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Abstract

In this paper we study a family of limsup sets that are defined using iterated function
systems. Our main result is an analogue of Khintchine’s theorem for these sets. We then
apply this result to the topic of intrinsic Diophantine Approximation on self-similar
sets. In particular, we define a new height function for an element of Q¢ contained in
a self-similar set in terms of its eventually periodic representations. For limsup sets
defined with respect to this height function, we obtain a detailed description of their
metric properties. The results of this paper hold in arbitrary dimensions and without
any separation conditions on the underlying iterated function system.

Mathematics Subject Classification 11J83 - 11K55 - 28A80

1 Introduction

Diophantine Approximation is the study of approximations of vectors in R¢ by ele-
ments of Qd. Given a set X C RY, it is natural to wonder how well elements of X
can be approximated by elements of Q¢ contained within X. Similarly, it is natural to
wonder how well elements of X can be approximated by elements of Q¢ lying outside
of X. These two questions are the motivation behind the topics of intrinsic Diophantine
Approximation and extrinsic Diophantine Approximation respectively. Often the set
X is taken to be a smooth manifold or a fractal set. A tremendous amount of work has
been done on these two topics when X is taken to be such a set. For further details we
refer the reader to the papers [7,9-11, 13, 14, 16-19, 26, 27, 34, 35, 37, 39, 40] and the
references therein. In this paper we study intrinsic Diophantine Approximation when
the set X is a self-similar set. We will provide a more thorough introduction to this
topic in Sect. 2. The main result of this paper is a general theorem on the metric prop-
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erties of a family of limsup sets defined using iterated function systems. As we will
see, this theorem implies a number of results in intrinsic Diophantine Approximation.

In what remains of this introductory section we will provide the relevant background
from Fractal Geometry and state Theorem 1.1, which is our main result. In Sect. 2 we
will show how Theorem 1.1 can be used to obtain a number of results for intrinsic
Diophantine Approximation on self-similar sets. In Sect. 3 we will prove Theorem 1.1.
In Sect.4 we will apply the mass transference principle of Beresnevich and Velani
together with Theorem 1.1 to deduce further results on the Hausdorff measure of
certain limsup sets.

1.1 Background from Fractal Geometry

We call a map ¢ : RY — R¢ a similarity if there exists € (0, 1) such that ||¢ (x) —
¢ = rllx — y| forall x, y € R?. We call a finite set of similarities an iterated
function system or IFS for short. An important result due to Hutchinson [25] states that
for any IFS ® = {¢,},c., there exists a unique non-empty compact set X satisfying

X={]Jd.(X).
acA

X 1is called the self-similar set of ®. When the elements of & all have the same con-
traction ratio, i.e. r, = ry foralla, a’ € A, then we say that an IFS is equicontractive.
Importantly we can view X as the image of A" under an appropriate projection map:
Let 7 : AN — X be given by

(¢ay 0+ 0 ¢ha,) (0) .

7 ((@iz) = Jim,
Here 0 can be replaced with any other vector in R?. Importantly the map 7 is surjective
and continuous (when A" is equipped with the product topology). Given an IFS
® = {¢,}4eca We define the similarity dimension of ® to be the unique solution to the
equation

Zri:l.

acA
We denote the similarity dimension of an IFS & by dimg (®). Notice that if & is
equicontractive then dimg (®) = ]f%: “‘r‘ where r is the common contraction ratio. It

is well known that the Hausdorff dimension of a self-similar set X always satisfies the
following upper bound:

dimg (X) < min{dimg (®), d}. (1.1)
For many iterated function systems this inequality is in fact an equality, see [15, 22,

23, 33]. We say that @ satisfies the strong separation condition if ¢, (X) N (X) = @
for all a,a’ € Asuchthata # a’. An IFS @ is said to satisfy the open set condition
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if there exists a bounded open set O such that ¢,(0) C O for all a € A, and
@a(0)Ng, (0) = P whenevera # a’. Itis known that the strong separation condition
implies the open set condition, and that under either of these assumptions we have
equality in (1.1).

To prove equality in (1.1) in the overlapping case one often uses self-similar mea-
sures. These are defined as follows: Given an IFS {¢,},c4 and a probability vector
P = (Pa) e > then there exists a unique Borel probability measure up satisfying

Hp = Z Pa - $allp-
acA

We call up the self-similar measure corresponding to ® and p. Given p, if we let
my, denote the corresponding Bernoulli measure on AN then it is also the case that
Mp = mmy. For our purposes we will only need to focus on one particular self-similar

measure, namely the one corresponding to the probability vector (rfl1 ims (®) ) 0 This
ae

self-similar measure is distinguished amongst the family of self-similar measures.
Studying its properties often allows one to prove equality in (1.1). For an IFS &,

we will denote the self-similar measure corresponding to (rsim3(¢)> 4 by ue, or
ac

simply p if the choice of @ is implicit. Similarly, we will denote (rgimS((D)) " by
ae

po or simply p, and the corresponding Bernoulli measure on AN by me or m. For a

probability vector p we denote the entropy of p by

hp == — Z Ppalog p,.
acA

Suppose now that in addition to p we are also given an IFS @, we then define the
Lyapnuov exponent of ® and p to be

Xop == Palogra.

We conclude this overview of the relevant topics from Fractal Geometry by intro-
ducing some notation. In what follows, we denote an element of US> | A" or ANbyaor
b. GivenanIFS ® = {¢,},c 4 andaworda = (ay, ..., a,), weletgy := ¢g, 0- - -0y,
and ry 1= ]_[;'=1 rq;- Given a word a we let X5 = ¢, (X). Given a finite word a and
a finite word or infinite sequence b, we let ab denote the concatenation of a and b.
For a finite word a we let a¥ denote the k-fold concatenation of a with itself. Simi-
larly a> denotes the periodic element of A™ obtained by concatenating a with itself
indefinitely. We denote the length of a finite word a by |a|. Finally, given a finite word
ac Uy A" welet

[al = { () € A" b1 . b =a
We will often refer to [a] as the cylinder set corresponding to a.
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1.2 Statement of Theorem 1.1

The family of limsup sets that will be the main focus of this paper are defined as
follows: Given an IFS @ and a function W : U> | A" — [0, 00), we let

0o 00 n—1
Wow):= (1 U U UB @ a@ii--a)™), ¥@).

N=1n=N ac A" [=0

Alternatively, W (W) is the set of x € R? such that for infinitely many 7, there exists
ac A"and 0 <! <n — 1 such that

Ix —m(ar - ai@r -+ an)®)| < V().

The connection between Wgq (W) and intrinsic Diophantine Approximation will be
made clear in Sect. 2. Our main result demonstrates that for certain choices of W, the
measure of We (W) is determined by naturally occurring volume sums. One cannot
expect such a behaviour to occur for all choices of W. Indeed Example 2.1 from
[2] shows that for a related family of limsup sets, if we want the measure of these
limsup sets to be determined by volume sums, then the underlying ¥ should reflect
the different rates of scaling within the IFS. As such we will often restrict ourselves
to W of the form

W (a) = Diam(Xa,) - g(|a]) (1.2)

where g : N — [0, 00). A similar restriction was also adopted in [1, 2, 5]. Functions
of the form

VY (a) = g(Diam(Xa)) (1.3)

for some g : (0,00) — (0, 00) were considered in a similar situation in [21] and
later in [8, Section 12.4]. Note that if ® is equicontractive, then the set of W of the
form (1.2) coincides with the set of W of the form (1.3). Moreover, both of these sets
coincide with the set of W such that W (a) only depends upon the length of a.

Our main result is the following statement.

Theorem 1.1 Let ® = {¢pq} 4 be an IFS and ¥ : U2 | A" — [0, 00). Then the
following statements are true:

1. Forany s > 0, suppose that

Z Z n-W)' < oo.

n=1aeAn

Then H* (We(W)) = 0.
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2. Assume that

hp < —2log ¥ pg (1.4)
acA

and V is of the form W (a) = Diam(X,)g(|a]) for some non-increasing g : N —
[0, 00). If

33 n- (Diam(Xa)g ()T ™ @ = oo

n=1ac A"

then p (We(V)) = 1.
3. Assume that ® is equicontractive and V is of the form V(a) = Diam(Xj,)g(|a])
for some g : N — [0, 00). If

D D n (Diam(Xa)gm) ™ = oo

n=1ac A"

then i (We (W) = 1.

We conclude this section with some remarks on Theorem 1.1.

Remark 1.2 Statement 3 of Theorem 1.1 was proved for the IFS {¢1 (x) = % P2 (x)
= )%2} by Tan, Wang, and Wu in [37]. Note that this IFS has the middle third Cantor
set as its self-similar set. In a recent talk Wang [38] commented that the methods used
in [37] could be generalised to prove Statement 3 of Theorem 1.1 for equicontractive
IFSs acting on R that satisfy the strong separation condition. During this talk Wang
posed the question as to what happens for IFSs that are not equicontractive. This
paper was in part motivated by this question and Statement 2 of Theorem 1.1 provides a
partial answer. Importantly, as well as providing information in the non-equicontractive
case, Theorem 1.1 also applies in arbitrary dimensions and requires no separation
assumptions on the IFS. The techniques of [37] do not apply in this generality. That
being said, our method of proof largely follows the same overall strategy as [37]. The
major differences being that we require additional arguments to control the different
rates of scaling within our potentially non-equicontractive IFS, and we also require a
new argument to address the potential overlaps that may be present within the IFS.
The latter argument uses ideas from [5, Section 7] where the author reinterpreted their
problem in terms of a limsup set on the sequence space AYN. This reinterpretation
addresses the problem of potential overlaps.

Remark 1.3 If & satisfies the open set condition then it is known that w is equiv-
alent to the restriction of the H4™s(®)_dimensional Hausdorff measure on X. As
such, under the open set condition, Statements 1, 2, and 3 of Theorem 1.1 pro-
vide a nearly complete description of the © measure of We (W) for W of the form
W(a) = Diam(Xj,)g(]a]). Moreover, if we assume that & is equicontractive and
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satisfies the open set condition, then Statements 1 and 3 do provide a complete descrip-
tion. In the overlapping case, i.e. when the open set condition is not satisfied, then
Statements 2 and 3 can be used to deduce a number of corollaries on the Haus-
dorff dimension of W¢ (W). For if dim i = min{dimg (®), d} and u(We(¥)) = 1,
then we must have dimg (Wg (¥)) > min{dimg (®), d}. Moreover because Wg (V)
is a subset of the self similar set X, and X satisfies (1.1), we must then have
dimg (We (X)) = min{dimg (P) , d}. The important part in this argument is determin-
ing when we have dim u = min{dimg (®) , d}. A number of significant breakthroughs
on this topic have been made in recent years, see [22, 23, 33]. These papers pro-
vide general sufficient conditions which guarantee dim 4 = min{dimg (®) , d}. We
won’t state the results of these papers in their full generality here. Instead we will
focus on one particular consequence that is relevant to our purposes. Suppose that
® = {¢p,(x) = rax + t,} is an IFS acting on R and that each r, is algebraic, then
it follows from the results of [33] that if ® does not contain an exact overlap then
dim p = min{dimg (®), d}. We recall that an IFS is said to contain an exact overlap
if there exists a, b € US> | A" such that ¢, = ¢p and a # b.

Remark 1.4 The inequality (1.4) and the non-increasing assumption on g in Statement
2 are both technical assumptions and are believed to be non-optimal. Note that in
Statement 3 there are no monotonicity conditions imposed on g. We expect that both
of these assumptions can be removed. For the purposes of our exposition, we highlight
that in the case of an IFS consisting of two similarities {¢1(x) = rix + t1, p2(x) =

rx + 1}, then (1.4) is satisfied if rfims ) satisfies

0.048. .. < rfms® 051

As such we see that (1.4) is satisfied by a significant proportion of those IFSs consisting
of two similarities. The inequalities above can be derived by considering the functions
f:(0,1) > Rand g: (0,1) > Rgiven by f(x) = —xlogx — (1 — x)log(l — x)
and g(x) = =2 log()c2 + (1 = x)?), and using a computer to determine those x for
which f(x) < g(x). We remark that when ® is an equicontractive IFS then we have
hp = —log Y ,c4 P2, and so (1.4) is automatically satisfied in this case. It follows
from this observation and the fact that the quantities on each side of (1.4) depend
continuously on p, that if we fix the number of maps within our IFS to be N for some
N e N and identify the space of contraction ratios with (0, 1)V, then for a non-empty
open set of contraction ratios the inequality (1.4) is satisfied. We will see another
explicit example where the inequality (1.4) is satisfied in Fig. 1.

Remark 1.5 1t is a simple exercise to show that a function g : N — [0, 0o) satisfies

55 n- Diam(Ka)g ) = o

n=1ac A"
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Fig.1 d={¢, ()c,y):2 ¢ o
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if and only if

oo .
S O — oo

n=1
It will on occasion be more convenient to use this latter divergence condition.

Notation. In this paper we will adopt the following notational convention. Given a set
S and two functions f, g : § — R we write f « g if there exists C > 0 such that
[f(x)| < Clgx)|forallx € S. Wewrite f < gif f K gandg < f.

2 Applications to intrinsic Diophantine approximation
2.1 Background

The study of intrinsic Diophantine Approximation for self-similar sets has its origins
in a question of Mahler [30]. He asked how well can elements of the middle third
Cantor set C be approximated by rational numbers lying within C. To the best of the
author’s knowledge, the first significant progress in this direction was the work of
Levesley, Salp, and Velani [29]. They considered rational approximations of the from
p/3". Or equivalently, rational approximations provided by the end points of the sets
of the form ¢, (C). They proved a general Khintchine type result for approximations
of this type, see [29, Theorem 1]. Using this theorem, they were able to prove that
there exist well-approximable numbers in the middle third Cantor set that are not
Liouville. This was an unproved assertion attributed to Mahler. Bugeaud also proved
this assertion using a different method in [13]. He in fact provided explicit examples
of elements of the middle third Cantor set with any irrationality exponent. In [14]
Bugeaud and Durand posed a conjecture on the value of the Hausdorff dimension of
the set of points in the middle third Cantor set whose irrationality exponent exceeds a
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given parameter. Interestingly this conjecture suggests that a phase transition should
occur for the value of the Hausdorff dimension of this set. The main result of [14]
shows that a version of this conjecture holds almost surely for a particular random
model of C. The following intrinsic analogue of Dirichlet’s theorem for C was proved
by Broderick, Fishman, and Reich [11].

Theorem 2.1 For any x € C and Q > 1, there exists p/q € C with 1 < g < Q such
that

1
q(10g3 Q)log 3/log2 "

x - plgl <

Theorem 2.1 was shown to be optimal by Fishman and Simmons [19], and Fishman,
Merrill, and Simmons [17].

The study of intrinsic Diophantine approximation for self-similar sets naturally
leads one to study limsup sets that are in a sense built using the underlying iterated
function system. A number of papers have appeared which study such sets, see [1-6,
31, 32]. Despite being a problem that was originally motivated by number theoretic
considerations, the study of these limsup sets is connected to topics from Ergodic
Theory and Fractal Geometry. Interestingly the metric properties of these limsup sets
can be related to the absolute continuity of self-similar measures, see [5].

2.2 Applications

For the rest of this section we restrict our attention to iterated function systems of the
form

- {qba(x):””“} .
acA

da

Where for all @ € A we have p, € 74, qq € Z, and g, also satisfies |q,| > 2. For this
IFS, the projection map 7 takes the following simplified form:

n(a) = an o 2.1)

For such an IFS, the following lemma connects those x contained in X N Q¢ with
eventually periodic sequences. It is a particular case of a more general result due to
Schleischitz [34]. For this reason we omit its proof.

Lemma 2.2 Let ® be an IFS of the form ® = [¢a(x) = %} Then for any x € X

we have that x € Q% if and only if there exists a € U>X A" and 0 <1 < |a| — 1 such
that

X =T (a1 Loaaj (aH_l ...a‘a|)oo).
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If x € Q7 and therefore by Lemma 2.2 is equal to 7 (a; ... a; (@41 .. - a|a|)°°) for

somea € Uon:pAn and 0 <[ < |a|] — 1, we can use properties of geometric series and

(2.1) to conclude that there exists p, € Z4 such that

_ P
p .
Hj:l 9aj * (H?=1+1 Gaj — 1)

One of the major difficulties in understanding the properties of the rational numbers
within a self-similar set is not knowing if any cancellation occurs between the entries
in the vector p, and the ]_[lJ: 19a; - (H’;’:l +19a; — 1) term. It is possible that these two
terms contain many common factors and as such x could be written in a significantly
reduced form. This makes studying intrinsic Diophantine Approximation for self-
similar sets challenging. This difficulty is avoided in this paper by considering the
quantity gin¢ defined below. For ease of exposition we split what remains of this section
into two cases, when @ is equicontractive and the general case. Our applications are
much simpler to state in the equicontractive case.

2.2.1 The equicontractive case

In this section we assume that ® is equicontractive, i.e. there exists go € Z such that
qa = qo for all a € A. By the above we know that if p/g € X then there exists
' eZ% neN,and0 < < n — 1 such that

/

N
ak (qé’fl — 1)

We define the intrinsic denominator of p/q € X to be

p/q =

la|=l _

Gint(p/q) = inf {ng (qq) 1) taeU® A" 0 </ <|a — I satisfying

p/g=m(ar...ai (a1 ... ana)”) }

This is a generalisation of the notion of intrinsic denominator defined in [19] for &
satisfying the strong separation condition. Given a function ¥ : N — [0, 0o) we may
then define a limsup set as follows:

We(W) :={x € X : |lx —p/qll < ¥(gin(p/q)) forim.p/q € X}.

Fishman and Simmons in [19] proved a version of Khintchine’s theorem for limsup sets
of the form W (W) when the underlying @ is equicontractive, acting on R, and satis-
fies the strong separation condition. Importantly this result did not provide a complete
metric description for the sets W3 (W), even in the restricted case of equicontractive
IFSs acting on R which satisfy the strong separation condition. The divergence condi-
tion they needed for a full measure statement was not optimal. This issue was addressed
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in a recent paper by Tan, Wang, and Wu [37] who established a complete analogue
of Khintchine’s theorem for the set W (W) for the IFS {¢1(x) = £, ¢o(x) = 22},
Note that this IFS has the middle third Cantor set as its self—similar set.

Theorem 2.3 [37, Theorem 1.4] Let ® = {¢(x) = £, ¢po(x) = *$2} and ¥ : N —
[0, 00) be a non-increasing function. Then

log2
(W (V) = { if Ypzan- 2" 4’(3")‘%’; < o0;
Lif y 02 n-2"- Lp(3n)1m — oo

The proof given in [37] can be generalised to prove an analogue of Theorem 2.3 for
any equicontractive IFS acting on R satisfying the strong separation condition. Our
main result in this direction is the following statement. It generalises Theorem 2.3 to
arbitrary dimensions and requires no separation conditions for ®.

Theorem 2.4 Let ® be an equicontractive IFS of the form ® = {qba x) = x+p" } .

Let ¥ : N — [0, 00) be a non-increasing function. Then the following statements are
true:

1. Foranys > 0, suppose thaty . n-#A" - V(qy)’ < 0o. Then H* (W5 (W) = 0.
log#A

203l nHAT \If(q<p)1°g‘1<1> = 00 then p(Wi(W)) = 1.

Proof We begin by remarking that for any word a and 0 </ < |a] — 1 we have

1 -1
gy < b (qg' —1) <qql. 2.2)

Proof of the convergence case. To prove the convergence case let W' : U™ | A" —
[0, c0) be given by

U'(a) =W (qgl_l) .

Now notice that for any p/g € X, there must exista and 0 </ < |a| — 1 such that

B (0/q, W qmp/a) = B (7 (a1 . (a1 - -aw))™), @ (dh @l 1))

Therefore, using the fact W is non-increasing together with (2.2) we have
B(p/q, Y (gin(p/q)) € B (71 (ar...ar (@31 ... aa)), W (ql{:" 1))
=B (JT (al ...q (al_H .. .a|a|)oo) , W (a)) .
Therefore Wg (W) € Wo(¥'). By Theorem 1.1 it will follow that H*(W§(¥)) = 0
if Y07 > aeann - W(a)® < oo. This latter inequality is equivalent to Y > n -

#A" ‘-IJ(qu‘;l)S < o0. However, this inequality is implied by our assumption
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Yoo n - #AT W (gh)* < oo.

Proof of the divergence case. Let g : N — [0, c0) be given by

V(gg)

Dm0 4"

Now define W' : Ur° | A" — [0, 00) by W'(a) = Diam(X,) - g(|a|). For any a € A"
and 0 <! < |a| — 1 there exists p/q € X such that

B (JT (a1 cap (a4 ..an)oo) , \IJ’(a)) =B (p/q, \ (q&’,)) .

By the non-increasing assumption on W, the definition of intrinsic denominator, and
(2.2), it follows that

B(r(ay...ai(ai41 ...an)™), ¥ (@) € B(p/q, Y(gin(p/q)))-

Therefore Wo (W) € W3 (W). By Theorem 1.1, it will follow that u(Wg (W) = 1 if
we can show that

log #A
Z n - (Diam(Xa)g(la])) *24e = oo.
acA»

||M8

log#A
By the definition of g this is equivalent to our assumption ) - | n-#A"-W(g}) a0 =

00. Therefore our result follows. O

If arational vector p/g € X isinits reduced form then we must have ¢ < ginc(p/q)-
This observation together with Theorem 2.4 implies the following statement for tra-
ditional rational approximations, where the neighbourhood is defined in terms of the
denominator of p/qg rather than gin(p/q).

Corollary 2.5 Let ® be an equicontractive IFS of the form ® = {¢,(x) = M}. Let
]og#.A
W : N — [0, 00) be a non-increasing function. IfZ i n-#AT - W(gy)ede = oo

then

w(lx € X < llx —p/gll < W(g) forim. p/g € X)) = 1.

See Fig.2 for an example of two IFSs to which Theorem 2.4 can be applied.
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%,
%-E %"hz‘%“i&h

(a) The self-similar set for ®;. (b) The self-similar set for ®,.

Fig. 2 We let ®; = {d)(x,y):(%”,%j):(i,j)e{(0,0),(1,0),(0,1)}} and ®; =

{d)(x, y) = (XTH, %j) 1 (i, j) € {(0,0), (1,0), (0, 1), (2,2), (2, O)}} . @1 satisfies the open set condi-
tion and ¥, does not. Theorem 1.1 and Theorem 2.4 apply to both of these iterated function systems

2.2.2 The general case

In this section we no longer assume that @ is equicontractive. We formulate two
statements, one when & is potentially overlapping, and one when & satisfies the
strong separation condition.

Given g : N — [0, 00) and p/g € X we define

W, (p/q) := sup { Diam(Xy) - g(la]) : a € U2 | A", 0 <[ < |a| — 1 satisfying
p/g=m (a1 L..a (a1+1 . 'a‘al)oo) }
To each g : N — [0, 00) we associate the set

Ws'(g) = {x € X 1 llx —p/qll < Wy(p/q) forim.p/q € X} .

The following statement is essentially Theorem 1.1 rephrased in terms of rational
approximations.

Theorem 2.6 Let ® be an IFS of the form ® = {¢a(x) xﬂ’“ } and g : N — [0, 00).

Then the following statements are true

1. For any s > 0, suppose that ZZOZI Y acan - (Diam(Xa)g(n))* < oo. Then
H (Wg*(g) = 0.

2. If g is non-increasing,  hp < —2log ZaEA pa, and
Yoo Yacan - (Dlam(Xa)g(n))dlmS((b) = 00 then W(WE*(g)) = 1.

Proof This result follows from Theorem 1.1 together with the observation that if
x ¢ Q?thenx € Wt (W,) if and only if x € W (W) for W(a) = Diam(Xa)g(la]). O

For what remains of this section we will always assume that & satisfies the strong
separation condition. Because of the strong separation condition, forany p/q € X there
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exists a unique sequence (a,) € A" satisfying 7((a,)) = p/q. We emphasise that
(a,) must be eventually periodic. Given p/g € X we define the intrinsic denominator
of p/q to be

N,0<l<n—1, andp/g =7 (al o (a4 ‘..a,,)"")}.
We denote this quantity by gin(p/q). For any p/q € X we define
np/q) :=inf{n eN:p/qg = (ar...a;(a41...a,)>) forsome 0 < <n —1}
Similarly, we let
l(p/q) := inf {0 <l<n@p/q)—1:p/g=m (a1 ...qy (aH_l . ..a,,p/q)oo)} .

It can be shown that n(p/q) and I(p/q) are the unique parameters satisfying

L(p/q) n(p/q)
Qint(p/q) = l_[ qa; - l_[ Ga; — 1
j=1 J=lp/q)+1

and

p/a =7 (ar...aipg) (@t - anrg)”) -

Given g : N — [0, co) we define a limsup set as follows, let

g8(np/q))

for i.m. X:.
dm(p/q) P }

W™ (g) = {x eX:|x—p/qll <

Theorem 2.7 Let ® be an IFS of the form ® = {¢a (x) = x+p“ } satisfying the strong

separation condition and let g : N — [0, 00). Then the followmg statements are true:

1. For any s > 0, suppose that Y p> | >, ann - (Diam(Xa)g(n))* < oo. Then
H(Wg™(g)) = 0.

2. If g is non-increasing, hp < —2log ) ,ca pa, and
Yo D aean (Dlam(xa)g(n))dlms@) = oo, then (Wi (g)) = 1.

Proof We begin our proof by remarking that there exist constants Cy, C» > 0 such
that for any worda € U2, A" and 0 <[ < |a| — 1 we have

C C
! < Diam(X,) < 2

1 lal ! la '
[T das - (T 1 9, = 1) e das - (T 1 9, = 1)
(2.3)
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The convergence case. It follows from (2.3) that for any p/q € X we have

(n(p/q)) *
B(P 8(n(p/q )cg( (a1 aprg) (@pig)+1 - - anpr) ) »

q qinc(p/q)
g(n(p/q)) Diam (Xa._a,/))
Ci '

Therefore W™ (g) € Wa (W) for W (a) = £DDNK) 1y which case H* (Wg* (2))
=0if H* (Wq;(‘-l’)) = 0. However this last 1nequahty follows from Theorem 1.1 and
our assumption Y oo Y acan 1 - (Diam(X,)g(n))* < oo.

The divergence case. For any a € U2 1A” and0 <! < |a| — 1 there exists p/q € X
such thatp/q = (a1 ...qa (al_H . a|a|) ) . Therefore

B W,M>:B( ,M)
<n<al a (a1 a‘a')) ) plq 5

It now follows from the fact g is non-increasing together with (2.3) that

o] Di X,
B (n (a1...ar (ai41 ... aq) )’M>

C
- (p e g(n(p/q))DiaCm (xm.“a,l(p/q)))
2
g(n(iﬂ/a)))
C B , —
= (p/ ATy

Therefore W (W) C W5 (g) for W given by W(a) = %‘frﬂ““), and our result
follows if u(We(W¥)) = 1. However u(Wo(¥)) = 1 follows from Theorem 1.1
together with our assumption Y oo >, 4x 1 - (Diam(X,)g(n)ims® =00, O

As remarked upon in the equicontractive case, if p/q € X is in its reduced from then
we must have g < gini(p/q). This observation together with Theorem 2.7 implies the
following corollary.

Corollary 2.8 Let & be an IFS of the form ® = [qsa (x) =

separation condition and hy < —2log)" . 4 pa. Let g : N — [0, o0) be a non-
increasing function. If Y 02 | >0 qun - (Diam(X,)g (n))4ms(®) = oo then

satisfying the strong

u({xeX:nx—p/qn <@

forim.p/q € X}) =1.
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3 Proof of Theorem 1.1

In this section we prove Theorem 1.1. Statement 1 of this theorem is proved by a
standard covering argument and as such is omitted. We will only prove Statement 2
of Theorem 1.1 in full. Statement 3 is proved via an almost identical method. Where
appropriate we will indicate in the footnotes where the proofs differ and why Statement
3 does not require the assumption g is non-increasing.

3.1 Technical preliminaries

Givenaworda € U2 | A" we let C;(a) denote the number of distinct words of length

¢ appearing within a. Given a probability vector p and n € N we let
—logn J
ton = | g | 1.
P log ZaEA pg

We also let

SRR NPREY |

When the choice of p is implicit, we simply denote k;, , by k, and F, , by F,.
The following lemma is a suitable adaptation of Lemma 4.1. from [37].

Lemma 3.1 Let p be a probability vector and wm be the corresponding Bernoulli mea-
sure on AN. Then for n sufficiently large, we have

Proof Givena € A" andb € A% let

|alp :=#{0§l§n—kn 1AL .. Qi =b}.
It is convenient to express our proof using the language of probability theory. As such
let (Z;);_, be a sequence of independent and identically distributed random variables

taking values in A such that P(Z; = a) = p, foralla € A. Let E,’jn be the real valued
random variable given by

Tp o= Z \Z1 ... Zal}.
be Akn
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We start by bounding the expectation of X ,’(’n:

By =Y E(1Zi... ZR)

be Akn

n—k
( Ib(Ziy1 ... Zl+k,,))
beA‘n =0

—ky,
Z Ib(Zig1 - Zisky) - o (Zjg1 . Zjta,))

2

beA""
n— kn

]lb(Zl+1 coilivky)  W(Zjy1 ... Zjyk,))
l/ 0 be Akn

n—ky

= Z ]E(ILZIH---Zl+kn=Zj+1...Zj+kn)
1,j=0

n—ky

= Z P(Z].H ik, = Zjy1 --~Zj+kn) . 3.1
1,j=0

With (3.1) in mind, we now bound P(Z; 11 ... Zj44, = Zj41 ... Zj44,) from above.

If I = j then clearly P(Z;y1 ... Zj14, = Zjy1...Zjyk,) = 1. We remark that for
any parameters /, j, k € N, if [ + k < j + 1 then by independence we have

PZiv1-- - Zisk =Zjy1-- - Zj1k)

_ ﬁ P(Zism = Zjam) = ﬁ <Z pﬁ) = (Z p§>k

m=1 m=1 \aeA acA

We will use the fact thatif/ + k < j + 1 then

PZiy1.. . Zijk =Zjs1 ... Zjyi) = (Z Pa) (3.2)
acA

throughout our proof.
We now proceed via a case analysis. If / + k, < j + 1 then (3.2) immediately
implies

ko
P(Zist .. Zivky = Zjt1 - Zjtk,) = (Z p§> . (3.3)
acA
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Now suppose that [ + % < j+1 =< 1l+k, Observe that Z;1...Zj1, =
Zjiy...Zjyk, implies that Zyj_jyk,+1-..Zisky, = Zithy+1---Zjtk,- Therefore
by (3.2) we have

PZiy1 Zitky, =Zj41 - Zjtk,) < P(Zoi—jviy+1 - Zitky = Zitky+1 -+ Zjthy,)

j—i+1
acA

kn

< (Z pé) : (34

aeA

Let us now suppose that/+1 < j+1 <l+%anle+1...Z1+kn =Zjx1.--Zjik,-

Notice that Z;11...Zj4x, = Zjy1...Z 4k, implies that Z; ;4 ... Zl+i+Lk—”J
4
kll

i forany 0 <i < k, — [ ]. Repeatedly applying this identity,
4
it follows that

Ziti+1-.-Z

Ziy1 ...ZIH%J =Zjy1... ZjﬂanJ = Zi42(j—1)+1 - - Zl+2(j—l)+|_kT”J

= Zitd(j=h+1 - 2y (o b

for any d such that [ +d(j — 1) + 1 < k, — | % ]. Since j — 1 < % it follows that

we can pick d such that [ 4 L]%J <l4+d(j—-D4+1<k,— L’%J. Taking such a d, it
then follows from (3.2) that

P(Ziy1... Zijk, = Zjt1...Zjvk,)

<P (Z[+1 o ZH—L%"J = Zi4d(j—D+1 - - - Zl+d(j—l)+L%J)

|4 |
- (Z pj) . (3.5)

Recalling (3.1), we have

n—ky

E(S{) =Y P(Zig1 .- Zisk, = Zj1 - Zj4s,)

1,j=0
n—ky, n—k,—1 n—k,

=Z]+2 Z Z P(Ziyy ... Zisky, =Zjs1-.- Zjtk,)
1=0 =0 j=I+1
n—ky n—k,—1

Yy | ¥y ror X o+ ¥ wo
=0 =0 \ Itk <j+1=<n—kn 15 < 1<itk, I+1<j+l<l4bn
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Applying the bounds provided by (3.3), (3.4), (3.5) we have

kn

E(s] ) §n+2n_§f1 > (Z pﬁ)kn + Y (Z P3)4

=0 I+kn<j+1<n—k, \acA l+%’§j+l§l+k,, acA

L%
.y (zps)
kn

I+1<j+1<l+ke NacA

n—k,—1 kn L%J
cai2 3 n<ng> o (Zp2>
=0 acA acA
By the definition of k, we know that
kﬂ
n <Z pi) <L
acA
z)L%"J

Moreover, as k, grows logarithmically in n, and (Z aeA Pa

nomially fast, we know that
L%
o (z ps) <1

acA

decays to zero poly-

for all n sufficiently large. Therefore for n sufficiently large we have

n—k,—1
E(Z{) <n+2 Z 2 < 5n. (3.6)
=0

Let B be the event that
k n
#{beA" NZy e Tl > 1} < LEJ'

We now bound the probability of B from above. It follows from (3.6) that for n
sufficiently large we have

5n > E(Z])

>E| Y 1Z1...2,[3|B | P(B)

be Akn
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zIP’(B)~min{m%+-~-+m21 tmpt ot mn :n—kn—f—l}
I_l()J 10

—ky 1
— P(B) - (” n+> I”—OJ

L15.
—P(B)- (n— k, + 1)%- L%J
2
>P(B)-10- (4”25)
32n
—P(B)- -

In the penultimate line we used that for n sufficiently large we have n — k;,, + 1 > 4?".

This is because k; grows logarithmically in n. Therefore

25
P(B) < —
()—32

This means that P(B¢) > 7/32. Since

m U[a] = P(BY)
ackF,

this completes our proof. O

Let us now suppose that we are given a probability vector p and an IFS &. Recall that
the entropy of p and the Lyapunov exponent of p are defined to be

= - Z DPalog p, and Xo,p = — Z Palogrg
acA acA

respectively. Notice that when p = ( dims (q))) then dimg(®) = —-. When the

choice of p and & is implicit, we simply denote hp by i and xq,p by X leen a word
aec A" and € > 0 we let

kn
Bad(a, ) = io <l<n—k,: nral+i ¢ I:ekn(—x—e)’ ekn(_X"l‘E)]}

i=1

k)l
U {O <l<n-—k,: Hpam ¢ [ekn(*hfe)’ ekn(h+e)]} )

i=1
We then define

Bad(n, €) = [a € A" : #Bad(a, €) > L;—OJ} )
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Lemma 3.2 Let ® be an IFS, p be a probability vector, and m be the Bernoulli measure
corresponding to p. For any € > 0, there exists y € (0, 1) such that

m U l[a] | K yk”.

acBad(n,e)

Proof As in the proof of the previous lemma, it is useful to express this proof in
terms of random variables. Let (Z;);_, be a sequence of independent and identically
distributed random variables taking values in A4 such that P(Z; = a) = p,, and let
€ > 0 be arbitrary. We start our proof by bounding from above the expectation

n—k,l kn
]E (Z ]].[ekn(fxfe)’ekn(fore)]c (1_[ er+i)) .

1=0 i=1

By the linearity of expectation we have

n—kn kn
E (Z L ptn(-x-) e (=x-+0)]° <H rzH,-))
i=1

[=0
n—k,

_ kn
E <ﬂ[ekm—x—e),ekn(—xﬁ)]f <l_[ Z4i ))
=0 i=1

—k

2
- Yp <1—[ ra ¢ [ekn(—x—e)’ ekn<—x+e>]> .

=0 i=1

=
3

By Hoeffding’s inequality for large deviations [24], there exists y; := yi(€, p, P) €
(0, 1) such that

by
P (]_[ rzi; ¢ [ek”(*x*), e"””*”]) <7

i=1

Therefore

3

n—k, kn

kn

E ( 1[ekﬂ(*X*E),ekn(*)(Jre)]" (1_[ ”ZzH)) Ln-y".
=0

i=1
Now by Markov’s inequality, we have
n—kp kn 11 n N
P <§ Lptn-x-) ehn-x+0]° (E rz,+,) > E[%J) <yt
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By an analogous argument, it can be shown that there exists y» € (0, 1) such that

n—k
' 1y n
(Z IL ekn( h—e) ekn( /1+€)] <1_[ pZ[+,> 2 EL%J> << yzk"

Now let y = max{yy, y»}. Clearly if (Zl);‘:1 is such that either

kn

Ko
[1rz. ¢ [ekn(—x—e), ekn<—x+e>] or [[rz ¢ [em—h—e)’ ekn<—h+e>]

i=1 i=1

for Lz"—oj values of /, it must satisfy

kn
[1ra: ¢ [eknwfe), ekn(foré)]
i=1

for at least EL | values of [ or
ky
l_[ Pares ¢ [ kn(—h—e) ek,,(fh+e)i|

i=1

for at least % LG_oJ values of /. As such we may conclude that

m| J Ml
acBad(n,e)

k kll
- ( {, i & k (*X*é)’ekn(fore)] or [[pz. ¢ [ekn<he)’ekn<h+e>]}
i=1 i=1
= 5))
n—k kn i n
( L ghn-x-0) ok (-x+er]¢ (l_[ram) = 2L20J>
1=0

i=1

n—k,
iy 1| n
-HP’( ﬂ[ekn( =€) okn (~h+e)]¢ (HPaH,) = ZLZOJ)

1=0
kn

3

s

| /\

This completes our proof. O
Combining Lemmas 3.1 and 3.2, we see that the following statement holds.

Lemma 3.3 Let ® be an IFS, p be a probability vector, and m be the Bernoulli measure
corresponding to p. For any € > 0, it is the case that for all n sufficiently large there
exists a set Good(n, €) C A" satisfying:
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L.m (UaeGaod(n,e)[a]) z 7/64'
2. Foreacha € Good(n, €) there exists a set Wa C {0, ..., n — k,} satisfying:

@ #Waz | 35 .
() Ifl,l' e Waandl # 1’ then ajy1 ... a14k, # ar+1 - - - apix, -
(c) Foreachl € Wy we have

kn
l_[”am c [ekn(fxfe), ekn(*X“’e)]

i=1
and

kll
Hpam c [ek,l(—h—e)’ ekn(—h—&-e)].

i=1
Lemma 3.3 is the main technical result in this section and will play an important part

in our proof of Theorem 1.1.!

3.2 Proof of Statement 2 from Theorem 1.1

Before moving on to our proof of Statement 2, it is useful to record for later reference
a number of technical results. We start by recalling a well known lemma.

Lemma 3.4 Let (X, A, m) be a finite measure space and E, € A be a sequence of
sets such that Y oo | m(E,) = 0o. Then

0 2
(Zn=l m(En))
m <lim sup E,,) > lim sup 0 .
n— o0 Q—00 Zn,m:l m(En N Em)

Lemma 3.4 is due to Kochen and Stone [28]. For a proof of this lemma see either [20,
Lemma 2.3] or [36, Lemma 5]. The following density lemma follows from [8, Lemma
6]. It has been phrased for our purposes.

Lemma 3.5 Let m be a Bernoulli measure on AN and E C AN. Suppose that there
exists ¢ > 0 such that for each finite word ¢ € U2 | A" we have

m([e]NE) > c-m([c]).

Then m(E) = 1.

1 For the proof of Statement 3 from Theorem 1.1 we do not require item (2¢) from Lemma 3.3. This
is because our IFS is equicontractive and so the probability vector p is the uniform vector (.A_l)aE A-
Therefore we know exactly how the products in item (2¢) of Lemma 3.3 will behave. It is instructive to
think that the proof of Statement 3 follows the proof of Statement 2 without the introduction of the parameter
€.
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For the rest of this section we fix an IFS & satisfying

hp < —2log Z pg.
acA

We emphasise that throughout this section p will always be the probability vector
corresponding to (r;‘"“s (CD)). It follows from this inequality that we can pick € > 0
sufficiently small such that

—2x —X —€
<

(3.7)
h - IOg ZaEA pczt
and
h+e < —2log Z p2. (3.8)
acA

For the rest of this section we fix an € > 0 such that (3.7) and (3.8) are both satisfied.
These are the only conditions € will need to satisfy. Let W : U>° | A" — [0, c0) be
an arbitrary function of the form W(a) = Diam(X,)g(|a|) for some non-increasing
g : N — [0, 0c0). We also assume that g is such that

Y D n- (Diam(Xa)g ()™ = oo,

n=1ac A"

As previously remarked, this divergence condition is equivalent to

Oo .
> n-g(m)fms®) = oo, (3.9)
n=1

The following two lemmas allow us to replace g with a function whose decaying
behaviour we know more about.

Lemma 3.6 Assume that g is a non-increasing function satisfying (3.9). Let g1 : N —
[0, co) be given by

. 1
g1(n) = min {g(”), m} .

Then

w .
> on g™ ® = oo,

n=1
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Proof Our argument is an adaptation of the proof of Lemma 6.3 from [12]. Since g is
non-increasing, and so is the sequence (n =2/ 4ms(®) 'we see that the function g; is
also non-increasing. Let us now suppose that

o0
D ongim)®™s® < oo, (3.10)

n=1

Since g1 is non-increasing, for any m sufficiently large we have

m
m2g1(m)Ims® <10 3" n gy (nydims@),

n=|m/2]
Equation (3.10) then implies that
- dimg(®)
: X img _
mhm nzgmm n-gi(n) =0.

Combining the two equations above, we may conclude that

1
g1(m) < 2/ dims (@)

for all m sufficiently large. This means that g;(n) = g(n) for n sufficiently large.
Therefore by (3.10) we must have

w .
Zn . g(n)dlmS(q)) < 00.

n=1

This contradicts our initial assumption that g satisfies (3.9). Therefore we must have.?

oo .
D ngi(m) ™ ® = oo,

n=1
O

Lemma 3.7 Assume that g is a non-increasing function satisfying (3.9) and let g1 be
as in Lemma 3.6. Let g» : N — [0, 00) be given by

g1(n) if g1(n) = —rahey;

g2(n) = -
0 ifgi(n) < m

2 This is the only part in our proof of Statement 2 where the assumption g is non-increasing is used. The
proof of Statement 3 differs here in that we define g1 : N — [0, 00) by g1(n) = min{g(n), WS@)}.
n

Then the appropriate analogue of Lemma 3.6 holds for any g satisfying (3.9). This is why Statement 3 holds
for arbitrary g, not just those g that are non-increasing.
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Then
0 .
D nga(m) ™ ® = oo,
n=1
~ dimg(®)
Proof This follows from Lemma 3.6 and the fact 3>, n - (W) < Q.
]

Let go be as in Lemma 3.7. We now define W, : U A" — [0,00) by
W, (a) = Diam(Xa)g2(]al). Since g2(n) < g(n) for all n it follows that We (Vo) C
Wo (V). Therefore to prove Statement 2 of Theorem 1.1 it is sufficient to show that

u(We(¥2)) = 1.
Letc € U2 | A" be arbitrary and fixed. We will show that

m ([e] N~ (Wo(92))) = ¢ m(le) (3.11)

for some ¢ independent of ¢. Lemma 3.5 then implies that m (71’l (W@(\Ifz)) = 1.
Since u = mm this implies that u (We (W7)) = 1. Therefore to complete our proof it
suffices to show that (3.11) holds.

Let us fix an N sufficiently large so that Lemma 3.3 applies for all n > N for our
choice of €. We may also assume that N is sufficiently large so that

1
112/ dims (®)

< efn(=x=©) (3.12)
for n > N, and so that there exists y € (1, 2) for which
etokn <y (3.13)
for n > N. The existence of y, and the fact that (3.12) and (3.13) are satisfied for n
sufficiently large, follows from (3.7), (3.8) and the fact dimg (®) = %
Letn > N, foreacha € Good(n, €) and [ € W, we consider the ball

B (m(eay...aj(aj41 .. .an)*), Diam(Xca)g2(l¢| + n)) .

If g2(|c| + n) # O then there exists iy ; € Nand/ 4+ 1 < ju; < n such that

cB (ﬂ(cal c.ap(apyy - .an)®), Diam(Xca)ga(lc| + n))

(3.14)

h
cay...aj(aj41...an) a‘1a1+1.4.aja’l

and

erlgi Fa - Diam(Xea)g2(l€[ + 1) < Diam (Xcal---az(a1+1--»an)h*'-’amu-aja,z)
< Diam(X¢a)g2(|c| + n). (3.15)
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It follows from the fact p = (r;ﬁmS(q)) ) and m is the Bernoulli measure on AN corre-
sponding to p, that for any word a € U2 | A" we have

m([a]) = Diam(X)%ms(®, (3.16)

Combining (3.15) together with (3.16) we can deduce that
ha,i . - dimg(P)
m ([cal e aiag . an) i ay .a,a,,]) = m([ca])ga(l¢| + 1) . (.17

We will use the cylinder sets [ca1 coeap(ar ...a,,)ha’lalﬂ "'aja,l] to prove that
(3.11) holds. Before doing that it is useful to prove some properties of the parameters
ha, and ja .

Lemma 3.8 Let n > N be such that g>(|c| + n) # 0, and let a € Good(n, €) and
| € Wy. For hy; and ja | as defined above, if ha ) = 1 then ja; > | + kj,.

Proof If h,; = 1 then

Diam (X > < Diam(Xca)g2(l¢| + 1)

h
cay..aj(@1...an) Mapyy..aj,,

implies
ja,l—l
[T ra. < gdel+n).
i=1

By Lemma 3.6 and Lemma 3.7 we know that g>(|¢| 4+ n) < n~2/dims(®) Therefore

./a.l_l
1
l—[ Tai = 3 Gmy (@) - (3.18)

i=1

Importantly, by (2¢) from Lemma 3.3 we know that

[ Tran. = x9. (3.19)

Equation (3.12) states that

1

kn(—x—¢€)
2/ dimg(®) €

forn > N. It follows therefore from (3.18) and (3.19) that

ja,l =l kn

1_[ Tapy; < Hral+i'
i=1 i=1
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Therefore we must have j,; > [ 4 k. O

If we combine (2b). from Lemma 3.3 together with Lemma 3.8, we may conclude the
following lemma.

Lemma 3.9 Assume that n > N is such that g>(|c| +n) # 0 and let a € Good (n, €).
Ifl,l' € Wy and 1 # 1’ then

h h
cay...ai(ajs1...ap)™ajyy .. aj,, Feay...ap(apyy ... ap) al'gpiy. NONT

Lemma3.10 Let n > N be such that g>(|c| + n) # 0, and let a € Good(n, €) and
| € Wy. There exists C = C(c) such that for hy | and ja | as defined above, we have

(n —D(hay — 1) + jag —1 < Clogn.

Proof If g2(]c|+n) # 0 then by Lemma 3.7 we know that it must satisfy g»(|¢|+n) >
Equation (3.15) then implies that if g>(|c| + n) # O then

|c|+n)4/ dimg(®) *

MiNgea 7, S Vi

ac a

(el + ) dims @) = H’"“Hl T ras:
i=1

This in turn implies that

max r,

MiNge 4 Iy
acA

(n=)(ha,; =1+ ja,1—!
- <
(Ie] + )/ dms @ = )

Taking logarithms and then manipulating the resulting expression, one can show that
the above implies that there exists C = C(c) such that

(n—10(ha; — 1)+ jag—1 < Clogn.

For each n > N such that g2(|c| + n) # 0 we let

. h
E, = U U [cal coear (@ -an)™apyy .. 'aja,l] .

ac€Good(n,e) leW,

Lemma 3.9 tells us that any pair of cylinder sets in this union are disjoint. If n > N is
such that g>(|e| 4+ n) = O then set E,, = @. Importantly (3.14) implies that

limsup E, C [e] N7~ (Wo(¥2)).

n—oo

Therefore to prove (3.11) it is sufficient to show that

m <lim sup En) > m([c]). (3.20)

n—oo
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We will prove that (3.20) holds using Lemma 3.4. Before that it is necessary to check
that the hypothesis of this lemma are satisfied.

Lemma3.11 Forn > N we have m(E,) < m([c]) - n - g2(|e| 4 n)dims(®)

Proof This lemma is obviously true if n is such that g»(|e] + n) = 0. As such we
restrict our attention to those n > N for which g>(|e| 4+ n) # 0. Recall that by
Lemma 3.9, for distinct [, I’ € W, we have cay ...a;(a+1 .. .a,,)ha”alﬂ Ay, F

cay...ay (al/Jr] e an)ha.l’ aryt ... aja,l’ . Therefore we have

h
m(E,) =m U U [ca] ooy -oan)™ag .. 'aja,l]
acGood(n,e) leW,

= Z Z m([cal coai(ar -..an)ha’lal-naja‘/])

acGood(n,e)leW,

dimg (P)
(3.16) .

acGood(n,e) leW,
(3.15)

> D (Diam(Xea) ga(le] + n)) Mm@
acGood(n,e) leW,

Lemma 3.3

=0 ga(lel +m)ms® N Diam(Xea) ™)
acGood(n,e)

(3.16) :
S ga(el + )@ 3 m[eal)

aeGood(n,e)

=m(le]) - n - ga(le] + PPN m(a)
aeGood(n,e)

Lemma 3.3

= mlel) - n - ga(le] + m)dims(®),

O

It follows from Lemma 3.7 and Lemma 3.11 that ZZ‘;I m(E,) = o0. So our
sequence of sets (E,) satisfies the hypothesis of Lemma 3.4. To complete our proof
we need to get good upper bounds for m(E, N E,;). We restrict our attention to those
n and m satisfying n < m, ga(|e| + n) # 0, and g>(|e| + m) # 0. For these n and m
we see that

m(E, NEy) = Z Z m([cal coeai(ai4 ...an)h"‘*la1+1 "'aja,l] ﬂEm>.
acGood(n,e) leW,

The following proposition gives good upper bounds for the terms in this sum. The
parameter C in the statement of this proposition is the same C as in Lemma 3.10.

Proposition 3.12 Letn, m > N besuchthatn < m, g>(|c|+n) # 0, and g2 (|c|+m) #
0. Then for a € Good(n, €) and l € Wy the following holds:
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I. Ifn <m < n+ Clogn then
" ([c“‘ cecar(@n )" ar ---aja.z] n Em)
< m([ca])e"Tkm gy (j¢| + n)Bms (P gy (|| 4 m)dims (@)
m—n
+ m([ca]) (max pa> g2 (le| 4+ m)dims(®
acA
+ m - m([cal)g2(le] + m)™ ™5 P gy (|e| 4 ) B @).

II. Ifm > n+ Clogn then

h
m ([cm coeaqr(agr -coan)™ag .. .aja_,] N Em>

dims () dims (@),

< m-m([cal)g2(|c| +m g(lef +n

Proof We prove each statement separately.

Proof of Statement I. Assume thatn < m < n + Clogn. Leta € Good(n, €) and
le Wa.If m <I4hy;(n—10)+ (jas—!) thenatmostoneb € Good(m, €) is such that
[cb] has a non-empty intersection with [ea; ... a;(aj41 . ..an) " ajyy .. .aj,,] . Let

us assume that such a b exists. Otherwise m([ca; .. .aq;(aj+1 . .. an)ha-laz+1 ceaj, 1IN
E,;) = 0 and our upper bound holds trivially. In this case we see that

h
m ([cal coeai(aigy -oan)™ag .. .aja’lil N Em>

h
= Z m([cal coeaqr(@pgy -oan)"™ a4 -~~aja,1]

I'eWy

n [cbl by By - by by .b,»bvl,]) .

Lemma 3.8 implies that if

h
m ([cal coeap@pgr .caan)™agy .. 'aja,l]

N [Cbl by by ... bm)hbJ/bl/_H R bij’:I) #0
then we must have
[cal coeai(aggy - .an)h"=’al+1 .. .a./a.l] N [cbl coibmbpyg .. -bl’+k,,,] 0.

By Lemma 3.3 we know that for each I’ € W the cylinder set
[eb1...bmbyi .. by, | satisfies

m ([cby ...bwbrst ... bk, ]) = m((cb]) - 7).
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Therefore, by (3.17) and a measure argument we have

#{l/ e Wy: [cal cooap(aj4 ...an)ha*la1+1 ...ajanI n [Cb] bbby . "bl’+k,,,] # Qj}

m([cal) g2 (le| + n)dims(®)

m([cb])ekm(=h=€)

+ L (3.21)
Applying the above observations we see that

Z m ([cm ceai(agy ... an)ha"a1+| .. ‘aja,/] N [cb| by (bpyg . bm)hbvl'b[/+1 .. ‘bjb,l’])
I'eWy

< 3 m ([cbl R LY ..b_,-h‘l,])

'ewy,
h,
[cal (@ .an)'alagyg ...ajav[]ﬂ[chl wbmby g by, ]#VJ

3.17) .
< > m([cb])ga(le| 4 m)@ms®)
IeWy,
[cal cap(ai41 ...a”)h&/a,H g ]ﬁ[cm wbmby by g, ]#V)

(3.21) . . .
P m([ca])e<h+€)km g (e + n)dmls(d))gz(lcl + m)dlms(<1>) + m(lchg2(e] + m)dlms(d))'

Because b must have a as a prefix we see that

m([cb]) < m([ca]) (maﬁ pa> ) . (3.22)

Substituting (3.22) into the last line in the above, we have shown that if m < [ +
ha,i(n = 1) + (jas — ) then’

m([ear ...ai(aj+1 - .. an)h”*la[+1 o ajav,] NEy)
(h+6)kn, dims (@) dims (@)

< m([ca])e g(cl+n g2(lef +m

+ m([ca]) (ma;{pa) ) g2(|¢| + m)dims(®), (3.23)
ae

3 For the proof of Statement 3 from Theorem 1.1 we know that p = (.A*I) A and as such

ac
we can make more precise statements about the measure of cylinders. Indeed in the above we
do not need to introduce the parameter € and (3.21) holds with € = 0. This means that we

can strengthen (3.23) to m ([cal coeap(agyy ...an)ha"al_,_] ...ajaJ] N Em) < m([ca])e™m g, (¢ +
m)dIms (@) g (|¢| 4+ m)dms (®) 4 m([cal)(maxge_q pa)™ " g2(le] 4+ m)dMs(®) Which by the definition of
ko implies m ([cal capag - an) g .aja_,} n Em) < m([ealymgs (je| +m)dims(® g; (j¢] +
) dims (®) m([cal)(max,c 4 pa)™ " g2(lc] + m)dims (®) The rest of the proof follows identically.
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Now suppose that m > [ + hy ;(n —[) 4 (jas — ). In this case

m ([Cal coap(aggg - .an)ha-]al_H .. 'aja.li| n Em)

h
= > > m([cbl...bl/(bl/+l...bm) b,z’b,,H...bMD
beGood(m,e) [/gwb
b begins with aj ...aj (a4 ...an)havlaHl el

3.17)

< 3 > m(cbga(le| + m)ims(®
beGood(m,e) I'eWy,
b begins with aj ...a; (a4 ...an)ha,laHl o
< m- gy(le| + m)tims(®) 3 m([cb])
beGood(m,e)
b begins with a...a;(aj41...an )hav’ gy
< m-ga(le| +m)ims(®) > m([cb])

be AM
b begins with aj...a;(aj41...an )haJaH,l el

=m-g(le| + m)dimS@) -m ([cal coa(agg - .an)ha~’al+1 .. ‘“/a.lD

3.17 i .

O - mitcalga(lel + myms(® gy (je] 4 mydims (@), (3.24)
Adding together the upper bounds obtained in (3.23) and (3.24) we obtain the desired
upper bound which holds for all m satisfyingn < m <n 4 Clogn.

Proof of Statement I1. Assume m > n+ Clogn. Leta € Good(n, €) andl € W,. If
m > n+C logn then by Lemma 3.10 we musthave m > [ +hga (n —1) 4+ (ja; —1). In
which case the same argument as is used in the proof of the second part of Statement
I applies and we have the desired bound

h
m ([ca1 coeai(aggy -oan)®laggg . aja,l] N Em)

< m - m([cal)ga(|e| + m)Ems(® g, (¢ + n)dims(®),

Equipped with Proposition 3.12 we will now prove the following statement.

Proposition 3.13 There exists a constant C; = C1(c) such that

Y 0
> m(E, N Ey) <mel) [ Y n-galle] 4 n)ims®
n,m=N n=N
0 2
+1 D n-ga(el+m) i@ )+ cy
n=N
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Proof We start our proof by rewriting Zan: Nym(E, N Ey):

0 0 o-1 0
Y mENE)=) mE)+2Y Y m(E,NEy)
n,m=N n=N n=N m=n+1

Q0—1min{Q,n+C logn}

—Zm(E)—i—ZZ Y. m(E,NEy)

n=N m=n+1

A B

0-1
+2)° > m(E, NEp).

n=N n+Clogn<m<Q

C

We will focus on the three terms A, B, and C individually. By Lemma 3.11 we have
the following bound for term A:

0 0
Y m(E,) < m(lel) Y n- gale] +nm) M@, (3.25)
n=N n=N

Now focusing on the term B, if we apply Statement I from Proposition 3.12 we have

Q—1 min{Q,n+C logn}
> > m(Ey N Em)
n=N m=n+1

Q-1 min{Q,n+C logn}

= Z Z Z Z m ([Cal ceap(agg ---an)h"‘*’alﬂ .- -aja,l:l N Em)

n=N m=n+1 acGood(n,e)leWy
g2m#0 g (m)#0

—1 min{Q,n+C logn}

< Z » Yo milcahe TR gy (jef 4+ m)UmS(®) gy ([ 4 m)ims (@)
n=N m=n+1 acGood(n,e)leWy

Bl
—1 min{Q,n+C logn} _

+ Z Z Z Z m([ca]) (max pu) g2(]¢] + m)dims (®)

n=N m=n+1 acGood(n,e)leWy
B2
—1 min{Q,n+C logn} . R
+ Z 3 Yo > m-m(caga(el + m)BMS P gy (je] 4 myIms @)
m=n+1 acGood(n,e)leWy
B3

Focusing on the term B1 in the above, we know by (3.13) that

e(l’H‘G)km < my
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for some y € (1, 2). Using this inequality we have

Q—1min{Q,n+C logn}
> X Y. > mieahe M gy(le] +m) TP gy (lef + m) s
n= m=n+1 acGood(n,e) leW,
Q—1min{Q,n+C logn}
< > > > mYm(lealga(le] + m) B P s (je| + m)Bims@)
n=N m=n+1 acGood(n,e) leWy
—1 min{Q,n+C logn}
< > > nem'm(lealga(lel +m) @ ga(e] 4 m)dms®)
n=N m=n-+1 acGood(n,e€)

Q—1 min{Q,n+C logn}

<med Y. Y ne-mVga(lel +m) T P gy (le] +m)Bms@
n=N m=n+1
0-1 min{Q,n+C logn}

< m(le) Y n-galel+m)®™® N m g (fe] + m)ims@®
n=N m=n+1

It follows from Lemma 3.6 and Lemma 3.7 that g (|e| + m)3ms(®) < ;=2 for all
m € N. Therefore we have

0-1 min{Q,n+C logn}
m(e) Y n-ga(lel +m) @ N gy(je| 4 m)ims(®
n=N m=n+1
0-1 min{Q,n+C logn}
< mle) Y n-go(el+mTm@ N7
n=N m=n+1
Q-1 . n+Clogn
< m(lel) Y n-ga(lel +m)tms® / X2 dx
n=N n+l
0-1
< m(le) Y- - gael +m @ ((n+ Clogm? ™ = (n+ 17"
n=N
0-1 |
dimg(®) )
"< maen ZNn g2(le| +mtms <C log nzy)
n

C1
< m([c]) Z ﬂ

log n

< m([c])Z

In the line marked M.V .T. we use the mean value theorem. In the penultimate line in
the above we used that g»(|e| + n)3ms(®) < ;=2 Because y € (1, 2) we know that
> % < oo. Therefore we can assert that there exists a constant C; = Cy(¢)
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so that the term B1 satisfies

Q0—1min{Q,n+C logn}

Y Ty mandn

m=n+1 acGood(n,e)leWy,
g2(le| +m)ims® gy (je| + m)dims® < ¢ (3.26)

Turning our attention to the term B2 we see that

Q—1 min{Q,n+C logn}

Z Z Z Z m([ca]) <max pa> ) g2 (le| 4+ m)dims(®

m=n+1 aceGood(n,e) leW,
Q—1 min{Q,n+C logn}

< Z Z Z n - m([ca]) <Zn€a< Pa> B 22(lc| +m)dim5(d>)

m=n+1 acGood(n,e)
Q—1 min{Q,n+C logn}

m—n
dimg(P)
m - | max cl+
< m([e )Z >, on (aeApa> g2(l¢| + m)

m=n+1

< m([c]) Z Zn . (I‘?ea( pa> - g2(|c| +m)dims(q>)

m=N+1 n=1

m—1 m—n
= m([c]) Z gz(|c|+m>d‘ms<¢>2 (maxpa) :

m=N+1 aeA

Now using the fact that ZZ;II n - (Mmaxgeq pa)™ " < m we see that

m([c]) Z gz(|c|+m>d”“s<‘1’>2 (ma(p> _

m=N+1
Q .
<m(le) Y mega(le] +m) @),
m=N+1

So our term B2 must satisfy

Q—1 min{Q,n+C logn}

Z Z Z Z m([ca]) (max pa> -’ g2(]¢| 4 m)dims(®)

m=n-+1 acGood(n,e) [eW,
Y
<m(el) Y n-ga(le] +nm) s, (3.27)
n=N
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Now focusing on the term B3, we have

—1 min{Q,n+C logn}
Z > S Y memealga(iel +m) @ gy je] + nydims (@)
m=n+1 acGood(n,e)leWy
Q—1 min{Q,n+C logn}
=2 X S nememiealga(el +m)Ims® gy (o] 4 mydims (@)
n=N m=n+1 acGood(n,e€)
Q—1 min{Q,n+C logn} ) )
m([e]) Z Yoo neme (el +mIMS @ g (je) 4 myBms(@)
m=n+1
0—-1 min{Q,n+C logn}

m(e) Y n-gael +m TS ST ga(le] 4 m) s (@)
n=N m=n+1

2
0
m([c]) (Z n-g(lel + n)dims(q”) : (3.28)

n=N

IA

IA

IA

Combining (3.26), (3.27), and (3.28) we have the following bound for the term B

Q—1 min{Q,n+C logn}

2 Z Y, mE.NEn)

m=n+1
< m(eh) [ Y n-gallel +m TP 13 "0 ga(lel +m B | 4 €y
n=N n=N

(3.29)

By an analogous argument to that used to bound B3, by applying Statement II from
Proposition 3.12 it can also be shown that the term C satisfies

2
- Y
23 > mE,NEp) <m(c) | Y n-gadle] + m)Ems@ | (3.30)
n=N n+Clogn<m<Q n=N

Combining (3.25), (3.29), and (3.30) we may conclude our desired bound

Y Y
> m(E, N En) < mel) [ Y n-ga(le] +n)ims®
n,m=N n=N
0 2
Yon-galel +mI@ ) | ey
n=N

O
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Combining Proposition 3.13 together with Lemma 3.4 and Lemma 3.11 we may
conclude that

m (lim sup E,,)
n—00
0 2
(X2 mED)
> lim sup 0
Q—00 Zn,m:N m(E, N Ey)

. 2
m([C])2 (ZnQ=N n-g(le] + n)dlms(d)))

> lim sup 3
=% m(e) (Z,?zN n- gallel +my3ms@® 4 (L2 - ga(lel +mlims@) ) e

. 2
m(ie)? (T n - ga(lel +mIms®)

= lim sup 3
0= m([e) (Z,,Q:N n- ga(le] +mAms® 4 (Y2 0 ga(le] +nylms (@) )

> m([c]).

Thus (3.20) holds and our proof of Statement 2 from Theorem 1.1 is complete. We
emphasise that in the penultimate line in the above we used the fact that the constant
C1 does not affect the limit. This is important because the implicit constant in (3.20)
needs to be independent of ¢ if we want to apply Lemma 3.5.

4 An application of the mass transference principle

The mass transference principle of Beresnevich and Velani [10] is a powerful tool that
allows one to derive information on the Hausdorff measure of a limsup set. We do not
state it in its full generality, but instead content ourselves with the following which is
better suited for our purposes.

Let X C RY. Then X is said to be Ahlfors regular if there exists C1, C; > 0 such
that

ClrdimH(X) < HdimH(X)(B(X, r) m X) < CzrdimH(X)

forall x € X and r sufficiently small. Given an Ahlfors regular set X, aball B(x, r) in
X,ands > 0, welet B* =B (x, r‘/d‘mH(X)). The following theorem is a simplified
version of Theorem 3 from [10].

Theorem 4.1 Let X be Ahlfors regular and (B;) be a sequence of balls in X with radii
tending to zero. Let s > 0 and suppose that for any ball B in X we have

Hdimp (X) (B M lim sup Bf) _ HdimH(X)(B).

[—o0
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Then, for any ball B in X

HE (B N lim sup Bl> = H*(B).

[—o00

It is a well known fact that if an IFS @ satisfies the open set condition then the corre-
sponding self-similar set is Ahlfors regular. It is also well known that if ® satisfies the
open set condition then y is equivalent to the restriction of H4™s(®) on X. Combining
these facts together with Theorem 1.1 and Theorem 4.1, we may deduce the following
statement.

Theorem 4.2 Let ® = {¢,},c4 be an IFS which satisfies the open set condition. Let
Vo UX AT — [0, 00) be given by W(a) = Diam(X,)g(|al) for some function
g : N — [0, 00) satisfying

>3 n - (Diam(Xa)g(m) ™ @) = oo,

n=I1 ac A"

Fort = 1let W' : U | A" — [0, 00) be given by W' (a) = W(a)'. Then the following
statements are true:

1. Assume that

hp < —2log Z pg
acA

and that g is non-increasing. Then for any t > 1 we have HY™# X/t (Wq (W) =
HdimH /t (X)

2. If ® is equicontractive then for any t > 1 we have HY™H# X/ (W (W) =
HdimH /t (X).

We emphasise that if ® is not equicontractive and W is of the form W(a) =
Diam(Xj,)g(|a]), then for ¢+ > 1 there exists no g; : N — [0, 00) such that W’
satisfies W' (a) = Diam(X,)g,(]a]) for all a € A. As such Theorem 4.2 allows us to
make positive measure statements about a new class of functions.

We conclude this section by mentioning that by following the arguments used in
Sect.2, one can use Theorem 4.2 to prove a number of statements on the Hausdorff
measure of certain limsup sets arising from the study of intrinsic Diophantine Approx-
imation on self-similar sets. We leave the details to the interested reader.
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