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Our aim is to treat the competition between the homogeneous term |u|?'u and the
inhomogeneous one |x|?|ulP~'u. We simultaneously treat two different regimes,

p >0and p <-2s. We deal with three technical challenges at the same time: the
absence of a scaling invariance, the presence of the singular decaying term | - |, and
the nonlocality of the fractional differential operator (-A)*. We give some sufficient
conditions on the datum and the parameters N, s, p, p, g to have the global versus
nonglobal existence of energy solutions. We use the associated ground states and
some sharp Gagliardo-Nirenberg inequalities. Moreover, we investigate the L
concentration of the mass-critical blowing-up solutions. Finally, in the attractive
regime, we prove the scattering of energy global solutions. Since there is a loss of
regularity in Strichartz estimates for the fractional Schrédinger problem with
nonradial data, in this work, we assume that u;— is spherically symmetric. The
blowup results use ideas of the pioneering work by Boulenger el al. (J. Funct. Anal.
271:2569-2603, 2016).
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1 Introduction
We consider the fractional nonlinear Schrédinger (FNLS) equation

it — (=AYu + M lx|P|uPYu + da|ulTu =0,
(=A) 1lx]? ful 2|ul (L1)

Uj=0 = Uo.

Here and hereafter, N > 2, A; = +1, p #0, p,g > 1, and u := u(t,x) : R x RN — C. The
fractional Laplacian operator is defined via the Fourier transform as follows:

Fl=a)]:=1-*F, se(1).
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Introduced by Laskin [18, 19], the fractional Schrodinger problem used the theory of
functional measures caused by the Levy stochastic process with expansion of the Feyn-
man path integral from the Brownian-like to the Levy-like quantum mechanical paths.
The inhomogeneous nonlinear Schrodinger equation (s = 1 = 1 — ;) models the beam
propagation [1, 12, 20, 23] in nonlinear optics and plasma physics.

The well-posedness issues of some particular cases of the above problem were investi-
gated by many authors. Indeed, the fractional nonlinear Schrédinger equation [2, 3, 13,
14, 27, 32] corresponds to A = 0 in (1.1). If A; = 0, then problem (1.1) fits the nonlinear
Schrodinger equation, called NLS for short [26, 28]. Eventually, the Schrédinger equation
with mixed power nonlinearity [8, 21, 22, 30] coincides with p =0 and s = 1.

The FNLS with a mixed source term was investigated in [7, 9], where the questions of
global/nonglobal existence and scattering of solutions were treated.

The aim of this note is to study the competition between the singular inhomogeneous
local source term |x|”|u|?~1u and the local homogeneous term |u|71u. We try to generalize
some results about the fractional Schrodinger problem with a mixed power source term
to the inhomogeneous case. Indeed, we obtain a sharp threshold of global/nonglobal exis-
tence of energy solutions to problem (1.1). Moreover, we investigate the L? concentration
of the mass-critical nonglobal solutions and obtain a scattering result in the defocusing
regime, based on the Morawetz estimate and the decay in some Lebesgue spaces. There
are at least three technical difficulties: the absence of scaling invariance, the presence of a
singular inhomogeneous term, and a nonlocal fractional differential operator. The spher-
ically symmetric assumption is due to the loss of regularity in Strichartz estimates in the
nonradial regime [15]. The blowup results are based on the pioneering work [3], which
partially resolves the open problem of nonglobal existence of solutions to FNLS using a
localized variance identity. In the present work, we treat simultaneously the two different
regimes p >0 and p < —2s, contrarily to the most papers considering the inhomogeneous
Schrédinger problem. A similar problem with a nonlocal source term of Hartree type was
treated recently by the first author [29].

The note has the following plan. In Sect. 2, we derive the contribution and some standard
estimates. Sections 3 and 4 are devoted to proving some localized variance-type identities.
In Sect. 5, we give a nonglobal existence criterion. Section 6 deals with establishing the
finite-time blowup of solutions with nonpositive energy. In Sects. 7 and 8, we investigate
the L? concentration of the mass-critical solutions. In Sect. 9, we establish a threshold of
global existence versus finite-time blowup of solutions. The scattering of defocusing global
solutions in the energy space is proved in Sect. 10. Finally, a compact Sobolev embedding
is given in the Appendix.

Let us denote the Lebesgue and Sobolev spaces and their classical norms:

L'=L'(RN),  H:=HRY), = {f e L fO=f(1-1)}
syl
Fells=0ta s i= (- 17+ A9 3]) 2
Eventually, x* are two real numbers close to x satisfying x* > x and x~ < «.

2 Main results and useful estimates
In this section, we collects the main results and some standard estimates.
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2.1 Notations
Here and hereafter, we define the real numbers

Np-1)-2p
2s
Jq:= TN, q,0,53), Z,:=1(N,q,0,5s).

szzz(N’pno’S):: ’ ‘7117:;7(]\[:]9,/0:5)1:1"'!’_1}7;

The energy critical exponents are

2(2s + p)

N 25 and ¢°:=p‘(N,s,0).

Pr=pN,s,p)=1+
The mass critical exponents are

2(2
Pc 3=PC(N:S»P) =1+ % and qc 3:PC(N»S:0)'

In the spirit of [3], we denote ¢ := R%¢ (%), where ¢ € C5°(RY) is a radial, and

sl xl <1,

0, |x| > 10,

x> and ¢"<1.

By a direct calculus it follows that
e <1, trry<r, and AL <N.

Define also

X - Vé’R
||

>0.

:=N-Az >0, G1:=1-¢¢>0, and ¢&3:=1-
Denote the localized virial
M [u] = 23/ uvVevVudx = 2%/ U udx.
RN RN

Then M [u] = (u,T";u), where I'rg := —i[V - (gV¢) + V¢ - Vg]. Finally, we introduce the
sequence of functions

i EE (T,

2.2 Preliminaries
First, a sharp Gagliardo—Nirenberg-type inequality related to (1.1) was established in [26,
28].

Proposition 2.1 Let p > —2s and 1 + 2/;\);‘_—”2;‘” < p <p°. Then:

1. There is (a best constant) C(N, p, p,s) > 0 such that for all u € H* if p <0 and all
ueH;,ifp>0,

s 7,
/ N |u|"*? |x|” dx < C(N, p, p,s) [ ull 77 | (= A) 2ue | 7 (2.1)
R:
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2. Moreover,

Ip

1+P<«7P>T —(p-1
CN; y 0,8) = e ® );
Wopp =L () 10

where Q, resolves
(_A)SQp + Qp - |x|p|Qp|p_1Qp =0, Qp € ﬁd - {0} (2.2)

3. Furthermore, we have the Pohozaev identities
s 2 +
Y/ [CYNELo N M To M A A fN 1Q, 11 [x1P dx = (1 + p)|Q,II.
R

Remark 2.2 For A C R, the characteristic function x4 is equal to one on A and to zero
on the complement of A.

Second, problem (1.1) is locally well-posed in the energy space [26, 28].

/’X{p>0

Proposition 2.3 Let2N1<s<1 p>-2s5, 1+ <p<p’l<qg<q’ and uy € H;,.

Then there is a unique local solution to (1.1) in the energy space
C([0, T), HSy).

Moreover, the following quantities, called respectively the mass and energy, are time invari-
ant:

M) = |
— % 2_ )Vl 1+p
E(e) = -2 )] - 5 / ()] P ) dx -

u(®)|" dx.
L Juto)

Finally, we give a compact Sobolev embedding established in the Appendix.
Lemma 2.4 Lets<€ (0,1), p>-2s,and 1 + % <p<p. Then:
Hy(RY) > LY (|x|” dx).
Now we give the contribution of this note.

2.3 Main results
To investigate the nonglobal existence of solutions, we need some variance-type estimates.

Theorem 2.5 Lets € ( ,1),p>-2s,1+ px ”>° <p<p’andl<q<q‘andletue Cr(H}))
be a solution of (1.1). Then, for any R > 0, O < ep <(1- 2s)(p 1),and0< e, < (1- 2S)(q 1),
on [0, T), we have

s 4sT,\ 4sT )\
M, [u] 545”(—A)7u”2——p1/ |u|1+1’|x|pdx——q2/ ||t dx
p JrN 1+gq Jrn

1+
C C +gp+ c ||(A

+F
t o T e (G DD L.
R R—72 —Sep=p Rﬁ— —s¢,
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In the mass-critical case, we have the following refined version.

Theorem 2.6 Lets € (%, 1), -2s<p<0,1<q<q andl<p<p’ andlet ue Cr(H;,) be
a solution of (1.1). Assume that 1, = 2 or I, = 2. Then there exists C := C(N,s, p) > 0 such
that, for all n,R > 0, on [0, T), we have

L
-1

d
& My lu) < 45Eluo) - / (6= Cnle 10l 5 ) Vil

1 +2s 1 B _
+O<R2s I ZSRZS +n(1+R>+R 4)).

Remark 2.7 The above localized variance estimates follow the idea of [3].

The next elementary result will be useful.

Proposition 2.8 Letse( 1), p > 23,1+2’;\);—p2>°<p<pc and 1 < q < ¢, and let

u € Cr«(H,,) be a maximal solution of (1.1). Assume that E[ug] # 0 and there are to,5 >0
satisfying

M [u(®)] < -8 /t” (—A)%u(t)nzd‘t forallt € [ty, T").

Then T* < oo.
In the case of negative energy, we give a nonglobal existence result.

Proposition 2.9 Lets € ( ,1), =25 < p < 25(N —2s5), 1 + pr ’”0 < p <min{l + 4s,p°}, and
1 < g < min{l + 4s,4°}. Then any maximal energy solutwn to (1.1) with negative energy is
nonglobal if one of the following assumptions is satisfied:

1. Z;>2and (I, - L,)A <0;

2. I,>2and (L, - L)k <0.

Remarks 2.10
1. The unnatural condition max{p, g} < 1 + 4s, which seems to be technical, is due to the
absence of a classical variance identity.
2. The contribution of the inhomogeneous term appears in the difference
T _ 7. = Ne—a-2p
p~4q =

2s

In the homogeneous mass-critical case, the situation reads as follows.
Proposition 2.11 Lets € (2N 1), —2s < p <0,and 1 < p < p°, and let u € Cr+(H,;) be a
maximal solution to (1.1). Assume that Ay = -1 = —Ay and 1, = 2. Then:

L T* = o0 if [luoll < 1Qqll;

2. Ifs> Ly <2, anduo—cpZQq(p) where |c| > 1 and

2le|” “I’IRN |%1°1Qq|*? dx

(Lp)(1ela-1-1) | (-) 3 Qq 12

X(Z‘IP’, then T* < 00, or there exist C >0 and t, > 0 such

that

[=AYu@)| = Ce forallt >t

Page 5 of 31
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3. Ifs>3 I <2, lluoll = 11Qqll, and T* < oo, then there is 6 € [0, 2R such that

N
2

(n( A)3 qu|> ,guu( (n( )EQqII))_Qq
(=A)u()] I(=A)2u@)||
Remarks 2.12

1. The above result gives some sufficient conditions to get finite or infinite time blowup

=0.

t—>T%*

HS

in the mass-critical homogeneous regime with small data. In the first case, the finite
time blowup holds independently of the first component of the source term;

2. In the second case, which treats the complementary of the first one, there is a
competition between the source term components;

3. The proof of the third case is omitted because it follows like and simpler than the last
point in the next result.

Next, consider the case of mass-critical inhomogeneous regime. Let us take the open
problem property, which is true for p = 0, see [10].

Assumption 1 There is a unique radial positive ground state to (2.2).

Proposition 2.13 Let s € (2N 1), =25 < p <0,and 1< q<q°, and let u € Cr+(H,;) be a
maximal solution to (1.1). Assume that A1 = 1 = —Ay and I, = 2. Then:

1. T* = o0 if luoll < 1Qpll;

2 —1+q 1+qd 1
2. 1fs> Ly <2, and ug = cp 5 Qy(p-), where p > ( el g 1Q] T NCI gpd
—1 2 2
L+q)(|cP= =DII(=A) 2 Qpl|
lc| > 1, then T* < 00, or there exist C > 0 and t, > 0 such that

[=AaYu@)| =Ce forallt >t

3. Under Assumption 1, if s > %, p<2s(N—-1),Z, <2 |luoll = |Qpll, and T* < oo, then
there is 0 € [0,27]® such that

N
2

I(-A)3 Q,,n) 0 ( (n( A) Qpn))
(n( A)iul BTN &
Remarks 2.14

1. The proofs of the first and second points are omitted because they follow the proof of
Proposition 2.11;

=0.
HS

t—T*

2. In the last point, we need extra assumptions: Assumption 1 and p < 2s(N — 1).

Now we investigates the repulsive regime.

Theorem 2.15 LetX;=1,p>-2s,1+ pX’”O <p<pandl<q<q, andletu e Cr«(H}))

be a maximal solution to (1.1).
4s .
1. Assume that T, =2 < T, |luo|l < |Qqll, and E[uo] < (1 - %p)(l —( ngq”” )N)r2, where ry is
defined in (9.1). If || (- A) 2 up|| < ro, then T* = co. If ||[(=A) 2 ug|| > ro, then T* < 00;
2. Assume that 2 <1, <1, and E[ug] < (1 - )rl, where 1y is defined in (9.2). If

(=A)2 up|| < r1, then T* = c0. If Il —A)2u0|| > 1y, then T* < 00;

Page 6 of 31
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3. Assume that T, > 1, > 2 and E[ug] < (1 - I%)r%, where ry is defined in (9.2). If
(=A)2 up)|| < r1, then T* = co. 1f||(—A)%u0|| > r1, then T* < 00.

Remarks 2.16
1. The above result is in the spirit of the ground state threshold pioneered by Kenig and
Merle [16] in the NLS case.
2. In the first case, where the source term contains a mass-critical component, an extra
assumption is needed by comparison with the second and third cases, which are

mass-supercritical.

Now let us investigate the case of an attractive and repulsive component in the source

term.

Theorem 2.17 Let p >-2s,1 + % <p<pSandl<q<q, andlet uc Cr«(H};) bea
maximal solution to (1.1).
1. Take Ay =1=—ky, max{2,7,} <Z,, and E[uo] < (1 - %p)x;, where x,, is defined in
(10.1). If (=A) 2 ugl| < xp, then T* = 00. If [ (=A) 2 ug|| > x,,, then T* < co.
2. Take i = —1 = —Ay, max{2,7,} < Z,, and E[ug] < (1 - Ilq)xfl, where x, is defined in

(10.1). 1f||(—A)%u0|| < Xg, then T* = 00. If||(—A)%u0|| > %, then T* < 00.

Remark 2.18 In the above result, where the components of nonlinearity have different
kinds, the threshold depends of the term that has the higher exponent.

Finally, we consider the scattering of energy global solutions in the defocusing regime.

Theorem 2.19 Take A1 = Ay = —1. Let % <s<l,let -2s<p <0,0r N>6sand0 <

p<min{s,% —3s},or N >8sands<p< %[ —3s,and let p, <p <p®and q. < q< q°. Let
u € C(R,H;,) be a global solution to (1.1). Then there exist uy € H* satisfying

i )~ |

1 =0,

Remarks 2.20
1. In the case p >0, some technical difficulties yield the restriction N > 6s, which gives
N >4 or N > 8s, which in turn gives N > 5 because s > %
2. The above result is based on a Morawetz estimate and a decay result in the spirit of
(31];

3. The previous restrictions are not required in the decay result in Proposition 11.2.

2.4 Useful estimates

Let us give a fractional Strauss-type estimate [4].

Lemma 2.21 Let N > 2 and % <s< % Then

sup i 3 lu@)| < CNs) | (-2) 3 u (23)

Page 7 of 31
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for every u € H¥(RN), where

N _or(Ny\ 2
CON.s) - ( F(ZSN— DI(5 -9I'(3) ) ’
2257T7F2(S)F(% —1+5)

and U is the gamma function.
The next fractional chain rule [5] will be useful.

Lemma 2.22 Lets € (0,1], and let 1 < p,p;,q; < 00 satlsfy TR i for 1<i<2. Then:
= A)2 Gl S N(=A)2ully, |G W)l for G € Cl(C)
2. 122 @)l S N=A)2ully, [Vligy + (=) 2V, lllg,

The next result gives a vector-valued Leibniz rule for fractional derivatives [17].

Lemma 2.23 Lets; +s3:=s€(0,1),0<s; <s,and let 1 <p,p;,q,q; < 00, i € {1,2}, satisfy
1_y2 —andl—zl lq Then

p i=1 p;
E s E SL 52
”(_A)z (wv) —u(-A)>v - V(_A)Z”HL‘IT(LP) S ”(_A) : VHL?(L!H) H (-A)? u”Lqu(l}’Z)'
Moreover, for s; = 0, the value q; = 00 is allowed.
Let us recall a generalized Gagliardo—Nirenberg-type estimate [24].

Proposition 2.24 Let 1 < q,p < 00 be such that
$=%+O—M(%—%) »e[0,1].
Then
Il S lgh- " om (LT 0FF)(RY).
The following Gagliardo—Nirenberg-type estimate will be further useful.

Lemma 2.25 Let Q,(xo) be the square with center xo and edge length a. Then

2+?VS< 1*% s
1% S0 i (sup - laue)  om A (24)

xeRN

Proof We cover RN with disjoint Q; (). Let >_; X; = 1 be an associated positive unity par-
tition. By Proposition 2.24,

2428 2428
t, Ndx = t, Nyid
./]RN|M( x)| X Zj:/RN]u( x)|[7N x; dx

S Z”X/”(t)”m Qi ”X/”(t)”L2 (Qi(x)
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S Juo)

fs@Ny SUP (””(t)”LZ (i )))

xeR

The proof is finished. O
We end this section by the following Bootstrap-type result [11].

Lemma 2.26 Letb>0,a>1,and0<a<(1- l)(ozb)ﬁ Take f € C([0, T],R,) satisfying
f@) <a+b(ft)* forallt € [0,T] and f(0) < (ab)l @. Thenf(t) < aforallte[0,T].

Finally, we recall some Strichartz estimates [15] for the fractional Schrédinger problem.

Definition 2.27 A couple of real numbers (g, r) such that g, > 2 is said to be admissible

if
4N +2 2 2N-1 1
_q_ ) -+ _N__)
2N -1 q r 2
or
4N +2 2 2N-1
2<g< , -+ <N - -
2N -1 q r 2

Proposition 2.28 Let N > 2, n e R <s, and uy € H';. Then

’2N1

”u”Lq(Lr ﬂLOO(H)L < ”uO”HM + ||lu ( A)SM”LL] L’ )
if (q,r) and (q,7) are admissible pairs such that (q,7,N) # (2,00,2) or (q,r,N) # (2,00,2)
and satisfy the condition

Remarks 2.29
1. For simplicity, we define the set

1 1

2
= {(q,r), admissible, (¢, r, N) # (2, 00,2) and i + U :N(E - —> };
q r

r:=r°
2. If we take = 0 in the previous inequality, then we obtain the classical Strichartz

estimate.

3. In the non-radial case, there is a loss of regularity in Strichartz estimates [15].

3 Localized variance-type identity
This section is devoted to prove Theorem 2.5. Take X; = 1, = 1 for simplicity and define

the nonlinearity

G:=G,+Gyi=—|x|”|ulP u — |ul" u.
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Lemma 3.1

M; [u(t)] =/ ns/ (4%8,?,;’8;14,, - A2§'|uy,|2) dxdn
0 RN

4 -1
+ p / x-V§|u|1+”|x|p’2dx—2p—/ AL |u|MP|x|P dx
1+p /gy 1+p Jrn

-1
_o1 / AC|u ™ dx.
1+ q JRN
Proof Using (1.1) and denoting [A, B] := AB — BA, we compute
M, = 9 A, il
@] = (u@), =il u() ) + (@), [(=A), il Ju(®)).
According to computation done in [3], we have

(u(t), [(—A)s, iF;]u(t)) = /000 n’ /]RN (4%8,3,{8114” - Azglunlz) dxdn.

Compute

(Np) := <u, [—%,iF{|u>

= <M; [_|M|P*1|x|ﬂ’l’1"§]u>

(. [l x|, div(V ) + VEV-Ju)

~(u, 161 [P (div(V e u) + VEVU)) + (1, div(VE %] [ulP 1)

+ VeV (Il |l u)).
So

(N) = ~{u, |1 |l (AGu + 2V Vi) + (u, AL L) |l + 2V V (%) [ulP 1))
= (u, AC x| |l u + 2V V (1) [l ) — |%1°|ulP~ (Agu + 2VE V)
= 2{u, VIV (Jo|? [l 1a) = x| |l VE V)

= 2(u, Vo (V(1x1°) [l e+ x| PV (|l ) ).
By integration by parts we have

(N,) = 2/ vgv(|x|f°)|u|1+l’dx+2/ VeV (JulP™) |ul* dx
RN RN

-1
2/ VeV (1)) u P dax + 22 /V¢v(|u|“1’)|x|ﬂdx
RN 1+p RN

p 14p g, 19—1/ l+p o P
Z/RN V§V(|x| )|u| dx 21+p RN|u| (V(|x| )V§+|x| A{)dx

~1
- /v;v(|x|ﬂ)|u|1+1’dx—2p—/ AL || |ul ™ dx
1+p /gy 1+p JrN
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4 -1
- 2P x-V{|u|“”|x|"'2dx—2p—/ AL %) dx.
1+p RN 1+p RN

Taking p = 0 in the previous calculation, we get the second term of the source term and

finish the proof. d

Now we establish Theorem 2.5. Since A¢z = N on |x| < R, we have

-1
2= 28 [ Aol lal d
1+p Jrn

-1
= —2‘”—(1\[/ |u|1+P|x|ﬂdx+/ (A;R—N)|u|1+1’|x|ﬂdx).
1+p RN |x|>R

For % <u<s< %, recall the interpolation inequality

(24
s

[ 2| SH- 15 ||(=a)2-

S€

So by (2.3) and properties of ¢z we get for 0 <€ < 1 and « := % + o5

C(a, N « e
/ (ALr = N)|ul'*|x|” dx < #H(—A)fuu” el
|x|>R RW-D(7-a)-p
C(a,N) ”(_A)%MH(P—I)%
- R(ﬁ—D(%—d)—p
C(N,s,¢€) s 1BLie
< g )] =
R(p—l)éN—l)_se_p ” |
Since VZz(x) = x on |x| < R, we write
1 4p 1+ -2
(Np)" := —— x - Viplul Plx|P dx
1+p RN
4 x-V
- _’0</ |u|1+p|x|p dx+/ ( 2§R _1)|u|1+p|x|ﬂ dx>
1+p\Jrn wsr \ 1%
4 C(N,s, ¢ s =L
< —'0/ || || dx + %”(—A)ZMH 5t
1+p RN R(pf—se—p

Thus, thanks to the estimate in [3],
T (40kttn OZ ROt — A2CR Iy |?) dxdn < s (-A) 3| + c L
o RN kUnOpSROIUR RIUn = st’
and by Lemma 3.1 we have

M’;R[u(t)] = / ns/ (48;(1,1”8,3,{1;81%,—A2{R|u,,|2) dxdn
0 RN

4 -1
+ p / x- Vg|u|MP x| 2 dx — 219_ / Alglu|MP |x|P dx
1+p Jry 1+p Jry

~1
Y / Azglul™ dx
1+q Jry
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s 2 1 457, 457,
545||(—A)2u|| +C— - —FL / || M2 | %) dx — 1 ||t dx
st 1 +p JRN 1+ q JRN
C s r1, . C s 1 1e
+— (=A)2u 2s P + —A)2y 2s q‘
R(p—l)éN—l) —sepp ”( ) ” R(q—l)éN—l)_Seq ”( ) ’
The proof is completed.

4 Refined localized variance-type identity
In this section, we take A; = Ay = 1 for simplicity and establish Theorem 2.6. Recall the

identities [3]

oo oo
/ nS/ akuna,fl;“Ralundxdn:/ nS/ 32Lr|Vu,|* dxdn;
0 RN 0 RN

o0
s||(—A)%u||2=/ nS/ |V, dxdn.
0 RN

Then Lemma 3.1 gives

M, [u(®)] = as] () bu’ _4/0°°ns /RN(I — 0%6) [V dedn

—/ ns/ A2zp|un|* dxdn
0 RN

4sT, 4T,
= "/ P k] dx— — "f |04 1+ dx
1+p /gy 1+q /gy

-1
_oP f (Mg — N)|ua|"*?|x)” dx
1+p Jxsr

4 v
= / (x Sk _ 1)|u|“1”|x|ﬂ dx
L+p Jiusr\ 1%l

-1
2272 [ (Azp - Nl d,
1+q Jixsr

Now, in view of the estimate [3]

/ ns/ Acplu,)? dxdn
0 RN

we get

o
<
i stl

MQR[u(t)] = 4sE[u) —4/ nsf &1\ Vu,|* dxdn
0 RN

2-T7 2-1,
+4s L4 / |u|MP|x|P dx + 4s q/ ||t dx
1+p JrN 1+q JrN
-1 4
+2? / Golul"Plxlf dx— —— | gyl |ul P dx
1 +p [¢|>R 1 +p |x|>R

-1 1
+22 / ;2|u|1+qu+o(—2).
1+q Jiasr R

Page 12 of 31
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Now, since p <0and Z, = 2,

1

/ Colu Pl e = / (&7 lul)” Pl de
[x|>R

|%|>R
= p-1 2
o || - P- -
<R[ u|L°°(|x|>R)”u”
1

< CRAPIEI )3 () |7

s 2(p+2s

— CRb—(p+25)(1—%) H (_A)‘j (;21% u) ” T)

S L _ +as 1
<l P ron e L),

where we usedthe Young inequality ab < % + ”liz,bq , for g > 1 and n > 0. Thus by the

estimate [3]
s ﬁ 2 © s 1% 2 -2 —4
s||(—A)2(§2 M)H = n & V| dxdn+O(1 +R“+R )
0 RN
we get

n 0 2
/ Colul " |x|” dx < —/ n/ ¢ |\ Vu,|* dxdn
%>R S Jo RN

__ptds
+0 n N-p-2s

1
= + 17(1 +R? +R‘4)>.
Thus there exists C := C(N,s, p) > 0 such that

MQR[u(t)] = 4sE[uy] —4/ nS/ &1\ Vu, > dxdn
0 RN

2-17 2-1,
+4s Ld / |u|YP|x|” dx + 4s q/ ||t dx
1+p JrN 1+qg Jry
-1 4
+27 / Oolul P lxl? dx— 2~ | g5lul"P|xl” dx
1 +p |x|>R 1 +p |%[>R

2
-1

-1 1
122 / §2|u|“qu+o(—2>
1+q Jsr R
_N_ 2

0o _N_
< 4E[ug] - 4 / " / (61 - Cn(el™ +1p1e]™ + ¢51)) Vi dxcn
0 RN

1 __pt2s 1 B B
+O<ﬁ +n N-0-2Sﬁ +n(1+R*+R 4)).

This ends the proof.

5 Blowup criterion
In this section, we prove Proposition 2.8. Taking into account the conservation laws, the

1
inequality || - ”H <|- ||1‘% Il - |fjs, and Lemma A.1 in [3], we get

1
2

(Mo [u@]| < Gl + | [u@)] )
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< Cr(]|u@)

! %
;{s + ”u(t) ”1’{3)'
Now we claim that

}rzlg“u(t) “HS >C>0.

By contradiction, assume that there is £ > 0 such that ||u(t)| ;s — 0. By the conservation

laws we have
/ |u(tk)|1+p|x|p dx +/ |u(1f/<)|1+‘17 dx — 0,
RN RN
which gives the contradiction
0 # Eluo] = E(u(ty)) — 0.

So

1

[Mey[u®)]] = Celuio)]

5.
S’

M [u(®)] < -Cr / [ M [u(@)]|* dr.

to
Then, for s > % and finite £, >0,
M, [u(t)] <-Grlt—4|" % —> 00 ast— 4.
Finally, T* < oo.
6 Blowup for negative energy

This section contains a proof of Proposition 2.9, which we do in two steps.
1. Case 1. Since A1(Z; — Z,) <0, by Theorem 2.5 we have

s 2 4S)\l 1
MQ_R[M] < 2sT,4E[uo] — 2s(Z, - 2) ||(—A)2uH t7 +p(Iq -7,) ./RN || P x| dx
C C s ”;Sl+e C s q;51+e
e (VL s e (TSL

< 25T, Eluo] - 25(Z, - 2)||(-A) 7 u|?

O R = e (AR
st RW—sep—p

C

o el
TR, [ (=)2ul =

Thanks to Young inequality, since max{p, g} < 1 + 4s and E[uo] < 0, we get, for large
R>0,

M, [u] < 25T,E[uo] - 25(Z; - 2) | (-A)2u®
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o o e C ¢ et
+ e + Ri(p—l)éN—l) — ”(—A)2u| Tre 7@7%}\[71) - ” (—A)2u| = +e
< ST,E[uo) — (T, - 2| (-A) 3 u*. (6.1)

Since Z; > 2, My, [u(t)] < M, [uo] + 2sZ4E[uolt. So there is ¢ > 0 such that
M, [u(t)] < 0 for all £ > ¢;. Now by integrating (6.1) it follows that

M, [u(t)] <-(Z,-2) /[” (—A)%u(r)HZdT forall t > £;.

We conclude by Proposition 2.8.
2. Case 2. Similar to case 1.

7 Mass-critical blowup
In this section, we prove Proposition 2.11.

7.1 Case
Proposition 2.1 gives

s 2 + 2 +
Eluy] = H(—A)fu(t)”2+ T+p ‘/D;N|u(t)|1 Plx|” dx — 1+q/];§N‘u(t)’1 ©dx

. 2Cngs
> | (—A)m(t)uz(l - %”;nuu‘*q)

= (_Aﬁ”(t)”2<1 ) [n“gq”ur)

This proves that T* = co.

7.2 Case?2
Taking into account Theorem 2.6 and the Pohozaev identity, for any 7, R > 0, we have

N N 2
-1

M 0] < dstluol =4 [ o [ (= Cole/™  1pIe ™ ¢ ) Vi s
0

1 +25 1
+ o(ﬁ R =t n(1+R7 +R-4)>.

By taking the particular choice of ¢ as in [26] there exists 0 < n < 1 such that

N N

N2
a-Cn(e™ +1pled™ +¢') =0 VR>O0.
Thus, taking R <« 1, we get

M/{R [u(t)] < 2sE[uo] < 0.

Indeed, with the assumptions, the next term is negative:

Eluo] = !C,OS|2 I (-A)2 Qq||2
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~ 2|C|1+qp2s 2|c|1+ppsl'p

l+q P L+p
Y /RN|Q,,| dx + Top /RN Ix171Qq| ™™ dx
= e’ (=22 Qq|)* ~ 1el*p* [ (-2) 3 Q,|* dx

2lc 1+p 5Ty
Hip/ |x|p|Qq|1+pdx
1+p RN

|C|—l+p
+

_ pstC2|:(1 _ |C|q—1)p2s—SIp ” (_A)%Qqnz + 21—/ |x|/)|Qq|1+P dxi|
p JrN

Assume that T* = 0co. Then there exist ¢ > 0 and #, > 0 such that

M [u(®)] < —ct Yt >t

1 Lo
Lemma A.1 in [3] and the conservation laws, via the estimate || - || . 1 < - |}"2 | - ||;[Ss, give

it
(Mo [u]| < Ca(lu@[[|u@)] 3 + [4@)] )

< Ge([u@]},y +1)

< Caut@) ], + ).
So
|u®)||;; 2 £ forallt >4 >o0.
This ends the proof.

8 Inhomogeneous mass-critical blowup
In this section, we establish the third point of Proposition 2.13. Let us start with a com-

pactness result [25].
Lemma 8.1 Let a sequence of v, € H,, be such that sup,, ||v,||us < 00. Assume that
lim sup|| (=A)3v, || <M, lim sup/ %] vy |1Pe dx > mtPe.
n n RN
Then a subsequence, denoted also by (v,), satisfies
v =V inH;

N
2 2p+25) N
iz ((1 +p)M2> m P Qpll.

As a consequence, we prove the next concentration result.

Lemma 8.2 Iflimt_g*f(t)n(—A)%u(t)ll% = 00, then

t—T*

lirninf/ |u(t, )| dx = 1Q, 1%
x| <f(2)

Page 16 of 31
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Proof Define the quantities

(II( A)? Qp”)
(=A)2u]

a%u(,a);
t, — T%, a, = alt,), V= V().
Thus
Ivall* = M(u);
[a)kv, | = [(-2)2Q,].

Using the identity Z, = 2 > 7, and Proposition 2.1, we have

AVolP_ 2 L4p ||
l-8)2Q, | 1+prN|vn| ixl? dx

s 2
P [ et ax

2 +
)| - AAM(%)!”I?C"’“)

1+p

i
o’ (E )——/ | (t,,)|1+qu)
(

<o E(u)+CH( A)2ult, )H ")

o,

Thus

1 s
[ wtriat ds— L -yigpf

Denote

1 : 5
P % a3 Q, 7, M:=|(-a):Q,|"

By Lemma 8.1 it follows that

v, =~V inH;, 1VIE=1Qpll.
Moreover,
£(&) ( I(=A) 3w )5
— =)
ap S (=A)2Q,ll

So, for any R > 0, there is 1y € N such that f(¢,) > R, for n > ny. Then

liminf/ |u(t,,,x)|2dx > liminff |u(t,,,x)|2dx
|| <f (tn "

" x| <Rorp
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= liminf/ \V(t,,,x)|2dx
|*| <R

n

n

> liminf / }V(x)‘2 dx.
|x[<R

Thus

liminf/ |ut,%)|* dx > |V > 1Qy 11
™ Jwi=r@

This finishes the proof.

Now we are ready to prove Proposition 2.13. Let us write
1Qpll < IVl = liminf |[v, || = [luoll = |QplI-
Thus with the weak convergence, we have
lim|lv, - V]| =0.
n
Moreover, by Lemma 2.4, via the assumption p < 2s(N — 1), we have
lim/ %[ |v, — V|*P dx = 0.
n RN

Now taking into account the previous calculus and Proposition 2.1, we write

0= li}}l(H(—A)%Qp||2— % /RN |vn|“f’|x|0dx)
i - [ vt as
g N
> |2 - -a)i v
Thus by the lower semicontinuity of | - | we have
[t = 27, = [-a)2v].
So we get
v,—V inH'.

So, by the Pohozaev identities,

’

|27, = [[-a)?v
1Qpll = 11V1;
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[ Qe as= [ v s
R R

Then V is a minimizer of (2.1). Thus, using the Euler-Lagrange equation and a scaling,

by Assumption 1 we have

V =aQ,(b-).
So V =¢”Q,, and

e P ult,, ay) — Q, inH'.
This finishes the proof.

9 Global/nonglobal existence for A, =1, =1

In this section, we prove Theorem 2.15. Thanks to Proposition 2.1,

E[”01:||<—A>%u<r>ll2—$/ Iu<t>l“”|x|ﬂdx-%,/ ju@] """ da
RN RN

s 2C, s
2 ayiue - = w7 - o)

_ 2Cngs

v L0 (CYSEFIOTS
+q

s 2 % s
= [em)bue] - = <%) 1Qull el [ (- 2) 2ue) [
p P

) %(%) QI e - ) ()|
q q
=g([ ) u@]).

Let us consider three cases.

9.1 Case 1
In this case, Z; = 2. Then

4s Iy
|z )N) y 2 <\7p) 2 —(p-1) T v
X)=(1- X ——| = Q rXP,
gX) < (”Qq” 7\, 1Qyll |zl

lull \ ¥ AGE
vy _ _ u o Yr ~-1) 1,11 Tp YTp-1
g(X)‘Z(l (IIQqII) )X 2(1,,) QI el X

Since ||uol| < [|Qqll, the unique positive root of g’ is

1

1-( llzell )% 72
g (ro) :=g/[<( ] ) ] - 0. (9.1)

T\ Lp._ (e
I—;’) 2 Qu I~ @V u|| T
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Thus

4s
7,-2 llzell VM 5
max g = g(ro) = =2 (1—( ry.
R, Z, Q1) /)°°

Thus

g(|=2)2u@)|) < Eluo) < glro).

1. Subcase 1. Since [|[(=A) 3 u || < ro, by a continuity argument we get
SUPy=0) I(=A)2u(?)|| < ro. So T* = co.

2. Subcase 2. Now if ||(=A)2ug|| > 7o, then, similarly, infejo,7+) (=A)2 u(?)|| > ro. Thus
the Gagliardo—Nirenberg inequality, Theorem 2.5, 2 =7, <Z,, and 1, = 1 give

! s 2 4shy .
M, [u] = 25T, Eluo] = 2(Z, = 2) [2)2u|” + 1+ q(Ip -1, /]RN |lu|" dx
—C c s ol e C s [
+ s |(=A)?2 u 2 +—  [(=A)2 u 75
RE T R [(=2)2ul T = [(=A)ul

< 25T, E[uo) _2s(zp_2)<1_< Ll )N)||(_A)%u||2

1Qqll
C C s 2l
+—+— [(=A)zy|| 7
R R(p—l)éN—l) — ”( ) |
C s -1,
+—— [(=A)2u 2s 4
&l

. 45
Since ””Q”;‘H <1, max{p,q} <1 +4s, E[lup] <(1 - I%,)(l —( H‘gjll )N)(1 - €)r for some

€ >0,and C(R) — 0 as R — oo, we have

M [u] < 2sT,E[uo) - 25(Z, - 2)<1 - ( (Ll )N) H(—A)%u”2
1Qql

+CR(1+ | (-A)3u|?)

< 2s(Z, —2)(1 - ( il )N)((l —e)r - ||(_A)%u||2)
1Qqll

+CR(1+||(=2)3u|?)

lull \¥ ;
< -es(Z, —2)(1 - ("Qq”) )”(—A) u

where we used the inequality (=A)2u|| > ro > 0. This proof is achieved via

2

)

Proposition 2.8.

9.2 Case2
Compute

7

2 ()7 2 (TN\F
g == () T 1Q I - 2 (1) T i o
Iv \Zp v T\ I, 1
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gr)
h(r) =
(r) >
A% 7.
2"
=1- (I—”) (K [t 7 R (;) ||Qqn*(q*”||u||quIq*2
4 q

Thus / is nonincreasing on R, and /(0) = 1. So it has a unique root r; > 0, that is,
h(ry) =0. 9.2)

Thus sup,.,g(r) = g(r1). So

Iy Iq4
NAREE o T,-2 VAGEE o T,-2
(I—") QP u]| 7P =1 - I‘f Q17| ue]| Ty
P q
This gives

Ip _1
7,
) (Yo [l 71 R

(rl)—r1<

"st\” o
N\QH EN‘_S

-1

1Qq I | Fary )

(
z(2)
)
Z)

A\‘!S

(-

tt\”‘\-’

J
2

1Qq I | Fary )

2

H|[\J
A\WS

( (———)(?)_ QI ) ey

By the assumptions E[uo] < (1 — I%)r% and Z, < Z, we get

g(”(—A)%u(t) ) < Eluo] < (1 - %)r% < g(ry).
P

1. Subcase 1. If ||(~A) 3 ug || < r1, then, by the time continuity, sup,.., (=AY u(@)| < ri,
and the solution is global.

2. Subcase 2. If ||(=A) Zuo|| > 71, then infieqo,74)) (=A)2u(?)|| > 1. Since
Elugl < (1 - %ﬂ)(l —€)ri, € >0,and Z, < Z,, by Theorem 2.5 it follows that for

C(R) — 0as R — oo,

" s 2 4s
MCR[”] < 2sZ,E[uo] - 2s(Z, - 2) ||(—A)2u|| + 1 +q(Ip -1,) ./]RN || dx

C C s gl C s el
+ R2s + R(P*l)éN—l)_SEp_p ”(_A)EMH = R(qfil)g\]*l)—ssq ” (=4) : H E

< 25(Z, - 2)(A =) = || (=) 3 u|?) + (1 + CR) || (-A) 3 ue|?

< =s(T, - e (-A)ul”

)
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where we used [[(=A)3u||> > r, > 0 via choosing R <« 1. Proposition 2.8 closes the

proof.

9.3 Case3

It follows similarly to the case 2.

10 Global/nonglobal existence for A1, =-1
In this section, we prove Theorem 2.17.

10.1 Case 1
1. Subcase 1. Proposition 2.1 gives

. 2 N 2 .
Eluo] = ||(—A)7u(t)||2—m/RN|u(t)|l PlxlP dx + 1+q/RN|u(t)|l T dx

s 2C, s s
> |(=a)u)|’ - %’;’j’nun% [(=a) i)™

5 2.2 (% * ~E-Dy 17 | (—A)S Zy

> 2t - () 101 -)kuto)
=h([8)u@)]).

Compute

-a-(2)

z
»
=2 -1

||Qp||-<f’-1>||u||~7pyfp‘2>.

So f” has the unique positive root such that f,(x,) = (1 - Ilp)x; and
I, 1
AN o Ip-2
%= ((I—”) 1Q1I7% ”nun%) : (10.1)
»

Thenﬁ,(”(—A)%u(t)H) < Eluo] < f(x,). So (=A% ]| < %,. Then, as previously,
Sup=q |l (=A)u(t)|| < %y, and the solution is global.

2. Subcase 2. Like before, inf;>¢ I(=A)2u(®)|| > %p. Since Ay = -1, T, > max{2,7,}, and
Elugl < (1 - Iip)(l - e)x;, where € > 0, Theorem 2.5 gives for R < 1 and C(R) — 0 as

R — o0,
s 4s)\
My, [u] < 25T, E[up) - 25(Z, - 2) ||(—A)m||2 1 2 (Ip—Iq)/ ||t dx
+ q RN
C C e p;slﬂ C s q;sl+€
+ ]@ + Ri(”*”é”“ - ”(—A)ZuH 2 + 7(%1)9[71) - ” (—A)ZuH 2

< 25(Z, - 2)((L - )2 - | (-8)3u) + (1 + CR) | (-A)2u?)

< —se(L,-2) || (—A)%unz,

where one used ||(=A)3 x| > r, > 0. Proposition 2.8 finishes the proof.
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10.2 Case2
It follows as in case 1.

11 Scattering
In this section, we prove Theorem 2.19. In the rest of this section, A; = 1, = —1. Let us start

with a Morawetz identity.

11.1 Morawetz estimate
The next estimate is essential for proving the scattering.

Lemma 11.1 Let 2s<p<1,1+ Zp]\ﬁ—’g}] <p<pandl<q<q‘,andletuc CR,H;,) be

a global solution to (1.1). Then

1+p—w 1+q+% <
|u| N-2s dxdt + |u| "N dxdt S Elug).
R JRN R JRN

Proof Using Lemma 3.1, we have

M’; [u(t)] :/ ns/ (4%8,3[{81%1 - A2§'|u,,|2) dxdn
0 RN

4 -1
P / x~V§|u|1”’|x|p’2dx+2p—f AL |u|MP|x|P dx
RN 1+p Jrn

- 1+p
-1
+2q—/ AC|ul ™ dx.
1+q Jrn
We pick ¢ :=| - | and compute V¢ = L AC = T_‘l, and
—4gr §(x — if N =3,
A% (x-y)
~(N-1)(N=-3)jx—y| ifN>4.
So
d 4 -1)IN-1
oM u0] 2 [ e 222D [t s
dt 1+p Jrn 1+p RN
-1(N-1 L+q
I [
l+gq RN ||

22((1:;—1)(N—1)—2p)/ 192 ] e
l+p RN

— _ 1+q
+2(q (N 1)/ |l dx.
1+q RN x|

Now by Strauss inequality (2.3),if p —1<0and (p — 1)(N — 1) - 2p > 0, then

d -1)(N-1)-2 . _
Mu[®] = 2((10 " p) /RN |ua 2 ||~ dx

dx

(@-DN-1) [ |u™
2
; N

l+g ||
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2(p-1
>/ |u|l+p—%dx+/ |u|1+q+ﬁdx.
RN

~ RN

Lemma 2.3 in [6] gives |M . [u]| < lull? | < llull%s. Thus
H

Nl

()]}, 2 My [u()]

2(p-1) 2
z// ||~ N dxdt+// |u| "N dx dt. 0
R JRN R JRN

11.2 Decay of global solutions
Let us establish the extinction of global solutions.

§s<1,—25<,0<1,1+%<p<p”,andl<q<qﬂLet

Proposition 11.2 Let 2]\1;’—_1

u € C(R,H;)) be a global solution to (1.1). Then

tlg(r)lo Hu(t)”r =0 forall2<r< Nzivzs.

The proof is based on the next result.

Lemma 11.3 Let x € C°(RN). Take a sequence of functions such that

sup [|@x s < oo, O — @ inH".
n

Let u,, u be solutions to (1.1) such that u,(0, -) = ¢, and u(0, -) = ¢. Then for any ¢ > 0, there
are Ty >0 and n, € N satisfying

”)dun - M)HL%‘;(LZ(RN)) <& Vn>mn,.
Proof of Lemma 11.3 Denote v:= xu, v, := XU, Wy := v, — v, and z,, := u,, — u. Then

iv—(-A)Yv=y (iit - (—A)Su) + X (=AYu—(=A)v

= xlxlP|ulP 7w+ | u|T u + (A u - (~A)v.
By the Strichartz estimate, for some admissible couples (o, 8), (o1, B1) € I', we get

wallsgeaanzgwey S |x = @) + | (letnl ™ st = 1017 00) | g

+ | 1o1? x (1ot P s = (al?~d) | o

Ly @b
+xAYz = Ay W 1 2 (11.1)
The Rellich theorem gives, for a subsequence,
€= | (@n—9)x|| >0 asn— . (11.2)

By Lemma 2.23 we write

”X(_A)szn - (_A)Swn HL%W(LZ) fs HZVI(_A)SX ’|L%~(L2) + ”(_A)SX | ¥ 2N

Al
) L NE)

‘L;(L
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< ||Z"||L1T(L2) + T||Zn"L°T°(HS)
S <||u||L°°(R,HS) +sup ||Mn||L°°(R,HS)>T
n
:= NT. (11.3)

aN
Take (a, B) := ((q RERE IN-(g-1)(N=25)

dings via the Holder estimate we get

Blg-1) _ 2N
-2

). Since

ot Ll s = 101 1) |y S (Ul gy + 11* gy )Wl 1

LPL B2 L‘%C(LW)
S (”M}’IHLOO Hs) + ”u”LOO(Hx )”W}'I”L‘%(Lﬁ)
a=2 _
ST @ N7 wall g w8 (11.4)

Let us estimate the term |||x|° x (|, "1, — |u|P~11)|| o g If p > 0, then the estimation
L7 1)

follows like for the homogeneous term. Assume that —2s < p < 0. Without loss of gener-

ality, assume also that supp(x) C B(0,1). Take y := (m) = % — ¢ for some € > 0 close to
zero and B; := —%. Since p < p°, we can take 0 < € < 1 such that 8; € (2, 2 o 2S) and a7 > 2.

Thus by the Holder and Sobolev inequalities,
L e i) | Y [ [ (et + el Y wllg | o
LA Ly
ST (||un||po 9y + 11000 19l 21 1
ST Nl gy (11.5)

As a consequence of (11.2)—(11.5), we get

a2 ] U2 1
”Wn”LOO(LZ)leX (Lﬂ)ﬂL Lihry S €n +NT + (T « NP7+ T e1 N7 )”W””L‘%(LB OLT (LP1)

< €, +NT

1- T Np-1 T%N’%‘1 '
The proof is achieved. O
Now we prove the decay of global solutions following the method of [31].
Proof of Proposition 11.2 We prove the decay in L** % and conclude with the conservation

laws.

Suppose that there exist ¢, — co and ¢ > 0 satisfying
[ea(tn) ||L2+%(RN) >e¢ VmelN.
Thus by (2.4) there are ¢ > 0 and a sequence x,, € RV satisfying

||u(t,,) ”LZ(Ql(xn)) >¢ VmneNlN.
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Arguing as in [31], we get, for all £ € [¢,,, ¢, + T] and n > n,,

140 20 = 5

Since lim,,_,  t, = 00, assume that ¢,,; — ¢, > T for n > n,. Thus Proposition 11.1 gives

2(p-1) 2
E[uo]Z// |u(t,x)|1+['_mdxdt+// |u(t, )|V dxdt
R JRN R JRN
ty+T 2
2 Z/ / |u(t,x)|q+m+ldxdt
n Yin Qa(xn)

2
2 BT = 0.

This completes the proof of Proposition 11.2. d

11.3 Proof of Theorem 2.19
We define

St):= () LY(LL) and ((-A)3)-i=-+(-A)2 ..

(gr)er

We start with some nonlinear estimates.

Lemma 11.4 Let‘m\ll\[1 <s<1,-2s<p<0, orN>6somd0<p<rnin{s,%—35},orN>85

ands<,0<——35,pc<p<p andqc<q<qc Let u € C(R,H},) be a solution to (1.1). Then

there are real numbers 2 < r1,r,r3 < 0<6,<q-1,and 0<6,,03 <p -1 such that

N25

I <(_A) : J(u = e up) ”S(O,T)

el Fooqum =202 ) iy + Naalze =222t 7,
+nuniégﬁlu< A0

Proof of Lemma 11.4 Using the Strichartz estimate, we write

[((=2)2) () = e ulto)) | gy S (=202 tl® 0] gy + ()2 1l ulP

sy’

Denote I := (0, T) and take the admissible couple (g1,
(1,9). Then, because g, < g < g°, we get

q1—1€

2<r <

and 6; €(1,9).

Thanks to the Holder estimate, write

q-61

|ut ”L%m% = Ml 23 el || T
SNl g el 0L H st

Leo(Li) L )-MaT) (g
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gq-6
SNl ety g -

By Lemma 2.22 we get
T):= | (=AY (Jult™ o
(@ = |2y (Iul %%(ﬁa

SlCarul ] s

q-0 01-1
”( A) M” 4sl+q) ”u”Loo(lI,Lh-q)H ul| 123(01 1)(1+q)
DLt 1 25(0+q)-N(g-1) (IL1*)

q-61 -1
S A || s [ o (7 o
LNG-1) (7,L1+q) ’ LN@D (1,L1+q)

q-6
< lullf, awsrn 14l oo on)-

To estimate the inhomogeneous term, we discuss three cases.
1. Casel: -2s< p<0.

Take y := (%)‘, ry 1= L2

1
I-y

, the admissible couple (g3, 72), and 8, := go — 1. Since

Pe<p<ps weget2<r2<N 5; and 2 <qs = %<1+‘n Thus 6, € (1,p), and
by the Holder estimate,
Py P p-o
110 gy < T 12, sl 2 102
p—t2
S [ aeliZy > 1) 2 ||Lq2
S el el
Ullpoo (g ry) 18 192 (1 172

Now, using the identity on RN, we have
(A2 (1 1Pl )| ST 1Tl + 1 - 1P|l | (= 2) 2 ul.

It is sufficient to estlmate, for (g3, r3) € T, the term ||| - |°~ Sup”qu Wby Take

W= (m) , r3:= 11— the admissible couple (g3,73) € I', and 05 := g3 — 2. Because
N

Pe <p < p°, we have

2<r3< and 63:=¢q3-2€(0,p-1).

N -2s

Using the Holder and Sobolev estimates, write

1R PO | [ A 7 e A o | «

194 19

< p-1-63 b3
N||||u||,3 ||u||,3||u||%i|ng(,)

p-1-0, o
S el oo g sy Nl s sy 1811 3 g 1

p—-1-6 1+6
< ”M”Loo ILSV3 ”u”ngsI Wsr3)

The proof of the first case is achieved by regrouping the previous computation.
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2. Case2:0<p< min{s,% —3s}.
Take (7,7) €T, 60 :=q —1,and a > 1 satisfying & = 1%1 + 1. This necessarily gives
r>panda= :’p. Using the Gagliardo-Nirenberg inequality in Proposition 2.1, we get

(1IN PP RN G0 A 7 7 P

S ot oo gpasy | N2~

lll? | o

—1-0
S Nutll oo N allmo gy Nl g 1y

Here we need the assumptions

2ap 2(2s +ap) 2(N - 2s) 2N
2+ <a<2+ —— <a< ;
N —2s N —2s N-2s-2p N-25s-2p
2N 2(N - 2s)
2<r< > <a< 5
N —2s N+2s—-2p N-—-6s—2p
1<0 PN 2N 2N
<O<p- — <4< ———— .
P N+2s—20 " “ Nids—aNGZ

A direct computation gives no contradiction in the previous inequalities. The second
one gives N > 6s and p < %’ — 3s. The third one gives

+2
(N +4s)(N —2s) >2N(p +2s) and N+2$—2,0>N+45—2N:[ ZS'
—-2s

This is equivalent to
(N +4s)(N —25) > 2N(p + 2s) > 2(N - 2s)(p +s).

So N? —2(p + s)N — 8s> > 0, which is satisfied if N > 4sand p < § —s— %. This is
weaker than the condition 0 < p < %{ — 3s. The quantity ||| - 1P(=A)3 (P u) I ¢
can be controlled similarly. Moreover, since p < s, by the previous calculations,

_ p-1-63 1+63
11770ty S M08y 0

3. Third case:s< p < % - 3s.

The term ||| - |P? ;¢ ¢y can be controlled as in the second case. To estimate

LY
Il - 1°=u?||, we have the three previous assumptions for p — s rather than for p.

Thus the necessary conditionis 0 < p —s < % —-3sand0< p < % —3s. Thus
s<p< % — 3s. O

Now we prove the scattering.

Proof of Theorem 2.19 Using Lemma 11.4, Proposition 11.2, and Lemma 2.26, it follows
that ((~A)%)u € S(R). This implies that

(=2)2)(u - "2 uo) € S'(R);
((=a)2)(1- 1P 1ul~ e+ ()17 ) € S'(R).
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Then, as ¢, — 00, we have

”eit(—A)su(t) _ eit’(—A)Su(t/)‘Hs < H«‘A)%)(' . |"|u|p‘1u + Iulq_lu) HS’(t,t/) 0.
Taking u. := lim,_, 10, €2 u(t) in H*, we get

tg{rnoo”u(t C ”HS =
The scattering is proved. O
Appendix

In this section, we prove Lemma 2.4. Let € >0 and 1 + pX ’”0

< p < p°. Take a bounded
sequence (u,) in H*. Without loss of generality, we assume that u, — 0in H*. The purpose
is to prove that [on |u,|"*|x|” dx — 0.

A. Case 1: —2s < p < 0. Take R > €”. By the Holder inequality, if (g, ¢’) satisfies g’'|p| < N,

then we get

14p [ 4| P L+p p
fx Pl e < | Lty 1917 | 1 o120

. R dt
< Clluall, 7, /

(1+P)4(|x|<R) 0 t—9p-N+1

1+p N+q'
< C“un“ 1(1+p)g \x\<R)R B

Now, since 1 < p < p¢, we take 1 < ¢ <N ~ and get 2 < (1 +p)g < Thus by

N 25
compact Sobolev embeddings it follows that

1 !
/ |t P |x1° dxx < Cllunll (7, RN*P — 0,
|x|<R

LO+P(|x|<R)
Furthermore, by Sobolev embeddings,

/ 0t [ ]? dx < Ry |12 < Cee.
x|>R

The proof is ended.
B. Case 2: p > 0. Uusing Compact Sobolev embeddings, write

f P JxlP i < Clli 112 — .
lx|<e

Furthermore, by the Rellich theorem and Strauss inequality we have

/e<|x|<

Now, by the Strauss inequality,

—_

1+p |0 p-1 2
7] dxscnunnw(ss‘x‘fl)/ |t * dx — 0.

€

1 _(p—1)N=2s N=2s p-1 2
/ ot *P|x|pdx=/ e (7 7)™
x> ¢

1
%= ¢
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N-2s
<c / x0T |, P
x> 1

< Cel V" r,

Since p — (p - 1)% <0, the proof is ended.
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