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Abstract

We introduce a large class of concentrated p-Lévy integrable functions approximating the
unity, which serves as the core tool from which we provide a nonlocal characterization of the
Sobolev spaces and the space of functions of bounded variation via nonlocal energies forms.
It turns out that this nonlocal characterization is a necessary and sufficient criterion to define
Sobolev spaces on domains satisfying the extension property. We also examine the general
case where the extension property does not necessarily hold. In the latter case we establish
weak convergence of the nonlocal Radon measures involved to the local Radon measures
induced by the distributional gradient.
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1 Introduction

Let @ be an open subset of R4 ,d > 1land 1 < p < oco. We aim to provide a nonlocal
characterization of first order Sobolev spaces on 2 using the following type nonlocal energy
forms

ELw) = // lu(x) —u(y)|Pak(x, yyv(x — y)dydx, i=1,2,3, (1.1)
RYRY
where, v : R¢ \{0} — [0, o0) is measurable and satisfies the p-Lévy integrability condition

/(1 A h|P)v(h)dh < oo, (1.2)

]Rd
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and ab(x,y) = min(Lo(x), Lo(y)), aj(x, y) = max(Lo(x), Lo(y)) and aj(x,y) =
%(]lg(x) + 1 (y)); where 1 is the indicator function of 2. Here and in what follows, the

notation a A b stands for min(a, b), a, b € R. More explicitly, we can write the forms Séz,
as follows

£b(w) =/ () — u()|Pu(x — y) dy dx.,

QQ
Eq(u) = / u(x) — u()Pvx — y)dydx, (G(Q) = R xR\ (Q° x Q)),
G()
£ = [[ e —uPoe -y dyar.
QRd
Note in passing that ng < Séz, Sﬂéd = Snéd = E%d and %Eé < ng < Sé since %aé < ag <

aé. The nonlocal forms 5£2 are crucial in the study of Integro-Differential Equations (IDEs)
involving nonlocal operators of p-Lévy types; see for instance the recent works [12, 16, 18].
For p = 2, (1.2) is the well-known Lévy integrability condition. Actually, when v is radial,
the p-Lévy integrability (1.2) condition is consistent and self-generated in the sense that
condition (1.2) holds true if and only if 5]11@, (u) < ooforallu e C®° (Rd); see Sect. 2.1 for
the details. In addition, the p-Lévy integrability condition (1.2) indicates that v is allowed to
have a heavy singularity at the origin. For instance, v(h) = |h|~¢~*P satisfies the condition
(1.2) if and only if s € (0, 1).

Next, to reach our goal, we need to introduce a general class of approximation of the unity
by p-Lévy integrable functions. To be more precise, our standing approximation tool consists
of a family of p-Lévy integrable functions, (v,), satisfying, for each ¢ > 0 and every 6 > 0,

ve > 0is radial, /(1/\|h|p)v8(h)dh=1 and ~ lim /(1/\|h|”)ve(h)dh=0. (1.3)
£e—
Rd [h]>8

For instance, assume v is radial and fRd (1 Ah|P)v(h) dh = 1 then (see Proposition 2.2) one
obtains a remarkable family (v ), satisfying (1.3) by the following rescaling

e~ Py(h/e)  if |h| <e,
ve(h) = {e~4|n|=Pv(h/e) if e <|h| <1,
e~ v(h/e) if |h] > 1.

Another sub-class of (v,). satisfying (1.3) is obtained by putting v.(h) = cc|h|~P pe(h),
where (pg). is a family of integrable functions approximating the unity, i.e., for each ¢ > 0
and every 6 > 0,

pe > 0 is radial, /,og(h) dh =1 and lirr%) /pg(h) dh =0, (1.4)
e—

R |h|>8

and ¢, > 0 is a suitable norming constant for which the integrability condition in (1.3) is
verified. From this perspective, the class of approximation of the unity (p. ), satisfying (1.4)
can be viewed as a subclass of (v, ), satisfying (1.3). However, the converse is not warranted.
In other words the class (v¢), is more general than the class (o, ). This is because the family
(ve)e also includes families of the forms (cg || ™7 pe (h)). for which p,’s are not integrable.
For a simple example, consider v, (h) = ag,d7p|h|_d_(1_8)1’ (see Example 2.6) then (v,),
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satisfies (1.3) but there is no family (p.), satisfying (1.4) such that v (h) = cg|h|™P ps (h).
Viewed in the sense of the correspondence (pg)s > (Ve)e With ve = ¢ || ™7 p, the class of
(ve)e is therefore strictly lager than that of (o).

‘We emphasize that our main goal is to characterize Sobolev spaces on an open set 2 C R4
using a sequence (v, ), satisfying (1.3). Let us recall that the Sobolev space WLP(Q) is the
Banach space of functions u € LP(£2) whose first order distributional derivatives belong
to LP(€2), with the norm [[ully1.pq) = (IIMIIZP(Q) + ||Vu||z,,(9))]/1’. Another space of
particular interest, that emerges naturally as a generalization of W1-1() is the so called
space of bounded variations BV (2). The space BV () consists in functions u € L'()
with bounded variation, i.e., [u|gy(q) < oo where

ulpva) = sup{/u(x)div¢(x)dx: ¢ € CXQRY, 6]l o i) < 1}. (1.5)
Q

The space BV (£2) is a Banach space under the norm |lullpv(@) = lulp1(q) + lulpvw)-
We denote the distributional derivative of a function u € BV (2) by Vu. Roughly speaking,
Vu = (A1, Ao, ---, Ayg) is a vector valued Radon measure on 2 such that

a9

/u(x)a—(p(x)dx = —/(p(x)dA,-(x), forall ¢ e CX(Q), i=1,---,d.
Xi

Q Q

The quantity |[Vu| = (A% 4+ Aé) 172 is a positive Radon measure whose value on an open
set U C Qis |[Vu|(U) = |u|pv ). Conventionally, we put || Vul|r(@) = oo if [Vu| is not
in LP(Q) with 1 < p < oo and for p = 1, |u|py(q) = oo if the measure |Vu| does not have
a finite total variation. Note that, if u € Wh1(Q) then u € BV(Q), Oy u(x)dx = dA;(x)
and |u|gy (@) = | Vul 11 q)- Indeed, since u € W1 (), the integration by part implies

ul v :sup{/vM(x)-¢<x>dx: b € CX@. R, 18]l ey < 1} = 1Vull10)-
Q

Conversely, since oy, u € L' (), take a sequence (x,)n C C° (L, Rd), converging to Vu
in L'(2, RY) and a.e. in Q. Define x& € C(Q,RY), & > 0by x& = xa(lxul® + &>/,
so that || x|l ; (@RI = 1. The convergence dominated theorem and the integration by parts
imply that

19U R0vueoP + )7 2 ax = fim | [utn + x5 4x] < wlavia
n—0o0
Q Q

Whence Fatou’s lemma implies

[ vueonar <timint [ 19uePATUE + 6712 dx < ulavia
E—>
Q Q

We are now in position to state our first result.

Theorem 1.1 Let Q@ C RY be open and u € LP(2) such that

Ap = limi(r)lf/ lu(x) — u(y)|Pve(x — y)dydx < 0o. (1.6)
E—>
QQ
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Thenu € WHP(Q) for 1 < p < oo and u € BV () for p = 1. Moreover, there hold the
estimates

1/p

IVullLrg) < >~ and lulpy () < d*
Kai

Ay

(1.7)
Ka

The constant K4, | appearing in (1.7) is a universal constant independent of the geometry of
2 and is given by the following general mean value formula over the unit sphere

d p+1
rgrz)

d+ 1
r(S2)r(3)
for any unit vector ¢ € S?~!; see Proposition 3.10 for the computation. The constant Kaqp

also appears in [5]. There is a similar constant in [22, Section 7] when studying nonlocal
approximations of the p-Laplacian. Observe that in general, for every z € R?, we have

1
K = —_— .el? _ = 1.
. |Sd*l|/§,d4 w - el oy (1) , (1.8)

L ades ) = 12— [ Jw-el? dogi @) = 217 Ka.p. (19)
|Sd71| i1 w-Z Od—1(w) = |Z |Sd71| g1 w-e Od—1(w) = |Z d,p- .

Theorem 1.1 yields the following nonlocal characterization of constant functions; see also

[7].

Theorem 1.2 Assume 2 C R? is open and connected. If u € LP(2), 1 < p < 00, is such
that A, = 0 then u is almost everywhere constant on .

Let us now comment about Theorem 1.1. Observing that, 832 (n) < Eé (n),i =1,2,3,
Theorem 1.1 obviously remains true if the nonlocal forms of type 5512 are replaced with those
of type Sé or 5532. It is to be noted that, Theorem 1.1 is governed by two fundamental counter
intuitive remarks. Firstly, the lack of reflexivity of L! (£2) implies that, in the case p = 1,
the function belongs to BV (£2) and not necessarily in wL(Q). In other words, assuming
A < oo is not enough to conclude that u € wLL(Q). We give here a mere counterexample
in one dimension; see Counterexample 1 for the general case. Ford = 1 and p > 1 we
consider,

pe(l —¢)
2|h|1+1=e)p”
(1.10)

1 1
Q= (—1, 0) U (0, 1), u(x) = 51[0,1)(/{) — Eﬂ(,l’o)(x) andv,;(h) =

For p = 1, itis straightforwards to verify thatu € BV (-1, 1)\W!1(—=1, 1) whereas we find
that A; = 1. The second remark indicates that, the converse of Theorem 1.1 is not necessarily
true in general. Indeed, by adopting the above example in (1.10), see also the counterexample
1, we find that u € WP (Q) while A, = oo for p > 1. A reasonable explanation to the
latter matter is that, 2 = (—1, 0) U (0, 1) is not an extension w1-P_domain. To put it another
way, this situation in particular (and in general) occurs due to the lack of the regularity of
the boundary 9€2. Therefore, to investigate the converse of Theorem 1.1, we need some
additional assumption on 2 such as the extension property. It is noteworthy to recall that
Q c R? is called to be a W!-P-extension (resp. a BV -extension) domain if there exists a
linear operator E : wlr(Q) —» whr(RY) (resp. E : BV(Q2) — BV(Rd)) and a constant
C :=C(d, p, 2) depending only on the domain €2 and the dimension d such that

Eul|lg=u and ||EM||W1”,;(RJ) < Cllullwiriq forall ue WLP(Q)

(resp. Eu|g=u and ||EM||BV(R(I) < Cllullpv () forall u € BV (R2)).
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Examples of extension domains include bounded Lipschitz domains which are both W!-7-
extension and BV -extension domains. In particular euclidean balls and rectangles in R? are
extension domains. The upper half space RY = {(x', xq) € R? : x; > O}isa simple example
of an unbounded extension domain. The geometric characterization of extension domains
has been extensively studied in the last decades. The W !P-extension property of an open set
Q2 infers certain regularity of the boundary 92. For instance, according to [21, Theorem 2]
a W!-P_extension domain  C R¥ is necessarily is a d-set, i.e., satisfies the volume density
condition, viz., there exists a constant ¢ > 0 such that |2 N B(x,r)| > crd forall x € 9Q
and 0 < r < 1. In virtue of the Lebesgue differentiation theorem one finds that a d-set 2 is
aJordan set [36], i.e., its boundary 02 has Lebesgue measure zero, |0€2| = 0. Subsequently,
for a W!P-extension domain € there holds

/lVEu(x)|pdx:0 for allu € WP (Q). (1.11)
aQ
To the best of our knowledge, the question whether the geometric characterization (1.11)
remains true for a BV -extension domain is still unknown. However, thanks to [21, Lemma
2.4] or [17, Theorem 1.3] we know that every Wl extension is a BV -extension domain.
Throughout this article, we require a BV -extension domain 2 to satisfy the condition

|[VEu|(0R2) = /1ag(x)d|VEu|(x) =0 forallu € BV (). (1.12)
Rd

It is to be noted that, in contrast to (1.11), having |02 = 0 does not necessarily imply
(1.12). Indeed, it suffices to consider once more the example (1.10) where one gets Vu = §o
(the Dirac measure at the origin), so that |Vu|(0€2) = 1. Some authors rather define a
BV -extension domain together with the condition (1.12); see for instance [1, 17]. Extended
discussions on BV -extension domains can be found in [23, 24]. Several references on exten-
sion domains for Sobolev spaces can be found in [35]. Our second main result, which is an
improved converse of Theorem (1.1), reads as follows.

Theorem 1.3 Assume 2 C R is a W'-P-extension domain. If u € LP(Q2) with 1 < p < 00
orp=1landu € WLH(Q) then we have

i — p _ — p
tim [ o) = )15 = ) dy dx = K1V (1.13)
Qe

Moreover if p = 1 and Q is a BV -extension domain then for u € L'(S2) we have
tim [ 1o~ )1 = 3)dy dx = K lelaviey (1.14)
QQ

We highlight that the counterexample 1 shows that the conclusion of Theorem 1.3 might be
erroneous if 2 is not an extension domain. In one way of proving Theorem 1.3, we establish
the following sharp version of the estimates in (1.7) (see Theorem 3.3)

Ay
and lulpv@) < —- (1.15)

Vull? <L
L@ =k, ., Ka

Indeed, Theorem 1.3 shows that the estimates in (1.15) turn into equalities provided that €2 is
an extension domain. As immediate consequences of Theorem 1.1 and Theorem 1.3 we have
the following characterizations for the spaces WLP(Q) and BV () when  is an extension
domain.
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Theorem 1.4 Assume 2 C RY is a W'-P-extension domain, p > landletu € L?(R2). Then
u € WhP(Q) if and only if A, < 0o. Moreover, we have

tim [ 160) = )Py x = 1) dy dx = K1V
QQ

Theorem 1.4’ Assume 2 C R is a BV -extension domain, p=1andletu e LY(Q). Then
u € BV(Q) ifand only if A| < oo. Moreover, we have

5“3‘0// () — u() e (x — y)dydx = Ky lul vy,
QQ

In contrast to the forms of type £, the collapse phenomenon across 9$2 occurs for the forms
of type 6‘?2 or 8532 in Theorem 1.3.

Theorem 1.5 Assume that: (i) Q CfRd is a WY-P-extension domain or (ii) R? \Q is a
WP extension domain and 32 = 3. Foru € Wl’p(Rd), p > 1, there hold the following
limits:

lirr}) // [u(x) —u(y)Pve(x —y)dydx =0,
E—>
QQC

tim [ 160) = )15 = ) dy dx = Ka g1Vl
QQ

tim [ ) = u) Pt = 3 dy dr = Ko 101 .
QR?
tim [ ) = w175 = ) dy dx = K19 g

(e xQ0)e

Moreover, foru € B V(Rd) and p = 1the above limits remain true provided that |Vu|(0Q2) =
0.

Proof In fact, in both cases (i) and (ii) we have |9Q2] = |9Q2| = 0. Thus, Theorem 3.5
yields the first limit. For the case (i7), the remaining limits follow from Theorem 1.3 since
QxQ2=RIXRH\[Qx QUXx QU x Q) QxR =Qx QUQ x Q and
(Q° x Q)¢ = (R? x RY)\(Q° x ©°). The case (i) is obtain by interchanging € and Q.
The situation u € BV(Rd ) is analogous. ]

The next result, is an alternative to Theorem 1.3 if Q2 is not an extension domain.

Theorem 1.6 Let Q@ C RY be open. Let u € WP (Q) and define the Radon measures

dpe (x) = / lu(x) = u(¥)|Pre(x — y)dy dx.
Q

The sequence (L) converges weakly on Q2 (in the sense of Radon measures) to the Radon

measure du(x) = Kg p|Vu(x)|? dx, i.e., ue(E) ELO) W(E) for every compact set E C <.
Moreover, if p =1 andu € BV (Q2) then du(x) = Kg4,1d|Vu|(x).
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Note in particular that, Theorem 1.6 implies that () vaguely convergence to u, i.e.

hmo/(p(x) dug(x) = /<p(x) dp(x), foreveryp € C2°(Q).
Q Q

Let us comment on Theorem 1.1 and Theorem 1.3 and related results in the literature.
Bourgain—Brezis—Mironescu [5, Theorem 3’ & Theorem 2] proved the characterization Theo-
rem 1.1 under the stronger condition that @  R¢ is bounded Lipschitz and while considering
the sub-class vg(h) = c¢|h|~? p.(h) where (p.). satisfies (1.4). Beside this, with the same
assumptions, Bourgain—Brezis—Mironescu in [5, Theorem 2] also established the relation
(1.13). The case Q = R? is also investigated by Brezis [7] while characterizing constant
functions. The case p = 1, i.e., the relation (1.14), is also a natural subject of discussions
in [5] wherein, the authors succeeded in the one dimensional setting when = (0, 1), viz.,
they proved that

1 1
// e u(y)|pe(x —y)dydx = Ky ilulpy,) forallu e BV(0,1).
0 0

The general case d > 2 was completed later in [9] when €2 is a bounded Lipschitz domain. In
this perspective, [9, Lemma 2] also established a variant of Theorem 1.6 for the case p = 1.
Clearly, our setting of Theorem 1.1 is more general as no restriction on £2 is required and, in
the sense mentioned above, the class (v ), satisfying (1.3) is strictly lager than that of (p¢),
satisfying (1.4). In addition, in contrast to [5], 2 is not necessarily bounded in Theorem
1.3 and that the situation where 2 has a Lipschitz boundary appears as a particular case
of Theorem 1.3. We point out that Theorem 1.3 is reminiscent of [19, Theorem 3.4] for
p = 2. Ultimately, let us mention that, after the release of the first version of this work, the
authors of [3] brought to our attention that they also established the relation (1.13) when
ve(h) = g|h|~4~1=8)P (fractional kernels) for 1 < p < oo. The case p = 1 is, however, not
fully covered therein. Our approach in this paper extends the works from [5, 7, 9, 28]. In the
wake of [5], several works regarding the characterization of Sobolev spaces and alike spaces
have emerged in the recent years. For example [27, 29] for characterization of Sobolev spaces
via families of anisotropic interacting kernels, [26, 30] for characterization of BV spaces,
[33] for a study of asymptotic sharp fractional Sobolev inequality, [6] for characterization of
Besov type spaces of higher order and [19] for the study of Mosco convergence of nonlocal
quadratic forms.

This article is organized as follows. In the second section we address some examples of
approximating sequence (v, ). and some nonlocal spaces in connection with function of type
ve. The third section is devoted to the proofs of Theorem 1.1, Theorem 1.3 and Theorem 1.6.

Throughout this article, ¢ > 0is asmall quantity tending to 0. We frequently use the convex
inequality (a + b)? < 20—V (al 4 pP ) fora > 0,b > 0, the Euclidean scalar product of
x = (x1,x2,+,xg) € RYandy = (y1, y2, -, ya) € R¥isx-y = x1x14+x2y2+ - ~+xaya
and denote the norm of x by |x| = /x - x. The conjugate of p € [1, c0) is denoted by p’,
i.e. p4 p' = pp’ with the convention 1’ = oo. Throughout, |SY~!| denotes the area of the
d — 1-dimensional unit sphere, where we adopt the convention that [S?~!| = 2 if d = 1.
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2 Preliminaries
2.1 p-Lévy integrability and approximation of Dirac measure

Definition 2.1 (i) A nonnegative Borel measure v(dh) on RY is called a p-Lévy measure
if v({0}) = O and it satisfies the p-Lévy integrability condition; that is to say that

/(1 A [h1PYv(dh) < oo.
]Rd

(i) A family (v,), satisfying (1.3) is called a Dirac approximation of p-Lévy measures.

Patently, one recovers the usual definition of Lévy measures when p = 2. Such measures
are paramount in the study of stochastic process of Lévy type; see for instance [2, 4, 32] for
further details. We intentionally omit the dependence of v and v, on p. This dependence will
be always clear from the context. The following result shows that by rescaling appropriately
aradial p-Lévy integrable function v (k) one obtains a family (v, ), satisfying (1.3).

Proposition2.2 Lerv € L (]Rd, 1 A |h|P) with v > 0. Define the rescaled family (ve)e, as

e_d_pv(h/e) if |h| <e,
ve(h) = e h|Pv(h/e) if e <|h| <1, .1
e~ v(h/e) if |h| > 1.

Then for every § > 0,¢ € (0, 1)

/(1 A hP)ve(h) dh = /(1 A |h|Pyv(h) dh  and lin}) / (I A R|P)ve(h)dh = 0.

]Rd ]Rd |h|>§

Proof Since v € L'(RY, 1 A |h|P) the dominated convergence theorem yields

lim / (1 A |h|P)ve(h)dh = lim / (1 A |h|P)v(h)dh = 0.
e—0 e—>0
h]>5 Ih|>5/e

We omit the remaining details as it solely involves straightforward computations. O

The behavior of the rescaled family (vg), in (2.1) when p = 2 is governed by two keys
observations. The first is that it gives rise to a family of Lévy measures with a concentration
property at the origin. Secondly, from a probabilistic point of view one obtains a family of
pure jumps Lévy processes (X.). each associated with the measure v, (h)dh from a Lévy
process X associated with v(%)dh. In fact, the family of stochastic processes (X ). converges
in finite dimensional distributional sense (see [19]) to a Brownian motion provided that one
in addition assumes that v is radial. Proposition 2.5 (ii) below shows that the generator of the
process X denoted L. (see (2.4)), converges to — ﬁ A which is the generator of a Brownian
motion. In short, rescaling via (2.1) any isotropic pure jump Lévy process leads to a Brownian
motion. This could be one more argument to back up the ubiquity of the Brownian motion.
The convergence highlighted above is involved in a more significant context. For example in
[19], the convergence in Mosco sense of the Dirichlet forms associated with process in play is
established. Beside these observations, the works [16, 18] establish that if €2 is bounded with
a Lipschitz boundary and u, satisfies in the weak sense nonlocal problems of the L u, = f
in  augmented with Dirichlet condition u, = 0 on Q¢ (resp. Neumann condition Nu, = 0
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on Q¢) condition then (u.), converges in L2(2) to some u € WL2(Q), where u is the weak
solution to the local problem —ﬁAu = f in Q augmented with Dirichlet boundary u = 0
on 9€2 (resp. Neumann condition % = 0on dQ). Here, L, is given by (2.4) and N is defined
by

Notw(x) = /(a(x) Cu()velx — y) dy.
Q

Remark 2.3 Assume the family (v, ), satisfies (1.3). Let 8 € R, then for all R > 0 we have

0 if B>p

lim /(1/\|h|ﬁ)vg(h)dh: 1 if B=p
e—0 .

[h|<R o if B<p

Indeed, for fixed § > 0, (1.3) implies
lim / (1 A |h|P)ve(h)dh < lim / (1 A |R|P)ve(h)dh =0,
e—0 e—0
8<|h|<R |h|>8

lim / (I A JRIP)ve(h)dh =1 — lim (I AR|IP)ve(h)dh = 1.
e—0 =0 J|n|>s
|h|<s

Thus for § > p we have
lim /(1 A h|Pyve (h)dh < lim (Rﬂ—P/(l A |h|P)ve (h)dh
&= e—
h[<R s<lh|<R
+ 5*3—13/(1 A |h|1’)v8(h)dh) y
|hi<s
Likewise for 8 < p we have
lim /(1 A hPYve(h)dh > lim (Rﬂ’f’ (I A [R|P)ve(h)dh
£—0 e—0
|h|<R §<|h|<R
+ aﬂ—l’/(l A |h|p)v£(h)dh> =s8h",
|hi<s

In either case, letting § — 0 provides the claim.

Remark 2.4 Assume the family (v,), satisfies (1.3). Note that the relation

lim / (I A |h1P)ve(h)dh =0, (2.2)
e—0
|h|>8
is often known as the concentration property and is merely equivalent to

lim / ve(h) dh =0, forall § > 0.
e—0
|h|>68
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Indeed, for all § > 0 we have
/ (LA |R|P)ve(h) dh < / ve(h) dh < (1 /\8”)_1/ (I A [h|P)ve(h) dh.
[h|>8 |h|>8 |h|>8
Consequently, for all § > 0 we also have
lim / (1 A |R|P)ve(h) dh = lim / |h|Pve(h) dh = 1. (2.3)
e—0 e—0
|h|<s |h|<s

The next result infers certain some convergences of the family (vg), for the case p = 1 and
p=2.

Proposition 2.5 Consider the family (v,). satisfying (1.3).

(i) If p = 1 then we have (ve, ¢ — ¢(0)) io) 0 for every ¢ € Cfo(]Rd).
(ii) If p = 2 then for a bounded function u : RY — R which is C? on a neighborhood of

X,
lim Lou(x) = === Au(x)
emnp U= T S
where A is the Laplace operator and L, is the integrodifferential operator
1
Leu(x) := ) /(u(x +h)+u(x —h) —2u(x))ve(h) dh. 2.4)
Rd

Proof (i) Letg € C° (RY) using the fundamental theorem of calculus we can write

(ver @ — 9(0)) = / ((h) — (0) ve(h) dh
Rd
_ / (0(h) — 9(0) — Vp(0) - h) ve () dh + / (0(h) — p(O))ve (k) dh

[h|<1 [h]>1

1
1

:///S((DZQD(IS’Z)-h)~h)vg(h)dsdtdh
|h|<1 0 0

+ /(fp(h)—go(O))vg(h)dh.

k=1

The conclusion clearly follows since

| / (9(h) — @(O)ve () dh| < 201l oo e, / ve(hydh “=% 0
[hl>1 [h|>1

and by Remark 2.3 we have
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1 1
//s((Dz(p(tsh) “h) -h)ve(h)dsdr dh
hl<1 0 O

e—0

< IIDzwlle(Rd / 1) 2ve () dh 222 0.
[h|=<1

(ii) Note that D?u is bounded in a neighborhood of x. Hence, for 0 < § < 1 sufficiently
small, for all |2| < § we have the estimate

e+ )+ ulx = h) = 2u(0)] < 4lull g, ga) + 1 D2l (A 1R,

The boundedness of u implies that

lin%) lu(x +h) +ulx —h) —2u(x)|vg(h)dh = 4||M||L5Q(]Rd) lin%) / ve(h)dh = 0.
e—> £—
||~ |h|>8

Since the Hessian of u is continuous at x, given n > 0 we have |D?(x 4 z) — D*u(x)|
< n for |z] < 48 with § > O sufficiently small, Remark 2.3 implies

11
1
lirr%) 5//% / |[((D2u(x —th + 2sth) — Dzu(x)) -h]-h|ve(h)dh dsdt
£—

0 0 |h<s

g im /(1A|h|)vg(h)olh_5
\h|<8

Thus, the leftmost expression vanishes since 1 > 0 is arbitrarily. Next, by symmetry we
have f‘ hl< hihjvg(h)dh = 0 for i # j. The rotation invariance of the Lebesgue measure
implies

d
/ [D*u(x) - h]-hve(h)dh = /aizju(x)h,-hjvg(h)dh + Zazu(x) /h%vs(h) dh

ED § 7 hi=s i=l Ini<s
= Au(x) /h ve(h)dh = fAu(x) /Ihl ve(h) dh
|h|<é |h|<8

fAu(x) /(1 AR ve(h) dh =5 EAu(x)
|h| <8

Finally, by the fundamental theorem of calculus we find that

— % / (u(x +h)+u(x —h) —2(x))ve(h)dh
|| <8

e—0

1 1
1 1
-5 //2 [D%u(x — th + 2sth) - h — D%u(x) - h] - h ve(h) dh ds dt == —2—Au(x).
0 0

[}
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Let us give examples of v, satisfying (1.3). The first example is related to fractional Sobolev
spaces.

Example 2.6 The family (v;), of kernels defined for & # 0 by

pe(l —e)

Vve(h) = aea plh| 797177 with a4, = ST
The next class of examples is that of Proposition 2.2.

Example 2.7 Assume v : R \ {0} — [0, oco) is radial and consider the family (v¢). such
that each v; is the rescaling of v defined as in (2.1) provided that

/(l A h|1P)v(h)dh = 1.
Rd
A subclass is obtained if one considers an integrable radial function p : R4 = [0, o0) and

defines v(h) = c|h|~P p(h) for a suitable normalizing constant ¢ > 0.
Example 2.8 Assume (p;), is an approximation of the unity, i.e., satisfies (1.4). For instance,
define p.(h) = e‘dp(h/a) where p > 0 is radial and fRd p(h)dh = 1. Define the family
(Ve)e by ve(h) = ce|h|~P pe(h), where ¢, > 0 is a normalizing constant given by
= [ pmans [ wirian

|h]=1 [n]>1
for which the p-Lévy integrability condition in (1.3) holds. Note that ¢, — 1 as ¢ — 0.
Example2.9 1et0 < e < 1 and B > —d. We define

d+p

— B—p
Some special cases are obtained for 8 € {0, ep — d, p}. For the limiting case 8 = —d, we
put
h=——|h~ "1 h).
Ve (h) |Sd_1|10g(80/8)| | Bey\B: (1)

Example 2.10 Let0 < ¢ < g9 < 1 and B8 > —d. Define
1

(k| + )P lh| =P . d+p —d—f—1 a1
Vg(h) = WHBEO(}Z) with bg =¢ / t (l — t) de.
For the limiting case § = —d consider
1
(k| +&)~9Ih|P : -1 / -1 d-1
h)y=-——"—"——7I1 th b, =1 (11—t de.
ve(h) |Sd71||]0g8|bg Bey (h) W1 e [log e| ( )

In either case the constant b, — 1 as ¢ — 0 and is such that fRd(l A |h|P)ve(h)dh = 1.
Another example familiar to the case f = —d is
1
1 . _ -1 -1 d+p—1
Be(h) with b, = |loge| tT (1 —1) dr.

R
e+e0

(k| +&)~ "7

h)y= ——-"——
vt = ST T og 1B
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2.2 Local and nonlocal spaces

Letv : R4 \{0} — [0, c0) be p-Lévy integrable and 85 (u), i =1, 2, 3 be the forms defined

in (1.1). The space W\ (Q) = {u € LP(Q) : |u|€v"(sz) < oo} is a Banach space endowed

. 1 .
with the norm [lullyp o) = (lull],q) + |u|€V]f,(Q)) P with |u|cvvp(m := &L (u). For the

standard example v(h) = |h|=4=5P s € (0, 1), one recovers the Sobolev space of fractional
order denoted W*7(2); see [10, 18] for more. If v has full support, the space wr| ]Rd) =

. d . p p p _ 3 :
{u:RY > R meas. : u € LP(Q) and |M|WU”(Q|R") < oo}, |u|W,f’(QHRd) = EX(u), is a
: _ P 14 1/p
Banach space with the norm ||M||va(Q|Rd) = (IIuIILp(Q) + lulW,f’(Qle)) . See [15, 18, 19]

for recent results involving this types of spaces.

We recall that, ié’é u) < ng (u) < 5522 (u). It is noteworthy to mention that, the space
(Wf(S2| ]Rd), Il - ||Wup(QI Rd)) is the core energy space for a large class of nonlocal problems
with Dirichlet, Neumann or Robin boundary conditions. See for instance [11, 12, 14, 16, 31].
If @  RY has a sufficiently regular boundary or = R? then according to Theorem 1.3 and
Theorem 1.5, itis legitimate to say that the nonlocal spaces (Wlfz (2] ]Rd), -1l Wl (€l Rd))g and

(W,f: ), - ||va‘ (Q))g converge to the Sobolev space (Wl’p(Q), -1l and (B V(Q), |-

||}‘W(Q)), where

>],:Vl.p(Q))

1
)7 and luly g

gy = (1] gy + Ka p IVl g
= lullpiq) + Ka1lulpy -
Let us recall the following standard approximation result for the space BV (2); see [13,
p- 172], [25, Theorem 14.9] or [1, Theorem 3.9].

Theorem 2.11 Let Q2 C RY be openandu € BV (R2). There is a sequence (uy), in BV ()N
C%(RQ) such that ||uy — ull 1(q) > 0 and | Vuy |11 ——> lulpv)-

Warning: the above approximation theorem does not claim that |u, — u|pv (o) 7% 0 but
rather implies that ||lu,|ly1.1q) e llullpv(q). Strictly speaking, BV (2) N C*°(2) is
not necessarily dense in BV (2). Recall that, if a function u € LY(Q) is regular enough,
say, u € WL1(Q) then we have u € BV (). From this we find that BV (2) N C®(Q) =
WEH(Q) N C®(Q).

Next, we establish some useful estimates. Note that for 4 € R? we have

_ p Piyll?
[ ) =l @ = 27l
Rd

Furthermore, using the density of CZ° (Rd) inwlhr (]Rd) we find that

1
[t m —ueorar= [| [vuccrom-a)"ac< e, g,
RY R O

Therefore, for every u € whr (]Rd) and h € RY we have

/ lu(x +h) — u(x)|? dx <271 A |h|P)||u||’v’VLp(Rd). (2.5)

R4
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By Theorem 2.11 the BV -norm of an element in BV (R?) can be approximated by the W1
norms of elements in W“(Rd). Whence for p = 1, (2.5) implies that, for u € BV(Rd) and
h e RY

/Iu(x+h)—u(x)|dx <201 A RD Il gy g - (2.6)
Rd

Lemma 2.12 Assume v : RY\{0} — [0, 00) is p-Lévy integrable and @ C R? is a W'-P-
extension domain (resp. BV -extension domain). There is C = C(R2,d, p) > 0 independent
of v such that

// (o) = u)IPv(x = y)dydx < Cllull, o W01 yappey for all € WHP(R)
QQ

(resp. // (@) — u(vx — y)dydx < Cllul gy IVl g e forall u e BV(Q).
QQ

Proof Let i be a W!-P-extension of u on R? . The estimate (2.5) implies

// u(x) — u(y)|Pv(x — y)dydx < // [#@(x + ) — @(x)|Pv(h)dhdx
QQ RYR?
= /v(h)dh / T+ ) =7 Pdx = Clulf g IV @A)
R? RY
Likewise, if p = 1 and u € BV (L2) one gets the other estimate from the estimate (2.6). O
An immediate consequence of Lemma 2.12 is the following embedding result.

Theorem 2.13 Assume v € Ll(Rd, 1A |R|P) with p > 1 and Q2 C R? is a W-P-extension
domain. There holds that the embedding WLr(Q) — WP () is continuous. Furthermore,
for p = 1 and if Q is a BV -extension domain then the embedding BV (2) — WJ () is
also continuous.

It is worth emphasizing that the above embeddings may fail if €2 is not an extension domain
(see the counterexample 1). Another straightforward consequence of Lemma 2.12 is the
following.

Theorem 2.14 Let 2 be a W '-P-extension domain, p > 1.Thereis C = (2,d, p) > 0 such
that

lilsrl_f(l)lp// lu(x) —u(y)|Pve(x —y)dxdy < C||”||€V1,D(Q) forallu € WLP(Q).
QQ

If p = 1and Q2 is a BV -extension domain we also have,

lim sup// lu(x) —u(y)|ve(x —y)dxdy < Cllullpv(e) forallu € BV ().
e—0
QQ

The next proposition shows that the p-Lévy integrability condition is consistent and optimal
in the sense that it draws a borderline for which a space of type W/ () is trivial or not.

Proposition 2.15 Let v : RY — [0, 00] be symmetric. The following assertions are true.
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(i) If v € LY(R?) then WP (Q) = LP(Q) and W (Q|RY) N LP(RY) = LP(RY).
(ii) If v € LYR?, 1 A |h|P) then WEP(RY) ¢ WP (RY), hence the spaces WY () and
Q| RY) contain C 0 (Rd). Moreover, if Q is bounded, then the spaces Wl () and
wr(Q| Rd) also contain bounded Lipschitz functions.

(iii) Assume v is radial, Q is connected and put Cs5 = fBE(O) |h|Pv(h)dh. If Cs = oo for all
8 > 0, then any function u € WLP( @) NWE(Q) oru € CLQ)NWE () is a constant
function.

(iv) Assumev € LY(R?, 1 A|h|P) and v is radial. Givenu € WP (R?) there is § = 8(u) >
0 so that

27 KapColIVully oy < Vulbp o < 271001 e appir a1y p oy 21D

Proof (i) is obvious. (ii) For a bounded Lipschitz function u, we have |u(x) — u(y)|? <
C(IA|x—y|?) forsome C > 0.Hence if 2 is bounded by integrating both sides, it follows that
u € WP(Q)andu € WP (QR?). The inclusion W7 (R?) ¢ WF (R?) follows from Lemma
2.12 or from the estimate (2.5). (iii) Letu € Wh2() N WF () oru € CH() N W (Q)
and let K C € be a compact set. Since |Vu| € LP(K), for arbitrary n > 0 there is
0<d8=056(n, K) < dist(K, 9R2) such that,

IVu(-+h) — VullLrxy <n foralllh] <34.
Minkowski’s inequality implies

1

(/ / |Vu(x).h|17v(h)dhdx)l/p < (/ / ’/Vu(x+zh).hdt‘pv(h)dhdx>l/p

K Bs(©) K B;0) 0
1
+17C5/p.

The choice 0 < § < dist(K, 9€2) ensures that Bs(x) C 2 for all x € K. From the foregoing,
using the fundamental theorem of calculus, polar coordinates and the formula (1.9) yield

1
1
ulyrgy = (/ / ‘/Vu(x—i—th)-hdt‘pv(h)dh dx) g

K Bs(0) O
5 1/ 1/
z(/ /Vu(x)~w|pdad_1(w) rP+d—1v(r)dr) p—n( ﬁhlpv(h)dh) !
K sd-1 0 Bs(0)
1/p
= (KJ0 1Vl = n)( frrven an)

B5(0)

Therefore, for each n > 0 and each compact set K C 2 we have
1 1
lulyr @) = C /p(K /» IVullrky — n). (2.8)

Since llullyp () < ooand Cs = oo, this is possible only if ||Vu||Lp(K) = 0. As the compact
set K C € is arbitrary, we find that Vu = 0 a.e. on Q. Thus u is a constant since 2
is connected. (iv) The upper inequality clearly follows from (2.5). Proceeding as for the
estimate (2.8) by taking @ = R? and K = RY also yields that, for all n > 0 there is
6 = §(n) > 0 such that

1 1
|u|W,{’(Rd >C /p(K / ”Vu”Lp(Rd) - 77)~ 2.9)
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. 1 -1 . —
If |Vullppgay # 0. taking n = 1K)/PIVul,ga) yields lullyp iy = 27" Ka pCs
||Vu||1£p(Rd). This estimate remains true for any 6 > 0, if ||Vu||L,,(Rd) =0. O

The next theorem provides a characterization of the p-Lévy integrability condition.
Theorem 2.16 Assume v : R? — [0, 0o] is radial. The following assertions are equivalent.

(i) The p-Lévy integrability condition in (1.2) holds.

(ii) The embedding WI’P(]Rd) — Wr (Rd) is continuous.
(iii) €L, () < oo forall u € whr(RY).
(iv) €L, (u) < 0o forallu € CX(RY).

(v) There exists u € C2°(B1(0)) \ {0} such that 5[}&, (up) < oo foralln > 1, uy(x) =

néu(nx).

This remains true when p = 1 with BV (R?) in place of W' (R?).

Proof (i) — (ii). The right hand side of the estimate (2.7) implies the continuity of
the embedding W' ?(R?) < W/ (R?). The implications (ii) = (iii), (iii)) =
(iv) and (iv) = (v) are straightforward. Let us prove that (v) = (i). Given that
u € C&(B1(0) \ {0} we have ||Vu||U,(Rd) # 0. By Proposition 2.15 (iv) there exists

8 = §(u) > 0 (see the estimate (2.7)) such that Sﬂlkd () >27PKy ,Cs IIVuIIIZp(R‘,) and hence

Cs = fB(;(O) |h|Pv(h)dh < oo.Next,wefixn > 1suchthaté > %sothat suppu, C Bs/2(0).
Since Bj/2(x) C Bs(0) for all x € Bs;»(0) we have

00 > 5H§d(un) >2 / lun ()17 / v(x —y)dydx > 2||un||fp(Rd) / v(h) dh.
Bs/2(0) R4\ Bs/2(0) R4\ B5(0)

Thus f\hlzs v(h)dh < oo. Accordingly v € Ll(Rd, 1 A |h|P). The case p = 1 follows
analogously. O

3 Main results

First and foremost, the proof of Theorem 1.3 in the case €2 = R? is much simpler. Indeed,
by the estimates (2.9) and (3.10) below, for sufficiently small > 0, there is § = §(n) > 0
such that
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Ju(x) = u()IPve(x — y)dydx = (K 1Vull p ga) — n)pﬁhl”vg(h) dh,

RYR? B5(0)
[0 =P = 30y ax = K1V g + 271 ) )
RY R4 |h|>8

Letting ¢ — 0 and n — 0 successively, using the formulas (2.3) and (2.2), we get

i _ p _ _ p
lim // J(x) = uIPve(x = y)dy dx = Ka pIVuell}, o 3.1
RYRY

The case p =landu € B V(R?) can be proved analogously. In fact, it can be shown that
(3.1) holds if and only if up to a multiple factor (v;), satisfies (1.3). In other words, the class
(ve)e is the largest (the sharpest) class for which the BBM formula (3.1) holds. From now
on, we assume 2 # R?. We start with the following lemma which is somewhat a revisited
version of [5, Lemma 1].

Lemma3.1 Assume v € L'(RY, 1 A |h|P) is symmetric, p > 1. Given u € LP(RY), (S
cx (Rd) and a unit vector e € S we have

| [Jun E2=EED A = w1yt = raya
Ix =yl

(y—x)-e=0
+’ //u(x)w(] Alx = y|P)v(x — y)dydx’
lx =yl
(y—x)-e<0
= // ww’(ﬂl(l Alx = yIP)v(x — y)dydx.
]Rd]Rd y

Proof Let us introduce the truncated measure vs(h) = |h|_1 (I A [RIP)v(h) Lpa \ B (h) for
8 > 0 which enables us to rule out an eventual singularity of v at the origin. Moreover,
note that U5 € L'(R?). It turns out that the mappings (x, y) — u(x)¢(y)Vs(x — y) and
(x,y) = u(x)p(x)vs(x — y) are integrable. Indeed, using Holder inequality combined with
Fubini’s theorem yield

/ lu(x)p(x)[Vs(x — y)dy dx
RYRY

= // u@)p)1x =y~ A A Ix = yP)v(x — ) dx dy

|x—y|=8
<57 ([flcorani = yire -y ay ax)
|x—y[=8
/ 1/p’
< (Jlocr ante=ymue -y ay ax)
lx—yl=d

< 5—1||¢||L,,/<Rd)||u||mw)/(1 A LRIV (R) dh < oo.

R4
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Analogously, we also get
// () [Ts(x — y) dy dx < 87 gl e il o e /(1 ARIPY(h) dh < oo,

RIR? Rd

Consequently, by interchanging x and y, using Fubini’s theorem and the symmetry of v
we obtain

// u(x)p(x)vs(x —y) dy dx

(y—x)-e=0
= // u(y)e(y)vs(x —y) dx dy
(x—y)-e>0
_ // UG —x) dy de' (' =2y — x, dx = d¥').
(y—x")-e=0

Therefore we have

| [uwrax [ w0 = oo -y o)
Rd

(y—x)-e=0

=| [ wreme - dy ax =[] uwpeomice -y ay ax

(y—x)-e=0 (y—x)-e=0
=|[ewray [ @ —utme -y ay
R4 (y—x)-e=0
s/lw(y)l dy /'”(T%Ly‘fy)'aw—ymwx—y) dx
R? (y—x)-e=0
=/|<p<x>| dx /'”ﬂ%;‘f“)'aw—ymwx—y) dy.
R4 (y—x)-e<0

Thus letting § — 0 implies
[ w00 = et =317 ALy = 5100 = ) dy ax
(y—x)-e=0

s//w(on(l Alx = y|P)u(x — y) dy dx.

(3.2)

(y—x)-e<0
Likewise one has

| ] w0 = et =317 A= 317t ) dy

(y—x)-e<0
< //wwa Al = yP)u(x = y) dy dx.

(y—x)-e=0
3.3)
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Summing the estimates (3.2) and (3.3) gives the desired inequality. O

Theorem 3.2 Let 2 C R? be an open,u € LP(R2), p > 1 and A, be defined as in(1.6). Then
given a unit vector e € S and ¢ € cr R?) with support in Q2 the following estimate
holds true

A})/P
u(x)Ve(x) - edx| < m”‘p”u/(gy (3.4)
Q

Proof Throughout, to alleviate the notation we denote 77, (x —y) = (1 A |x — y|P)ve(x — ).
Letw € LP(RY) be the zero extension of u off Q2. Since supp ¢ C €2, we have the identity

/|¢(x)| dx/'”(ﬁijfx”nm—y) dy
Rd

R4

— // MW)(X)VD:(X —y) dy dx
lx — ¥l
QQ

+ / |<p(x)|dx/ Ol = 3 dy.
[x =yl

supp(¢) RI\Q

First, for § = dist(supp(¢), 92) > 0, the Holder inequality implies

[ e [ ) 0y

supp(¢) RI\Q

_ 0
<57 Mullr@liel [N Iweth) dh < 0,
)

Second, using again the Holder inequality and |2| =7 (1 A |h|P) < 1 we find that

// Je) = wN e — y) dy dx
lx —y

|
QQ

< (/ 1) OO x— 3 dy ax)

lx — ylP

’ 1/
< ([ 1o me =y ay ax)
QQ

1/
< ||¢||L,u<m(/ () = (O ve(x = y) dy dx)

QQ

/

Therefore inserting these two estimates in the previous identity and combining the resulting
estimate with that of Lemma 3.1 imply

liminf‘/u(x) dx/w(l Alx = yP)ve(x — y) dy‘ +
g—0 2 |x —yI

(y—x)-e=0

@ Springer



16  Page 200f36 Partial Differential Equations and Applications (2023) 4:16

o (p(y) — @(x)) 1
tim in | /u(x) dx/W(l Alx =y 1P = ) dy| < AY7 10l .
Q (y—x)-e<0

(3.5)

It remains to compute the limits appearing on the left hand side of (3.5). For all x, h € RY
we have

1

e(x +h) —e(x) =Vex)-h+ / (Vo(x +th) — Ve(x)) - hdt
0

and |Vo(x + h) — Ve(x)| < C(1 A |h]). So that Remark 2.3 implies
1 h
lim / /‘[Vga(x—i—th)—Vgo(x)]-—‘dt(l/\|h|p)v£(h)dh
e—0 |h

h-e>0 0

<C 1im0 /(1 A R1PFYve(h)dh = 0.
& Rd

Thus, using the above expression and the fact that fRd (1 A |h|P)ve(h) dh = 1 we obtain

(p(y) —o(x))

lim (I A Jx = y[P)ve(x —y) dy
e—0 [x =yl
(y—x)-e>0
o0
= lim /V(p(x) cw dog_1(w) [ (AP () dr
£—>
Sd=-1N{w-e>0} 0
=i [ Ve w dosiw).
Sd=1n{w-e>0}
Let (e, v, - - - vg) be an orthonormal basis of R9 in which we write the coordinates w =
(wy, wa, -+, wy) = (wy, w’) thatis w; = w - e and w; = w - v;. Similarly, in this basis

one has Vo (x) = (Vo(x) - e, (Vo(x))). Observe that Vo (x) - w = (Ve(x) - e)(w - ) +
[Vé(x)] - w’. We find that

Vo(x) - wdog—1(w) = / Vo(x) -e)(w - e)dog—1 (w)
Sd=1N{w-e>0} Sd=1N{w-e>0}

+ / (Vo) - w dog_1 (w).
Sd=1N{w-e>0}

Consider the rotation O (w) = (w1, —w’) = (w - e, —w’) then the rotation invariance of the
Lebesgue measure entails that doy_j(w) = do (O(w)) and we have

/ (Vo) - w'dog—1(w) = — / (Vo(x))" - w'dog—1(w) = 0.

SI-1n{w->0} SI-1n{w-e>0}
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Whereas, by symmetry we have

1 1
w-e dog_1(w) = — / w~edad,1(w):§ / |w-e|d0d,1(w):§Kd,1.

Sd=1N{w-e>0} Sd=1N{w-e<0} §d-1

Altogether, we find that

Vox)-e 1
S [ Vet w dogrw) = S [ el doanw
2 |S | §d—1

Sd=1N{w-e>0}

1
= - v -e.
7 Kaa px) e
In conclusion,
. ) — ¢(x) 1
lim OO =0 (1 5y~ 3Py —y) dy = 2K Vo e, (36)
=0 [x — | 2
(y—x)-e=0
Analogously one is able to show that
. (p(y) — @) !
lim M(l Alx = y1Pve(x —y) dy = =K41Ve(x) - e. (3.7
e—0 |x — y| 2
(y—x)-e<0

By substituting the two relations (3.6) and (3.7) in (3.5) and using the dominate convergence
theorem one readily ends up with the desired estimate. O

Proof of Theorem 1.1 The estimate (3.4) holds true for all ¢ € C2°(2), all 1 < p < oo and
e=e¢;, i=1,---,dsothat Vp(x) - e; = 0y, (x).

Case 1 < p < oo: In virtue of the density of C2°(2) in Lp/(Q), it readily follows from
(3.4) that foreachi = 1, - - - , d the mapping ¢ — fQ u(x)dy; ¢(x) dx uniquely extends as a

continuous linear form on L”’ (). Since 1 < p’ < oo, the Riesz representation for Lebesgue
spaces reveals that there exists a unique g; € L (S2) and we set dy,u = —g;, such that

/u(x)axigo(x) dx = /g,-(x)(p(x) dx = —/Bxiu(x)go(x) dx forall ¢ € C(RQ).

Q Q Q

In order words, u € WP (Q). Further, the L? -duality and (3.4) yields the estimate (1.7) as
follows

d d
IVullry < Vd Y logullr@ =~d Yy sup \/u(x) Ve (x) - e; dx
i=1

i=1 oecE®®RH L
el =1
1/p
<d*—L.
Ka
Case p=1: Let x = (X1, X2, > Xd) € C?(Q»Rd) such that ”X”LOO(Q,R‘I) < 1 and

e=e¢;, i=1,2---,d.Since x; € C°(), the estimate (3.4) implies

d
‘/u(x) divxdx’ = ‘Z/u(x)VXi(x)~eidx <a A
Q

=19 Kaa
Hence u € BV (L2) and we have |u|py (@) < d% which is the estimate (1.7). O
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The next result improves the estimate (1.7).

Theorem 3.3 Let @ C RY be open. If u € LP(Q) with 1 < p < o0 oru € WH(Q) for
p = 1 then

K9l gy = timint ] 1uCo) — uolvex = ) dxdy = 4

Moreover if p =1 and u € L' () then we have

Ka,ilulpv) = ligrii(l)lf/ lu(x) — u()|ve(x —y)dxdy = Aj.
Q@

Proof First proof. For § > 0 small, set Q5 = {x € Q : dist(x, Q) > §}. Define the
mollifier ¢5(x) = 617¢ (%) with support in B5(0) where ¢ € C° (Rd) is supported in Bj(0),
¢ > 0and fqb = 1. We assume that u is extended by zero off €2 and let u® = u % ¢5 is the
convolution product of # and ¢s. If z € Qs and |h| < dthenz —h € Qs —h C Q. A change
of variables implies

// lu(x) —uPve(x — y)dy dx = // lu(x) —u()|Pve(x — y)dy dx
Qs—hSQs—h

=/ lu(x —h) —u(y —h)[Pve(x — y) dx dy.
Qs

Thus given that [¢sdh = 1, integrating with respect to ¢s(h)dh, Jensen’s inequality
yields

//|u<x) U Pvex — y)dy dx
QR

2/¢s(h)dh // (e — h) — u(y — W)Pve(r — y)dy dx

R Qs
= f/ ‘/(“(X —h)—u(y — h))¢5(h) dh‘pvg(x — y)dxdy
Q5Q5 R4
= / lu * s (x) — u * s (¥)|Pve(x — y) dx dy.
Q5

In other words, we have
// 1’ (x) — u? () Pve(x — y)dxdy < // lu(x) —u)|Pve(x —y)dxdy.  (3.8)
Qs

Note that u® € C*°(R?) and Qs,j = Q5 N B;(0) has a compact closure for each j > 1.
Then for each j > 1 the Lemma 3.6 implies

Kap / Vil (x)|? dx = hm // lu(x) — u(y)|Pve(x — y)dx dy

Q) 95 S,
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<timint ] 1uo) — u()Pvex = ) dxdy = 4,
e—
QR

Tending j — oo in the latter we get
Ka.p / Vi’ ()17 dx < Ap. (3.9)
Qs

Case 1 < p < oo: The only interesting scenario occurs if A, < oo. In this case, Theorem
1.1 ensures that u € W1P(Q). Clearly we have Vul = V(uxgs) = Vusps and || s * Vi —
Vullpr@) — 0as § — 0. The desired inequality follows by letting § — 0 in (3.9) since

IVullLr@) — Vi * @sliLr s

1
) /P 50 0

< IVu * ¢s — VullLr) + ( / [Vu(x)]? dx
Q\Qs

Case p = 1: Again we only need to assume that A} < oo sothatby Theorem 1.1,u € BV (Q2).
The relation (3.9) implies that

Ky liminf/IVu‘s(x)ldx <A
§—0
Qs

Let x € C° (R, R?) such that IIx ||L°°(s2 Ré) = 1 and supp x C Qs for § > 0 small. We find
that

‘/u(x)divx(x)dx—/u‘s(x)divx(x)dx’
Q Qs

- ’ /(u(x) — s s (1)) div x (x) dx’
Qs
. §—0
< 1div x [l oo eyl * s — ull L1 @) — 0.

Thus, since u is a distribution on 2 we get

/u(x) div x (x) dx = (}in})/ u‘s(x) div x (x) dx

Q Qs
= —1im/w5(x)~x(x)dx 511minf/|w3(x)|dx.
5§—0 =0
Qs Qs

This completes the proof since the above holds for arbitrarily chosen x € C2°(2, R¥) such
that || x ||LOC(Q,Rd) < 1, by definition of | - | gy () and the previous estimate we get

Kailulpy) < 1iminf/|w5(x)|dx < A
§—0
Qs
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Second proof. Here is an alternative. Since for all § > 0, fBE(O) |h|Pve(h)dh — 1lase — 0
(see the formula (2.3)), for each compact set K C 2 and n > 0 inequality (2.8) implies

limi(r)lf// lu(x) —u(y)|Pve(x —y)dy dx
£—
QQ

> liminf P Kl/p v _ p
= lim in ( / 117 ve(h) dh) (K 4/ DIV ull Loy — m)
B;(0)
1
= (Kd,/{fIIVullem —n)”.

LetK; = Q j C ;41 and (£2;); be an exhaustion of €. Since the above inequality is true
for every compact set K = K; C 2 and every n > 0 we conclude that

timint ] 1) — w17 = 3)dy 3 = K190l g
QQ

The case p = 1 and u € BV (R2) follows from the approximation Theorem 2.11. O
It is worth to mention that the convolution technique used in the first proof above was first

used in [7] when Q = R? and also appears in [28]. The next theorem is a the counterpart of
Theorem 3.3 and is a refinement version of Theorem 2.14.

Theorem 3.4 Let Q C R? be a W'-P-extension domain and u € LP (), p > 1 then we have

lim sup// lu(x) — u(y)|Pve(x — y)dydx < Kd,p||Vu||€l,(Q).
e—0
QQ

Moreover, for p = 1, if Q is a BV -extension domain and u € L' () then we have

lim SUP// [u(x) — u(y)|ve(x — y)dydx < Kg1lulpy(e)-
g—0
00

Proof The cases ||Vul|rr@@ = oo and |u|py @ = oo are trivial. Assume u € WP (Q)
and letu € WI'P(Rd) be its extension to RY. Consider Q@) =R+ Bs(0) = {x € RY
dist(x, 2) < 8} be a neighborhood of €2 where 0 < § < 1. We claim that for each ¢ > 0,
the following estimate holds

[ 10 = uiv e =ty < Kap [ VEOP x4 27l [

ve(h) dh.
|h|>8
QQ 2(3)

(3.10)

Indeed, let (u,), be a sequence in C2° (Rd) converging to u in wlp (Rd). Foreachn > 1,
passing through the polar coordinates and using the identity (1.9) we find that

[t (x) — upn (PP ve(x —y) dy dx
QxQn{lx—yl<s)
1

<// / |Vun(x +th) - h|P ve(h) dh dx dt
0 Q |hl<s
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= / /|Vun(2)'h|” dz ve(h) dh
[h|<8 ©(8)

8
=(//Sd17un<z>-w|” doua(w)( [ 1) ar)
0

Qs)

=Kd,,,</|wn(z)|1’ dz)( / (1 A [h]P)ve (h) dh)
Q) Ih]<8

<Kip [ V0GP &
Q(8)
Fatou’s lemma implies

lu(x) — u(y)|ve(x — y) dy dx
QxQn{lx—yl<s)

< liminf/ /|un(x) —u, (WP ve(x —y) dy dx
n—oo

Q |x—y|<s
<Kap / |Vu(x)|? dx.
Q)

The estimate (3.10) clearly follows since we have

lu(x) —u(y)|Pve(x —y) dy dx < 2p||”||]’jp(g) / ve(h) dh.
Q QN{jx—y|>8} |h|>8

Letting ¢ — 0 the relation (3.10) yields

lim sup// lu(x) —u()|Pve(x —y)dydx < Kq p / [Vu(x)|? dx
=0 5 Q(s)

Recalling that u € WLP(Rd), u = u |o and using (1.11) the desired estimate follows

/ \VEG)|? dx 224 /|Vﬁ(x)|pdx=/|Vu(x)|pdx.
s

Q(5) Q

If p=1andu € BV(Q), letu € BV (R?) be its extension to R. By Theorem 2.11

there is (u,), a sequence in COO(Rd) nwhl (Rd) which converges to u in L'(R?) and
n—0o0 —
”Vun”LI(Rd) > |M|BV(]Rd)‘

The estimate (3.10) applied to u,, and the Fatou’s lemma yield

// lu(x) — u(y)|ve(x — y)dydx < lgrgioréf// [ttn (x) — up(y)|ve(x — y)dydx
QR QQ

< Jim Koo [ 19001 x4 2bunllagy [ velh) dh.
2(3) |h|>8
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= KaalTlav@oy + 2l [ velh) dh.
|h|>8

Correspondingly, we also get the estimate

/ lu(x) —u(y)|ve(x — y)dydx < Kg1lulpvae) + 2lullpiq) / ve(h) dh. (3.11)
|h|>8

Therefore, letting ¢ — 0 implies that

1im5up/ lu(x) —u()|ve(x —y)dydx < Kg1lulpv(e)-

e—0
Recalling that u € BV(Rd), u =u | and 02 satisfies (1.12), i.e., |Vu|(92) = 0 we have

5=
[l Bv (2 (s) =0 [“l gy (g = lulBve-

The following result involves the collapse across the boundary 92.

Theorem 3.5 Assume 2 C RY is open then for any u € WP (R?) we have

e—0

timsup?2 ] Ju(x) — w17 = )y dx < Koy [ 19000 dx,
QQC Q2

limi(r)le // lu(x) —u()|Pve(x —y)dy dx > Kq / [Vu(x)|? dx.
e—

s 0a
The same holds for p = 1by replacing W' (Rd) with BV(Rd).

Proof We only prove foru € wlr(RY), the case u € BV (RY) is analogous. The sets 2 and
= {x e R? : dist(x, Q) > 8},8 > O are open. By Theorem 3.3, we get

de/|Vu(x)|pdx <11m1nf/ lu(x) — u(y)|Pve(x — y)dy dx,
QQ

Ka,p / [Vu(x)|? dx < 11m1nf / lu(x) — u(y)|Pve(x — y)dy dx.
Us Us

Since Us C € and Ny, (x) — Tpa \ﬁ(x), forall x € R? as § — 0, it follows that

Kap [ 1vucor ax <timint [ ) — uo)Put - 3 dy d.
Rd\ﬁ QeQe

Accordingly, together with (3.1), we deduce the desired result as follows

lim sup 2 //|u(x) —u(y)|Pve(x —y)dy dx
QQc

e—0
= lim sup // // // lu(x) — u(y)|ve(x — y)dy dx
e—0

RA R QeQe
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= Kap(IV01? oy = 19010 gy = IV2007, a5 )

= Kd,p/|Vu(x)|pdx.
aQ

The reverse inequality follows analogously, since by exploiting (3.10) (or (3.11)) one easily
gets

Ka,p / [Vu(x)|? dx > lims(l)lp// lu(x) — u(y)|Pve(x — y)dy dx,
e—>
a QQ

Ka.p / IVu(x)]? dx > lim sup // u(x) — u(y)|Pve (x — y)dy dx.
e—0
Q¢ QeQe

[m}

Next we establish a pointwise and L'(2) convergence when u is a sufficiently smooth
function.

Lemma3.6 Ler Q@ C RY be open and u € CC] (RY). The following convergence occurs in
both pointwise and L' (2) sense:

ggnlo/ 1) — u()[Pve(x — y)dy = K p[Vu(ol?.
Q

Proof First proof of Lemma 3.6. Let o > 0 be sufficiently small. By assumption Vu is
uniformly continuous and hence one can find 0 < n = n(o) < 1 such thatif |[x — y| < n
then

[Vu(y) — Vu(x)| < o. (3.12)

Let n, = min(n, 8,) with 8, = dist(x, d2) so that B(x, n,) C 2 for all x € Q. Consider
the mapping F : Q x (0, 1) — R with

Flx.e) = / Cx) — u()IPve(x — y)dy = / ey — ux + 1)\ ve(h) i,

QO{lx—yl=n} |hl<nx

In virtue of the fundamental theorem of calculus, we have

1
Flx.e) = / ‘/Vu(x+th)-hdt.pv5(h) dh

[hl=ny O

= / [Vu(x) - h|? ve(h) dh + R(x, &), with theremainder

[R]=<nx

1 1
R(x,¢) = / ‘/Vu(x—i—th)-hdz’p—‘/Vu(x)-hdt’p ve (h) dh.
0

[h<nx 0
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The mapping s > G,(s) = |s|” belongs to C'(RY\{0}) and G (s) = pGp(s)s~!
Thus, we have

Gy(0)—Gpla) =0 — a)/G’p(a +s(b —a)) ds.
0

Seta = Vu(x)-hand b = fol Vu(x + th) - h dt so that the relation (3.12) yields

1
1G(b) — G pa)] < p|b—a|/|(1 —$)a+ sbl” ds

1

< IV} o, |h|f’*1/|w<x +th) — Vu(x)||h| dt
0

< po | Vull {17

Integrating both sides with respect to v (k) dh, implies that

[R(x,8)| < pGIIVulle(Rd) / |h|Pve(h) dh.
[h]<nx

Since flh|< |h|Pve(h) dh — 1 as & — 0, by the formula (2.3), letting e — O and 0 — 0
successwely yields R(x, &) — 0. Whereas, using polar coordinates, the relation (1.9) and
the Remark 2.3 gives

Nx
IVu(x) - h|P ve(h) dh:/rd+p—1dr / [Vu(x) - w|Pdog_ (w)
[h=<nx 0 gd-1
e—0
= Ky p|Vu(x)|? / |R|Pve(h) dh —— Kqg,p|Vu(x)|”.
|| <ny

0
Therefore, we have F(x, ¢) = Ky, pIVu(x)|?. Furthermore, a close look to our rea-
soning reveals that we have subsequently shown that

lirr%] / lu(x) —u(W)|Pve(x —y) dy = Kq p|Vu(x)|?, forall§ > 0. (3.13)
e—

QN{|x—y|<d}
This is due to the fact that, for all § > 0 we have

() = uIPve (e = y)dy < 27 ull} 4 oo, / ve()dh =5 0. (3.14)
QNflx—y|>d} |h|>8

Hence we have the pointwise convergence as claimed, i.e., for all x € 2 we have

lin})/ u(x) —u(M|Pve(x —y)dy dx = Kq,p|Vu(x)|”. (3.15)
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To proceed with the convergence in LY(), according to the Schéffé lemma [34, p. 55], it
suffices to show the convergence of L' (€2)-norm. Choosing R > 1 such that suppu C Bg(0),
we write

//|u(x)—u(y)|Pv8(x—y)dydx: // () — u()[Pvex — y) dy dx

QQ QxQN{|x—y|<R}

4 // () — u()[Poex — y) dy dx.
QxQN{|x—y|>R}

Since |u(x) — u(x + h)|? < 2P(1 A |R|P)||u|? ) and fRd(l A |h|Pyve(h)ydh = 1

wioo(Rd
one gets
Heo= [ e =) dy s [ e+ 1P di
QN{lx—y|<R} [hI<R
p P
<27 Null, o -
Noting that supp H. C Byr(0), one finds that H.(x) < 2p||”||pwl,OO(Rd)]leR(0) with

15,,00 € LY(Q), the pointwise limit in (3.13) and the dominated convergence theorem
imply that

e—0

lim // u(x) — u(y)|Pve (x — y) dy dx = Kq,p / Viu(x)|? dx.
QxQN{|x—y|<R} Q

We thus obtain the following convergence of L!(€2)-norm as expected

lin})// lu(x) —u()|Pve(x —y) dy dx = Kq ), / [Vu(x)|? dx,
E—>
QQ Q

since, by assumption on v, one has
e—0
[u(x) —u()|Pve(x — y)dy dx <27 ||M||£p(g) / Ve (h)dh — 0.
QxQN{|lx—y|>R} |h|>R

Second proof of Lemma 3.6 when u € Cf (RY). Note that if we put G,(s) = |s|? then
G, e C2(RY\{0}). The Taylor formula implies

u(y) —u(x) = Vu(x) - (y —x) + O(lx = y[*), x,y e RY,
Gy(b) —Gpla) = G’p(a)(b —a)+00b—a)?, abe R\{0}.
Hence for almost all x, y € Rd, we have

lu(y) — u(x)|? = Gp(Vu(x) - (y — x) + O(ly — x[»)
= |Vu(x) - (y — 0)I” + O(ly — x|P*1h.

Set §, = dist(x, d€2). Passing through polar coordinates and using the relation (1.9) yields
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/ () — u()[Pve(x — y) dy

B(x,5y)
b +1
= ‘W(x).h‘ ve(h) dh + 0( G vs(h)dh)
Ihl'<s Ih<5

Oy
- / V) u| doy-1) / - verar + 0 / h17* v, (hyah)
gd—1 0

[h| <8y
= K. p [Vu(x)|? / vg(h)dh+0< / |h|1’“v8(h)dh).
(hl'<8, Ihi<s,

Therefore, letting ¢ — 0 in the latter expression and taking into account Remark 2.3 gives

lim / u(x) — u()Pvs (x — )y = Kq,p|Vu(x)|?.
B(x,8y)

The pointwise convergence (3.15) readily follows. Since on the other side, we have

—0
) = w0l = )y = 2l [ ey ah S0,
Q\B(x,8x) |h]=0x
Thus the remaining details follow by proceeding as in the previous proof. O

We are now in position to prove Theorem 1.3.

Proof of Theorem 1.3 Assume A, = oo then by Theorem 1.1 we have ||Vu|rrq) = oo for
1 < p < ooand |u|gy@) = oo for p = 1. In either case the relation (1.13) or (1.14) is
verified. The interesting situation is when A, < oo, i.e., by Theorem 1.1, u € whp(Q)
ifl < p<ooandu € BV(Q) if p = 1. We provide two alternative proofs. As first
alternative, the result immediately follows by combining Theorem 3.3 and Theorem 3.4. For
the second alternative, consider 1 < p < cooru € W'1(Q). By Lemma 2.12 there is C > 0
independent of ¢ such that for u, v € wbhr(Q),

IUsllLr@xe) — I VellLr@xey| < U = VellLr@xey < Cliu = vyt )

where we deifineUs (x, y) = |u(x) — u(y)|v}/?(x —y) and
Ve(x,y) = [(x) — v }/P(x = y).

Therefore, it suffices to establish the result for u in a dense subset of W7 (2). Note that
cx (R?) is dense in WP () since 2 is a W' 7-extension domain. We conclude by using
Lemma 3.6. m]

As consequence of Theorem 1.3 we have the following concrete examples.

Corollary 3.7 Assume 2 C R? is an extension domain and u € LP(2). If we abuse the
notation |Vullp1q) = lulpy(e) for p = 1, then there holds

@ Springer



Partial Differential Equations and Applications (2023) 4:16 Page 31 of 36 16

|u(x) = u(y)|? IS4
lim (1 - )// W 7 BN ydx = . KapVull? o).

y|d+3p
d 1
lim e~4~P lux) — u(y)|? dy dx = IS g Vull?
e—0 Y Y o d+p &.p Lry:
QxQN{|lx—y|<e}
L |u(x) — u(y)|? |S4-1]
1 d = "7 dydx = Ka o IVull? yoons
fime = T Kl Vel

QxQN{|x—y|<e}

lux) = u(y)|? -
// —— o —dydx = 187Ky VUl -

lx — y|d+p
QxQN{|lx—y|>¢e}

lim
e—0 |loge|

Proof For the first relation, take ve(h) = de g, p|h| =471~ with a, 4., = 2205 For the

[s4-1| -
second and third take vg (h) = lgj_ﬁlls’d’ﬂ]lgg (h) B € {0, p}. For the last one, fixed g9 > 1,
_ be _ plloge|
take v.(h) = STl Toge] ]lBso\Bs (h), by = eyt pllogel” where one notes that b, — 1 as
g — 0. O

Proof of Theorem 1.6 Let E C 2 be compact with a nonempty interior. Consider the open
set E(8) = E + Bs(0) C Q2 where 0 < § < 1 Adist(dR2, E) so that flh\>5 ve(h) dh < 1.

Denote d|Vu|?(x) = |Vu(x)|P dx, u € WhP(Q). Using (3.10) and (3.11) with € replaced
by E imply

/us(x) dx < Kap /c1|w|"(x)+2"||u||i,,(m / ve(h) dh. (3.16)
E E(5) [h|>6

Hence, since f|h|>8 ve(h) dh < 1,the family of functions (i), is bounded in LY(E).Invirtue
of the weak compactness of L L(E) (see[8, p- 116]) we may assume that (), converges in the

weak-* sense to a Radon measure pg,i.e., (e — LE, @) io) Oforall ¢ € C(E) otherwise,
one may pick a converging subsequence. For a suitable (£2) jen exhaustion of £, i.e., Q’js

are open, each K; = Q is compact, K; = Q C Qjyrand Q = U]eN j» it is sufficient
tolet p = ug; = Kd,p|Vu|P on K. We aim to show that u = Ky, ,|Vu|?. Noticing 1
and Ky ,|Vu|? are Radon measures it sufficient to show that both measures coincide on
compact sets, i.e., we have to show that ug(E) = Ky p fE d|Vu|?(x). On the one hand,
since we(E) — u(E) and fh\>8 ve(h) dh — 0 as e — 0, the fact that u € WHP(Q) or
u € BV (S2) enables us to successively let ¢ — 0 and § — 0 in (3.16) which amounts to the
following

/dME(X) < Kd,p/ d[Vul? (x).
E E

On other hand, since E has a nonempty interior, Theorem 3.3 implies

Kd,p/ d|w|P<x>sngggf/ () — u()IPve (x — y) dy dx
E EE

< 11m/ug(x)dx—/d/LE(x).

E E
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Finally u(E) = pe(E) = Kap fE d|Vul?(x). Whence we get du = Ky ,d|Vul? as
claimed. ]

A consequence of Theorem 1.6 is given by the following analog result.

Corollary 3.8 Let Q@ C R? be open. Let u € WP (R?) and define the Radon measures

djLe(x) = / lu(x) — u(y)|Pve(x — y)dydx.
Rd
The sequence ([ ) converges weakly on 2 to the Radon measure dju(x) = Kg, ,|Vu(x)|? dx,
i.e. Le(E) ZO) W(E) for every compact set E C Q. If u € BV(2), p = 1, then
du(x) = Ka,1 d|Vu| (x).

Proof Let E C Q2 be a compact set so that § > 0 with § = dist(E, Q) > 0. Thus, we have
0
Hie(E) = / o) = w1 ve (e = y) dyde < 277 a7, o / ve(h) dh = 0
EQc |h|>8
Form this and Theorem 1.6 we get fie (E) = e (E) + fie (E) <=% w(E). O

Next, we sate without proof the asymptotically compactness involving the case where the
function u also varies. The full proof can be found in [18, Theorem 5.40] and [28].

Theorem 3.9 Assume Q C R? is open, bounded and Lipschitz. Let the family (ug), such that

sup (1 + [ 106 = e 1P = ) dy ) < oo,
e>0 QQ

There exists a subsequence (&), with &, — 07 as n — oo such that (ug, )n converges in
LP(2) to a function u € LP(2). Moreover, u € whp(Q) ifl < p<oocorue BV(Q)if
p=1

Counterexample 1 We consider the fractional kernel ve(h) = e 4, ,h|~4=1=9P p > 1,

pe(l—e)
1S4=1)

where ag g p = .We puts = 1 — ¢ > 0 and consider the nonlocal seminorm

alyrey = el o /|u(x>—u<y)|1’vs(x—y>dydx

_ ps(l—s)// ) —u P

|Sd—l| |x _y|d+sp

Case d = 1. For an illustrative purpose we start with the case d = 1. Consider Q =
(=1,0) U (0, 1) and put u(x) = —% if x € (—=1,0) and u(x) = % if x € [0, 1). If we put
s = 1 — ¢ then we have

dy dx 00 if sp>1,
|u|ws Q = ps(l — S)// =
Py (x + y)lHsp 731_];) (2 =217y ifsp < 1.

(i) Clearly, u € WHP(Q) forall 1 < p < oo with Vu = 0 on . Note however that,
the weak derivative of # on (—1, 1) is &p; the Dirac mass at the origin. It follows that
u ¢ whr(-1, I)foralll < p <ocoandu € BV(—1, 1) with |u|py1,1) = 1.
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(ii) Moreover, 2is nota W1-P-extension domain. Indeed, assume z € W1-?(R) is an exten-
sion of u defined. In particular, # € WI'P(—L 1) and u = u on Q. The distributional
derivative of 7 on (=1, 1) is Vi = 8, This contradicts the fact thatw € W1-? (R).

(iii) Since integrals disregard null sets, we have ||lullws.r(@) = llullws.p—1,1) forall 1 <
p <oo.Ifl < p <ooands > 1/p then |lu|lwsr) = llullws.r-1,1) = 00 and hence
u ¢ WSP(Q). Thus the embedding W!-7(Q) — W*?(Q) fails. However, if p = 1
we getu € W5 !(—1,1). Since s = 1 — ¢ this also implies that

if 1,
A,,_hmlnf|u|Wv @ {TO ;flljil

Case d > 2. The above example persists in higher dimension. Consider 2 be the unit
ball B1(0) deprived with the hyperplane {x; = 0} that is, 2 = B+(O) U B_(()) where
Bli(O) = B1(0) N {(x',xg) € R? : +x; > 0} and u(x) = 2 B+(0)(x) B (O)(x)
Denoting balls in R?~! as B/ (x"), we have {(x, y) € RY xR? : x4, yq € (0, 1/2), X,y —
x' e 31/4(0)} C Bl+(0) X B1+(0). Enforcing the change of variables y' = x" + (x4 + yqa)h’
so that dy’ = (xg + yg)¢~" dh’ yields
d+sp
|lys.p () = 2e.d.p / / (" =¥+ (a+ya)?) 7 dydx
B (0) B} (0)
1/21/2

72 Z—IH% ’ /
>2asdp x' = Y17+ (xa + ya)?) dy dx"dyg dxq

1/4(0) 31/4(")

1/21/2
dxg dygq
= 2ac.4,p| B (O)I// / -
&d,pl21/4 (1+|/fl/|2) +1 (xq + ya)1+sp
0 / I
|h |<4(«\d+yd)
1 1/21/2
Xatya = dxg dys
= Ps(l —S)KdPS//(xd_;’_yd)H»?p
I | B{ /4(0)| / dn’
K = _
e

B0

Analogously, since B (0) x B{"(0) C {(x, V) eRIXRY: x4,v5 € (0, 1), x' € Bi(O)}
we have
d+sp

ey =2aen [ [ (8 =3P a3 dy
B (0) Bff (0)

1 1
2 2\~ 52
fzag,d,p/// /(|x’—y’| + (g +ya)?)” 2 dy dx'dyq dxg
0 0

B(0) R4~
1

_ sl dxq dyq
ps( _S)deS (xd+yd)l+yp
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), B / dn’

K =
d.ps = 7S e

Note that Kéy ol < Kji’ s < Kji’ 20" Using the case d = 1 we draw the following conclusion,

| | _ |p 00 if sp > 1,
u u|yys. =1 (1—s o .
W) WP () 377;]}(2—21 SPY ifsp < 1.

(i) Clearly, u € WwhP(Q) and u ¢ WLP(B(0)) for all 1 < p < oo. However u €
BV (B1(0)).
(i) Moreover, (i) implies that €2 is not a W!-?-extension domain for 1 < p < oco.
(iii) Asintegrals disregard null sets, we have [|u||ws.»() = lullws.r(B,0) = ooforl < p <
oo and s > 1/p and hence u ¢ W5 P (2). Thus the embedding Whr(Q) < WS P(Q)
fails. However, if p = 1 we getu € W*1(B;(0)). Furthermore, we have

oo ifp>1,

Ap_hmmf|u|wp(9)v :1 itp=1

Proposition 3.10 For any e € S~ we have

r(9)r(s)
(AP 1)

M(S2)r(3)

Proof The case d = 1 is obvious and we only prove for d > 2. Since K4, is independent

of e € S971, it is sufficient to take e = 0,---,0,1). Letw = (w',1t) € S9! with 1 €

(=1, 1) sothatw’ € v/1 — 12892, The Jacobian for spherical coordinates gives doy_1(w) =
dog— z(w )dt

N\&

Kip=-—— w-el’ dog_1(w) =
d,p |Sd_1| Stl—]| | d l( )

(see [20, Appendix D.2]). Therefore, noting IS~ = wy_1, we have

N
1 p doa— 2(w )dt
Kgp=——+ Pdoy_ =
d.p §4T] /5(171 lwal’dog—1(w) o 1/ / N
—1V1=2gd-2
2
- /z!’)\/ — 128~ 2‘ dt s = Z0d=2 /(1 2 P dr
@41 @41
) d—1 p+1 NCONES!
_ @42 /(1 7t)%’lt%*ldt _ wd—23< iy p+ ) _ @2 2 2
W4-1 Wd-1 2 2

oo (%)

Here B(x, y) := fol(l —0)* =14, x > 0,y > 0 is the beta function which links to the
Gamma function by the relation B(x, y)I'(x + y) = I'(x)I"(y). The claim follows by using
1/2. O

the formula wy_1 = 1“261 d//;) along with F(%) =7
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