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Abstract

We consider the Post—Widder operators of semi-exponential type, which are a gen-
eralization of the exponential operators connected with x2. This modification has the
beauty to find difference with other operators, while the original Post—Widder operators
do not have such property. We estimate quantitative difference of these operators with
Baskakov type operators and Szdsz—Kantorovich operators, along with some compo-
sition of operators. Finally, we further consider a form preserving linear functions and
estimate some direct results.

Keywords Semi-exponential type Post—Widder operators - Moment producing
function - Difference - Composition

Mathematics Subject Classification 41A25 - 41A30

1 Introduction

The concept of semi-exponential operators was first discussed by Tyliba and Wachnicki
[14], who introduced semi-exponential extension of the Szdsz—Mirakyan and Weier-
strass operators. Later, Herzog [11] captured semi-exponential Post—Widder operators
for B, A > 0,x € I := [0, +00) and f € C(I) (the space of real-valued continuous
functions defined on the interval I) as follows:
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x* exp(Bx) /0 exp(Ay/x)

(P’ frx) = foydy, (LD

where

00 2j+r—1

Z
I—1 = -
r—1 ]Z()]‘F(]+)")22j+k_l

represents the modified form of Bessel function of first kind. Moreover, we denote by
Cp(I) the class of bounded continuous functions on / and we consider the sup-norm
for f € Cp(I), as

[IfIl = sup{|f ()] : x € I}.

Alternatively, (1.1) can be written as

(PP f)(x) = fo K x, 1) f@yde,

where the kernel

K (x,1) = : i Gp) e MIx k=l
A xhePr £ kUL (b + k)

satisfies the partial differential equation

9 At —
akf(x, 1= [% - ,3} K (x,10), (1.2)

which is the required condition for Pf to be of semi-exponential type operator. Also,
for specific value 8 = 0, we get the Post—Widder operators [12, (3.9)] defined by

A1

~ * —Ay/x A—1
FTW S ¢ yo f(ndy. (1.3)

(Prf)(x) =

Abel et al. [2] and Gupta and Milovanovi¢ [9] introduced all remaining semi-
exponential operators from available exponential-type operators. In a very recent
paper [6], some more general form of exponential-type operators was introduced and
discussed. Also, we refer the readers to the recent related work [10, 13].

In this paper, we shall investigate the difference between two operators which
is an active area of research in the recent years. For example, in papers [3, 7, 8],
the differences amongst operators having the same/different basis under summation
are estimated. It is pointed out here that in case of the Post—Widder operators, the
difference with other operators is not analogous due to the purely integral term of
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the operators, but for the semi-exponential Post—-Widder operators, one can find the
difference with other operators. We also consider composition of such operators with

some other operators to capture some other operators. Also, some modification of Pf

is proposed here which preserves the linear functions.

2 Difference and Composition

In this section, we deal with the difference between Pf to the general

Baskakov

operators and some Kantorovich variants. We shall apply some estimates from paper

[7] and [8]. Also, we indicate some composition estimates.
First, we write the operators (1.1) in an alternative form as

(Pl H@) =D kB Lk (),

k=0

—Bx k
where s; (Bx) = % and

o Uy v(ﬂ) du.

Dok (f) = A

F(/\+k)/

Remark 2.1 By simple computation, we have

_ "IT(A+r+k)
J uy hr k= 1 X du =2 _
miler) = ru+m/ T Tk
In particular
b . =7 7u )r‘rk lxu — i A k .
B = Dk(er) = F(/\+k)/ A /\( + k)

Also, using above, we have

2

M;Ak = Jr k(e —b‘])hkeo) Z( )( 1) Jrk(ea— l)[blkk]
=0

x? x? , X2
= 7kt DO+ =7 A +k0)7 =70 +h).

3
Ik

3 . .
w3t = Jkler — by, ce0)® = Z <i>(—1)'fx,k(€3i)[bJM]’
i=0

3
_ %(A+k+2)(/\+k+1)(’\+k)
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3

X 1 2 2.x3 3
—3E(A+k+ YA +k)+ F(X+k)
3
X
= ZF()L + k)
and
; 4 /4 . .
it = Jorler — 19JU<€0)4 = Z (l.)(_1)ljk,k(e4—i)[bjx_k]l
i=0

4
=i—4(k+k+3)(k+k+2)(k+k+l)()»+k)

4
X
—4 kDG Ak + DG +k)?
+6F(’\ +k+ DA +k) — 3F(’\ +k)
4

X
= 7BG+K) +6].

The general Baskakov type operators for x € I are defined as

(BSf)(x) =Y a5 () Fux(f), 2.1)
k=0
where
— )k k
a0 = 680, Bah =1 (;) .

and ¢ ;. (x) = (1 + cx) ™€, ¢ > 0.

In particular if ¢ = 1, ¢1,(x) = (1 + x)~* in this case, we get the Baskakov
operators, and if ¢ = 0, ¢ 1 (x) = e~ is a limit for ¢ — 07 and we obtain the
Szasz—Mirakyan operators.

Remark 2.2 By simple computation in (2.1), we have
k Fyk r
b, = Fyx(er) = o= Frx(er —bp, ,e0) =0,r =1,2,...

Applying [7, Theorem 2.1], we get the estimation of Pf and By.
The Kantorovich version of the Szdsz—Mirakyan operators is defined by

(Kp f)(x) =Y sk 0x) Hy i (f), 22)

k=0
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where s (Ax) = e C3% and Hy () = A JEP f@yar.

Remark 2.3 Following the computation given in [8] for (2.2), we have:

k 1 Hj k 1 Hj. k H) k 1
b : = H = — -, = —_—, = 0’ V= —,
Hj )\,k(el) 2 + 0 125 12)\,2 "3 My 80)\.4

2.1 Difference with Discrete Operator

In the following two theorems, we find the difference between semi-exponential Post—
Widder operators and the generalized Baskakov type operators.

Theorem 2.4 If D(I) be the set of all functions in C(I) for which the two operators
Pf, B € C(I) are defined and f" € Cp(I), then

c x? x3/3 1 x(1+cx)
(P = B ()| < <ﬁ + ﬁ) o+ 20 (f, v T)

2B+ 1>1/2>
- :

+2a)<f,

for ¢ = 0 and ¢ = 1, we obtain the difference of semi Post—Widder operators with
Szdsz—Mirakyan and Baskakov operators, respectively.

Proof Applying Remarks 2.1 and 2.2 to the aforementioned theorem, we have

(P = B /Y| < ex g1 ]| + 20 (f. 81) + 200 (f. 82) ,

where
1 = s A
erp0) = 5 3 (a5 L ons™ + 5By
k=0
1 & x? x2  x3B
= 5 ];Sk(ﬁx)ﬁ()\ +k) = o + 72
o 12
81(x) = <Z al () (br, — x)2>
k=0
S o (YL [T
= kgoa)"k X Y X = Y
and

- 172
dpx) = (Z sk (Bx) (bj)\.k - x)2>

k=0
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o0 2\ 172 5 oo 12
X X
= (Z s1(B) (T + ) = x) ) - (p Zsk</3x)k2>
k=0 k=0
X2 /BGB+ 1)
= f'
This completes the proof. O

Theorem 2.5 If D(I) be the set of all functions in C(I) for which the two operators
PP, BS € C(I) are defined with f© € Cy(I),i =2,3,4, then

ﬁ X4 ¢ Sﬁ 4ﬂ "
(G ARG <m+4k4 8M)uf ||+(3A2 3k3>||f I

3/3 Vi
+<2A m) £

3/2 172
+2w<f, /@)Jﬂw(ﬁx \/E(?;ﬁ—lrl) )

for ¢ = 0 and ¢ = 1, we obtain the difference of semi-exponential Post—Widder
operators with the Szdsz—Mirakyan and the Baskakov operators, respectively.

Proof Following [8, Theorem 2] and using Remarks 2.1 and 2.2, we have

(P = BHPI < b 411+ e gl f71] + ¢ g1l
+20 (f.81) + 20 (f, 82) .

o0

1
el p() = 37 D@y + s (B
k=0

1 & I
= kzoskwx)m w Zsk(ﬁx>(x+k+2>

(Dt 2B

gt gt
2 1 | c Fy .k - ik
ep) = 311 a s = 3 s (Bous
" k=0 k=0

1 o0
= =) By

»‘

4
X

_2_|__§‘

3A 3A

u|w

=0
Z sk(BX) (. + k) =
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Finally

1| F > J
e.p) = D as oyt =) sk By

k=0 k=0
¢ b _ X XB
ZEI;)Sk(ﬁX)Mz Zﬁ‘f'm-

The estimates of §; and §> can be obtained as in Theorem 2.4. Collecting the above

estimates, the result follows.

2.2 Difference with Integral Operator

m}

In the following two theorems, we provide the difference of semi-exponential Post—

Widder operators with the generalized Szdsz—Kantorovich operators.

Theorem 2.6 If D(I) be the set of all functions in C(I) for which the two operators

PP K; € C(I) hold with f" € Cp(I), then

1
(P} — K H@)] < (— St

2 3
oyl ﬁ)llf”||+2w (f, —4““)

2402 2% 212
32 JB(xp + 1)1/2>

+2a)<f, -

21

Proof Applying Remarks 2.3 and 2.1 to the aforementioned theorem, we have

(P = K P = dr g/l + 20 (f.81) + 20 (£.52) .

where

dy,p(x)

1 & H. Ji
320 (kG0 + suBrny™)
k=0
1 x2 X3
=+t

2422 20 2

o 1/2
Si(x) = (Z sk(x) (b, — x)2>

k=0

00 2\ 1/2 —
<Zsk()\x)<é+l_x> ) ZM
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and
o0 1/2
S50 = (Z sk(Bx) (b, — x)z)
k=0
_ PRJBGETD
A
This completes the proof. O

Theorem 2.7 If D(I) be the set of all functions in C(I) for which the two operators
Pf, K; € C(I) are defined with f) e Cg(I),i = 2,3, 4, then

192024 814 8A4

4ﬂ "
+ (%2 3ﬁ) [0l

! BN |
*(2%2 +2 2ﬂ)nf [
NZYN 1

20 (f, #)

32 /BB + 1)‘/2)

1 A+2 xd
(PF — K () 5( 0.+ 2" ﬁ)llf”’ll

+2w<f, -

Proof Following [8, Theorem 2] and using Remarks 2.1 and 2.2, we have:

I(PE = KD @) < d) g1+ dF gL+ d5 gl 1]
—|—2a)(f,§1) —I—Za)(f,?s\z),

1 o
d () = 31 D (k)™ s (B
" k=0

1 (A +2)x* N xB
T 192004 g4 g4
i H. > J
i p) = 3 2oy = Y sy
" k=0 k=0
4
X
3A2  3A3

Next

3 1

> k00 Zsk(ﬁxm“"
k=0
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3
B
- 24,\2 + 2A + 2227

The estimates of :3\1 and ’8\2 can be obtained as in Theorem 2.6. Collecting the above
estimates, the result follows. O

2.3 Composition

Proposition 2.8 Composition of semi-exponential Post-Widder and the Szdsz—
Mirakyan operators provides the new operator

1 0 ,Bm_s()\.—i— —5), m
URIOES 5393 e 1 (5).

s=0 m=s (m — s5)ls! (1 —|—x))»+m

which may be considered as representation of semi-exponential Baskakov operator,
slightly different from [2]. If B = 0, then m = s and we get the Baskakov operators.

Proof By definition

(B~
((PfoSA)f)(x) = x)‘eﬁx sz’l—'(k+k) <S)

x/ oM /X k=1 =t (M)th
0 s!

_ *p)* 4 <s)
T x eﬂx ZZ S kst (a +k)
o0
x f e—t()\+)u/x)t}»+k+s—1dt
0

M & (Ap)k a8 s
T xhePx Z Z < kIS (0 A+ k) (b A+ o) o4t f (X)

s=0 k=
')
X/ efuuk+k+x7]du
0

1 i 2 B+ k4 s)xkts (S)
= obx 1! puwa 2
ePx == KIsIC(A+k)(1 +x) s A
1 ,Bk()»-i-k)y k+s s
= oBr 2(;2 kls!(1 + x)rtk+s f (X) :
s=0 k=
This completes the proof. O
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Proposition 2.9 The composition of Post-Widder operators and the Szdsz—
Kantorovich operators provides the Baskakov—Kantorovich operators (see [1])

(k+1)/x

(&wmm=AZdﬂm/ fdy,
k=0 /2

_ koo .
where a)lhk(x) = Z,fio (A+]I§ I)W is defined in (2.1).

Proof We can write

NPT | X et a ODF
Py oK = —_ MYl M I dt
((Py. o K3) f)(x) kE—o o F(k)/o e ey Hi(f)
PR R T ©
= —— __H —(§ M A+k=1 gy
T k§=0 0 A,k(f)/o e
)\’}» 1 x )\’k Ak

X
- —H I, —U )\4+k_1d
X T () = k] k) G /0 . !

= > v Hy k().

k=0

This completes the proof of the proposition. O

3 Modified Semi-exponential Post-Widder Operators

Let us consider the following modified form of the semi-exponential Post—Widder
operators:

(BF f)(x) = ' i Gp" ” e’“/vf(")tHk*If(t)dt
' W (et (SR04 0 Jy |
where

For A > 4Bx, we may write

—A+ /A2 +4rBx
2B

1 o (i 48x\1/?
%‘*(*T)

Vix) =
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1 2Bx  2B%x%  4p3x3 1084
=—|-AaA+r|1+=Z=— - .
28 [ + ( T 2T w T
[ Bx2  2B%x3  583x* ]
x — — 4+ ...

A A2 A3

Also, we can calculate
;]31—r>n() v, (x) =x
lim v (x) = x.
r—00 )”( )
We observe that the operators (f’f Hx) = (P,{8 f )(vf (x)) preserve constants and
linear functions, but we do not capture the exact Post—Widder operators (1.3). Also,
these operators are neither exponential nor semi-exponential type operators as, for

these operators, condition (1.2) is not satisfied for g > 0.

Lemma 3.1 The moment producing function of (F’f f)(x) for A in some neighborhood
of zero is given as

A B 2
(f’){seAt)(_x) — )L 5 exp <A[UA, (xl)g] ﬂ) .
(A — Av} (x)* A — Av; (x)

In particular with es(x) = x°, we have the representation

(Pl ep)(x) = 1
(Plen(x) = x

VAarBx + A2 2x n VArBx + A2 A
x — yaer TR

(Ployy(r) =224 Y202 2

A B 22 2p?
(ﬁﬁe3)(x) =x3+ @xz _ Exz + ixz + 3\/mx
A 2B B 2B 282
5\/4rBx + A2 L9 3 2/4rBx + A2 L2
——————— Xt 55X~ X — —————— + —3
AB? B2 22 B3 B3
~5 4 6/MBx 22 5 12 536 5 3/AABx+ AT ,
(P)Le4)(x)—x +T)€ —E)C +Ex +Tx

32y 4Bx + /\2x2 N 12/418x + )\2x2 N @xz 3 ﬁxz
)»,32 )\2,32 ,32 )»,32

3h 5, 17/4rBx + A2 N 30/41Bx + A2 48 20A

-y — X 3 X

“p 7 ¥ T
30V/40Bx +22 9x  3A2
2t BT oY
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Proof By the definition of the operators 24 , we have

s o k
(BleMy ) = — 3 O[T vl ity
[vf(x)])‘eﬂvf(x) par KA+ k)

( Aﬂvf(x)
Ar B A—AvP (x)
— _.BU)L (x) Z A

( — Av (x))*

P A[v/j (I*B
(0 — AvP () A=Al )

Using the following connection between moments and moment generating func-

tion:
m A B 2
Blem) = | S P (AP
IA™ (n — Av) (x))* A=AV, () ) | 4o

we may get the moments by simple computation. O

Lemma 3.2 If,uf’m(x) = (I/)\f(el — xep)"™)(x), then we have

W o) =1
wh @) =0
8 XV4ABx + A2 2x  JAABx + A% A
Y A T A T2
6x2  Sx/4rBx +22  9x  2\4rBx+ A2 2x
M= T TR p T
8 12x3  12x2/4rBx + A2 12x%/4rBx + 12 27x%  S4x2
R - S 2
+9\/4)»,3x + A2 B Ox+/4rBx + A2 n 30x+/4A8x + A2
g B3 B3n
+12kx 48 3x/41Bx +A2 32 9
B3 B3 2p% 2/94 B4

3.1 Weighted Convergence

According to [5], we consider the following spaces:

Bo, D ={f:1—1:f@|<Mil+exx)},
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where the constant M ¢ depends on f,
Ce, (RT) =B, (1)NC (]),

and

C,, ()= {feCe2 (1) : lim &

exists and it is finite ; .
x—o00 1 4 e (x)

If the space B, (1) is yielded with the norm ||.||,, defined by

1fl, = sup — DL

ekt 1+ ea(x)’

then the same norm is considered in both of the spaces defined above.
The aim of the section is to achieve approximating theorems including
Voronovskaya-type result in the aforementioned spaces.

Theorem A [5]Let (A,),> be asequence of linear positive operators mapping C., (I)
into B, (I). If

lim ||Apey —eyll,, =0, v=0,1,2,
n—00
then, for [ € C;"2 (I), we have
lim [[Ayf — fll, = 0.
n—>oo

Now, we apply the theorem to our operators.

Theorem 3.3 Let f € C;, (1), then the following holds true:

=0.

€2

tim [P s
A—00

Proof As we mentioned above, we shall examine the assumptions of Theorem A,
applying them to the operators f’f . According to Lemma 3.1, for the operators 1/3){3 on
Ce, (1), the result holds true for v = 0, 1. Next, for v = 2, we obtain

(e

b
P ey —en = su
H A ey XEII) 1 + x2
x«/4kﬂx+k2 2x »,/4)Lﬂx+k2 A
I A
= Su
erI) 1+ x2

We have to prove that the above expression tends to zero as A — 00.

@ Springer
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First, we notice that for z € I and A > 0, we have (z + )»)2 > (2z + A)A. Now, we
substitute z = 28x which is no-negative by our assumptions, and we get

(2Bx + 12 = A4Bx + M),
Multiplying by A(48x 4+ 1) > 0 we have
(A2 +40Bx)(2Bx + 1)* > A2 (4Bx + 1)>.

Due to monotonicity of the square root, we achieve the following estimation:

VAABx +22(2Bx + 1) = A(4Bx + 1),

which is equivalent to the inequality

xy/4rBx + A2 2x N VABx + 22 A -~ 0
AB B 262 262 7

Now, we proceed to the estimation from above. For u > —1 and r € [0, 1], we have
Bernoulli’s inequality as follows:

A4+uw) <1+ru.

sl 4Bx 1
Substituting u = 2 and r = 5, We get

x
1
48x\2 2B8x
<1+T> §1+T 3.1

forx > 0,8 > 0 and A > 0. Now, using (3.1), we can estimate the following
expression:

xV4rBx + A% 2x N VAarBx + A2 A
A A calLL S s LR

2B B 28 S 2p?

_x (L V2 ox | 4B 12 | _ 2
‘E<+T) "B (*T) )

Hence, we get the estimation

N TR " B2 A
B

B 22 282

14 x2

2
0< < _
- A

9

which proves our assertion. O
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Theorem 3.4 Let f and f" belong to Cy, (1), then, for x € I and ). > 4fx, one has

‘k[(ﬁff) (x)—f(x)]—%z(l—%—-~~)f”(x)

1
< 2Aw (f//, ﬁ) I:Mf’z (x) + )\Mfi4 (x)] )

where w is the classical modulus of continuity.

Proof By Taylor’s expansion and applying the operator P’ , we can write that

(PP (e1 — xe0)?) (x)
2

(PLF) 0= £ ) = (Bt — xe0)) ) f (@) - f )

’

- ‘(ﬁfh(r,x) (t—X)z) (x)

where h (¢, x) 1= w, and £ lying between x and . Thus, using Lemma 3.2
for A > 4Bx and arguing as follows:

xX/4rBx + 22 2x n VA4rBx + A2 A

(PP (e1 — xe0)®) (x) =

e B 22 22

by 4Bx 172 ox A 4B8x 172 A
=—(l+—) —-=+:z1+—) -5
B A B 2B A 2p
X ! 2Bx  2B%x% 43X 1084 2x
A A s P A R TR R

ro(2Bx  2B%x%r 4p3x3 10B8%x*

2w\ T Yt T

x 2Bx  2B%x%  4p3x3 10844
A G R T A E R TR

ro(2Bx  2B%x%r 4p3x3 10B8%x*

W\ T TTm T

x2 ,B2x2
=—(1=-==—-..],
A A2

we get

‘A[(I’J\){gf)(x)—f(x)]—%z<1—%—“'>f”(x)

- ‘A (f’fh(t,x) (t —x)z) (x)‘-
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Using the classical modulus of continuity, we get

Wy (x)]

A (Eﬁ |h (2, x)| (1 — x)2> (x) <2rw (f",9) [uf,z () + =53

1/2

Considering § = A~ /<, we obtain the required result.

Corollary 3.5 Let f and f" € C, (I), then, for x € I, we have

xzf (x)'

&“&J[(ﬁff) (X>—f(x)]= .

While, for the original operators, we have
: B _ _p2 2 w
Tim [ (PLF) 0= f 0] = pf @) + 222

Theorem 3.6 For f € Cp(l), there exists a constant C1 > 0, such that

2.2 1/2
(P f)(x) — f(x)] < Cla)z(f, % (1 - *‘% _> )

Proof Leth € C%(I ) and x, t € I. By Taylor’s expansion, we have

t
h(t) = h(x) + (t —x) I (x) + /(t —u) h(u) du.
X
Hence, arguing as in Theorem 3.4, we have

(PP Ry (x) — h(x)| = ((Ff

t
/ (t —u) h"(u) du

)(x))
(PP (er — xe0)®)(x) ||h"]]
2 2.2
x_ <1 _ ,B_x _> ||h”||.

IA

)»2
Due to constants preservation of ﬁﬁ , we have

(PP Yyl < 111l

Therefore
I(Fff)(x) - f)l = I(I”\f(f —h)x) = (f — )|+ I(ﬁfh)(X) — h(x)|
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2 2.2
X B°x
§2I|f—hll+7(1—T—~-)Ilh"ll-

Considering infimum over all 4 € Clzg(l ), and using the inequality between K-
functional and second-order moduli property given in [4], we obtain the assertion.
O

4 Graphical Representation

In this section, we use the Mathematica software to visualize the convergence of our
operators. For t € [0,20] C I, we deal with the function f(t) = t2 + ¢! which
belongs to the space C;, (/). Figure 1performs six terms of the sequence of operators

PP forr =1,5,10,20,50, 100 and g = 1.
In Fig. 2, we enlarge the plots that we have above.
In Fig.3, we can see the comparison between the convergence of the classical

Post—Widder operators P;, the semi-exponential Post—Widder operators pf , and the
500
400}

300

100 [

S S S B S S S |
5 10 15 20

Fig.1 From the top f’ll, 1351, }?110’ }/;210, }/;5‘10, }/;1100, f

401

Fig.2 From the top ﬁll, 1?51 13110, 13210, 13510, 131100, f
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1000

800

400 -

Fig.3 From the top Pl, Ps, f’sl, f

150
100 -

50 -

Fig.4 From the top d1, ds, dsg

modified semi-exponential Post-Widder operators I/’\f . We propose the graphs of the
following operators: Ps, Psl, PS1 and the function f for x € [0, 20].

The last picture demonstrates the approximation error for the operators P, ﬁslo’
13\1100. Observe that the difference d, (f) = I/’;fg(f) — ftendsto 0 as A — +o0. In
Fig.4, we have the difference for 8 = 1 and A = 1, 5, 50.
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