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Abstract
We consider the Post–Widder operators of semi-exponential type, which are a gen-
eralization of the exponential operators connected with x2. This modification has the
beauty tofinddifferencewith other operators,while the original Post–Widder operators
do not have such property. We estimate quantitative difference of these operators with
Baskakov type operators and Szász–Kantorovich operators, along with some compo-
sition of operators. Finally, we further consider a form preserving linear functions and
estimate some direct results.

Keywords Semi-exponential type Post–Widder operators · Moment producing
function · Difference · Composition

Mathematics Subject Classification 41A25 · 41A30

1 Introduction

The concept of semi-exponential operatorswasfirst discussed byTyliba andWachnicki
[14], who introduced semi-exponential extension of the Szász–Mirakyan and Weier-
strass operators. Later, Herzog [11] captured semi-exponential Post–Widder operators
for β, λ > 0, x ∈ I := [0,+∞) and f ∈ C(I ) (the space of real-valued continuous
functions defined on the interval I ) as follows:
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(Pβ
λ f )(x) = λ

xλ exp(βx)

∫ ∞

0

(
λy
β

)(λ−1)/2
Iλ−1(2

√
λβ y)

exp(λy/x)
f (y)dy, (1.1)

where

Iλ−1 :=
∞∑
j=0

z2 j+λ−1

j !Γ ( j + λ)22 j+λ−1

represents the modified form of Bessel function of first kind. Moreover, we denote by
CB(I ) the class of bounded continuous functions on I and we consider the sup-norm
for f ∈ CB(I ), as

|| f || = sup{| f (x)| : x ∈ I }.

Alternatively, (1.1) can be written as

(Pβ
λ f )(x) =

∫ ∞

0
kβ
λ (x, t) f (t)dt,

where the kernel

kβ
λ (x, t) = λλ

xλeβx

∞∑
k=0

(λβ)k

k!Γ (λ + k)
e−λt/x tλ+k−1

satisfies the partial differential equation

∂

∂x
kβ
λ (x, t) =

[
λ(t − x)

x2
− β

]
kβ
λ (x, t), (1.2)

which is the required condition for Pβ
λ to be of semi-exponential type operator. Also,

for specific value β = 0, we get the Post–Widder operators [12, (3.9)] defined by

(Pλ f )(x) = λλ

xλ

1

Γ (λ)

∫ ∞

0
e−λy/x yλ−1 f (y)dy. (1.3)

Abel et al. [2] and Gupta and Milovanović [9] introduced all remaining semi-
exponential operators from available exponential-type operators. In a very recent
paper [6], some more general form of exponential-type operators was introduced and
discussed. Also, we refer the readers to the recent related work [10, 13].

In this paper, we shall investigate the difference between two operators which
is an active area of research in the recent years. For example, in papers [3, 7, 8],
the differences amongst operators having the same/different basis under summation
are estimated. It is pointed out here that in case of the Post–Widder operators, the
difference with other operators is not analogous due to the purely integral term of
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the operators, but for the semi-exponential Post–Widder operators, one can find the
difference with other operators. We also consider composition of such operators with
some other operators to capture some other operators. Also, some modification of Pβ

λ

is proposed here which preserves the linear functions.

2 Difference and Composition

In this section, we deal with the difference between Pβ
λ to the general Baskakov

operators and some Kantorovich variants. We shall apply some estimates from paper
[7] and [8]. Also, we indicate some composition estimates.

First, we write the operators (1.1) in an alternative form as

(Pβ
λ f )(x) =

∞∑
k=0

sk(βx)Jλ,k( f ),

where sk(βx) = e−βx (xβ)k

k! and

Jλ,k( f ) = 1

Γ (λ + k)

∫ ∞

0
e−uuλ+k−1 f

( xu
λ

)
du.

Remark 2.1 By simple computation, we have

Jλ,k(er ) = 1

Γ (λ + k)

∫ ∞

0
e−uuλ+r+k−1 x

r

λr
du = xr

λr

Γ (λ + r + k)

Γ (λ + k)
.

In particular

bJλ,k = Jλ,k(e1) = 1

Γ (λ + k)

∫ ∞

0
e−uuλ+k−1 xu

λ
du = x

λ
(λ + k).

Also, using above, we have

μ
Jλ,k
2 = Jλ,k(e1 − bJλ,k e0)

2 =
2∑

i=0

(
2

i

)
(−1)i Jλ,k(e2−i )[bJλ,k ]i

= x2

λ2
(λ + k + 1)(λ + k) − x2

λ2
(λ + k)2 = x2

λ2
(λ + k).

μ
Jλ,k
3 = Jλ,k(e1 − bJλ,k e0)

3 =
3∑

i=0

(
3

i

)
(−1)i Jλ,k(e3−i )[bJλ,k ]i

= x3

λ3
(λ + k + 2)(λ + k + 1)(λ + k)
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−3
x3

λ3
(λ + k + 1)(λ + k)2 + 2

x3

λ3
(λ + k)3

= 2
x3

λ3
(λ + k)

and

μ
Jλ,k
4 = Jλ,k(e1 − bJλ,k e0)

4 =
4∑

i=0

(
4

i

)
(−1)i Jλ,k(e4−i )[bJλ,k ]i

= x4

λ4
(λ + k + 3)(λ + k + 2)(λ + k + 1)(λ + k)

−4
x4

λ4
(λ + k + 2)(λ + k + 1)(λ + k)2

+6
x4

λ4
(λ + k + 1)(λ + k)3 − 3

x4

λ4
(λ + k)4

= x4

λ4
[3(λ + k) + 6].

The general Baskakov type operators for x ∈ I are defined as

(Bc
λ f )(x) =

∞∑
k=0

acλ,k(x)Fλ,k( f ), (2.1)

where

acλ,k(x) = (−x)k

k! φ
(k)
c,λ(x), Fλ,k( f ) = f

(
k

λ

)
.

and φc,λ(x) = (1 + cx)−λ/c, c ≥ 0.
In particular if c = 1, φ1,λ(x) = (1 + x)−λ in this case, we get the Baskakov

operators, and if c = 0, φ0,λ(x) = e−λx is a limit for c → 0+ and we obtain the
Szász–Mirakyan operators.

Remark 2.2 By simple computation in (2.1), we have

bFλ,k = Fλ,k(e1) = k

λ
, μ

Fλ,k
r := Fλ,k(e1 − bFλ,k e0)

r = 0, r = 1, 2, . . .

Applying [7, Theorem 2.1], we get the estimation of Pβ
λ and Bc

λ.
The Kantorovich version of the Szász–Mirakyan operators is defined by

(Kλ f )(x) =
∞∑
k=0

sk(λx)Hλ,k( f ), (2.2)
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where sk(λx) = e−λx (λx)k

k! , and Hλ,k( f ) = λ
∫ (k+1)/λ
k/λ f (t)dt .

Remark 2.3 Following the computation given in [8] for (2.2), we have:

bHλ,k = Hλ,k(e1) = k

λ
+ 1

2λ
, μ

Hλ,k
2 = 1

12λ2
, μ

Hλ,k
3 = 0, μ

Hλ,k
4 = 1

80λ4
.

2.1 Difference with Discrete Operator

In the following two theorems, we find the difference between semi-exponential Post–
Widder operators and the generalized Baskakov type operators.

Theorem 2.4 If D(I ) be the set of all functions in C(I ) for which the two operators
Pβ

λ , Bc
λ ∈ C(I ) are defined and f ′′ ∈ CB(I ), then

|((Pβ
λ − Bc

λ) f )(x)| ≤
(
x2

2λ
+ x3β

2λ2

)
|| f ′′|| + 2ω

(
f ,

√
x(1 + cx)

λ

)

+2ω

(
f ,

x3/2
√

β(xβ + 1)1/2

λ

)
,

for c = 0 and c = 1, we obtain the difference of semi Post–Widder operators with
Szász–Mirakyan and Baskakov operators, respectively.

Proof Applying Remarks 2.1 and 2.2 to the aforementioned theorem, we have

|((Pβ
λ − Bc

λ) f )(x)| ≤ eλ,β(x)|| f ′′|| + 2ω ( f , δ1) + 2ω ( f , δ2) ,

where

eλ,β(x) = 1

2

∞∑
k=0

(
acλ,k(x)μ

Fλ,k
2 + sk(βx)μ

Jλ,k
2

)

= 1

2

∞∑
k=0

sk(βx)
x2

λ2
(λ + k) = x2

2λ
+ x3β

2λ2
,

δ1(x) =
( ∞∑
k=0

acλ,k(x)
(
bFλ,k − x

)2
)1/2

=
( ∞∑
k=0

acλ,k(x)

(
k

λ
− x

)2
)1/2

=
√
x(1 + cx)

λ

and

δ2,β(x) =
( ∞∑
k=0

sk(βx)
(
bJλ,k − x

)2
)1/2
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=
( ∞∑
k=0

sk(βx)
( x

λ
(λ + k) − x

)2)1/2

=
(
x2

λ2

∞∑
k=0

sk(βx)k
2

)1/2

= x3/2
√

β(xβ + 1)

λ
.

This completes the proof. 	


Theorem 2.5 If D(I ) be the set of all functions in C(I ) for which the two operators
Pβ

λ , Bc
λ ∈ C(I ) are defined with f (i) ∈ CB(I ), i = 2, 3, 4, then

|((Pβ
λ − Bc

λ) f )(x)| ≤
(

x4

8λ3
+ x4

4λ4
+ x5β

8λ4

)
|| f iv|| +

(
x3

3λ2
+ x4β

3λ3

)
|| f ′′′||

+
(
x2

2λ
+ x3β

2λ2

)
|| f ′′||

+2ω

(
f ,

√
x(1 + cx)

λ

)
+ 2ω

(
f ,

x3/2
√

β(xβ + 1)1/2

λ

)
,

for c = 0 and c = 1, we obtain the difference of semi-exponential Post–Widder
operators with the Szász–Mirakyan and the Baskakov operators, respectively.

Proof Following [8, Theorem 2] and using Remarks 2.1 and 2.2, we have

|((Pβ
λ − Bc

λ) f )(x)| ≤ e1λ,β(x)|| f iv|| + e2λ,β(x)|| f ′′′|| + e3λ,β(x)|| f ′′||
+2ω ( f , δ1) + 2ω ( f , δ2) ,

e1λ,β(x) = 1

4!
∞∑
k=0

(acλ,k(x)μ
Fλ,k
4 + sk(βx)μ

Jλ,k
4 )

= 1

24

∞∑
k=0

sk(βx)μ
Jλ,k
4 = x4

8λ4

∞∑
k=0

sk(βx)(λ + k + 2)

= (λ + 2)x4

8λ4
+ x5β

8λ4

e2λ,β(x) = 1

3!

∣∣∣∣∣
∞∑
k=0

acλ,k(x)μ
Fλ,k
3 −

∞∑
k=0

sk(βx)μ
Jλ,k
3

∣∣∣∣∣

= 1

6

∞∑
k=0

sk(βx)μ
Jλ,k
3

= x3

3λ3

∞∑
k=0

sk(βx)(λ + k) = x3

3λ2
+ x4β

3λ3
.

123



Bulletin of the Iranian Mathematical Society            (2023) 49:18 Page 7 of 19    18 

Finally

e3λ,β(x) = 1

2!

∣∣∣∣∣
∞∑
k=0

acλ,k(x)μ
Fλ,k
2 −

∞∑
k=0

sk(βx)μ
Jλ,k
2

∣∣∣∣∣

= 1

2

∞∑
k=0

sk(βx)μ
Jλ,k
2 = x2

2λ
+ x3β

2λ2
.

The estimates of δ1 and δ2 can be obtained as in Theorem 2.4. Collecting the above
estimates, the result follows. 	


2.2 Difference with Integral Operator

In the following two theorems, we provide the difference of semi-exponential Post–
Widder operators with the generalized Szász–Kantorovich operators.

Theorem 2.6 If D(I ) be the set of all functions in C(I ) for which the two operators
Pβ

λ , Kλ ∈ C(I ) hold with f ′′ ∈ CB(I ), then

|((Pβ
λ − Kλ) f )(x)| ≤

(
1

24λ2
+ x2

2λ
+ x3β

2λ2

)
|| f ′′|| + 2ω

(
f ,

√
4λx + 1

2λ

)

+2ω

(
f ,

x3/2
√

β(xβ + 1)1/2

λ

)
.

Proof Applying Remarks 2.3 and 2.1 to the aforementioned theorem, we have

|((Pβ
λ − Kλ) f )(x)| ≤ dλ,β(x)|| f ′′|| + 2ω

(
f , δ̂1

) + 2ω
(
f , δ̂2

)
,

where

dλ,β(x) = 1

2

∞∑
k=0

(
sk(λx)μ

Hλ,k
2 + sk(βx)μ

Jλ,k
2

)

= 1

24λ2
+ x2

2λ
+ x3β

2λ2
,

δ̂1(x) =
( ∞∑
k=0

sk(λx)
(
bHλ,k − x

)2
)1/2

=
( ∞∑
k=0

sk(λx)

(
k

λ
+ 1

2λ
− x

)2
)1/2

=
√
4λx + 1

2λ
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and

δ̂2,β(x) =
( ∞∑
k=0

sk(βx)
(
bJλ,k − x

)2
)1/2

= x3/2
√

β(xβ + 1)

λ
.

This completes the proof. 	

Theorem 2.7 If D(I ) be the set of all functions in C(I ) for which the two operators
Pβ

λ , Kλ ∈ C(I ) are defined with f (i) ∈ CB(I ), i = 2, 3, 4, then

|((Pβ
λ − Kλ) f )(x)| ≤

(
1

1920λ4
+ (λ + 2)x4

8λ4
+ x5β

8λ4

)
|| f iv||

+
(

x3

3λ2
+ x4β

3λ3

)
|| f ′′′||

+
(

1

24λ2
+ x2

2λ
+ x3β

2λ2

)
|| f ′′||

+2ω

(
f ,

√
4λx + 1

2λ

)

+2ω

(
f ,

x3/2
√

β(xβ + 1)1/2

λ

)
.

Proof Following [8, Theorem 2] and using Remarks 2.1 and 2.2, we have:

|((Pβ
λ − Kλ) f )(x)| ≤ d1λ,β(x)|| f iv|| + d2λ,β(x)|| f ′′′|| + d3λ,β(x)|| f ′′||

+2ω
(
f , δ̂1

) + 2ω
(
f , δ̂2

)
,

d1λ,β(x) = 1

4!
∞∑
k=0

(sk(λx)μ
Hλ,k
4 + sk(βx)μ

Jλ,k
4 )

= 1

1920λ4
+ (λ + 2)x4

8λ4
+ x5β

8λ4

d2λ,β(x) = 1

3!

∣∣∣∣∣
∞∑
k=0

sk(λx)μ
Hλ,k
3 −

∞∑
k=0

sk(βx)μ
Jλ,k
3

∣∣∣∣∣
= x3

3λ2
+ x4β

3λ3
.

Next

d3λ,β(x) = 1

2!

∣∣∣∣∣
∞∑
k=0

sk(λx)μ
Hλ,k
2 −

∞∑
k=0

sk(βx)μ
Jλ,k
2

∣∣∣∣∣
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≤ 1

24λ2
+ x2

2λ
+ x3β

2λ2
.

The estimates of δ̂1 and δ̂2 can be obtained as in Theorem 2.6. Collecting the above
estimates, the result follows. 	


2.3 Composition

Proposition 2.8 Composition of semi-exponential Post–Widder and the Szász–
Mirakyan operators provides the new operator

(Oλ f )(x) = 1

eβx

∞∑
s=0

∞∑
m=s

βm−s(λ + m − s)s
(m − s)!s!

xm

(1 + x)λ+m
f
( s

λ

)
,

which may be considered as representation of semi-exponential Baskakov operator,
slightly different from [2]. If β = 0, then m = s and we get the Baskakov operators.

Proof By definition

((Pβ
λ ◦ Sλ) f )(x) = λλ

xλeβx

∞∑
s=0

∞∑
k=0

(λβ)k

k!Γ (λ + k)
f
( s

λ

)

×
∫ ∞

0
e−λt/x tλ+k−1e−λt (λt)

s

s! dt

= λλ

xλeβx

∞∑
s=0

∞∑
k=0

(λβ)k λs

k!s!Γ (λ + k)
f
( s

λ

)

×
∫ ∞

0
e−t(λ+λ/x)tλ+k+s−1dt

= λλ

xλeβx

∞∑
s=0

∞∑
k=0

(λβ)k λs

k!s!Γ (λ + k)(λ + λ/x)λ+k+s
f
( s

λ

)

×
∫ ∞

0
e−uuλ+k+s−1du

= 1

eβx

∞∑
s=0

∞∑
k=0

βkΓ (λ + k + s)xk+s

k!s!Γ (λ + k)(1 + x)λ+k+s
f
( s

λ

)

= 1

eβx

∞∑
s=0

∞∑
k=0

βk(λ + k)s xk+s

k!s!(1 + x)λ+k+s
f
( s

λ

)
.

This completes the proof. 	
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Proposition 2.9 The composition of Post–Widder operators and the Szász–
Kantorovich operators provides the Baskakov–Kantorovich operators (see [1])

(Pλ ◦ Kλ)(x) = λ

∞∑
k=0

a1λ,k(x)
∫ (k+1)/λ

k/λ
f (y)dy,

where a1λ,k(x) = ∑∞
k=0

(
λ+k−1

k

) xk

(1+x)λ+k is defined in (2.1).

Proof We can write

((Pλ ◦ Kλ) f )(x) =
∞∑
k=0

λλ

xλ

1

Γ (λ)

∫ ∞

0
e−λt/x tλ−1e−λt (λt)

k

k! Hλ,k( f )dt

= λλ

xλ

1

Γ (λ)

∞∑
k=0

λk

k! Hλ,k( f )
∫ ∞

0
e−( λ

x +λ)t tλ+k−1dt

= λλ

xλ

1

Γ (λ)

∞∑
k=0

λk

k! Hλ,k( f )
xλ+k

(λ + λx)λ+k

∫ ∞

0
e−uuλ+k−1du

=
∞∑
k=0

vλ,k(x)Hλ,k( f ).

This completes the proof of the proposition. 	


3 Modified Semi-exponential Post–Widder Operators

Let us consider the following modified form of the semi-exponential Post–Widder
operators:

(P̂β
λ f )(x) = λλ

(v
β
λ (x))λeβv

β
λ (x)

∞∑
k=0

(λβ)k

k!Γ (λ + k)

∫ ∞

0
e−λt/vβ

λ (x)tλ+k−1 f (t)dt,

where

v
β
λ (x) = −λ + √

λ2 + 4λβx

2β
, β �= 0.

For λ > 4βx , we may write

v
β
λ (x) = −λ + √

λ2 + 4λβx

2β

= 1

2β

[
−λ + λ

(
1 + 4βx

λ

)1/2
]
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= 1

2β

[
−λ + λ

(
1 + 2βx

λ
− 2β2x2

λ2
+ 4β3x3

λ3
− 10β4x4

λ4
+ · · ·

)]

=
[
x − βx2

λ
+ 2β2x3

λ2
− 5β3x4

λ3
+ · · ·

]
.

Also, we can calculate

lim
β→0

v
β
λ (x) = x

lim
λ→∞ v

β
λ (x) = x .

We observe that the operators (P̂β
λ f )(x) = (Pβ

λ f )(vβ
λ (x)) preserve constants and

linear functions, but we do not capture the exact Post–Widder operators (1.3). Also,
these operators are neither exponential nor semi-exponential type operators as, for
these operators, condition (1.2) is not satisfied for β ≥ 0.

Lemma 3.1 Themoment producing function of (P̂β
λ f )(x) for A in some neighborhood

of zero is given as

(P̂β
λ e

At )(x) = λλ

(λ − Av
β
λ (x))λ

exp

(
A[vβ

λ (x)]2β
λ − Av

β
λ (x)

)
.

In particular with es(x) = xs , we have the representation

(P̂β
λ e0)(x) = 1

(P̂β
λ e1)(x) = x

(P̂β
λ e2)(x) = x2 +

√
4λβx + λ2

λβ
x − 2x

β
+

√
4λβx + λ2

2β2 − λ

2β2

(P̂β
λ e3)(x) = x3 + 3

√
4λβx + λ2

λβ
x2 − 6

β
x2 + 6

λβ
x2 + 3

√
4λβx + λ2

2β2 x

−5
√
4λβx + λ2

λβ2 x + 9

β2 x − 3λ

2β2 x − 2
√
4λβx + λ2

β3 + 2λ

β3

(P̂β
λ e4)(x) = x4 + 6

√
4λβx + λ2

λβ
x3 − 12

β
x3 + 36

λβ
x3 + 3

√
4λβx + λ2

β2 x2

−32
√
4λβx + λ2

λβ2 x2 + 12
√
4λβx + λ2

λ2β2 x2 + 63

β2 x
2 − 54

λβ2 x
2

−3λ

β2 x
2 − 17

√
4λβx + λ2

β3 x + 30
√
4λβx + λ2

λβ3 x − 48

β3 x + 20λ

β3 x

−3λ
√
4λβx + λ2

2β4 − 9λ

β4 + 3λ2

2β4 .
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Proof By the definition of the operators P̂β
λ , we have

(P̂β
λ e

At )(x) = λλ

[vβ
λ (x)]λeβv

β
λ (x)

∞∑
k=0

(λβ)k

k!Γ (λ + k)

∫ ∞

0
e−(λ−Av

β
λ (x))t/vβ

λ (x)tλ+k−1dt

= λλ

(λ − Av
β
λ (x))λ

e−βv
β
λ (x)

∞∑
k=0

(
λβv

β
λ (x)

λ−Av
β
λ (x)

)k

k!

= λλ

(λ − Av
β
λ (x))λ

exp

(
A[vβ

λ (x)]2β
λ − Av

β
λ (x)

)
.

Using the following connection between moments and moment generating func-
tion:

(P̂β
λ em)(x) =

[
∂m

∂Am

λλ

(λ − Av
β
λ (x))λ

exp

(
A[vβ

λ (x)]2β
λ − Av

β
λ (x)

)]

A=0

,

we may get the moments by simple computation. 	


Lemma 3.2 If μβ
λ,m(x) = (P̂β

λ (e1 − xe0)m)(x), then we have

μ
β
λ,0(x) = 1

μ
β
λ,1(x) = 0

μ
β
λ,2(x) = x

√
4λβx + λ2

λβ
− 2x

β
+

√
4λβx + λ2

2β2 − λ

2β2

μ
β
λ,3(x) = 6x2

βλ
− 5x

√
4λβx + λ2

β2λ
+ 9x

β2 − 2
√
4λβx + λ2

β3 + 2λ

β3

μ
β
λ,4(x) = 12x3

βλ
− 12x2

√
4λβx + λ2

β2λ
+ 12x2

√
4λβx + λ2

β2λ2
+ 27x2

β2 − 54x2

β2λ

+9
√
4λβx + λ2

β4 − 9x
√
4λβx + λ2

β3 + 30x
√
4λβx + λ2

β3n

+12λx

β3 − 48x

β3 − 3λ
√
4λβx + λ2

2β4 + 3λ2

2β4 − 9λ

β4 .

3.1 Weighted Convergence

According to [5], we consider the following spaces:

Be2 (I ) = {
f : I → I : | f (x)| ≤ M f (1 + e2(x))

}
,
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where the constant M f depends on f ,

Ce2

(
R+) = Be2 (I ) ∩ C (I ) ,

and

C∗
e2 (I ) =

{
f ∈ Ce2 (I ) : lim

x→∞
f (x)

1 + e2 (x)
exists and it is finite

}
.

If the space Be2 (I ) is yielded with the norm ‖.‖e2 defined by

‖ f ‖e2 = sup
x∈R+

| f (x)|
1 + e2(x)

,

then the same norm is considered in both of the spaces defined above.
The aim of the section is to achieve approximating theorems including

Voronovskaya-type result in the aforementioned spaces.

Theorem A [5]Let (An)n≥1 bea sequenceof linear positive operatorsmappingCe2 (I )
into Be2 (I ). If

lim
n→∞ ‖Anev − ev‖e2 = 0, v = 0, 1, 2,

then, for f ∈ C∗
e2 (I ), we have

lim
n→∞ ‖An f − f ‖e2 = 0.

Now, we apply the theorem to our operators.

Theorem 3.3 Let f ∈ C∗
e2 (I ), then the following holds true:

lim
λ→∞

∥∥∥P̂β
λ f − f

∥∥∥
e2

= 0.

Proof As we mentioned above, we shall examine the assumptions of Theorem A,
applying them to the operators P̂β

λ . According to Lemma 3.1, for the operators P̂β
λ on

Ce2 (I ), the result holds true for v = 0, 1. Next, for v = 2, we obtain

∥∥∥P̂β
λ e2 − e2

∥∥∥
e2

= sup
x∈I

∣∣∣
(
P̂β

λ e2
)

(x) − x2
∣∣∣

1 + x2

= sup
x∈I

∣∣∣∣ x
√

4λβx+λ2

λβ
− 2x

β
+

√
4λβx+λ2

2β2 − λ
2β2

∣∣∣∣
1 + x2

.

We have to prove that the above expression tends to zero as λ → ∞.
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First, we notice that for z ∈ I and λ > 0, we have (z + λ)2 ≥ (2z + λ)λ. Now, we
substitute z = 2βx which is no-negative by our assumptions, and we get

(2βx + λ)2 ≥ λ(4βx + λ).

Multiplying by λ(4βx + λ) > 0 we have

(λ2 + 4λβx)(2βx + λ)2 ≥ λ2(4βx + λ)2.

Due to monotonicity of the square root, we achieve the following estimation:

√
4λβx + λ2(2βx + λ) ≥ λ(4βx + λ),

which is equivalent to the inequality

x
√
4λβx + λ2

λβ
− 2x

β
+

√
4λβx + λ2

2β2 − λ

2β2 ≥ 0.

Now, we proceed to the estimation from above. For u ≥ −1 and r ∈ [0, 1], we have
Bernoulli’s inequality as follows:

(1 + u)r ≤ 1 + ru.

Substituting u = 4βx
λ

and r = 1
2 , we get

(
1 + 4βx

λ

) 1
2 ≤ 1 + 2βx

λ
(3.1)

for x ≥ 0, β > 0 and λ > 0. Now, using (3.1), we can estimate the following
expression:

x
√
4λβx + λ2

λβ
− 2x

β
+

√
4λβx + λ2

2β2 − λ

2β2

= x

β

(
1 + 4βx

λ

)1/2

− 2x

β
+ λ

2β2

((
1 + 4βx

λ

)1/2

− 1

)
≤ 2x2

λ
.

Hence, we get the estimation

0 ≤
x
√

4λβx+λ2

λβ
− 2x

β
+

√
4λβx+λ2

2β2 − λ
2β2

1 + x2
≤ 2

λ
,

which proves our assertion. 	
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Theorem 3.4 Let f and f ′′ belong to C∗
e2 (I ), then, for x ∈ I and λ > 4βx, one has

∣∣∣∣λ
[(

P̂β
λ f

)
(x) − f (x)

]
− x2

2

(
1 − β2x2

λ2
− · · ·

)
f ′′ (x)

∣∣∣∣
≤ 2λω

(
f ′′, 1√

λ

) [
μ

β
λ,2 (x) + λμ

β
λ,4 (x)

]
,

where ω is the classical modulus of continuity.

Proof By Taylor’s expansion and applying the operator P̂β
λ , we can write that

∣∣∣∣∣
(
P̂β

λ f
)

(x) − f (x) − (P̂β
λ (e1 − xe0)) (x) f ′ (x) − (P̂β

λ (e1 − xe0)2) (x)

2
f ′′ (x)

∣∣∣∣∣
=

∣∣∣
(
P̂β

λ h (t, x) (t − x)2
)

(x)
∣∣∣ ,

where h (t, x) := f ′′(ξ)− f ′′(x)
2 , and ξ lying between x and t . Thus, using Lemma 3.2

for λ > 4βx and arguing as follows:

(P̂β
λ (e1 − xe0)

2) (x) = x
√
4λβx + λ2

λβ
− 2x

β
+

√
4λβx + λ2

2β2 − λ

2β2

= x

β

(
1 + 4βx

λ

)1/2

− 2x

β
+ λ

2β2

(
1 + 4βx

λ

)1/2

− λ

2β2

= x

β

(
1 + 2βx

λ
− 2β2x2

λ2
+ 4β3x3

λ3
− 10β4x4

λ4
+ · · ·

)
− 2x

β

+ λ

2β2

(
2βx

λ
− 2β2x2

λ2
+ 4β3x3

λ3
− 10β4x4

λ4
+ · · ·

)

= x

β

(
−1 + 2βx

λ
− 2β2x2

λ2
+ 4β3x3

λ3
− 10β4x4

λ4
+ · · ·

)

+ λ

2β2

(
2βx

λ
− 2β2x2

λ2
+ 4β3x3

λ3
− 10β4x4

λ4
+ · · ·

)

= x2

λ

(
1 − β2x2

λ2
− · · ·

)
,

we get

∣∣∣∣λ
[(

P̂β
λ f

)
(x) − f (x)

]
− x2

2

(
1 − β2x2

λ2
− · · ·

)
f ′′ (x)

∣∣∣∣
=

∣∣∣λ
(
P̂β

λ h (t, x) (t − x)2
)

(x)
∣∣∣ .
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Using the classical modulus of continuity, we get

λ
(
P̂β

λ |h (t, x)| (t − x)2
)

(x) ≤ 2λω
(
f ′′, δ

) [
μ

β
λ,2 (x) + μ

β
λ,4 (x)

δ2

]
.

Considering δ = λ−1/2, we obtain the required result. 	

Corollary 3.5 Let f and f ′′ ∈ C∗

e2 (I ), then, for x ∈ I , we have

lim
λ→∞ λ

[(
P̂β

λ f
)

(x) − f (x)
]

= x2
f ′′ (x)
2

.

While, for the original operators, we have

lim
λ→∞ λ

[(
Pβ

λ f
)

(x) − f (x)
]

= βx2 f ′(x) + x2
f ′′ (x)
2

.

Theorem 3.6 For f ∈ CB(I ), there exists a constant C1 > 0, such that

|(P̂β
λ f )(x) − f (x)| ≤ C1ω2

(
f ,

x√
λ

(
1 − β2x2

λ2
− · · ·

)1/2)
.

Proof Let h ∈ C2
B(I ) and x, t ∈ I . By Taylor’s expansion, we have

h(t) = h(x) + (t − x) h′(x) +
t∫

x

(t − u) h′′(u) du.

Hence, arguing as in Theorem 3.4, we have

|(P̂β
λ h)(x) − h(x)| =

(
(P̂β

λ

∣∣∣∣
∫ t

x
(t − u) h′′(u) du

∣∣∣∣)(x)
)

≤ (P̂β
λ (e1 − xe0)

2)(x) ||h′′||
= x2

λ

(
1 − β2x2

λ2
− · · ·

)
||h′′||.

Due to constants preservation of P̂β
λ , we have

|(P̂β
λ f )(x)| ≤ || f ||.

Therefore

|(P̂β
λ f )(x) − f (x)| ≤ |(P̂β

λ ( f − h))(x) − ( f − h)(x)| + |(P̂β
λ h)(x) − h(x)|
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≤ 2|| f − h|| + x2

λ

(
1 − β2x2

λ2
− · · ·

)
||h′′||.

Considering infimum over all h ∈ C2
B(I ), and using the inequality between K -

functional and second-order moduli property given in [4], we obtain the assertion.
	


4 Graphical Representation

In this section, we use the Mathematica software to visualize the convergence of our
operators. For t ∈ [0, 20] ⊂ I , we deal with the function f (t) = t2 + e−t which
belongs to the space C∗

e2 (I ). Figure1performs six terms of the sequence of operators

P̂β
λ , for λ = 1, 5, 10, 20, 50, 100 and β = 1.
In Fig. 2, we enlarge the plots that we have above.
In Fig. 3 , we can see the comparison between the convergence of the classical

Post–Widder operators Pλ, the semi-exponential Post–Widder operators Pβ
λ , and the

Fig. 1 From the top P̂1
1 , P̂

1
5 , P̂

1
10, P̂

1
20, P̂

1
50, P̂

1
100, f

Fig. 2 From the top P̂1
1 , P̂

1
5 , P̂

1
10, P̂

1
20, P̂

1
50, P̂

1
100, f
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Fig. 3 From the top P1
5 , P5, P̂

1
5 , f

Fig. 4 From the top d1, d5, d50

modified semi-exponential Post–Widder operators P̂β
λ . We propose the graphs of the

following operators: P5, P1
5 , P̂

1
5 and the function f for x ∈ [0, 20].

The last picture demonstrates the approximation error for the operators P̂1
5 , P̂

1
50,

P̂1
100. Observe that the difference dλ( f ) = P̂β

λ ( f ) − f tends to 0 as λ → +∞. In
Fig. 4, we have the difference for β = 1 and λ = 1, 5, 50.
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