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1 Introduction
Let C" be the complex n-space and dv be the ordinary volume measure on C” that is
normalized so that f@. el dv(z) = 1. For points z = (21,23, ...,2,) and w = (W1, wa,..., w,)

in C", we write
n
W= szW/, |z| = v zz.
j=1

For every 0 < p < 00, @ € R, we denote by L4 (C”) the space of measurable functions f such
that

e @ ’
|[f||Lp=(/ Lf()*—\zl |P v(z) ) <00

1+ |z|)~

For p = 0o, we denote by L°(C”) the spaces of the Lebesgue measurable function f on C”
such that

f(2)e 2

zeC"} < o0.
(1 +|2])® }

Ifllge = esssup{

Let H(C") be the set of entire functions on C". Then, for a given 0 < p < 00, the Fock-

Sobolev-type space F with the norm || - gz =11l is defined as

Fr=IF(C")NH(C").
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Obviously, the Fock-Sobolev-type space F2 equipped with the natural inner product
defined by

, - _‘le v(z)

is a reproducing kernel Hilbert space for every real «. As stated in [4], with respect to
the above inner product, it is difficult to compute the reproducing kernel of F2 explicitly.
Hence, we use the equivalent norm with respect to a new measure |z|™ dv(z). In detail,
for o <0, we will let

g = [ soieie 40

and for a > 0 we let
Ve “‘/ f5 gz @e " dvia) + / Qg ()*'Z‘”ﬁj)

where f; is the Taylor expansion of f up to order 3 and f4 = f —f» . Now, we can make sure
2 2 2

that the inner product (-, -), generates a new Hilbert space norm on Fy that is equivalent

to the F; norm || - l|pz- In particular, if we define the norm | - || 5 on FL, when o <0, by

e dv(d)\?
uanp—(/ F@)e 'ﬁ)

and when a > 0,

2 d 5
(| o) ([ e 42

then we have that both || - || % 7 and || - || P are equivalent norms.
As is well known, F? is indeed a reproducing kernel Hilbert space (see [4, Lemma 2.1]
for more details). Therefore, we have

K& (w Z dp(w

where {¢;} is any orthonormal basis for F2 with respect to (-,-),. Note that polynomials

form a dense subset of F4 (see [3, Proposition 2.3]). Also, note that monomials are mutually

orthogonal, which means that {;7;} is an orthonormal basis for F2. The arguments
that are identical to those in the probf of [3, Theorem 4.5] then give us that

I-5K,(w), ifoa <0;

K (w) = o

T 2K,(w) + (K)o (w), ifa>0.

2

Here, K,(w) = ¢ and Z° is the fractional integration operator defined as

I'(n+k) .
S }’l+S+ k(z) lfS Z 0;
Tf(e) = | ko T

I'(n+k) .
Zk>\s| r n+s+k}ﬁ<(z ifs<O.
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Now, it is easy to see that if o <0, (F2, ]| - ll2) is a closed subspace of L2 with respect to
{-»-)a. In this case, let P, denote the orthogonal projection such that

Z) = (f’ I<za )oc

for any f € L2. Unfortunately, the inner product (-,-), does not make sense on L? when
a > 0. That means we cannot define the Toeplitz operator on F? in the usual way in terms
of this inner product. However, according to the ideas of [4], it makes sense to define the
Toeplitz operator with the complex Borel measure on C” by the formula

Tf(2) = /«; FOORE e i dp(ow)
ifa <0and

1@ = [ Sz 00T dut)

—— _.2duw)
o [w]
/ fo( (w) K % (w)e e

if @ > 0. Note that if u satisfies

_wi2 dlinl(w)
K% |W\2 00, Cn,
/|<( )| (1+|w|)0‘< Z€

then the Toeplitz operator 77} is densely defined on F2. Segentially, we let
B(z,r) = {we C":lw—-2z| < r}

(B(z,r))

for z € C" and r > 0. Given a Borel measure p« on C”, the average of i« on B(z,r) is ‘:(B(z 5

Since the Lebesgue volume v(B(z, r)) > r?", we simply set the average function of u as
1r(2) = (Bl ).

For Borel measure p on C”, 0 < ¢ < 00, the t-Berezin transform of a Toeplitz operator on
C" is defined by

~ 1 w2 e dp(w)
%(2) = 7/ ke (w)e 2
. (1 + |2])(5-De <cn| 2 e [wl|*

if ¢ <0, and

1
~a
Z)= ——————
Mt( ) (1 + |Z|)(%_1)0‘

L 650 0 o

e [l e

lw|

(l + IZI)

if o > 0, where k3 Z(w) is the normalization of the kernel K (w), and, in general, we denote

k"‘ —K"‘||K°‘|| forO<p<o0,zeC"

B’
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Although there has been much more research on Toeplitz operators on Bergman or
Hardy spaces of various domains than on Fock spaces, Toeplitz operators on Fock spaces
have been studied for many years, see [10] and references therein for examples. In 2014,
Mengestie had characterized the Toeplitz operators with positive measure symbols be-
tween classic Fock spaces F? and F2°. In more detail, the Toeplitz operator T, : F— Fy
is bounded (compact) if and only if i is a (vanishing) (1, q) Fock—Carleson measure, where
1 <p <g<oo,ifand only if s, [i; € L* for some or any ¢,8 > 0. The Toepitz operator
T, : F* — F} is bounded or compact if and only u is a vanishing (oo, q) Fock—Carleson
measure, where 1 < g < 0o, ifand only if {15, /i; € L' for some or any ¢, > 0. Those achieve-
ments would be based on some his own results in [7]. In his other paper [8], he had re-
searched the basic properties of Carleson-type measures of Fock—Sobolev spaces. It is
worth noting that the positive measure u is a (00, g) Fock—Carleson measure for 0 < g < co
if and only if it is also vanishing, if and only g, Lmg € L' for some or any ¢,7 > 0.

In 2019, Lv had, in [6], successfully obtained the boundedness and compactness of
Toeplitz operators with positive measure symbols on doubling the Fock space between F},
and F;° for 0 < p < co. She pointed out that Toeplitz operator T, () — F;° is bounded
(compact) if and only if x is a (vanishing) ﬁ Fock—Carleson measure. Conversely, the
Toeplitz operator T), : F° — FL is bounded or compact if and only if jis, /i; € L? for some
or any ¢,8 > 0. Something interesting attracts our attention, that is the so-called 1% Fock-
Carleson measure. As stated in [6], i is a (p, g) Fock—Carleson measure if and only if it is a
(¢p, tq) Fock—Carleson measure for any ¢ > 0, because it is also equivalent to both 715 ,02(]_1%)
and ﬁt,om_lz’ ) that are bounded. That is why we call it a 1% Fock—Carleson measure and

we write it as [[llz = [lill g z Luckily, these good achievements keep being correct
q 3

1
in the case of large Fock spac_ei,w(flgr which we can refer to our latest paper [1].

Unfortunately, this phenomenon will not occur in the case of Fock—Sobolev-type spaces,
because the definition of the largest Fock—Soboblev—type space FJ° differs, totally, from
doubling Fock spaces F;°. In other cases, including the classic Fock space, doubling Fock
space, and large Fock space, the infinite index would be thought of as the limit of the finite
index. However, This is not the case here. Moreover, F,° #lim,_, o FZ . In this paper, some
terminologies and symbols are still similar to those in [6]. We are going to achieve some
characterizations on those p > 0 such that Toeplitz operator T}, is bounded or compact
from F% to F2° and the converse case, respectively, for 0 < p < oco.

We will end this introduction with a comment on some notations.

Firstly, for conciseness, we will denote by I(,) the integral in Line (x). Take, for example,
that Iy refers to the integral in Line (1).

Secondly, for positive quantities A and B (which may depend on a variety of parameters
or variables), we will use the notation A < B if there exists an unimportant constant C such
that A < CB. The notation A 2 B will have a similar meaning. We write A ~ Bif A <B
and A 2 B at the same time.

2 Carleosn measures and related results
In this section, we are going to characterize Fock—Carleson measures. For this purpose,
we need some conclusions about the reproducing kernel K¢, which are partly from [3, 4].

Lemma 2.1 The upper pointwise estimate and the properties of the Bergman kernel K¢

are as follows:
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(1) Suppose that f belongs to the Fock—Sobolev-type space F, for any real a. Then, for
anyz,w e C", p,a,t >0, a € R, we have

M< po—ar AVW)
(L+ I2))® f.w_z|<tv(w)| C W

(2) The Bergman kernel satisfies

S exn(llzl2 4+ Liwl2 — Lz wi2) .
Ko ow)| < (L+|zllw])z exp(3l2]” + 51w|* = glz—w|?), ifa <0;
1+ wz)Zexp(3lz® + Slw|*> — §lz—wl»), ifa>0.

More specifically,
K2 (z)| ~ (1 + |z|)0‘e‘z|2

for any z € C", and there is a small enough ry > 0 such that
o o 1 2 1 2
’Kz (w)‘ pe (1 + |z|) exp §|z| + §|w| ,  VzeB(w,r).

(3) Together with the above, the estimate of the norm of the reproducing kernel is

a |72
1+ |z|)°‘_7’e%, 0<p<oo;

ISP

, p=00.

(4) For 0 <p < 00, the normalization of the kernel k,, , — 0 uniformly on compact
subsets of C" as |z| — o0.

Proof We only discuss the statement (4) in the case of p = 00, as the others are the basic
properties in [3, 4] like [4, Lemmas 2.1, 2.3] and [3, Proposition 4.8]. By the statement (3),
to be continued, we can easily see that

IKZ (w)]
I1KE I g

Iz
< |K§(w)|e‘7.
Moreover, in terms of the statement (2),

22 1+ |z|w) 2 expE w2 = Lz —w]?), ifa<0;
K w)]e ¥ < (1 + 2] |a) pGzIwl* - 5l )
(1+wz)Zexp(3lwl* - §lz—wf?), ifa>0.

This tells us the statement (4) is true when w is fixed and |z| — oo. O

Sequentially, we will study Carleson measures on FY.If > 0 is a Borel measure, then
we define the norm || - ”L{’;,,th(C") on L%, N H(C") by

dp(z)

|z|*

)

p _ ~(z)e 21 P +(g)e 2l P
I e /C e @e e dpta) + /C i@e 2 |

Page 5 of 21
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when o > 0 and

2,54,
WV e = [ V22,

|z|*

when o <0.If 0 < p,g < 00 and u is a weighted (p, g)-Fock—Carleson measure, then the

inclusion
p Fb — Lgyu ﬂH((C”)

is bounded. We call i a vanishing weighted (p, q)-Fock—Carleson measure for F} if

d
lim/ |(ﬁ)§(z)3_%|zlz|qdu(z)+/ |(ﬁ);(z)e—%\z|2|qﬂ =0,
j—>oo Jon q cn q |Z|a
when o« > 0 and
d
lim [;;(z)e-%lﬂq—“(z) -0,
j=o0 Jen |z|*

when a < 0, whenever {fj} is bounded in F% and converges to 0 uniformly on a compact
subset of C" as j — oo.

The following three theorems characterize (vanishing) (p,q) Fock—Carleson measures
for all possible 0 < p, g < co. All of them have been proven in [2].

Theorem 2.2 Let 0 <p < g < oo and > 0. Then, the following statements are equivalent:
(1) wisa (p,q)-Fock—Carleson measure;
2) +|z) (- ;)qa’v “(z) € L*°(dv) for some or any t > 0;
(3) (1 +lz]) %_%)qu s(z) € L*°(dv) for some or any § > 0;
(4) The sequence

(1 l
{(1+ |akl)'? 0 (a 5]
Jor some or any r-lattice {ax}32;.
Furthermore,

(1 +]- |)(1%—$)qw~a

[ r—— | 2ocian

(l,l
=~ (1+]-1)7 7 ||L°°dv)
1

1 1yag
~ @+ 1al) 7 B @) ) e

Theorem 2.3 Let 0 <p < g < oo and > 0. Then, the following statements are equivalent:
1) wisa vanishing (p, q)-Fock—Carleson measure;
©2) (1+]z)% q)qa~°‘(z) — 0as |z| — oo for some or any t > 0;
1 1
(3) (1 +1z|)r 7_7)qaﬁ5( ) — 0 as |z| — oo for some or any § > 0;
(4) The sequence

l

1_
tim (L+ Jagl) 2707, @) = 0

Jor some or any r-lattice {ax}32,.

Page 6 of 21
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Theorem 2.4 Let 0 < g < p < oo and > 0. Then, the following statements are equivalent:
(1) wisa (p,q)-Fock—Carleson measure;
(2) w is a vanishing (p,q)- Fock Carleson measure;
(3) (1+]z]) (5~ ‘11)”70‘~ “(z) € LP~ q(dv)forsome oranyt > 0;
(4) (1+1z) (5~ ‘11)qu s(z) € Lp- q(dv)forsome orany 8§ > 0;
(5) The sequence

1_1 00 P
[+ lax) P R}, e 1770

Jfor some or any r-lattice {ax}32,.
Furthermore,

(5-4)ae ~
ol pa opaeny = Q1D PR e,

LP=q
1_ 1y o
=) B

1 1y
= b))

The well-informed reader will note that the descriptions in Theorem 2.2 are a little dif-
ferent from those in [5, Theorem 3.4] and [9, Theorem 25]. The reason why this situation
occurred is mainly the measurement of the unit ball. For example, in the case of Fock-type

spaces,

i@ (1)) [ (127)]" = |Ban)| = Gl (127)] " [w/ (1)
for some constants C; and C,. See [9] for more information.

3 Bounded Toeplitz operators

In this section, we are going to achieve some characterizations on those 1 > 0 such that the
Toeplitz operator T}, is bounded or compact from F} to F2° and the converse, respectively,
for 0 < p < co. To study the compactness, we need the following lemma, part of which can
been found in [2, Lemma 3.2].

Lemma 3.1 Let 0 < p,q < oo and suppose | is a t-Fock—Carleson measure. The Toeplitz
operator T}, is well defined on FL. Moreover, for R > 0, the Toeplitz operator T}, is compact
from FY to FZ, where (V) = fVﬁ{z:\z|<R} du for V.C C" measurable.

Proof It suffices to discuss the case of an infinite index, because by [2, Lemmas 3.1, 3.2],
we can conclude that TZ‘ is well defined on F2 and Tﬁ R is compact from Ff to Fl for 0 <
P, g < 00, respectively.

For any f € F2°, by the definition of a Toeplitz operator, it suffices to prove that, for any
z€ C", when a >0,

2d
[l e 2

wl

- [ ol et ) M

[wi>1 [w|*
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2d
o[l el

| < Q.

(2)
Note that for a fixed small 0 < § < R, Theorems 2.2 and 2.3 show us that

1+ 1-1) () € L¥(@v),

3)
for some ¢, maybe different from the condition. Now, we divide the integral above into two
cases. When |w| > 1, [2, Lemma 2.3] tells us that

lf&'(W)l .
Ly S/N(ie 2

1+ |w|)* 2|W2>|(Kg)%(w)|e%IWZﬁa(w) dv(w)
()

Sl |

[ laeyyonjeter S
L© n 2

|W|t1

i
According to the proof in [4, Lemma 3.4], for any z € C"

< Z |z||m‘l"(n+|m|)

|m|+|t=1]e —*IW\

w dv(w)
o’ m!l'(n - 5 + |m|) (Cn| |

m>7

o
|m|>%

_ o |m| + |t - 1|
< 2 () " g 5T (o 2 ) <
< Y 12" (lmll) " A ) 5

On the other hand, the Cauchy integral formula over the unit polydisk and the maximum
modulus theorem show us that

a7f(0 a
—ff )‘Iwﬂy'-z
Y

< sup[f w)| Z |W|

|w|<2 /<>—

< sup [f(w)!(l + |w|)7q

|w|<2

|51‘11)1lf w)|Iw|"% < sup

[wl<1 a
lyl>%

(4)
Also, when |w| < 1, by Stirling’s formula,

|(K3)%(W)|IWI'% <|wl 2 Z _| Wk < Z _|Z|k
k>7 k>2-

(5)

Therefore, we can see that
f(w)l ) .
I < ———— ) (|(K*)% $)e 2’ g
(Z)N/Wkl(i??é(lﬂwna (65 00wt )e2" dut)
Sl [ (K 0019 dg
w|<1

ws(-)

S Wl TS

pREEE
LOO
k>$



Chen and Xu Journal of Inequalities and Applications (2023) 2023:44

Sequentially, in order to prove the compactness of T}, for g = oo, we suppose that
{filk=1 C F5(0 < p < o0) is a bounded sequence and f; uniformly converges to 0 on com-

pact subset of C" as k — oco. By Montel’s theorem, we will show that

Jm [T il e =0

By the definition of a Topelitz operator, we will omit the details about the case « < 0 and
the other comes into play:

o312
T —_—
’ H—Rfk(z)‘(l + |Z|)a
11212

/ 607 0] | (K25 ] dietow)

1+

~312? w2
¢ f 605 00 ()09 - o ©)

Now, we pay attention to the integral I(s), because the first will be discussed in a similar
way. For some suitable ry > 0, we divide the integral /) into

i _‘W'Zd w) )
= TWI(KE) g (W w 7
©= 11" /wmo ()i )| (K7) o ( e
— 1122 ~lw?
b [ Rl ) 0] duntw ®)
T+ L2 W<m|(ﬁ‘)“7(w)||(<2)%(w)| jjec “HE
According to the proof in [4, Proposition 3.2],

/ |K$(z)|pefglz‘2( dvﬁ)a S (14wl e, 0<p<oo. 9)
(Cn

Therefore, if we combine [2, Lemma 2.3] and the condition (3), the integral 7y comes into
play, when k — oo,

. o bieP o) Vs W = 13 w) dv(w)

Y@l Jrpzi=r' 2 (L w14 [w])(-0e
o312 7s() I(KZ) e (W)l

< s - sup }(fk)& (W)|2272

T+l [ A+ - DO | oo ropwi<r' 2 " eWP(1 + |w])t

~

fic(w)le 2 / IK:(z)]  dv(z)

roswi<r  (1+[w]) edle 32 (1 +|2))
On the other hand, in view of the estimates (5) and (4),

o312 ( Ifk(w)|e%|w|2) / . 12 dp(w)
S—| sup —— K)o (w) ezt 22
(1 + |Z|) \WlfIZ:)ro (1 + |W|)a |w\<r0|( )7 | |W|7

a

( ‘. Zsjl |S>( w)le” ZW'Z)H s ()
P — |z su
(L + 1) 2 |w\s§ro (1 + [w|)* 1+ )00« |,

/\

N

Page 9 of 21
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< |z|eIZe—%Iz'2( fi(w)le™ 2w|2>”
_— su
S ) ey (L (W] (1+|

Thus, when k — o0, the integral I(g) will tend to zero. Now, the proof is finished. O

Lo©

In the following, we will characterize the boundedness and compactness of positive
Toeplitz operators from Ff to F2° and from F2° to F with 0 < p < 00. Now, we state the
main results as follows.

Theorem 3.2 Let 0 < p < 00, and > 0. Then,

(1 13 : Fiy — F2° is bounded if and only if 1 is a p-Fock—Carleson measure.
Furthermore,

|z ||pg%pgo = el
(2) T;: FY — F2° is compact if and only if i is a vanishing p-Fock—Carleson measure.

Proof (1) First, we assume that T} : Fy — F%° is bounded. From the proof in [2, Theo-
rem 3.3], it follows that

~u a-< o kg,z e_%mz
|,U«2(Z)i S (1 + |Z|) i TM < ||kgz||Fp)(Z)
e k.
S+ 1) 7 T o o WS o || 2 "
¥4 o o

Together with Theorem 2.2, u is a p-Fock—Carleson measure. Furthermore,

el = sup 5@ (1 +121) S | T g e

On the other hand, if i1 is a p-Fock—Carleson measure, then 715(z)(1 + |z|)1%7°‘ is bounded
for & > 0. Given any f € Fy, we only want to obtain that, when o > 0,

-112?

sup | T2f (2) |

zeC” | |)a

31z )
/ [f (w) || K"‘ (w)|e“w| du(w)

~ g
ze(C" (1 + |z])* 2

o3l )
+Zecn(1+|z|)a/lf M)y

Now, we pay attention to the integral I1), because the first will be discussed in a similar
way. For some suitable r, > 0, we divide the integral /() into

I du(w) < 0. (11)

—%IZ\Z N w2
Ioyy = (16+W . V%(W)||(K§)%(W) e| | ) (12)
el . v
PR o« K%, 13
FTTI S N5 0T (13)
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If choosing an r-lattice {ax}(>1, then we can see that, by [2, Lemma 2.3] and the upper
pointwise estimate in Lemma 2.1,

e Vi w)le 2™ 3wl e () dvw)
I — K&Y)e 2 Z ’ 5
(DR (1+|z|) le,()'( Z)z w)| A+ w)r A+IWD* (14 w) >

Z‘le + 1 zA“ d
Sl Z / c |(1<§)%(W)|672\W|M

et T I Blan) (L 12D (1+ w)* >
() () e W)l g 31w
<|lf"1-"p S E——— sup 1 - e
L+ D57 2o gy Sy weBlaon) (1+]z])*  pill
1s() 1 e dv)
SWlg|———= sup / e 27| K%(2)]| ez )
Tl )% e wizro Jor K@)l (1+z])*

Next, the integral (;3) comes into play in a similar way as in the estimate I(g),

o blal? |(K2)s (w)] < [f(w)|e-%|wz> du(w)
Su

(13) ~ o o _a
A +12D* Suwtery (w|e2™? \wiczrg (14 w7 /(1 + |w))* ?

s(-)
1+ -7l

S |lf||F5

Allin all, T)j is bounded from FL to F2° and T3 2 poo = Nkl

(2) We suppose p is a vanishing p-Fock—Carleson measure. By Theorem 2.3,
ﬁg(Z)(l + |z|)%7a — 0, as|z| = oco.

As Ty, is compact from FY to F2° by Lemma 3.1, if we note that j — iz > 0, Ty ., is also
bounded from F% to F°. For r > 0,

lim sup (1 — ur),(2)(1 + |2])? ™ = 0.

0 zeCn

Therefore, the condition (1) tells us that, when R — oo,

” Tﬁ - T/ZR “Fgel—};’o ” =R ”Fgﬁlfgo = Nl = parlly

~ sup (1 - pur), (@) (1+]21)? " — 0.

zeC"

Hence, we can see that T" (FE > FZ° is compact.
Conversely, we assume that Ty : : Fiy — F%° is compact. Then, {5(z)(1+ |z|)1’ isbounded

for § > 0. Obviously, {”kg,z”}" :z € C"} is bounded in F. Therefore, {T( ||k°‘ : p) zeC"}
is relatively compact in FO?O. For any sequence {z;};>1 with |zj| — oo, there exists a sub-
sequence of {Tz(ukg;ﬁ)}izl converging to some / in F,°. Without loss of generality, we
may assume that

T“(Lﬁz” ) —h
1Kl

=0.
Fg°
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Our goal is to show /& = 0. We will only prove the case « > 0. For any w € C”, the definition
of a Toeplitz operator implies that

-5 wl? kS,
o (7 )
e whe |\ kS, g
o Wi o kL@
< £ - i -1E1 g
~ 1+ ) ’( )7 | ||k2,z~||F” ¢ wi)
B = [l o= — Wi Ol ) (14)
K2t 7 (). 14
(1 +[w 145,11 2 153
Now, we pay attention to the integral 4y and we divide it into two integrals for some
suitable R > 0
g2l (kS Ve (€)] o-leP
Ingy S 7_/ K)o &) ——=— du(§) (15)
(14) (1 +|w|)® \§|>R|( )j | ||/<§‘,z,.||pg HE
-3 iwp? (K5, Ve (6] g-ler?
e 2 + 2,zj 3 e
e )L ) e due). (16)
(1 +[wh)* ./g|<1e|( )7 | &5 e 161

First, the integral /(;5) is estimated by, after denoting by {ai}>1 an r-lattice and combing
with [4, Proposition 3.2],

- 1w o KL e pyE)d
Ins S et a/ |(K2) 5 @) — o ee fiale) V(i)
A+ wh Jigpr ™ 77270 kgl (14 18P 1+ 18N>

<H 210,
Tl

~Liwp?
K2 (£)|e- e € >
Lee k:lakZ>:R+r|:(§Ezl(l£oV)|( W)7(5)|e 1+ [w])*
x f (“'E'iil 22,(s>| dv(a]
Blar) (1 + |z1|) »)
o0

+ L2 aviw) )
3w K2, sle? _4V\W)
(L] )7 Loc(?f?e/ eI g Wl

MI»— NI»—A

ll 2
(1+g))2P" e 2kl
x T D)
ITp

| ZZ,@I — av(€)

k:|ag|>R+r Blag.n) (1 + |Z/|)
< H s (-)
(L+]-)*?

1 1
/ (1+15 - &) 277 e8¢ d(e).
Lo JE[>R

This implies the integral I(;5) will tend to zero as R — oo. Next, the integral I(;5) will be
divided into two subcases.

1
e 3lv?

(k3. ) e (E)] o151
I < —— K ; v
(16) > (1 + [w|)™ /$I<ro}( w)7(§)| ||k2,Zj||F(, HE

a / I(K2). \Hkg’z")%(s)'e_'g‘zd ®) (17)
+— w)e )| =g —— g du(®),
(1 + |w|)e ro<|E|<R 2 ”kz,zi”]rg 1§

(&)
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fora small enough 0 < rp < R. Since ; k“ — 0 uniformly on a compact subset of C” when

||
|z] = o0, it is easy to see that

2z,)+ )] e

i K@ ‘4
dim ] )5 €] iy e O
| PO i ey o)) 5Ol )
@+ )% e 5100 Jro<ig <z z ks ez (1 + €7

The other is, as follows, if we use a similar way as in the estimate (),

- 1w (K5 ()] ( (/ézj)g(éfﬂ) 6P du (&)
17) < o sup g =
(1+ |W|) |E|<ro |W|20‘”kgz ”Fp [E]<2r0 (1 + |E|)p (1 n |§|)a 5
e~z . Y e biEP
< — K%), ) — 4
~ 1+ [w)e /s|<ro(|( w)g @&l )(1+|$|)0,_17 (&)
< () ( k2 k) g3
NH A S kXZ: ! (1+|w|)®
< H s (-) lwlelle=a v
@477 e L+ W)l

This implies that the integral ;7 tends to zero if we let ry go to zero simultaneously.
All in all, we know that lim;;|.o T} (Hk"‘ T )(w) = 0 for any w € C". Do not forget that

limyz |00 T)5 ( |kazzﬁ z )W) = h(w) for any w € C” under the assumption. Hence, 4 = 0, that

T k%,z/.
13 ka ” »
” 2,21‘ Fy

This, together with the estimate (10), yields that, when |z;| — oo,

is

1
IZ~I—>00‘ 00
j F

~ a-% kg,z,‘
52| < (1+120)" 7 || T - 0.
Kl ) e
Hence, we can conclude that p is a vanishing p-Fock—Carleson measure. O

Theorem 3.3 Let 0 < p < 00 and (v > 0. Then, the following statements are equivalent:
(1) T%:F° — Fy is bounded;
(2) TY:Fy — Fy is compact;
(3) (1+z)*7 W% (z) € L? for some or any t > 0;
@) 1+ 2)* 7 is() e L? for some or any § > 0;
(5) The sequence {(1 + |ax|)*” Fﬁr(ak)}k:1 € I for some or any r-lattice {ax}32,.
Furthermore,

a2

- pﬁ&”uf

ki Py [CEA R PRy (R

= {O+lad) P @k -
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Proof Inview of [2, Lemma 2.4], the statements (3), (4), and (5) are equivalent.
(1) = (5): Suppose that 777 is bounded from F;° to FP. Let {ax}32, be an r-lattice and
{Aic}i=1 € %, and set

f@)= Z e T at

a Z) = kau
k _Z)\k%’ ZG(CH.
2

Ko llege = 1+ |al)”
We can claim that

feks® and |fllge S sup{Ail.

To that end, by the estimate (3) in Lemma 2.1, we can follow the norm ||k§

i e from that

1 1 2
A AT L LA
Wrleh™ ke (@) A +1D* ™ (1 la)

Hence, we have T}f € FY by the condition. Khinchine’s inequality and Fubini’s Theorem

show that
R RECT I
LA iwk(m, (?iklzaki;(Z) p (lf":)a dv(2)
é/ol T,i‘(ki Wit ﬁ) pg ’

where Wy is the kth Rademacher function on [0, 1]. By the bounedness of T},

(Z o Z“k(n) )

p

) dt < | Ty | e g S0P el
7

Using the property of an r-lattice, we will have the estimate in other directions,

o0

LG

To(ke, )(2)
Ak (x
1+ |ax])2

o512
) e

LG RCTE

nd ad > e 51z
2 d
N,ZI/ ( el E ) W+ e %
ad T“ (K3q)(@) P g1
2 av(z).
~ 121:/ T+ i)~ | (1+z]) V@)

By the upper pointwise estimate in Lemma 2.1, it is easy to see that

-5laj?

2%

- 5/

(L +lai)* ™ Jpan

4l

(1 +]zl)*

Ti(ks ) (@) P
1+ |ayl) 2

TSk, )(2) P
"1+ ay))3

av(z).
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The above analysis implies that

o 2 o (o 717”1_2
f i/\kT ( zak)(za) 2\ P e du(z) i/\ T3 (k3 )( i) ot
n\iog | L+ al)2 1+|Z| 17 A+ lghE | A+ e

Using the definition of the Toeplitz operator T}, and similar calculations as in [2, Page 42],

we can have the details as follows, when o <0,

[e¢]

2 [

=1

T"‘ k2a )a)) P

e_glailz

1+ |aj])

1+ |a0)” 3

> A d v
BB ([ vt
_ (1 + |tl | wp B(ajr) ™ |W|a

vV

1

[A;17 [w|™ P
S e dutw)
1+ |a) Blaj) (1+|aj])

j=1

~.

ZV

S LB

(1 + laj|)orer”

zv

j=1
In the case o > 0, because max,ccn {1, 2|} S (1 + |2|)* for any z € C”,

i -5l

‘T;; (kS0 (@) P
"1+ a))8

e 1+ |ay])

= |21

> Z (Lt a7 (A(aj,r)|(k§a,)%(w)|zeW do)
" /Bm,,r) |(k8,,) O] e dll:/—(l‘)‘W) )p

> Z (1 +||2 ||)a pa ( /B (a,,r)|kg’“f(w)|23_'w'2 % )p

2 Z (1+ ';/";a — ( / ((i : ||a,||;a M(W)>l,

> i oG w(Blay, )y

= Wl

If we set B; = |A;|¥, we then know that {Bi}Z € [*°. Thus, we further have

B ’
z@mmfwwww sl

»

1+ |a;))®
This implies that
Blaj,r) } < ” ”
~ T || o_, pP-
H{ (1 +1al)r ™ )iz HE— E
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In order to finish the proof, we only need to prove (4) = (2) when « > 0. The basic

inequality (a + b)? < 27"} (a? + b”) whenp > 1, (a+b)’ < a’ + b’ when 0 < p < 1 for arbitrary
positive numbers a, b tells us that, for any f € F,

o av)
[ mrere i S
_ _ 2 12 ' dv(z)
< - )\ [wl 5zl
NL( NIl e (W)) T+ 12D

+/ ( I ]| (2 w2 |2du(w>>P av(z)
cr cn 2 g (

wie ) Wele (18)

11

Now, we pay attention to the integral I(;5), because the first will be discussed in a similar

way. For some suitable ry > 0, we use that basic inequality again to divide the integral III
into

s ([ Ja;ll e e bt L)
[wl=ro

e (19)
+ (/ka | (K;)T% w)| VQ(W)P“W'Z % d|/:/(|:/)> ' 20)
After we put the integrals /(19 and I(50) into the integral I;;4), we find that
s [ ([, Vil Y e o
" / ; (fwkro gl |([jz) ::Vz)' d{;ﬁf)) (ldfg)a : (22)

If choosing an r-lattice {ax}x>1, we can see that, when 0<p <1

10 wz" p
19)N[ Z / I(a + W)Hf (w)| —3 el eilmw)dv(w)]

Ot
2 o
k:lag|=ro+r 1+ |W|)
<
~

~p
2 2 Hs(W)
sup |(K"’) (w)ﬁf w)|p Gl goplw? _ 62T -
k:\akIZroJrrWEB(“k") (1 +[w])»

i 512l -G Iwi?
S > 1“5& sup | (K&)' w) P St

Kelag|=ro+r ( + |ﬂk|)_a weB(ag.,r) 2 (1 + |w|)a

—p IKZYe I ()
< » M (ax) 2 4
~ ”f"F:?o Z 1 /I;(ak r)

kilag|>ro+r ( + |ak|)_a e%‘ZIZG%‘Wp (1 + |W|)a

< IVIIf:w/ e 57 [(K2) o () [P 5 128 (w) dv(w).
« Jon 2
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Next, Fubini’s theorem and the estimate (9) show us, in detail, that

P2 + 2~ dv(z)
) Blef? | (e 2§l
e W [ (f, e 5103 e S mton v ) 55

_P2 + 2 av(z)
p 2122 | (o P -Llwl ~p
sty [ ([ ety @pet (20 Yaton duw
4
P ws(w)
S/ ”f”FEO o (1 A |W—|)a_P0‘ dV(W)

Combining [2, Lemma 2.3], the estimate (9), and Holder’s inequality, we continue to esti-
mate the case p > 1 as follows,

+ a\t erlw2 ——zzA d( )
1 5 ([ If0PIK) e e b= o T )

1+ |w|)e

-1
: ( (& )Q(W>|e‘%'wze-%zlzm)p
cr 2 ( )

+(w pe_§|W| P
<[ VEOWE 2T s e vk b BRI v00)
wizrg (L W) : (L+ [were

P
< WFI1P —3 122 () w2 Hs(w) d
St [ e ey le i R v,

Again, Fubini’s theorem and the estimate (9) show us, in detail, that

K=Y, 001 22 )
Toy S 112 / ( /C it 2 w) V(w))( "2)

e (1 +|w|)ere J (1 + |z|)*

K2 W] gy(z) 5 (w)
<P s > d
~ ”f”F“ /C” (/C" et el >( v

2w (1+z])* ) (1 + [wl)*»e

~p
S IPee B av(w).
S Wz Jo, G e 0

Then, the integral /(5p) comes into that, after we use the estimate (4) twice,

Y5 O (wle 5\ dyu(w) 7
Ipo) S [/ ﬁ( sup f ) :|
[wl<rg e21% ez \jwi<2ry

@+wh ) w2

-5 121 p= 5wl
S W e 1t? (B(O, 7)) sup |1<°‘(w)|”

|w|<2rg |W|)p01
(B(0,r9)) + p€ 2|Z‘2 giwl?
| [I oo— su K¥)y W) ——————
e e e S18 1) s 0P =

<1 / e 5172 | (K2) s ()] e S B2 () ).
o cn 2

We can estimate the integral /(55 successfully using Fubini’s theorem like the integral /(7).
Allin all, the analysis above tells us that || T[] oo, z2 < <@+ D” b s |27 - Finally, taking
g as in Lemma 3.1, then we have u — ug > 0 and, moreover,

“ Tg - TSR HFgQ%Fg S ” (1 +1 |)a_%(m)6 “L!’ -0,
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when R — co. Lemma 3.1 shows us that 7}, is compact from F° to F4, and so is T},. The
condition (2) holds. O

The following theorem about the infinity case is not merged into Theorem 3.2, and the
reasons for this can be found in the Introduction section. However, its proof is similar to
that in Theorem 3.2. We can, however, give the details for completeness.

Theorem 3.4 Let > 0. Then,
(1) T3 :F° — FY is bounded if and only if ju is a 1-Fock—Carleson measure.

Furthermore,
|75 e e = el
(2) T) : F3® — F.° is compact if and only if ju is a vanishing 1-Fock—Carleson measure.

Proof (1) Suppose 1 is a 1-Fock—Carleson measure. It suffices to discuss
el
/ I( K"
cetn (L+ 2

when o > 0, for any f € F:°. Therefore, fix a small enough 7, > 0, and we will divide the
integral IV into two cases.

v

e 2 o
N = G o O o)
e’%'z‘z N —\w|2
’ (1+ [2) Iw\<r0|(]< )5 (W)Hf (W)| o ). (24)

First, by [2, Lemma 2.3] and the estimate (9), the integral /(53 is estimated by

1

‘Z|2 [fJ(w)|e’7‘W|

I - KX *(; -z o,
S (1+|z|> () W= e

|lw|>rg

~Liw2~

s (w) dv(w)

11,2
-3zl
1|W‘2 e

Sl lBsle > sup [(KE)u(w)|e?

o
Kilag|>r+ro weB(ay,r) 2 (1 + |Z|)
~ 1,2 1,2 dV(Z)
<l 723 e sup / B ) ) P Lad <l
: sop [, ¢ @l e

Using a similar way as in the estimate I(g), the integral I(»4) is estimated by

~3l? i - 5w
_ e 3 [f(w)le 2

Tom < ol ——— ) —gf TN
ey S sl <(1 el - Z 12 >(|Wsll_<ll2),0 (1 + |w))e

o lzfelen3 P fe(w)le=2
S sl o sup S ).
(1+z]) wi<zro  (1+|wl)

Therefore, our desired goal is obtained.
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On the other hand, we assume that T} : F;° — F;° is bounded. Similar to the proof in

[2, Theorem 3.3], we can calculate that, by the definitions of a Toeplitz operator and the
Berezin transform, that

T kS

5 (are)@
k3.,

(1+1z))°2

752)] < (1+120)™

e 2 \Z|

STl
~ TM FP—FES°

E®

(25)

Together with Theorem 2.2, u is a 1-Fock—Carleson measure. Furthermore,

~ sup %o ()] < [T
llally —Zseucgluz(Z)l ST | oo e

(2) Suppose that u is a vanishing 1-Fock—Carleson measure. By Theorem 2.3

s(z) = 0, as|z| — oo.

As T} is compact from F° to F2° by Lemma 3.1, if we note that st — g > 0, T, isalso
bounded from FJ° to F2°. Forr >0

Jim sup (10— i), 2) = 0.

— 00 ZEC"

Therefore, the condition (1) tells us that, when R — oo,

175 = T e = [ T Do = 590 (1= ), @) = 0.

Hence, we can see that T, : F° — F° is compact

On the other hand, we know that [i; (z) isbounded for § > 0. Obviously, {
is bounded in F°. Therefore, {T“(

Z

7 :z€C"}
I)2

e 7 ) : z € C"} is relatively compact in Fgo. Next, our
goal will be to obtain that, as in Theorem 3.2
ks,
lim T¢ <ia>(w) -0,
Jj—>00 (1+]z])2

for any w € C". By the definition of a Topelitz operator, we will omit the details about the
case @ < 0 and the other comes into play,

ks, e zIw?
Tg( ) )(w)
(L+1g)2 1+ [wl)*
emalw?
1+ [wh / &

|<kgz,> (5)|
~11w?
(1+| /|

N\Q |

57 4 (&)
A

2z,)* )] e e e
(1+|,|)-* gl i

N\Q +

(26)
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Now, we pay attention to the integral /(;5) and we divide it into two integrals for suitable
0<rg<R< o0,

! e 3 o) ‘l(kg,z,)g(S)le—lswzd : a7
=— w)aE)|———"— ——du
e 1+ wD* Jigsr 2 (I+1z])"2 51
- 1w [(k5, )% (E)] o181
e 2 + 2,zj 7 e
o K)o (8)
1+ w) VoISE|§R|( )7 |

A d

(L+1z)2 61 wié)

(K35, (§)] g-lel® o) 08)
1 +1z)°5 1§ #E

NR +

S s

+ K%), (&)
A+1wD* Jigjerg "

In view of [4, Proposition 3.2], the integral /(,7) is estimated by

e 3IwP oK) e ()] el g e)
Ton < —— k)% A
S T e /w'( 2Ol 0% Ty @

~§wl? 267215 dy()
< s oo ———— K3 o O (K)o )] ——r
S e [ @)@
<||ﬁs||Loo<sup/ e_%'w‘2|(1<“)1(w)|e‘%'5‘27dv(w) )
- gk J e i 1+ |wl)
i N _1e2 Av(E)
2151° | (K " ple= 7SS
Xk:lak|>R+r/1;(akvr)e ] |( Zj)i(g)|e 1+ 18]
<Nl oo 3150 (k) (£)] e 2P dv(€) .
S e (M

1K, )% (©)]
This implies the integral /(57 will tend to zero as R — co. Since ( 5 j_g — 0 uniformly
L+lg) ™2
on a compact subset of C” when |z;| — 00, it is easy to see that

(k3. ) ()] o151
lim |(K%)a !22’7% ¢ du) =0.
1zjl—=00 Jro<ig1<R 2 1+ |Zj|)77 t

Next, the integral I(»5) will be estimated by, in view of estimate (5),

- e 3w / I(K‘ﬁ)%(fﬂ 145, I 25
28) X P o Al
GO W whe oy 1615367 (14 1z]) 8
< g2 (K2 @) [ler$) Ljgp2
<— K)o (8)|IEI72)e 2 du()
A+ WD Jig1<r i
1 2
k3 e 2
< sl Y e wff——.
< sl kZ T T
>7

This implies the integral I(5g) tends to zero if ry goes to zero simultaneously. Thus, our
aims have been achieved. This, together with the estimate (25), yields that

kb‘t
2,Zj

~a < || 7 PR
ELCIISY i PN (L+2)7%

— 0,

FP

|zj| — oo.

Hence, we can conclude that u is a vanishing 1-Fock—Carleson measure.
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