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1 Introduction
In his pioneering work [18], Serrin proved that if there exists a solution of the following

overdetermined boundary value problem for a smooth bounded open connected domain

QCR”
Au=-1 in €,
u=0 on 092,

g—': =const=c onadf2,
then the solution u is radially symmetric and €2 is a ball. Here, v denotes the outward unit
normal to 9. His proof is based on the moving-plane method, which was initiated by
Alexandrov [2]. Immediately, Weinberger [20] gave an alternative simple proof of Serrin’s
symmetry result, which was based on the maximum principle for a suitable subharmonic
function and some integral identities. Thereafter, overdetermined boundary value prob-
lems have been actively studied. For instance, Serrin’s symmetry result has been general-
ized into space forms (see [4-6, 9, 11, 15, 17] for example and references therein).

On the other hand, one may still expect the radial symmetry of the solutions to overde-
termined problems in annular domains. To describe this precisely, let 29 and €2; be simply
connected bounded C? domains in R” (1 > 2) such that Q; C Q. For the annular domain
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Q:= Qo \ Q1, consider the following overdetermined boundary value problem

Au=-1 inQ,
u=0, g—;’ = on 9, (1.1)
u=a>0, W ondQ,

av

where v is the outward unit normal to 92 and ¢y, ¢, and a are real constants. In 1990,
Philippin [13] proved that if each domain ; (i = 0, 1) is star shaped then the solution to
the overdetermined problem (1.1) is radially symmetric and the domain €2 is a standard
annulus (see also [1, 12] for more general related results). Under the additional condition
that 0 < u < a in Q, Reichel [16] obtained the same result. Later, Sirakov [19] removed
the extra condition (see [8, 21] for n = 2). Recently, Kamburov-Sciaraffia [7] constructed a
bounded real analytic annular domain  C R”, which is different from a standard annulus,
satisfying that the overdetermined problem (1.1) admits a solution # € C*(Q) with a > 0
and ¢y =¢; < 0.

In this paper, we generalize the above Serrin-type result for annular domains in R” to
space forms by using the maximum principle for suitable subharmonic functions and some
integral identities. This approach was also used to obtain the radial symmetry of solutions
to partially overdetermined problems in domains inside a convex cone in space forms by
the authors of [10]. In Sect. 2, we study overdetermined problems in annular domains
with inner spherical boundary in the unit sphere S”. For the equations Ay = —ncosr and
Au + nu = —n, we obtain radial-symmetry results (see Theorem 2.1 and Theorem 2.2).
Moreover, we prove rigidity theorems (Theorem 2.4 and Theorem 2.5) for annular do-
mains in S” under suitable conditions on the inner spherical boundary. In Sect. 3, we con-
sider the equation Au — nu = —n on an annular domain with outer spherical boundary in
the hyperbolic space H”". In Theorem 3.2, we are able to prove a Serrin-type symmetry
result for such domains. Furthermore, under the additional assumption that the annular
domain is weakly star shaped (see Definition 2.3), we obtain the same result with a weak-
ened Dirichlet condition on the outer spherical boundary (see Theorem 3.3).

2 Annular domains with inner spherical boundary
In this section, we study overdetermined boundary value problems in an annular domain
whose inner boundary is spherical. Before we state our results, we start with some nota-
tions. Let M” be an n-dimensional space form of constant sectional curvature K =0, 1,
and —1: the corresponding spaces are the Euclidean space R”, the unit sphere S”, and the
hyperbolic space H", respectively. These spaces can be regarded as the warped product
space M = I x S"~! with the metric g = dr? + h(r)*ggs-1, where r denotes the distance from
the pole p of the model space and ggs1 denotes the round metric on S"~!. Moreover, the
warping function /(r) is given by

o h(r)=ronl=1[0,00)in R"

e h(r)=sinronl=[0,7) in §";

e h(r) =sinhr on I = [0,00) in H".

Now we prove the radial symmetry of the solution to an overdetermined boundary value
problem on annular domains in S” with inner spherical boundary (see Fig. 1).

Theorem 2.1 Let Q2 be an annular domain in S \ Br(N) such that 0Br(N) C 02, where
Br(N) C S" denotes the closed geodesic ball of radius 0 < R < 7 centered at the north pole
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Figure 1 An annular domain €2 with inner spherical boundary

N € S". Suppose there is a solution u € C*(Q) satisfying that

Au=-ncosr=-nh' inQ,
u=0, g—’: =const = ¢; on 92\ dBr(N),
u=const=a>0, 3—’: =sinR on dBr(N),

where v is the outward unit normal to 02 and r(x) = dist(N,x). Assume that either Q is
contained in the upper hemisphere S" or u is positive. Then, 2 is the standard annulus
{x € S": R<r(x) < Ry} and the solution u is radial and is given by
u(x) = cosr(x) — cos Ry,
where Ry = sin" (=c1).
Proof Inthe case where €2 is contained in S, we see that u is positive in £ by the maximum
principle. Thus, we may assume that u is positive in Q.
A straightforward computation yields
Hessh'=-Wg and AW =-nk,
where Hess /' denotes the Hessian of /' and g denotes the metric of S”. Note that

(Au)* < ntr(Hess® u), (2.1)

where Hess? = Hess o Hess. Moreover, equality holds if and only if Hess « is proportional
to the metric g. By the polarized Bochner formula,

ANV(u-H),Vu)=(V(A(u-H)),Vu)+(V(u-H),V(Au))

+2tr(Hess(u — i) o Hess u) + 2Ric(V (u - '), Vu). (2.2)
From (2.1), it follows that
tr(Hess(u — ') o Hess u) = tr(Hess® u) + i Au = tr(Hess® u) — nh™ > 0.
Thus, (2.2) becomes

AV (u-H),Vu) = -n{V(u—H),VH)+2(n-1)(V(u~H),Vu).
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Since u > 0 in ©, we obtain
/Q ulV(u—H),Vu)dV
>-n fQ uV(u—H),VH)dV +2(n-1) /Q ulV(u—-H),Vu)dVv.
Since

. u
— =sinR=— on aBR(N)»
ov av

using the divergence theorem, we obtain

fQ(V(u—h’),V(uz))dvzf

Q

:/ uzi(u—h’)dazo,
i O

v

Q

which yields
/ ul(V(u—H'),Vu)dV =0.
Q
From (2.4),

/ Wl (1= ), VH)dV = - / Wl (1= ), ~VH)dV

= —/ u|V(u - h’)|2dV.
Q
Combining (2.3), (2.4), and (2.5),
/ uA(V(u —h/), Vu)dV > n/ u|V(u - h’)|2d\/ > 0.
Q Q
On the other hand, from Green’s identity,

/uA(V(u—l/),Vu)dV:/(V(u—h’),Vu)AudV

0 ,
+ [agu%(V(u —-h ),Vu)do

u

- /B V(=) Vi

do.

v

Using the divergence theorem and the boundary conditions, we obtain

fQ(V(u —H),V (ul))dV = /

Q

:/ uh/i(u—h/)da =0,
a0

v

Q

div(u’V(u- 1)) dv - f WA(u—-h)dv

div(uh'V(u-H))dv - / uh' A(u—H)dv

(2.3)

(2.5)

(2.6)

(2.7)

Page 4 of 22
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which implies that
/Q(V(u — ), Vu)AudV = —n/Qh’(V(u - ), Vu)dV
—n /Q Wl (=), VH)dV
=_n/9u|v(u—h/)|2d1/§o. (2.8)

Since 9€2 is a level set of u, Vi is parallel to v on 2. Thus,

‘/m(V(u—h/),Vu)g—z do = c12/ (V(u—h/),v>d0

9Q\9B
o’ f (V (- ), v)do
Q2
=c;? / Alu-H)dv =0. (2.9)
Q

Substituting (2.8) and (2.9) into (2.7),

qu(V(u—H),Vu)dea/ i(v(u—h/),vbt)da. (2.10)
Q 0Br(N) 9V

To compute the right-hand side of (2.10), we choose alocal orthonormal frame {e;}7 ; such

that
e, = —.

ar

Since u, is constant on dBg(N) and each e; is tangent to dBg(N) foralli=1,...,n -1, we
have

u,; =0 on dBr(N) (2.11)
foralli=1,...,n— 1. Since dBg(N) is a level set of u,

;=0 and u;=0 on dBr(N) (2.12)
foralli,j=1,...,n—1. From (2.11) and (2.12),

cos
Au=(n- 1),—rur + U, on dBr(N),
sinr

which yields that
R
—nh' = (n- 1)09S (-sinR) + u#,, on Bg(N).
sin
That is,

Uy =—nh'+(m—1)cosR=-h on dBr(N).
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Note that

DAV (), Vi) = (99 (= ), Vi) (3 (= ), 9,94
=2Hessu(Vu,v) — Hess /' (Vu, v) — Hess u(Vh’, v)

0
=2Hess u(Vu,v) + h/a—u —Hessu(VH,v)
v

) du h,au on
= —_— + [ — —_—
Uy T ey Ty

= sinR(u,, + h/) =0 on dBr(N).
Thus,
/Q ulV(u—H),Vu)dV <0. (2.13)
Combining (2.6) and (2.13), we conclude that
/Q ulV(u—H),Vu)dV =0.
Note that the equality in (2.6) holds when V(x — /') = 0 in Q. Thus,
ulx)=h +c=cosr+c

for some constant c¢. Since u vanishes on 92 \ 9Br(N) and Q is connected, the set
92 \ 9Br(N) is the boundary of the geodesic ball Bg, (N) centered at N with radius
Ry = cos™!(—c). Hence, Q must be the standard annulus {x € S” : R < r(x) < R;}. Further-
more, the constant ¢ can be expressed in terms of the constant ¢;. To see this, observe that
on a2\ dBR(N)

ou . .
™ = (—sinrVr,Vr) = —sinR; = ¢y,

which implies that R; = sin"*(c;). Therefore, the solution is given by
u(x) = cosr+c=cosr—cosRy,
where
Ry =sin"}(=¢). O

We remark that the center N of the geodesic ball Br(N) can be replaced by any point
p € 5" in Theorem 2.1. In this case, the solution  is radially symmetric with respect to
the point p. Note that consistency requires -1 <¢; <0 and R< R;.

Theorem 2.2 Let Q be an annular domain in S’ \ Br(N) such that 9Bgr(N) C 92, where
Br(N) C S'! denotes the closed geodesic ball of radius 0 < R < % centered at the north pole



Lee and Seo Journal of Inequalities and Applications (2023) 2023:45

N € §". Given R < Ry < 7, suppose there is a solution u € C2(Q) such that

Au+nu=-n in ,

_ du _  sinR
u=0, T = "ok on 32\ 3BR(N),
u=const=a>0, g—"f = % on 0BR(N),

where v is the outward unit normal to 0. Then, Q2 is the standard annulus {x € S" : R <

r(x) < R} and the solution u is radial and is given by

1
u(x) = — (cosr(x) — cosRy),

where r(x) = dist(N, x).
Proof Using the Bochner formula and (2.1), we have
A|Vul? = 2(V(Au), Vi) + 2 tr(Hess® i) + 2Ric(Vu, Vie)
> —2n|Vu|* + %(Au)2 +2(n—1)|Vu/|?
= %(—n — nu)Au —2|Vul?
= -2Au - Au’. (2.14)
Define
P(y) := |Vu|* + 2u + u?.

Then, (2.14) shows that P is a subharmonic function in 2. We claim that the function P is
constant in 2 and the constant a satisfies that
COsR

a+1-= .
cos Ry

To see this, we first note that, on the boundary 9€2, the function P is given by

.
P < T on 992\ dBx(N),
+2a+a®> ondBg(N).

sin2 R
cos2 Ry

Suppose that
sin® R 2 sin® R,
+2a+a” >
cos2 Ry cos2 Ry
Then,
, sin?R; —sin®R 1-cos?Ry — (1 -cos?R) cos’R
(a+1)"> +1= +1=

cos2 Ry cos2 Ry cos?R;’

Page 7 of 22



Lee and Seo Journal of Inequalities and Applications (2023) 2023:45 Page 8 of 22

Since a is positive,

cosR
a+1> (2.15)
cos Ry
By the maximum principle,
)
sin“ R
max P(u) = max P(u) = ——— + 2a + a’.
Q aQ cos2 R,
Since P is not a constant function under our assumption, we have
P
™ >0 on dBr(N) (2.16)
v

by the Hopf lemma. Choose a local orthonormal frame {e;}}; such that e, = % Since u,
is constant on dBg(N) and each e; is tangent to dBg(N) fori=1,...,n -1,

u,; =0 on dBr(N) (2.17)
foralli=1,...,n — 1. Since dBr(N) is a level set of 4,
u;=0 and u;=0 on dBr(N) (2.18)

foralli,j=1,...,n—1. From (2.17) and (2.18),

cosr
Au=m-1)—u, +u,, on dBr(N),
sinr
which yields that
R inR
—n—-na=mn- 1)09S _sm + U, on dBp(N).
sinR \ cosR;
That is,
cosR
Uy =-n—-na+m-1) on dBr(N).
cos Ry
Thus,
P Ju u
— =2Hessu(Vu,v) + 2— + 2u—
ov av ov

ou ou u
=2Uy— +2— +2u—
Jav av ov

sinR [ cosR
cosR;

=2(n-1)

-1 —zz) on 0BR(N).
cos Ry

By (2.15),

oP
— <0 on dBR(N),
av
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which is a contradiction to (2.16). Therefore, we see that

sin® R , _ sin®R;
—— +2a+a” < . (2.19)
cos?R; cos2 R;
Then,
COsSR COSR
- <a+l< . (2.20)
cos Ry Cos R;
Suppose that P is not a constant function. Then, we obtain
. 2R
p< N o 2.21)
cos2 R;
by the maximum principle. Let
d
X=h—,
ar
where /(r) = sinr. Clearly,
H(r)=cosr>0, H'(r)=-h(r), and divX=wnh' onS". (2.22)
From (2.21),
sin® R, 9
/ Hdv > / PH dV = / (IVul*h + u*h +2ul’) dV. (2.23)
cos? R1 Q Q Q
Note that
(Vh’, Vu) = (h”Vr, Vu) =i'u,.
Applying the divergence theorem, we obtain
/ \Vul*H dV = / (V(ul), Vi) dV - / u(VH,Vu)dV
Q Q Q
= / div(uh'Vu)dV - / ul' AudV — / ul'u, dV
Q Q Q
/ au /
:/ uh'— do —/ uh (—n—nu)dV+/ uhu,dV
aQ v Q Q
RsinR
= 9B ()| +r1/ uh' dV
cos Ry Q
+n / W' dv + / uhu, dV. (2.24)
Q Q

Using (2.22), we see that

0 1
/uhurdV:/ u<Vu,h—>dV:—/<Vu2,X)dV
Q Q or 2 Ja

1 1
== / div(u’X)dV - = / w? div(X)dV
2 Ja 2 Ja

Page 9 of 22
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1
:—/ uZ(X,v)dG—z/ WK dV
2 Jaa 2 Ja

2

=-Z sinR|0Br(N)| - 5/ Wi dV,
2 2 Jo
which is equivalent to
a? 2
/uzh/dV:——sinR|BBR(N)|——/ uhu, dV.
Q n nJjq

Substituting (2.24) and (2.25) into (2.23), we obtain

sin® R,

/h/desinR}aBR(N)\( cosR “('”1))
Q

cos? Ry cosR; n

2
+(n+2)/uh’dV—<1+—)/uhu,dV.
Q njJa

Using the following Pohozaev identity [3-5, 14, 20]

Vu|? -2
div(| 2u| X—hu,Vu) = nT|Vu|2h/—hu,Au,
we have
/ div(|Vul’X - 2hu, Vu) dV
Q
=(n—2)/ |Vu|2h’d\/—2/hur(—n—nu)dV.
Q Q
From (2.24) and (2.25),
/ div(|Vul>X - 2hu, Vu) dV
Q
=(n—2)/ |Vu|2h/dV+2n/hu,dV+2n/ uhu,dV
Q Q Q
RsinR
:(n—2)<%|BBR(N)| +n/ uh’d\/+n/
1 Q

cos Q

+2n/(X,Vu)dV+2n/ uhu,dV
Q Q

RsinR
:(n_Z)(M|aBR(N>| e [ty en [
cosR; Q Q

+(3n—2)/ uhurdV+2n/ div(uX)dV—2n/ udiv(X)dV
Q Q Q

COsR

=(n-2)a sinRyaBR(N)y( —a) —2ansin R|dBg(N)|

cos Ry

+(n+2)</ uhu,dV—n/uh’dV).
Q Q

uzh’d\/+/

ul dV)

(2.25)

(2.26)

(2.27)

Page 10 of 22
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On the other hand, since

ou
Vu=—v onof2,
av

applying the divergence theorem, we have
/ div(|Vul’X - 2hu,Vu) dV
Q

=/ |Vu|2(X,v)do—2/ (X, Vi) (Vu, v) do
R IR

=—/ |Vul|?(X,v)do
aQ

.2 s 2
sin“ R sin“ R

- 1/ (X,v)do — — / (X,v)do
cos* Ry Jyo\aBp(\) cos* R1 Japp(n)

. 2 . 2 .9
sin“ R . sin“ R; —sin“ R .
=— div(X)dV + ————(—=sinR|0Br(N
cosle/;z VXAV + cos? R; ( s } ( )‘)
. 2 . . 2 . 2
R R Ry - R
_Sin"Ry /h/dV—sm (sin® Ry — sin )|8BR(N)|. (2.28)
cos2R; Jgo cos? Ry
Combining (2.27) and (2.28),
nsin2R1 /h/dV: _sinR(sin2R1 —sin®R) |8BR(N)|
cos?R; Jo cos? Ry

R
-(n-2)a sinR‘BBR(N)‘ ( cOS® _ a>
Ccos Ry

+2na sinR!BBR(N)|

+(n+2)<n/ uh/dV—/ uhu,d\/). (2.29)
Q Q

Combining (2.26) and (2.29),

sin® R — sin® R; COSR
0« — "7 oan-1)
cos? Ry cosR;

+2an+ (2n-1)a’.

Using (2.19), we can rewrite the above inequality as

cosR
0<-a*-2a-2a(n-1) +2na + (2n - 1)a?
COS R
CcosR
=2an-1){a+1- .
cosR;

However, this is a contradiction to (2.20). Therefore, we see that P is a constant function.
It follows that the two boundary values of P must be equal:
sin?R;  sin’R )

T = 3 +2a+a”,
COS*R;  cos? Ry

Page 11 of 22



Lee and Seo Journal of Inequalities and Applications (2023) 2023:45 Page 12 of 22

which gives

cosR

a+1=

= . 2.30
cos R ( )

Since AP =0 in €2, the equality in (2.14) holds. This implies that Hess # must be propor-
tional to the metric g by (2.1). Thus,

Hessu = %g =(-1-u)g. (2.31)
Let y : ] — S’ be a unit-speed maximal geodesic satisfying that

y©) =N, Vyuy'(s)=0 and [y'()|"=1.
Define f(s) := u(y(s)) on J. Then,

£(s)=(Vu,y'(s))

and by (2.31)

F7(8) = (Vo Vit v (9)) + (Vit, V(97 (5))
=Hessu(y'(s),y'(s))
~ (1= u(y @)y ©)
=-1-f(s).

By the boundary conditions along dBg(N),

sinR

CosRy’

f(R)=a and f'(R)=-

Thus, we obtain the following initial value problem:

f'(s)+f(s)=-1 on],
fR) =~k
f(R) =a.

The general solution is given by
f(s) =c1coss+cysins—1
for some constants ¢; and ¢,. From the initial conditions,

sinR

=f'(R) = —c;sinR + ¢y cos R,
cos Ry

a=f(R)=c1cosR+cysinR-1.
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Using (2.30), we obtain

sin® R 1
COsSR; cosR;’

c1=(a+1)cosR+

R
cosR =0.
S I

¢y =(a+1)sinR -

Thus, the solution to the initial value problem is given by

coss
-1.

fs)=

cos Ry
Since f(s) depends only on the distance, we conclude that

1
u(x) = Sos Ry (cosr(x) — cosRy),

where r(x) = dist(x, N). Since u vanishes on 92 \ dBg(N) by the boundary condition, 92 \
dBRr(N) is the boundary of the geodesic ball centered at N with radius R;. Therefore, 2 is
the standard annulus {x € S” : R < r(x) < R }. O

In Theorem 2.2, we assumed that the annular domain is contained in the upper hemi-
sphere S” and assumed that # = 4 > 0 and ‘g—': > 0 on the inner spherical boundary. Instead,
assuming each boundary component of the annular domain is geometrically rather simple,
we are able to prove the same radial symmetry of the domain in the case where u =a < -1

and g—f)‘ < 0 on the spherical boundary.

Definition 2.3 An annular domain 2 is called weakly star shaped with respect to p if each
component of the boundary 92 can be written as a graph over a geodesic sphere with

center p.

Theorem 2.4 Let Q2 be an annular domain in S" \ Br(N) such that dBr(N) C 092, where
Br(N) C S denotes the closed geodesic ball of radius R centered at the north pole N € S".
Assume that 2 is weakly star shaped with respect to N. Given R < Ry < 7, suppose there is
a solution u € C2(Q) such that

Au+nu=-n in Q2
u=0,  fe-_dnl on 32\ dB(N)
u=a<-1, 3—;‘ = c::‘gl <0 on dBr(N),

where v is the outward unit normal to 0. Then, 2 is the standard annulus {x € S" : R <

r(x) < Ry} and the solution u is radial and is given by

u(x) = c 1

oS (cos r(x) — cos Rl),

where r(x) = dist(N, x).
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Proof Define two P-functions as follows:

Pw)=|Vul> +2u+u*> and DPu)= (Vi, Vi) + ubl + I,
where h(r) = sinr and r(x) = dist(N, x). Then,

AP>0 and AP=0.

The function P on the boundary is given by

sin? R
Plu) - m on I\ dBR(N),
2
022211;1 +2a+a®> ondBr(N).
Suppose that
sin’ R 2 in? R,
+2a+a

cos? R, cos? R,

In this case, we use the same argument as in the proof of Theorem 2.2 to obtain a contra-
diction. Therefore, we see that

,  Sin*Ry
5+ 2a+a” < 5
cos? R; cos’ R;
which gives
cosR COsSR
<a+l<- .
cos Ry Ccos R,

(2.32)

Now suppose that neither P nor D is a constant function. Choose an orthonormal frame

{e1,...,e,} on dQ\ dBR(N) such that e, = v. Using the same argument as above, we obtain

u; =0, u,; =0, u;=0 forallij=1,...,n-1

By the Hopf lemma,

aP ou ou
0< v 2Hessu(Vu,v) + 2— +2u
v

av
PP

av av
_ 2sinR;

(ttyy +1) on a2\ 0BR(N).
cosR;

Since C“()‘:llfl < 0 by our assumption,
Uy +1>0 ondQ\ IBr(N). (2.33)
Note that both the maximum and minimum values of the function P are attained on the

boundary of Q2 because D is a harmonic function. We have the following two possibilities:

Page 14 of 22
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(a) D has the maximum value at y1 € 92\ 0Br(N);
(b) P has the maximum value at yo € 0BR(N).
In case (a), by the Hopf lemma,

P oW ou oK
0<—@)= Hessu(Vh’, v) + Hess /' (Vi, v) + u— + i
av av v adv
on  du W 0u N
=Upy—-N—+u—+h—+—
av av av v dv
on
=(Upy +1)—.
(uyy + 1) ™
Note that
on .
F —sinr(Vr,v) <0 on 92\ 0Bg(N),
v

since Q2 U Bg(N) is star shaped with respect to N. Thus,

uy(y1) +1<0,

which is a contradiction to (2.33). In case (b),

P 4 R
0<a—(y2)=%(n—1)<°°S —a—l).
v v

cosS Ry
Note that
on' . .
o —sinr(Vr,v) =sinR>0 on dBg(N).
v

However, (2.32) shows that
P
_()/2) 5 O)
av

which is a contradiction. Therefore, either P or P is a constant function.
Suppose D is a constant function. This implies that

ap
— =0 onadf2
av

and
U, +1=0 onadQ\ IBr(N).

Then,

apP
r 0 ond\ IBr(N).
v

Since P has the maximum value on 92\ dBr(N), P is a constant function in €2 by the Hopf
lemma. Thus, we may assume that P is a constant function. Therefore, the two boundary
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values are equal, which implies that

sin”R;  sin®R )
T = ot 2a+a”.
COs? Ry cCos?R;

The remaining part of the proof is exactly the same as that of Theorem 2.2. Finally, we

conclude that

u(x) = . 1

-~ (cosr(x) —cosRy),

where r(x) = dist(N, x). Moreover, Q2 is the standard annulus {x € S" : R < r(x) < R{}. O

In Theorem 2.4, changing the boundary conditions on dBg(N) into

ou  sinR
u=a>-1 and — =
Jdv  CcosRk;

>0 on dBgr(N)

gives the same conclusion. More precisely, applying the same argument as in the proof of
Theorem 2.4, we have the following.

Theorem 2.5 Let Q2 be an annular domain in S" \ Br(N) such that 0Br(N) C 02, where
Br(N) C S} denotes the geodesic ball of radius R centered at the north pole N € S". Assume
that Q is a weakly star-shaped domain with respect to N. Given R < Ry < 1, suppose there
is a solution u € C*(Q) such that

Au+nu=-n in Q
u=0,  fe-_dl on 32\ dB(N)
u=a>-1, g—f}‘ = 02?11;1 >0 on dBr(N),

where v is the outward unit normal to 0K2. Then, 2 is the standard annulus {x € S" : R <
r(x) < R1} and the solution u is radial and is given by

u(x) = . 1

~—y (cosr(x) —cosRy),

where r = dist(N, x).

3 Annular domains with outer spherical boundary

In the unit sphere S”, an overdetermined boundary value problem for an annular domain
Q with outer spherical boundary can be regarded as the problem for the domain with
an inner spherical boundary. To be precise, for p € S”, let Q2 be a domain in S” \ Br(p)
such that dBr(p) C 992, where Br(p) denotes the geodesic ball of radius R centered at p.
Then, Q2 is also a domain in B, _g(—p) such that 9B, _r(—p) C 2. This observation gives
the following result, which is basically the same as Theorem 2.1.

Theorem 3.1 Let Q be an annular domain in Br(N) such that 0Br(N) C 0K, where
Br(N) C S" denotes the geodesic ball of radius 0 < R < 7w centered at the north pole N € S".
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Figure 2 An annular domain € with outer spherical boundary

Br(N)

Suppose there is a solution u € C*(Q) such that

Au=—-ncosr=—nh' inQ,
u=0, 3—': =const = ¢; on 92\ 3Br(N),
u=const=a<0, g—f)‘ =—sinR on dBR(N),

where v is the outward unit normal to 02 and the function h(r) is defined as before with
r(x) = dist(N, x). Assume that either Q is contained in S’ or u is negative. Then, Q is an
annulus {x € S" : Ry < r(x) < R} and the radial solution u is given by

u(x) = cos r(x) — cos R;.

In the following, we prove the radial symmetry of the solution to an overdetermined
boundary value problem on annular domains in H” with outer spherical boundary (see
Fig. 2).

Theorem 3.2 Let Q be an annular domain in Br(p) such that 0Bg(p) C 02, where Br(p) C
H" denotes the geodesic ball of radius R centered at p € H". Given 0 < Ry < R, suppose there
is a solution u € C*(Q) such that

Au—nu=-n in ,
_ du _ sinhR
u=0, Er costhl on 92 \ 8BR(p),
_ _ u _ sinh R
u = const = a, 3 = "comr; O 0Br(p),
where v is the outward unit normal to 0Q. If 1 — CCO":;‘IQ <a<0, then Q is the standard

annulus {x € H" : Ry < r(x) < R}. Moreover, the solution u is radial and is given by

u(x)

= R (cosh Ry — coshr(x)),

where r(x) = dist(p, x).
Proof Let P(u) := |Vu|? + 2u — u®. Then, from the Bochner formula,

AP>0.
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Note that the maximum value of P is attained on the boundary of € by the maximum
principle. Using the boundary conditions,

sinh? R;
Plu) - cost2 Ry on 02\ dBg(p),
sinh? R 2
cosnZry 2a —a* on dBg(p).
From the assumption that 1 — % <a <0, wehave
S 1

, _ cosh’R
12 <

~ cosh®R;
Then,
2 o, < cosh?R ) (sinh®R + 1) — (sinh®?R; +1)  sinh®R  sinh® R,
a”—2a -1= = - .
~ cosh®Ry cosh® Ry cosh’?R;  cosh® Ry
Thus,
sinh? R 5 sinh?® R,
5 +2a—a > D B
cosh” R; cosh” Ry

which means that the function P defined on €2 attains its maximum value on dBg(p). Sup-
pose P is not a constant function. From the Hopf lemma, it follows that

oP
™ >0 on daBr(p). (3.1)
v

Choose a local frame {e;}?; such thate, = % Note that u, is constant on dBg(p). Since
each ¢; is tangent to dBg(p) for i = 1,...,n — 1, it follows that

u,; =0 on dBg(p) (3.2)
fori=1,...,n— 1. Moreover, since 3Bz (p) is a level set of #,
u;=0 and u;=0 on dBg(p) (3.3)

fori,j=1,...,n—1.From (3.2) and (3.3),

A ( 1)(:oshr ( 1)coshR sinh R 2Ba(p)
-n+na=Au=@mn- Uy =(n—1)— - + Uy ON s
e na u=u sinhr vt " sinhR \ coshR; tr 0 K
which yields that
hR
Uy =-H+na+(nm-1) cos on dBg(p).
cosh R,

It follows that

opP sinh R ( coshR

— =2(n-1
(2 =1) cosh R;

-1 <0 0Br(p),
av coshR; +a> <0 ondB(p)
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which is a contradiction to (3.1). Hence, P is a constant function and AP = 0. As before,
equality holds in (2.1), which implies that

Au
Hessu=—g=(u-1)g,
n

where g denotes the metric of H”. The same argument as in Theorem 2.2 shows that 2 is
the standard annulus {x € H" : Ry < r(x) < R} and

u(x) (cosh R, —cosh r(x)),

- cosh Ry
where r(x) = dist(p, x). O

coshR
cosh Ry

under the condition that the annular domain is weakly star shaped, the assumption on the

In the proof of Theorem 3.2, the assumption that 1 -

< a < 0isnecessary. Instead,

constant a can be weakened as follows.

Theorem 3.3 Let Q2 be an annular domain in Br(p) such that dBr(p) C 92, where Br(p) C
H" denotes the geodesic ball of radius R centered at p € H". Assume that Q2 is weakly star
shaped with respect to p. Given 0 < Ry < R, suppose there is a solution u € C*(Q2) such that

Au—nu=-n in S,
_ du _ sinhR;

u=0, Ty = coshR on 32\ 3Br(p),
= = Ou _ _ sinhR

u=const=a<0, 3y = "ok 0N 9Bz (p),

where v is the outward unit normal to 0S2. Then, 2 is the standard annulus {x € H" : Ry <

r(x) < R}. Moreover, the solution u is radial and is given by

u(x) (coshRy — cosh r(x)),

- cosh Ry

where r(x) = dist(p, x).

Proof One can prove Theorem 3.3 by using the same argument as in the proof of Theo-
rem 2.4. Here, we give the sketch of the proof. Define

Pw):=|Vul* +2u—u* and P:= <Vu, Vh’) —ull + 1,
where A(r) = sinhr and r(x) = dist(p, x). Then,

AP>0 and AP=o0.
The boundary conditions show that

Pl = o on 92\ 9Bz(p),

sinh? R _ 2
os?r 2a —a* on dBg(p).
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Suppose that
sinh® R 3 sinh® Ry
—— 2a—a” > -
cosh” Ry cosh” Ry
Then,
coshR
a-—1>- .
cosh Ry

Applying the maximum principle,

sinh® R 2
max P(u) = maxP(u) = ——— +2a—a".
Q a0 cosh” R;

By the Hopf lemma and the assumption,

P sinhR [/ coshR
0<—=-2mn-1)

-1 0 dBr(p),
av coshR; \ cosh R; i a) < on dBr(p)

which is a contradiction. Therefore, we see that

sinh? R 5 sinh® R,

(3.4)

coshR
<- .
~ coshR;

Suppose that neither P nor D is a constant function. Then,

JoP sinh R;
=2

0<— =
< v cosh Ry

(t#yy +1) on 3R\ 9Br(p),
which implies that
U, +1>0 ondQ\ IBr(p). (3.6)

Since P is harmonic, the maximum value of P is attained on 9. Suppose that P has the
maximum value at y; € 92 \ dBz(p). By using (3.6), the Hopf lemma and the assumption
that Br(p) \ Q is star shaped with respect to p,

/

ap dh
0< —(1) = (uyy + 1)— = (0, + 1) sinhr(Vr,v) <0,
av av
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which gives a contradiction. Now, suppose that P has the maximum value at 9y, € dB. Sim-
ilarly, by the Hopf lemma and (3.5),

apP Y4 coshR
o= -1 -1
0< 8v(Y2) ™" (n )< a )

cosh Ry *
hR
=sinhr(Vr,v)(n - 1)(COS +a-— 1)
cosh Ry
S 07

which again gives a contradiction. Thus, either P or P is a constant function. Suppose P is
a constant function. Then,

U, +1=0 ondR\ IBr(p),
which shows that

oP
Frl 0 ondQ\ IBr(p).
v

By (3.4), P attains its maximum value on 92 \ 9Br(p). However, from the Hopf lemma, it
follows that P is a constant function in Q. Thus, we have AP = 0 in 2. Now, we can apply
the same argument as in the proof of Theorem 2.2 to finish the proof. O
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