, and their symmetrizations, so that (2.5) and (2.6) are
used.

Ezample 2.1. Given parameters «, 3 € R, let

0 2a+1 0 26+1
sin — 5 (cos 5) ) 0 € (—m,m).

Wa,5(0) =

Consider the Jacobi operator

o= (2 (nr)

d? 0 0\ d
:_@_(( +1/2)cot 5 — (8+1/2) tam 5 )de
in the L*((0,7), wq, 5 df) setting. We have J, 5 = DL’BD%Q with
d . d o o
aa,ﬁ:@, 5= W ((a+1/2)cot§— <ﬂ—|—1/2)tan2>.

The symmetrization of 0, 5 brings in the skew-symmetric operator on
Lz((7ﬂ'7 ﬂ-)? Wa, B da)

df
Qa,ﬁf = @

+ ((Oz+1/2) cotg — (6—|—1/2)tan§> fodd, (2.7)
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and the symmetrized version of J, g is Ja,3 = —’Di’ﬁ,
J f__ﬁ_a—ﬁ—i—(a—i—ﬂ—i—l)cos@ﬂ_’_(a—&—ﬁ—i—l)—i—(a—ﬁ)cosef
BT sin 6 o sin? 0 odd

This is a second-order differential-difference operator called the Jacobi—Dunkl

2
operator of compact type. For « = 8 = —1/2, J, g and J, g reduce to fcfl?
in the L2((0,7),df) and L?((—m,m),d#) settings, respectively.

Some aspects of harmonic analysis of D, g in the compact case (and
under restriction a > 8 > —1/2, a # —1/2) were investigated by Chouchene
[3], who initiated the study of this operator (denoted in [3] and [1] by A4.3),
and in the non-compact case (and under restriction a > —1/2, 8 € R) by
Chouchene et al. [4]. See also [2], it is convenient to observe here that

Wy, 3 _a—fB+(a+B+1)cost (w;,a)’:_(a+ﬁ+1)+(a—ﬁ)cos6
Wa, 3 sin 0 " N\wa,p sin” 0 ’

Ezample 2.2. Given parameters «,3 € R, consider the Jacobi (function)
operator

J. *—L(i(ﬁ) i))*—i—((204-!—1)cothas-l—(Qﬂ-i-l)tamhgv)i
0T e dz s P A’ T T da? dz

in the L2((0,00), 14,5 dz) setting, where

Wa,p(x) = |sinhx|2a+1(coshm)2ﬁ+1, x € (—00,00).
We have jaﬁ = Dl;ﬁbaﬁ with
[ _ 4 ol :—i—((2a—|—l)c0thx+(2ﬁ—|—1)tanhx).
B dg o8 dax

The symmetrization of 9, g brings in the skew-symmetric operator on
L?((—00,00), q,g dx)

df
d +
and the symmetrized version of J, 5 is Jo s = —9?, 5. Explicitly (see [1,
p. 368] or (2.4))
d>f

Japf = ~ =5~ ((2a+1) cotha+(26+1) tanhx)f+( )fodd,

is a second-order differential-difference operator called the Jacobi—Dunkl op-
erator of non-compact type. Again, for « = 3 = —1/2, J, g and J, g reduce

to —% on L?((0,00),dx) and L?((—o0, 00),dx), respectively.

Dapf = ((2a + 1) cothz + (26 + 1) tanh z) foad,

2041 2a+1
cosh?z  sinh?z

The analysis of the Jacobi—-Dunkl operators of both compact and non-
compact types (under some restrictions on a and () was initiated by Ben
Salem and Samaali [1]. See also [12], where analysis of J, g was performed
with emphasis on the so-called exotic cases.
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2.1. Liouville Form
Although the term ‘Liouville (normal) form’ seems to be reserved for differ-
ential contexts, we adopt it here in the differential-difference framework.
We first recall the setting of Sturm-Liouville operators discussed in [11,
Sect. 6.2]. Consider a weight w # 1 on I'". Together with an operator Liw,r,s)
acting on L2(I",w), its replique in the L?(I*,dz) setting defined through
the unitary isomorphism Ut : L2(It,w) — L?(I*,dz), UTf = Jwf, is fre-
quently considered. We have in mind the operator

f{)w,r,s} = U+ © ‘C{w,r,s} o (U+)717

o
{w,r,s

called the Liouville form of Ly, .. The operators £ } and Ly rs)
being unitarily intertwined by U™, possess the same spectral properties.
A computation shows that for operators in divergent form, we have

‘C?w,w,O} = E{l,l,é} with

R w'” ( w' )2

S§=——-(=—),

2w 2w

so that ﬁf{)w,wﬁo} becomes a Schrodinger operator with potential §. Clearly,
for Ly w,0y of the form Ly, 01 = Lo, with 9 and o given by (2.5), we have
the decomposition (£5)° = 2°72° with

0 =U%000 (UM, T =U ool o (UT)™L

Explicitly
d ot d
= — ot = — — —
dz 2w’ dz 2w
Passing to the symmetrized case, i.e., to the case of ® = D5, consider

the unitary isomorphism

U:L2(I,w)—>L2(I,dx), Uf:\/af7

o

and let
D°:=UoDoU !, Ly :=UoLpoU™ "

Then, Ly = —(D°)? is also a differential-difference operator. We call LY the
Liouville form of Lg. Clearly, being unitarily intertwined, Le and L%, possess
analogous spectral properties and we can choose Lg, to analyse spectral prop-
erties of Lgp. This remark allows to avoid double discussion of an operator
and its twin, and, at the same moment, permits to analyse potentially easier
form of an operator (L% is a sum of a Schrédinger operator plus a reflection
term). It should be remarked that Ly, =Lo,., and hence, Ly, = Lo, (in
words: the Liouville form of symmetrization is the symmetrization of Liouville
form). Explicitly
d w’ - d2 w’ \ 2 w' N\,
0= (00 Tee =g+ (5,) () ()
We continue the analysis begun in Examples 2.1 and 2.2. Here, we ex-
clude the case a = 8 = —1/2, since then, the corresponding weight functions

equal 1 identically. In the examples, DZ[Tﬁ stands for the formal adjoint of 97, 5
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on L*((0,7),d#) or on L*((0,00),dx), respectively, and D, ; is skew-adjoint
on L?((—m,n),df) or L?((—o0, ), dx), respectively.

Ezxample 2.3. The Liouville form of 7, s is

7o - ? et -1/4 p-1/4
@l T g2 451n29 4coszg’

and it has the decomposition J 5 = =0’ ]:8 o.) Where (see, e.g., [7, p. 3])

. d ja+1/2 0 B+1/2 0
Ra=gg (Ta oty m Ty tng),
d ja+1/2 0 B+1/2 0
of __d 0 4
a5 = "9 ( 2 '3 g n 2)'

The Liouville form of J, g, and at the same moment the symmetrization
of j& 8 is

° d>f a+1/2 0 B+1/2 N
Ja,ﬁf = Y] + ( 5 cot 5 ) tan 5) f
at+1/2 [B+1/2
(O By ),
(4sin2g 4cos? & (feven = foaa)
with the corresponding decomposition J3 5 = _(@zﬁ)z, where (with nota-

tion Dy g in [7, p. 3])

ﬂf_if_(a+1/2 t9 ﬁ+1/2

5 CO 2 9 ) (feven fodd) .

Ezample 2.4. The Liouville form of 7, 5 is (see [11, Sect. 7.4])

o _ A4
@B T g2

1 1
+ (® — Z) coth? z + (8% - Z) tanh® z + ¢, 3,
Cap = (a+1/2)(8+1/2) +a+ [+ 1, and it has the decomposition jo(jﬁ =
02’7502’6, where

w2, =l
T

d 1 1
of _ _ il -
0,5 = T ((a+2)c0thx+(ﬂ+2)tanhx).

- ((a+ %) cothz + (3 + %)tanhr),

The Liouville form of ja’@ is

d 1 1 2
TS af = f s+ ((a+5) cotha + (8+ 3) tanha) f
a+1/2 B+1/2
- . 1260 20 (feven_fodd)a
(smh 5  cosh 5)
and it has the decomposition jgﬁ =—( 375)2, where

ﬁf — i — ((a—|— %) cothx + (5+ %) tanhx) (feven - fodd)~
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3. ®-derivatives

Until the end of this and the next section, I, w, 0, and thus ® = D,, are
fixed. In several places, we shall tacitly use the fact that for a continuous and
positive function w on I, one has L (I, w) = (I,dx); for this space, we
shall write L (w) for short.

loc

We begin with notion of the weak ®¥)-derivative, k > 1

loc

Definition 3.1. Let f € L} _(w) and k > 1. We say that weak D *)-derivative
of [ exists provided that there is g € L{ _(w), such that

/@%@ﬁ@h@Mx:«nﬂfﬂm%@M@Mm o e C2(I).
I I

Then, we set k) = g and call it the weak ©*)_derivative of f.

weak

Following the general definition for open subsets of R and specified to I,
we say that f € L{ (I,dz) has a weak derivative of order k, k > 1, provided
that there exists hy € L (I,dz), such that

l/&“w&wa=b4ﬁ/wumam¢u o e C2(I).

I 1

Then, we call hy the weak derivative of f on [ and write f, iak := hy; for

k = 1,2, we shall simply write f/ .., fo .. It is obvious that existence of

k
*) on I* and vice versa. In such cases,

féﬁ;k on [ implies existence of ( f j[)Wcak

( fi)sfe)ak are restrictions of f wemi b0 1 * respectively, and vice versa, f
(k)

function on I, is glued from (f*), as functions on I*.
Recall that existence of kth weak derivative of an f € L{ (I, dz) implies
existence of weak derivatives of f of all lower orders. We shall also need the

fact that for h € C°°(I), existence of F) woak implies existence of (hf )

weak) &

weak’ and
with additional assumption h > 0, the opposite holds: if (hf )Wcak exists, then
also f (Cak exists. See, for instance, [11] for details.

Before discussing connections between ® (F)-derivatives and weak deriva-
tives, we need the following convenient representation of ®*, the formal k-fold

composition of .

Proposition 3.2. Let k > 1. Then, ®* can be represented as

k k .
S ) ) )
(%] (k5] oy

where p;~ iy and QG ;. s=1,2, are real-valued C*° functions on I, even when
7 is even and odd when j is odd. Moreover

pl=p pil=0, ¢ =q o =4
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and for k > 2, we have the relations

Pl — [k]:p((p[ 1y 4 ple- 11) m=k—1,...,1,0,

k, k _
@ = palf 7 g,
[k,1] [k—1,1] [k—1,2] [k—1] [k—1,1] —k—2 1.0
ay’ _p(qm ) +pqm 1 +qp +qqm ’ m= rrrry
and
g% = pglF 1 — gt
k—
glb? = p(a =) + pali 1 = gTplE Y — gfgli A m=k -2, 1,0,

Here, by convention, p&f = q[ffl’l] = q[ffl’z] =0.

Proof. For k = 1, one has © = p% + q()even — ¢'(-)oda, with p even and
¢,¢" odd, C* and real-valued, as required. In the induction step, one obtains
the relevant recurrence relations as direct consequences of ®F = © o D1,
k > 2. Checking the required properties of emerging function coefficients is
easily performed using the induction hypothesis and the identities

d d
& (feven/()dd) - (CL’Ef> odd/even ,

that include the fact that the derivative of an even/odd function is an odd/even
function. O]

We shall also need the following simple lemma used in the proof of
Proposition 3.4.

Lemma 3.3. Let k> 2, f € L] (w) and ’nge)akf exists. If for some 1 < m <

k—1 also @&ngkf exists, then D™ (’D( f) exists and equals o)

weak weak weak/ -

Proof. The proof is straightforward. By assumption

Yo e CF(I /@m fl@)w(z)de = (1 )m/lap(x)i)i:a)k (x)w(z)dz
(3.2)

and

v e Cx (1 /@ (o) F@)w(z) dz = (- /w oW f(@yu(z) dr.

Taking any ¢ € C°(I) and inserting ¢ = D*~™4) into (3.2) give

/ D) F@w(z) d = (—1)™ / D5 (@)D, f(@)w(a) da.
I I

Comparing the last two identities gives

W e 0 (1) / D5 m(2)D ), f(w)w(e) de

= (0 [o@o @) .

as required. O
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It would be desirable to know, in analogy with [11, Proposition 1], that

existence of Z)g?ak f for some k > 2 implies existence of i)ge)ak f forall 1 <

r < k — 1. Unfortunately, currently, this remains to be an open question for
the author.

Proposition 3.4. Let f € L] (w) and k > 1. If’D(r) f exist forr=1,...k,

weak
then f(eak exist forr =1,...,k, and

vr e {1? k} gweak-f Zp (Tealz

+z () e () e

[r,s]

r—j’

f exists forr =1,...,k, and one has (3.3).

where p[ "]

then @

; and q s = 1,2, are as in (3.1). Conversely, sz weal €TSS,
weak

Proof. For the first claim, we proceed by induction and begin with & = 1.
Let ) f=yg € L{ (w). This means that for all ¢ € C2°(I), we have

weak
/@@?wdx = —/(pﬁwdx.
I I

After routine manipulations (recall that ¢ and ¢' are odd), this becomes

/ga'fpw dr = —/<P(91 + Q.fodd - qTfeven)w dz,
I I

which means that the weak derivative (fpw),... exists (and equals (g1 +
qfodd — G foven)w). However, pw > 0 on I is a C* function, and hence,
also fl .. exists. It remains to justify (3.3) for k& = 1. Since we know that

(fpw), o and fL .\ exist, we have (fpw)) ... = fhroapw+ f(pw)’, and hence,
we can write

/@(p?de = - / (p(fx;/eakp + fp/ + fpwl/w - Qfodd + qTfeven) wdx
I I

= = / @(pf‘;,eak + G feven — qTfodd) wdz.
I

To proceed with the induction step, we introduce the notation

(F,G)y = /IF(x)G(x)w(x) dz,

whenever the integral on the right-hand side exists; we skip the subscript w
when w = 1.
Let £ > 2 and assume inductively that the claim holds for k — 1. Next,

take f € LL_(w) and assume that for 1 < r < k, D%

weak

(@%, f) = “DMe.gr), 0 e (),

f exist; in particular
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for some gj € L (w). Using the representation (3.1), we also have

loc

<©k503 .f>w = <Q0(k)apggk] fw>

k
_ . k,
+>° {(sa(’“ Do) fw) + (D) even, g fo)
=1

— k.2
+((p* j))oqul[c,j]fwﬂ-
From this, one gets

k
Z (k= j)’pgﬂjfw + (qI[gkilj]fw)odd + (q/[ck_%] fw>even>-

j=1
By the induction hypothesis, the weak derivatives of f of order less than &
exist, and hence, the same is true for each of the terms pk jfw (q[ ’ ]fw)odd
and (qk_j Jw)even, 3 =1,...,k, so

k
(™, p* fw) = (o, (=1)" g — Z I [pid fw + () fw)oaa

+(q k2]fw)even](k J)>.

weak

This means that the weak derivative of order k of p* fw exists, and hence,

also fv(vezik exists.
It remains to justify that the identity in (3.3) holds for » = k. We have
Vip € O (1 /@k F@w(z)dz = (—1)’f/¢(x)©§fgakf<x)w(x) da.
I
Our aim is now to show that
Ve Cx(n) [ Dol @) de = (-1 [ @R @) s
I
(3.4)

where, for any r € {1,...,k}, R, f denotes the right-hand side of the identity
n (3.3). Then, combining the two above identities will give (3.3) for r = k.
To verify (3.4), we write the sequence of equalities

/I’Dkgo?wdm: (—1)k/1<p©$2ak( vfeai)f)wdx
— (—l)k/go’Dsgak(Rk_lf)wdm
I

— (! [eRiFwds

The first equality is due to the induction hypothesis and Lemma 3.3, and the
second is again due to the induction hypothesis. Finally, the third equality is
obtained using the result from the first step of the induction procedure and
combining it with relations for the coefficients involved in Ry f and Ry_1 f.
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This finishes the induction step and hence the proof of the first claim.
The proof of the converse claim, also inductive, relies on appropriate reversing
of just used arguments, and thus, it is omitted. The proof of the proposition
is therefore completed. O

Finally, we notice that the weak derivative f/ ., of f on I exists if and
only if f € AC\oc(I), and then f! ., () = f'(x) for almost every x € I. It is
clear that ACjoc(I) = AC)oc(I7) ® AC)oc(IT) in the sense that f € ACoc(I)
if and only if f* € AC)o(IF).

We can reformulate Proposition 3.4 to the following.

Corollary 3.5. Let f € L{ (w). If @weakf exists, then f € AC\oc(I) and

weakf pf + qfeven — qTdeda (3.5)

a.e. on I. Conversely, if f € AC\oc(I), then steakf exists, and one has (3.5)
a.e. on 1.

More generally, zf’D
Acloc( ); and

By Sl (1)), ) oo

a.e. on I. Conversely, if f € C*~1(I) and f*=Y € ACo(I), then @&Qakf
exists and one has (3.6) a.e. on I.

f exists, k > 2, then f € C*~Y(I) and f*+—1) ¢

weak

The end of this section is devoted to explaining relations between @we dk

derivatives and Oyear- and Dwe J-derivatives, and moreover, between @we ok
derivatives and (270)% - and (DTD)Weak—derlvatlves We begin with notion
of weak delta-derivatives. Recall, cf. [11], that given f € L (I, w), we say
that weak 0-derivative of f exists provided that there is g € LIOC(I“‘,w),
such that

/ o o (2) F@)w(z) dz = / p@)g@w(x)dr, e CR(I).
I+

I+
Then, we set Oweaxf := ¢ and call g the weak 0-derivative of f. If in the
above equality, o is replaced by 0, then we call g the weak df-derivative
of f and set Diveakf = g. Analogously, gy € L. (IT,w) is called the weak
(070)k _,~derivative of f provided that

/ (010)* () F@)uw(z) d = / p@g@u(z)dz, e CR(IY).
I+ I+

We then set (OTD)"fVeakf := gr. When the order of 9t and 0 is reversed, we say
about the (007)%  derivative and write (007)% .\ f := g;.
We shall need a simple lemma.

Lemma 3.6. Let f € L (w) and k > 1. Assume that ol

weak

1. If f is even, then for k even/odd, chakf is even/odd;
2. if f is odd, then for k odd/even, @gfc)akf is even/odd.

f exists.
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. . 00 (k)
Proof. It is obvious that the above rules apply for ¢ € C2°(I) with D
replaced by ©*. By assumption

voecrn) [P eTude= (1) [oDWyfwds.
I I

Consider, for instance, f even. For k even/odd, take in the above line odd/even
functions . This gives

Vo () 0= (-1 [ ¢ @ utasenwda,
I

and hence, (Dsfe)akf)odd/even = 0 z-a.e. for k even/odd as required. For f
odd, we argue analogously. O

Proposition 3.7. Let f € L{ (w). Then:

1. for f odd: Qweakf exists if and only if Dweak(f+) exists; moreover,

1
weak(f+) ( \(7ve)ak )+7'
2. for f even: @&,gakf exists if and only if Dweak(fT) exists; moreover,

Dweak(f+) = (Q\(Neak )+’

3. for [ odd: @ge?kf exists if and only if (070)k _ (fF) ewists; moreover,
@0)hear(f1) = (DO

4. for f even: Qweakf exists if and only if (007)F
Ok (F4) = (CDF @SN

Proof. Consider, for instance, f odd and prove (1). For =, we have

K e (fT) exists; moreover,

Yo e CZ(I) /@@?wdx:—/ Weakfwdx
I

. : . )
Taking above even functions ¢ gives (by Lemma 3.6, D/

2/ Dgofwdx:fQ/ ‘(Nle)akfwdz
I+ I+

This implies the required conclusion with accompanying identity. The oppo-
site implication in 1. goes by reversing the above arguments.

Property 2. is proved analogously. Also, 3. and 4. require similar argu-
ments. For instance, for f odd, proving = in 3., we begin with

Vo e C°(I) /@%ga?wdx:/ gfe?kfwdx
I

is even)

Taking above odd functions ¢ and noting that ®?*¢ = (—1)*(272)*¢ gives,
by Lemma 3.6,

2(71)’“/ (DTD)kgofwdx:Q/ D(Qe];)kfwd:c
I+ I+

and hence, the required conclusion with accompanying identity follows. The
opposite implication in 3. again goes by reversing the above argument. [
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4. ®-Sobolev Spaces and the Friedrichs Extensions

We now come to introducing and discussing Sobolev spaces associated with
powers of the differential-difference operator ©. These spaces can be regarded
in the broader context of theory of Sobolev spaces. They are particularly
well suited to describe some objects like minimal and maximal operators, the
Friedrichs extensions, etc., in the ®-framework.

Definition 4.1. The D¥)-Sobolev space HE (I, w), k > 1, is the space

HE(ILw) = {f € L*(w): ol f exists and is in L?(w)}

wea!

equipped with the inner product

k k
<fa g>H’{) (I,w) = <f7 g>L2(w) + <©X(Ne)akf7 Egve)akg>L2(w)’

The closure of C2°(I) in HZ(I,w) with respect to the norm generated by
<'7 >H% (I,w)» that is

k 1/2
1Nty ) = (112 ) + (1D e 32 y)

is denoted Hgo(f, w).

Since CX(I) C Hgo(f,w) C HE(I,w), Hgo(f,w) and HE (I, w) are
dense in L?(w).

Sobolev spaces in the context of the Jacobi operator J, s and the
Jacobi-Dunkl operator J, g, o, > —1, were defined and investigated by
Langowski [6,7]. These spaces were denoted W3" (for 1 < p < oo and order
m > 1) and their relation to potential spaces was studied. In Definition 4.1
specified to ©, g, there is no restriction on « and §.

The following proposition has a relatively standard proof, and hence,
we omit it.

Proposition 4.2. The ©*)-Sobolev space H% (I,w) is a Hilbert space.

Consequently, also H%)O(I, w) is a Hilbert space.

A comment is in order on relations between our Definition 4.1 and the
definition of Sobolev spaces that appeared in [7] in the context of the Jacobi
operator Jy 5; see Example 2.3. To be precise in [7, p. 3], Jg 5 1s shifted by
a constant term, so that J, g := Jj, 5+ A7, 5 is considered with some restric-
tions on o and B (and Dy g = D7, 45, see Example 2.3), but this change is
immaterial from the spectral theory point of view. The main motivation in
establishing a suitable definition of Sobolev spaces in [7] was to obtain, as a
prize, an isomorphism between these Sobolev spaces and the potential spaces
with properly chosen parameters. This was indeed achieved; see [7, Defini-
tion 3.2 and Theorem 3.3]. Our definition, in the general setting, is seemingly
the most natural and allows to achieve our main goal, a characterization of
Friedrichs extensions.

It is natural to ask when we can claim that

Hy (I, w) = Hy (I, w).
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Of course, the answer depends on w, compactness of I, and ®, and may
be difficult in concrete settings. The ‘classical’ setting is described in the
following.

Ezample 4.3. Let w=1,p=1,¢g=0, so that ® = % on I = (-b,0)U(0,0b),
0 < b < 0o. Then, H!(I) coincides with the direct sum H'(I7) & HY(IT).
Similarly, H}(I) = H}(I7) @ HZ(I"). Hence, the two spaces in question,
HY(I) and H} (), differ. Additionally, we note that H{ (I) coincides with the
space of restrictions to I of functions from the space {f € H}(—b,b): f(0) =

0}.

Following the line of thoughts in Sect. 3, we now relate the introduced
Sobolev spaces with those defined and studied in [11] and connected to d, d7,
and their compositions. To recall, the delta-Sobolev space H, was defined in
[11] (where slightly different notation was used) as

Hy(I',w) = {f € L*(I",w): Oyeakf exists and is in L*(IT,w)}.

Analogous definition applies to df. For higher order derivatives, we shall con-
sider

Herop (It w) ={f € LI, w): (070)F . f exists and is in L2(IT,w)},

k > 1, and its analogue, Hyotys (I, w), with the roles of d and ot reversed
(in [11] an arbitrary composition of @ and df was admitted). Inner products
and norms in these spaces are given in a way analogous to that in Defini-
tion 4.1 and the corresponding closures of C2°(I) are denoted Hy o(IT,w),
Hytoyr o(IT, w), and so on. Also, the closed subspaces of HY(I,w), HZF (I, w)
and their counterparts, Hy, ,(I,w), H3 (I, w), consisting of even/odd func-
tions will be denoted by adding the affix even/odd.

The following result is a direct consequence of Proposition 3.7; the proof
of the proposition is straightforward, and hence, we skip it. Below, if X is a
linear space of functions on I, then X stands for the space of restrictions of
all functions from X to I™T.

Proposition 4.4. We have
Hy, (IJrv ”LU) - H%,cvcn(‘[a w)+ and HDT (IJF, 'LU) - H%,odd(lv U))+.
Moreover, for k > 1, we have

H(DTD)’“(I+7U’):H%k,odd(law)+ and H(DDT)’“(I+’w):H%k

,even(I’ w)+'
Analogous identities hold when Hy Hyi, Hpigyr, Hotyk, H% even/odd and
H%’feven/odd, are replaced by Hy o, Hptoyk o, H%%O,even/odd’ etc., respectively.

4.1. Minimal and Maximal Operators

We now define the minimal and maximal operators related to the symmetric
operator Tg) = (—iD)* with domain C°(I), k > 1, (so that Tgk) is just
L(gk ) in our former notation). We follow the well-known path of constructing
these two operators. The minimal and maximal operators are important,

because self-adjoint extensions of Ti()k), if exist, lie in between. Notice that
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for k even, Té)k) is nonnegative, and hence, self-adjoint extensions of Tz()k) do
exist.

Define ) . as the closure ngk); Tgc) is closable, since Dom((Tg(Dk))*) is

2 ,min
dense in L?(w). Define 7% as the operator with domain Dom(T(k) ) =

% ,max D, max

HE (I, w), given by the rule
k . k
Té,znaxf = (_l)kggve)akf‘

We have T,}(lel)min cT ,gfznax, since T. gfznax

HE (I, w), and for some f, g € L?(w), we have f, — f and (fi)k’i)ffe)ak n

This means that {f,} and {(fi)k@‘(:gak »} are Cauchy sequences in L?(w),

and hence, {f,} is a Cauchy sequence in HY (I, w). By Proposition 4.2, there

is F € HE(I,w), such that f, converges to F in HX(I,w). Consequently,

fn — F in L2(w), and hence, f = F € HE (I, w). Since also (—i)*D*) f, —
k@(k)

weakJ *

is closed. Indeed, assume that f, €

g in L?(w), a simple argument then shows that g = (—i)

Proposition 4.5. We have (T(k) )= 7 and (T(k) )= &)

D, min D, max D, max D, min"
Moreover, every self-adjoint extension T of T,)(Dk) satisfies ngnin c T C
(k)

D, max"’

Proof. We begin with the first equality and prove the inclusion (Tg’zﬂm)* D
Tz()kznax. Let f € Dom(Tz()kinax). This means that ’Dsfe)akf exists and belongs

to L?(w). In other words, it holds
o] : k
Vo € O {(=1D)"0. ) r2(uw) = (02 T max ) 220w

which means that f € Dom((Tgfinax)*) = Dom((Tgfznax)j and Tgfinaxf =
@y s = (1) 1.

To prove the opposite (T(k) )* C T et f e Dom((T(k) )*) and

D, min D, max’ D, min

set g = (T(k) )*f. This means, in particular, that

2, min
Vo € C(I) (—1D) ¢, ) r2(w) = (01 9) L2(w)-

Consequently, ’Dgfe)ak f exists and equals (—i)¥g. Hence, f € Dom(Tz()}fznax)
_ m(k)
and g =T, f.

D, max
Since Tg?mn is closed, we have (Tgfzmn)** = Ts(ak,inim and thus, the
second claimed equality is a consequence of the first one. The last claim of
the proposition is obvious. ]

4.2. Friedrichs Extensions

To continue, we need to recall basic facts on the Friedrichs extension. It is
well known that any densely defined symmetric and nonnegative operator S
has a self-adjoint extension which is also nonnegative. The construction of
this operator (which works in a more general setting of lower semibounded
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operators), denoted Sg, was given by Friedrichs in 1933 and is nowadays
called the Friedrichs extension of S.

The construction of Sg is based on the theory of (sesquilinear) forms.
An important result in this theory says that for a given (H, (-,-)), there is
a one-to-one correspondence between the set of all densely defined Hermitian
nonnegative closed forms and the set of all self-adjoint nonnegative operators
on H. If s is such a form, then in this correspondence, A5 denotes the rele-
vant, operator; if A is such an operator, then s4 denotes the relevant form.
Moreover, for every A, we have A(;,) = A, and for every s, we have 5(4,) = 5.

More precisely, the associated operator A, is defined by first determining
its domain

Dom(As) = {h € Dom(s): Ju, € H Vh' € Dom(s) s[h,h'] = (un,h')u},

and then by setting its action on h € Dom(Ag) by Ash = up,. See [10, Chap-
ter 10 and Sect. 3 of Chapter 12]. Also, recall that closedness of a nonnegative
form s means that the norm ||z||s := (s[z, ]+ (2, 2)%)'/? defined on Dom(s)
is complete.

The construction of the Friedrichs extension now goes as follows. Let .S
be as above and let s5[x, y| = (S, y)m, v,y € Dom(S), be the form associated
with S. It is immediately seen that sg is densely defined Hermitian and non-
negative. However, more importantly, sg is closable; see [10, Lemma 10.16].
Let 55 be the closure of sg. Although the completion procedure in the defini-
tion of g is abstract from its nature, it can be shown that 5g may be realized
in H, which means, in particular, that Dom(sg) C H. Then, S is just Asz,
the operator associated with §g. See, for instance, [10, Definition 10.6].

Let k > 1. Define the form tg) by

211, g] / W fz kag( Dyw(z)dz,  f,g€ HY(Lw), (4.1)

so that Dom(tg)) = HE(I,w). The form tg) restricted to H31570(I’ w) will be
denoted tg)o, and hence, Dom(t(g)o) = HQO(I, w). The form tg) is Hermitian
and nonnegative. Moreover, it is closed and this fact is just a consequence
of the completeness of the norm || - || 7x (s .- The same is valid for tga )0 Let
Ly := Ly » and Ly := Lj,p,0 be the operators associated with the forms

t(; ) and t(@ 7)0, respectively. By the general theory, Ly and Ly o are self-adjoint
and nonnegative. It is worth mentioning that for kK = 1, the operators L; and
L, o should be thought off as the Neumann and Dirichlet ‘Laplacians’, two
distinguished nonnegative self-adjoint extensions of the (minus) ‘Laplacian’
-2

Theorem 4.6. Let k > 1. The operators Ly, and Ly, o are self-adjoint and non-
negative extensions of (—1)*D2*. Moreover, Ly is the Friedrichs extension

of (—1)FD2k,
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Proof. We first check that both operators extend (—1)*D2*. It suffices to
consider Ly, ¢ only. From the general definition

Dom(Ly,0) = {f € HS o(I,w): Juy € L*(w)

k
Vg € H%,O(Iaw) t(D,)O[fvg] = <ufag>L2(w)}7

and Ly, of = us. We claim that C2°(I) C Dom(Ly o) and Ly, g = (—1)¥D%* ¢
for o € C2°(I). For this purpose, we need to check that given ¢ € C2°(I), for
every g € H%,O(I’ w), it holds

/I D p(a)0® g(@w() dr = (—1)"D%*p, g o). (42)

Verification of (4.2) is based on the integration by parts formula for absolutely
continuous functions on a closed finite interval. Let J := J~ U J+, J* C I+,
be the union of two closed intervals, such that the support of ¢ included in
J. We check (4.2) with I replaced by J.

When k =1 and g € H}(I,w), (4.2) then becomes

| e ls@n@ dr = - [ Dol da.

This equality indeed holds, since, by Corollary 3.5, the weak derivative g/ .,
exists on I, and consequently, g is absolutely continuous on J. Moreover,
@‘(Ne)akg = pg’ + qYoven — ngodd a.e. on I and an application of the integration
by parts formula plus a small calculation shows the required equality. The
general case goes along the same lines using the general part of Corollary 3.5.

Indeed, inserting

Dieard ( Zp[’“ljg(’“ ”+Z[ U (g00) gl (g0

into the left—hand side of (4.2) (w1th I replaced by J) and then performing
k-times integration by parts (recall that g is (k — 1)-times differentiable on I
and g*~1) is absolutely continuous on .J) lead to the right-hand side of (4.2).
It remains to prove that Ly = ((—1)*D%*)r. We take the form
s[f, g] = ((fl)i’i)%f, ¢)w on the domain Dom(s*)) = C2°(I) and con-

sider its closure s(*). We now claim that
s = 3. (4.3)

This is enough for our purpose since then, with the notation preceding The-
orem 4.6, we have

Dom (((—1)***) ) = Dom(Agy) = Dom(A g ),

odd}

even

and as one immediately sees, the latter space coincides with Dom(Lg o). More-
over, it follows that ((—1)*D*)pf = Ly f for f from these joint domains.
Returning to (4.3), we note that it is a consequence of the fact that C2°(I)

lies densely in Dom(tg,)o) = Hp ,(I,w) and tg,)o is closed. Here are details.
Clearly, t( ) extends s(*) and hence, the inclusion C follows. For the opposite
inclusion, let fe Dom(tgy)o) = H%O(I, w) and take {¢,} C C2°(I), such that
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¢n — f in H}(I,w). Notably, this means that ¢, — f and D¥¢,, — ’)D‘(:'e)ak
in L?(w). We want to show that f € Dom(s(*)).

For this, it suffices to ensure existence of {¢,} C C2°(I) convergent to
f in L?(w), such that s [0, — ©m,@n — ©m] — 0 as n,m — oo; see [10,
p. 224]. However

58 on — Om, o0 — @m] = (=)D (pn — 0m), on — Gm)L2(w)
= <©k<@n - ‘Pm)»gk(@n — Pm)) L2 (w)s

and the latter required convergence to 0 follows, since ®*¢,, being convergent
in L?(w) is a Cauchy sequence there. O

The end of this section is devoted to discussion of relations between
the Friedrichs extensions of (—1)¥D2% and (070)* and (007)*. Consider the
operators

TC/C): Lgven/odd<l7w) - L2(I+7w)7 TC/Of = f+‘

Then, up to the multiplicative constant /2, T, /o are unitary isomorphisms.
The isomorphism 7, identifies ® and 0, and (—1)*D% and (d70)*, k >
1. Similarly, the isomorphism 7T}, identifies ® and —0f, and (—1)*D?* and
(007)*. (Recall that the domains of considered operators are either C°(I) or
C(1+).)

From now on, to fix the attention, we consider only Tg; T, is treated
analogously. By Proposition 4.4, the pairs of Sobolev spaces H%),even(‘[ , W)
and Hy (I, w), H%’feven(l, w) and Hyto)x (I, w), and their counterparts with
the 0 affix, are also identified through T,. This gives an impact to compare
the Friedrichs extensions. Recall that the Friedrichs extension of (—1)*D2"
we denoted as Ly o. The Friedrichs extensions of (970)* and (00")* we shall
denote by Lyioyr and Lppt)r, respectively. These extensions were described
in [11, Theorem 5.2].

Proposition 4.7. We have
IL(a*o)’f = (Lk,O)ér and ILl(aaT)k = (Lk,o)ﬁv

in the sense that Dom(L(yioypx) = Dom(Lio)d and Dom(Lpiyr) =
Dom(LLg,0)d, and Lptoyr(fT) = (Liof)T for f € Dom(Lig)e, and anal-
ogously in the second case.

Proof. We focus on considering the first pair only; for the second pair, one
argues analogously. The proof relies on observing that the constructions of
the Friedrichs extensions of (—1)*D2* and (210)* agree on the level of forms.
Recall that for the construction of L o, the form t(gk ) defined in (4.1) with
domain restricted to Hgo(f ,w) was used. On the other hand, as explained
in the proof of [11, Theorem 5.2] (with slightly different notation), the form

k k k
ral= [ oW @pllslant) .

on the domain Hyioys o(1T, w) was used to define Lyiq)x. It is immediately

seen that if the domain of the form tg) is further restricted to H%yo(l, We,
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then these two forms are identified through 7,. Consequently, the resulting
self-adjoint extensions coincide. O

Author contributions The entire manuscript was prepared solely by myself.
Funding None.

Availability of Data and Materials Not applicable.
Declarations

Ethical Approval Not applicable.

Conflict of Interest The authors declare that there is no conflict of interest.

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to
the original author(s) and the source, provide a link to the Creative Commons
licence, and indicate if changes were made. The images or other third party ma-
terial in this article are included in the article’s Creative Commons licence, unless
indicated otherwise in a credit line to the material. If material is not included in
the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permis-
sion directly from the copyright holder. To view a copy of this licence, visit http://
creativecommons.org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

References

[1] Ben Salem, N., Samaali, T.: Hilbert transform and related topics associated
with Jacobi-Dunkl operators of compact and noncompact types. Adv. Pure
Appl. Math. 2, 367-388 (2011)

[2] Ben Salem, N., Samaali, T.: Hilbert transform and related topics associ-
ated with the differential Jacobi operator on (0, +00). Positivity 15, 221-240
(2011)

[3] Chouchane, F.: Harmonic analysis associated with the Jacobi-Dunkl operator
on | — %, Z[. J. Comput. Appl. Math. 178, 75-89 (2005)

[4] Chouchene, F., Mili, M., Trimeéche, K.: Positivity of the intertwining operator
and harmonic analysis associated with the Jacobi-Dunkl operator on R. Anal.

Appl. 1, 387-412 (2003)

[5] Langowski, B.: Harmonic analysis operators related to symmetrized Jacobi
expansions. Acta Math. Hungar. 140, 248-292 (2013)

[6] Langowski, B.: Sobolev spaces associated with Jacobi expansions. J. Math.
Anal. Math. 420, 15331551 (2014)


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

177 Page 22 of 22 K. Stempak MJOM

[7] Langowski, B.: Potential and Sobolev spaces related to symmetrized Jacobi
expansions. SIGMA Symmetry Integr. Geom. Methods Appl. 11, 073 (17 pages)
(2015)

[8] Nowak, A., Stempak, K.: A symmetrized conjugacy scheme for orthogonal ex-
pansions. Proc. R. Soc. Edinb. 143A, 427-443 (2013)

[9] Nowak, A., Stempak, K., Szarek, T.Z.: On harmonic analysis operators in
Laguerre-Dunkl and Laguerre-symmetrized settings. SIGMA Symmetry In-
tegr. Geom Methods Appl. 12, 096 (39 pages) (2016)

[10] Schmiidgen, K.: Unbounded Self-Adjoint Operators on Hilbert Space. Gradu-
ate Texts in Mathematics, vol. 265. Springer, Berlin (2012)

[11] Stempak, K.: Spectral properties of ordinary differential operators admitting
special decompositions. Commun. Pure Appl. Anal. 20, 1961-1986 (2021)

[12] Stempak, K.: Harmonic analysis associated with the Jacobi-Dunkl operator on
(—m,m): exotic cases. J. Complex Anal. Oper. Theory 178, 75-89 (2021)

[13] Yao, S., Sun, J., Zettl, A.: The Sturm-Liouville Friedrichs extension. Appl.
Math. 60, 299-320 (2015)

Krzysztof Stempak

Wroctaw

Poland

e-mail: Krzysztof.Stempak@pwr.edu.pl

Received: October 21, 2022.
Revised: February 26, 2023.
Accepted: March 6, 2023.



	Spectral Properties of Differential–Difference Symmetrized Operators
	Abstract
	1. Introduction
	2. Preliminaries
	2.1. Liouville Form

	3. mathfrakD-derivatives
	4. mathfrakD-Sobolev Spaces and the Friedrichs Extensions
	4.1. Minimal and Maximal Operators
	4.2. Friedrichs Extensions

	References


