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Abstract

In this paper we study removable singularities for solutions of the fractional heat equation in
the spacial-time space. We introduce associated capacities and we study some of its metric
and geometric properties.
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1 Introduction

In the present paper we study removable singularities for solutions of the fractional heat
equation in time varying domains. Our main motivation comes from the paper [13] where we
studied removable singularities for regular (1, 1/2)—Lipschitz solutions of the heat equation
in time varying domains. Our ambient space is RV *! with a generic point denoted as ¥ =
(x,1) € RVt where x € R and ¢ € R. For a smooth function f depending on (x, t) €
RN+1 the heat equation is just

O(f)=Af—-09f=0, (1.1)
with fundamental solution W (x, t) = (471t)_N/2 exp(—|x|2/4t) fort > 0andOift <O0.
We set 0 < s < 1 and let ®° denote the fractional heat operator, ®° = (—A)* + 9;.
Then, for a smooth function f depending on (x, ) € RN+L

O'(f)=E=A'f+of=0
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is just the fractional heat equation. The pseudodifferential operator (—A)* = (—Ay)*, 0 <
s < 1, is the fractional Laplacian with respect to the x variable. It may be defined through

its Fourier transform, (—/A\)S f) =& |2 f (&), or by its representation

f(X)—f(y)dy

(=A) f(x) =c(n,s) p.v. v Jx — yNrzs 4

where c¢(n, s) is a normalization constant (see [10] and [17] for its basic properties). and
p.v. stands for the principal value. The standard Laplace operator, —A, is recovered when
taking the limit s — 1 (see [4, Section 4]), but there is a big difference between the local
operator —A, that appears in the classical heat equation and represents Brownian motion,
and the non-local family (—A)*, 0 < s < 1, which are generators of Lévy processes in
Stochastic PDEs (see [1] 1 [2]).

Givenx = (x,t)and y = (y, u), withx, y € RV, ¢, u € R, we consider the s-parabolic
distance in RVN*! defined by

dist, (¥, ) = max (Ix — y|, |t — ul"/%).

Sometimes we also write |Xx — y|, instead of dist,(x, y). Notice that for s = 1/2, dist,
is comparable to the usual distance. We denote by B, (X, r) an s-parabolic ball (i.e., in the
distance dist,) centered at x with radius . By an s-parabolic cube Q of side length ¢, we
mean a set of the form

11 X ... X IN X 1N+|,

where Iy, ..., Iy are intervals in R with length ¢, and Iy is another interval with length
225 We write £(Q) = £.

We say that a Borel measure 1 in R¥+! has upper parabolic growth of degree N 425 —1,
0 < s < 1, if there exists some constant C such that

W(By(E, 1)) < Cr¥™=1 forall¥ e RN r > 0. 1.2)

Clearly, this is equivalent to saying that any s-parabolic cube O C RN*! satisfies u(Q) <
C'e(Q)N*T2=1 Now, let s = 1/2. We say that a compact set E C RN+ is removable for
the 1/2—fractional heat equation (or removable for bounded 1/2—caloric functions) if any
bounded function f : RN*! — R, i.e. | f 1l oo 41y < 00, satistying the %—fractional heat
equation in RV*! \ E, also satisfies the 1/2—fractional heat equation in the whole space
RNJrl'

Given a compact set E C RV T!, we define its 1/2—fractional caloric capacity by

ve2(E) = sup{l(v, 1)] : v € D', suppv C E and | P % v|| o rs1y < 1}, (1.3)

where D’ is the space of distributions in RN+ and P(x, r) denotes the fundamental solution
of the 1/2—fractional heat equation in RN+, that is
-t if 0
v if 1>
P(x,t)=1{ +IxH> . (1.4)

0if t <0

The fractional heat equation can be solved (by applying Fourier transform) forall0 < s <1
by means of the fundamental solution Ps(x, t), which is the inverse transform of the function
e~ Ttis worth mentioning that only in the particular cases s = 1 and s = 1/2 the kernel
is known to be explicit. In the first case we get the Gaussian kernel for the standard heat

)—N/ze—|x|2/4r

equation W(x, t) = (4t and in the fractional case s = 1/2 we have Eq. 1.4.
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Removable Singularities for Solutions of the Fractional Heat...

For 0 < s < 1, there is no explicit fundamental solution for the s—fractional heat equation.
In the 1960s, the probabilists Blumenthal and Getoor [3, Theorem 2.1] generalized in a
precise way the power-like tail behaviour observed in the case s = 1/2 to the other values of
0 < s < 1, that is, they established that the fundamental solution, P;(x, t), of the fractional
heat equation, for 0 < s < 1, satisfies

t
Ps(x, 1) ~ Ni2s

15+ xS

when ¢ > 0 (and O for ¢ < 0). Here a ~ b means that a/b is uniformly bounded above and
below by a constant. Notice the marked difference with the Gaussian kernel W (x, ¢) of the
heat Eq. 1.1 (case s = 1). The behaviour as x tends to infinity of Py is power-like while W
has exponential spatial decay.

In the paper, we will also introduce and study some s-fractional caloric capacities yg),
0 < s < 1, associated with the kernels P; of the s-fractional heat equation.

We shall now give a brief description of the main results in the paper. Section 2 includes
some estimates of the kernels Py(x,7) (0 < s < 1) and its derivatives, that will be needed
in the rest of the paper. The four next sections deal with the case s = 1/2. More concretely,
in Section 3 we prove a localization result for s = 1/2, that is, for a distribution v, we
localize the potential P * v in the L°°—norm. We think that the localization property for
the potential Py * v, 0 < s < 1, should also hold, but the arguments would be much more
involved and we don’t have a proof of it. The localization method for the Cauchy potential
v * 1/z in the plane is a basic tool developed by A.G. Vitushkin in the theory of rational
approximation in the plane. This was later adapted in [14] for Riesz potential v % x/|x|"
in RY and used in problems of C!—harmonic approximation. These localization results
have also been essential to prove the semiadditivity of analytic capacity and of Lipschitz
harmonic capacity, see [19] and [22] respectively (see also [15] for other related capacities).

In Section 4 we study the connection between %—fractional caloric removability and

the capacit f/ 2. In particular, we show that a compact set E ¢ RN+ is 1_fractional
pacity yg p p 2

caloric removable if and only if y(l)/ 2(E) = 0. We also compare the capacity yé/ % to the
Hausdorff content ’Hévo and we prove that if E has zero N —dimensional Hausdorff measure,

ie., HN(E) = 0, then y(;/ 2(E) = 0 too. In the converse direction, we show that if E has
Hausdorff dimension larger than N, then yé)/ 2(E ) is positive. Hence, the critical dimension
for %—fractional caloric capacity (and thus for %—fractional caloric removability) occurs in
dimension N, in accordance with the classical case. Also by analogy with the classical case,

one should expect that y(f)/ 2(E ) > 0if and only if y(l)/ i(E ) > 0 or even that both capacities

are comparable (the definition of yé/ i is the same as (1.3) but instead of distributions one
considers positive measures). However, there is a big obstacle when trying to follow this
approach. Namely, the kernel P is not antisymmetric and thus, if v is such that Tv = Pxv is
in L°(RN*1), apparently one cannot get any useful information regarding T*v (T* being
the dual operator to T'). This prevents any direct application of the usual 7'1 or Tb theorems
from Calderén-Zygmund theory, which are essential tools in the case of analytic capacity
and Lipschitz harmonic capacity. Hence, In Section 4, due to the lack of antisymmetry of

our kernel P, we also introduce a new capacity )7(;/ i We set )7(5)/ i(E ) = sup u(E), the

supremum taken over all positive measures supported on E' with || T 4]l oo gv+1y < 1 and
IT*pll poogy+1y < 1. Clearly y@l)/z > 7’(1)/1 > 77(1)/1 We show that the capacity 17(1)/1 can

be characterized in terms of the L2-norm of 7.
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In Sections 5 and 6, we give some concrete examples of %—caloric removable and non-
removable sets with Hausdorff dimension N. In particular, in the first section we construct
a self similar Cantor set in RV *! with positive and finite Hausdorff N-dimensional measure
which is %—caloric removable and in the second one we show that on the plane, the capacity

1/2 . . . . .
y®/ vanishes on vertical segments and is positive on horitzontal ones. These examples

allow us to deduce that, in dimension two, neither analytic capacity nor newtonian capacity
1/2

are comparable to the 1/2—fractional caloric capacity y,
have the same critical dimension).

Sections 7 and 8 are devoted to the study of the s —fractional capacities yg, when 1/2 <
s < land 0 < s < 1/2 respectively. In the first case, namely 1/2 < s < 1, we are
able to show that the critical dimension for the y§-capacity is N + 2s — 1. We have had
several technical problems when trying to prove this statement for the case 0 < s < 1/2
but we can show that sets E with zero (N + 2s — 1)—dimensional Hausdorff measure, i.e.,
HN+EB-1(E) = 0, have y§(E) = 0.

Some comments about the notation used in the paper: as usual, the notation A < B
means that there is a positive absolute constant C (that may depend on s and the dimension
N) such that A < CB. Also, A ~ B is equivalentto A < B < A. The gradient symbol V
refers to (Vy, 3;), with x € R and f € R.

(although these three capacities

2 Some Preliminary Estimates on the Kernels P and P;

In the next two lemmas we will obtain upper bounds for the kernels P(x, t), Ps(x,t) and
its derivatives. We will need them later.

Lemma 2.1 Foranyx = (x,t) € RNt x e RN and t € R, the following holds:
_ 1 _
(a P(K) S —= forallx #0.
x|V

_ _ _ 1 _
(b) |ViP(X)| < |)C_|T+lforallx #0and |3, P(x)| < Wforallx # (x,0).

(¢) Forallx,% € RN*! such that |x — x'| < |x|/2, x #0,

|x — x|

|P(¥) — P(X)| S RiE

Notice that the kernel P is not differentiable with respect to ¢ at the points (x,0), x €
RN,

Proof The estimate in (a) comes from the explicit expression of P. For the estimates in (b)
we compute

(N + 1)xt

ViPx,t) = —————,
(x2 +12)"F
1
and so we get |V, P(x)| < |'|T+1 On the other hand, for t # 0
X

1 (N + D2

xR+ (e +2)F

3,P(x, Z) =
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1
Then |81P(.7E)| 5 HTH for all x ;é (X,O), X € RN.
X

Finally, (c) will be obtained using (b). Indeed, given ¥, ¥’ € RN*! such that |x — x'| <
|%]/2, write

I=(x,1), =1, T=0.
Then
|P(X¥) — P(X)| < [P(X) = P(D)| + |P(X) — P(X) 2.1)
The first term in the above inequality is bounded by

lx — x/| |x — X'|
|)z|N+l - |£|N+1 :

lx —=x'| sup [ViP(y.0I <

ye[x,x']
For the second term in Eq. 2.1 letr > ¢/. If ¢/ > 0, then

|t — /]| |x — x|
|)E|N+l - |i|N+l !

[t —1'| sup |8 P(x',s) <
selt’ 1]

Ift <0,|P(X)— P(x)] =0andift > 0andt < 0, then

¥ — X']

PG/ 1) = P(x', 1) =[P, 0) = P, 0) Sl sup |8, P(x', )| S —5
|x|N+l

s€[0,1]

The following lemma shows some growth properties of our kernel P;. Before stating
it, we need to introduce a definition. For a function f : RVl & Rand o € (0, 1), the
o—fractional derivative with respect to ¢ (recall that x € R¥ and r € R) is defined as

f(xvs)_f(x!t)d

|s — t]1+e

o fx, 1) =

’

when the integral is finite.
Now the lemma reads as follows

Lemma 2.2 Lets € (0, 1). For any x = (x,t) € RVt x e RN andt € R, the following
holds:

1
1 1P < _7Nf0rall)f # 0.
R
(2) Fora € (0,1), [(=A)"Ps(X)| S —x5-
|i|g+2a
_ 1 _
3) 19:Ps(x)] < Wforallx # (x,0).
Xlp
_ 1 _
@) Vi Pe(x)] ,S HT_Hforallx # 0.
Xlp

1 =% p (=
(5) FOVSE(E,I), |8, PS(X)"S}W
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Proof The first property follows from the definition of the kernel. For ¢t < 0, Py(x,7) =0
and fort > 0,
t _ @5+ P 1

R e N S O

We prove now the second one. Applying Fourier transform to the fractional heat equa-
tion with respect to the space variable x, and calling the new variable &£, we get the equation
U = —|§|zsﬁ, that allows to solve the initial-value problem in Fourier space by means
of the formula u (&, t) = uo (S)e"az” . Applying the inverse transform, the fractional heat
equation can be solved for all 0 < s < 1 by means of the fundamental solution, Ps(x, 1),
which is the inverse transform of the function e~ > . Hence the kernel Py has Fourier trans-

-~ 2s

form Py(&, 1) = e 171 It is well known that for ¢ > 0 (recall that for 7 < 0, Ps(x, ) = 0)
it has the self-similar form

[Ps(X)| = |Ps(x, )| ~

Pux.n) =17 ¢ (x| %) 22)

for some positive C* function ¢, radially decreasing and satisfying ¢ (u) ~ (1 + u*)~ g

(see [3] and [21]).
Using Eq. 2.2 we deduce that

(—A)Py(x, 1) =155y (|x|f%>

where 1(2) = (—A)*$(). Since (&) = ¢ ¢, then §(&) = 15 ¢ and using
the expression of the inverse Fourier transform of a radial function (see [7, Section B.5] or
[18, Section IV.I] for a proof) we obtain

1-& e —r2 Ny
Y(lz]) = cnlzl 72 e’ r27 %y _ (rlzdr,
3 1
0

where Ji is the classical Bessel function of order k. Thus [16, Lemma 1] gives us the decay
[ (lz])| = 0(|z|_N_2°‘), for |z| large. Since ¥ is bounded we have

WDl S A+ =TT, @3)
which implies
’(_A)O(PS(X”%S N+2 l 1 _Nt2a _/\} )
T I b el H A
the second estimate in the statement of the lemma. Observe that for « = s this is
(=AY )| < 15V Q2.4

Therefore using that P is the fundamental solution of the s-fractional heat equation

_N_

B P(x, 1) = —(=AY Py(x, 1) = =t 5 (=AY p(2), z=Ixlt"%, >0, (25)
and the fact that

—N-2s
[(=AY¢(zD S A+ 122 (2.6)
(which is estimate Eq. 2.3 with o = s) we get
- 1 1
10 Py ()] S

N —1_Nt2s =\ N+42s’
TR P b N 1

which is the third estimate in the statement of the lemma.
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Next we will estimate the spatial derivative V, Ps(x, t). Clearly

VaPin,) = Vs (1 @ xlt)) = 75 9/l

If we can show that

¢ S A+ud) @.7)
then we are done because
P 1
|VxPs(xvt)|§ = .
(0 + x 2=y 3 xp !

In order to estimate V¢ (z), we consider the equation for ¢ that comes from Eq. 2.5, that is

25(=A)'¢(z2) = N¢p(z) —z- Vé(2) = 0.
Notice that it implies that

lp ()] + (=AY 9 (2)]
[4] '

N+2s

Since ¢’(|z|) is bounded, from ¢ (1) ~ (1 + )~z and Eq. 2.6 we deduce Eq. 2.7.
To prove the last estimate in the statement of the lemma, that is

VeI <

-4
|0, Ps(x)|,§m7 s € (1/2,1), (2.8)
we claim that for ¢ > 0,
1 t
Pg(x,t) = 7|x|N F <|X|2S> (29)
for some function Fg(u) ~ m Eq. 2.9 can be proved using Eq. 2.2, that is
u

Pi(x, 1) =175 ¢ (|x|/tz%~) for some ¢ with ¢ () ~ (1 + u2)~"3> . In fact,

UYL TRk
reen = e () #(3) = 5w () "o () )
1 g (4
eV |x|2f>

the last equality being a definition for F;. Hence

—N
Fy(u) = u%(b(u%) ~ e N+2s —  Nt2s ! N+ ! N+2s
A+u-lV/sy" 2 u s (1+u-l/s)2 1+ ul/s)™2

and claim Eq. 2.9 is proved. Notice that we have

817% _ 1 817% . _ 1 817217 t
e R =i [ B ) | O e B )

Hence, to show Eq. 2.8 it is enough to see that for all 7 € R,

1
|8,1 5 Fo(t)| < min(1, J¢]7h. (2.10)
Once Eq. 2.10 is available we obtain Eq. 2.8 easily:
-1 1 . |x | 1 1
9, *Pi(x,t)]| < —————min|( 1, = = —.
19y s (6, OIS |X|N+2s71 ( t max(|x|2s,z)|x|N*1 IxIN*1|x|%*
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To show Eq. 2.10, we write
_L F, — Fy(t F, — F(t
|at1 SF@1)| < /l 5(r) 5 ( )ldr=/ |Fs(r) 5 ( )ldr
[r1=<lt1/2

Ir— 2% r— 2
Fy(r) — F(t Fy(r) — Fy(t
+/ |Fy(r) sl()lerr/ |Fy(r) sl()ldr
H2<iri=2 |y —t]*7 2 =21l |y =t
=L+ 5L+ 5.

We begin with /1. Notice that here |r — ¢| & |t|. Then,
1
IS —— (/ |Fs(r>|dr+f |Fs(r>|dr) = In + Inn.
[t]77 25 \JIrl=lr]/2 Ir|<le1/2

If |¢| < 1, then

1 l¢] r It I dr
In 3 oL / 1_N+2s dr 3 oL / T_Nt2s
[f]72s JO (1 4r5) 2 [t]“72 JO (14r5) 2

1
1]z < 1.

A

If |#] > 1, then we can write

1 1 r 1 lrl r
In g Z—L/ T_N+2s dr + L f 1 N+2s dr
|[| 25 JO (1+rx) 2 |[| 25 J1 (l—i—r.\') 2

Since

T B L L I L
0 Ty dr = 1 re — = PR
2" 1 (I 4r5) 2 71>~ )1 7>~z it

then if |7| > 1,

+l 1
2wl T

I S

~

1
Hence 717 < min <1, m) . Since F(¢t) = 0 for ¢+ < 0, to estimate /1 we only need to

consider positive ¢, therefore

1

|F(0) 2 . i

I = ~ - = - <Smin |1, - ).
=% 2 EA 40 Q) 1

This finishes the estimate of /1. To deal with I, we distinguish two cases, according to
whether r has the same sign as ¢ or not. In the first case we write » € Y, and in the second
one,r € N.Inthecaser € N, with [t|/2 < |r| < 2|t|, it turns out that |r —¢| & |t|, and thus

B0 - FOl, ] /2" r |Fs(1)]
0

IZ,N =/ L ~ oL 1 N+2s dr + -4
ren,|t|/2<|r|<2|t| |[r —t]“" 2 |£]7 2s (I+rs) 2 [t] " 2s

Observe that this last expression is very similar to the ones in /;; and /1. Then, by almost
the same arguments we deduce that
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To deal with the case when the sign of s is the same as the one of ¢ (i.e., s € Y), we take
into account that
|Fs(r) — Fs()] < sup |F{(&)]|r —1|.
§elrt]
Notice that Eq. 2.9 tells us thatif |y| = 1, then Fs(§) = Ps(y, &). Hence due to property (3)
of this lemma and since in this case |¢|/2 < |&| < 2]t|, it is immediate to check that for this
& we have

1
THEGIBS 7}%'
(I + t]%)
Thus,
[Fs(r)— Fs(t)ldr
s

1 dr
< T _Nt2s fr|<2\t| 1—L
(A+[e]s ) Sz lr—r]" 25

< mE Smin (1. 7).
(1+|f\ ) 7

Ly = frey,\t|/25\r|s2\tl

Finally we will deal with /5.
F; F(t
135/ _IEOL dl’—l—/ 7| O dr = I31 + I.
\ |

1
r>20 | — > rl>20) |r — ¢*~ %

Notice that [r — t| = |r| > 2|¢t]|. If || < 1, then

< ! dr o dr
I S i T vin T T INETR
tr = s(14rs) 2 I 7 x(14rs) 2
/‘ dr </1 ar o <1
It] rl—%(1+r%)N%zs i -

o
f dr <1
—L T Nizs ~
1 r 2s(]+rs) 2

we have 131 < 1 when |f| < 1.If |#| > 1, then

© dr ©  dr 1 1
I3 S/ — 1 N+2s Sf oy N-I ~ 14 N=l S T
el rl=xsA4rs) 2 1l 2t 5% [t 72 2]

1
Hence 31 < min <1, m) Finally

1

/ t /00 dr < 12 (1 1)
32 " " _mm ,— |-
(1+t\)N+2 p r2_21r (l—i—tl)NH P

Since

and

3 Localization Estimates fors = 1/2

The main objective of this section is to show the following localization result, that will be
used for the proof of Theorem 4.2.
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Theorem 3.1 Let v be a distribution in RVt with | P % v|ls < 1. Let ¢ be a C! function

supported on a cube Q C RNH such that ||Volleo < £(Q)~L. Then | P % (V) |loo < 1.

~

In the statement the operator V refers to V. = (V,, ;). Before proving Theorem 3.1
we need several lemmas and definitions. We say that a C! function ¢ is admissible for
Q0 c RN+l ifitis supported on @ € RV *! and satisfies

/ 19:p(x, Hldxdt < (@)Y and f I(=A0)"p(x, Dldxdt S €Y. 3.1
Q ]RN+1
Recall that

N
(Ao =c) Rjdjg,
j=1
with Rj, 1 < j < N, being the Riesz transforms with Fourier multiplier &;/|&]| (here c is a
constant depending on N). Then setting Q = Q1 x Ig with Q1 C RY and Ip C R, one
can write

N
[(—A )l/zgo(x,t)ldxdt%// 1Y Ri0;ip(x, 1)|dxdt
N
< |R;0;p(x,1)|dxdr.
2, Lo

Therefore if ¢ satisfies

/ 9 (x, 1)ldxdt < €(Q)" and / IR;3j0C, Ol ignydt S L(Q)N, forl<j <N,
0 Ip
then ¢ is admissible for Q.

Lemma 3.2 Let ¢ be a C' function supported on a cube Q = Q1 x Ip C RN with
01 c RY and Io C R, and such that

M 19l S LY.

@ / 1R800 Dl opdt < EQ)N, forj=1,2,-- N
Ip

Then ¢ is admissible for Q.

Proof Due to the above explanation, we only have to show that
[ IR0 Divagdr < 4O
Io

In fact,
1R300, )l agydt ~ f / / oYl ayai
/f ! rETeen 10 Jemao, 1o, 7 |z — y|V+!

, 1
o
IQ RN\ZQl 01 |Z_ |

< lellsst)t(enN ! S e,

where the forelast inequality is obtained by integrating on annulus, for example. O
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Corollary 3.3 A C! function ¢ supported on a cube QO C RNT! with | Vo|leo < £(0) ! is
admissible for Q.

Proof The first condition in Lemma 3.2 is clearly fulfilled. To show the second condition
in Lemma 3.2 we will use the Cauchy-Schwarz inequality and the L2 —boundedness of the
Riesz transforms as follows:

/ ||Rjaj<p<-,r>||L1(2Q1>dz5/ CONIR; 33001 2001 dt
Ig Ig

5/ LN 18j9C, Dllr200,dt S LN,
Io
Therefore, standard test functions supported on Q are admissible for Q. O

It is worth mentioning here that if ¢ is a standard C? test function supported on Q C
RN+ satisfying [8;¢]lo0 < £(0)7" and |Ax@lloo < £(Q)72, then ¢ is admissible for Q.
The first condition in Eq. 3.1 is clear and for the second one, notice that if g = A, ¢ *, k,
with k(x) = \XI% and *, denoting the convolution on the x variable, then taking the

Fourier transform with respect to x, we get: (=AY 2g0 = cg, for a suitable constant ¢ # 0.
Then, integrating on annuli and using that || Ay ¢llecc < 20(0)72,

/ (=AY 2@(x, 1)|dxdt %/ [Av@ %y k(x, 1)|dxdt
]RN'H N+

t
// / (. N)Ld dxdt
Ip JRV\20; Jo, 1X — ¥l

Aoy, 1
// / | V‘”(yN )1|d dxdt (3.2)
1o J20, Jo, X — Yl

Z LN 2 e
Qke(o)N T

The following lemma shows an N — growth condition that every distribution v fulfilling
the hypothesis of Theorem 3.1 satisfies.

+ QN e

Lemma 3.4 Let v be a distribution in RNT! with |P % v||lee < 1. If p is a C! function
admissible for Q C RN*L, then |(v, )| < €(Q)V.

1/2

Proof Since P is the fundamental solution of ®'/<, we can write

(v, @) = (v, ©2p % P)| < (P % v, (—=A)Y20)| + (P % v, d9)| S L)Y,

because || P * v|lso < 1 and ¢ is admissible for Q, so it satisfies Eq. 3.1. (I

We will say that a distribution v has N-growth if for any @ C RV*! and any ¢ € C!
admissible for Q, [(v, ¢)| < L)V,

Lemma 3.5 Let v be a distribution in RN with N-growth. If ¢ is a C' function supported
on a cube Q C RNT! with Volleo < 2(Q)7", then the distribution P v is a locally

integrable function and there exists a point Xo € %Q such that

|(P xgv)(Xo)| < 1. (3.3)
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Proof We will show that the mean of f = P % ¢v on }TQ is bounded by a constant. Hence
at many Lebesgue points of f the inequality Eq. 3.3 holds.

We only need to show that P * ¢v is integrable on 2Q. In fact, we will prove a stronger
statement, namely that P % pv is in LP?(2Q) foreach 1 < p < NTH Indeed, fix any ¢
satisfying N + 1 < g < oo and let p be its dual exponent, so that 1 < p < NTH We need
to estimate the action of P * @v on test functions ¥ supported on 20 in terms of ||y ||,. We

clearly have
(Pxov,¥r) = (v, o(P xY)).
We claim that the test function

(P * )

T QWP N |y, G

satisfies the inequalities in Lemma 3.2 and hence it is and admissible function. Once this is
proved we get

(P % @v, ¥)| = [(v, (P % ¥))| = Q)N VPN |1yl 1w, )| S €@V TP |1y,

and so
I[P *@ullLrag) S €QNT/P.
Hence
4N+1
— | (P xpv)(x)ldx < /|<P*¢v)<x)|dx
1101 /1o 1ol Jo
1 1/p
< 4Nt <—/ |(P*<pv>(x)|ﬂdx> <C
101 Jo

which completes the proof of the lemma.
To prove the claim, we need to show that 4 satisfies the inequalities in Lemma 3.2, that is

VAl L1 20) S ¢ and / IR; ;M) L1 20,)d? SUQN, 1<j<N.
lo

Or equivalently
N+1 , N+1
IV (P xy)) i) S UQ) 7 I¥lly and /1 IR (¢ (P )l L1 20ydt S Q) 7 1¥llg.
0
(3.5)
for 1 < j < N. For the first inequality in Eq. 3.5 apply Holder’s inequality to obtain
N+1
IV (P xy)) 100y S Q) 7 IV (0(P*¥)) llLeo)

N+l
Q) 7 (IVe(P * ¥)lLao) + 19V(P * ¥)llLa0))
00T (A + Ag),

IA
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Since | V@lloo < £(Q)~! and by Holder again,

_ q 1/q
A g (/ (/ Ly—”;vd?) df)
20 \J20 |y — |
_ 1/q
B dy q/p _
Y4 1 q / (/ f) d
@) ¥l (2Q)< o \ o 5 =517 X

_Npy L1/
(@ W lueo) (6@ U@ ) = o).

Applying [5, Theorem 4.12], for example, we deduce that the singular integral with ker-
nel 8, P(x, t) is bounded in LY(RN¥+1), 1 < g < oo. Therefore ||¢ 3;(P * Ylleco S
l¥ 1l La20)- The estimate of the L9(Q)—norm of ¢d;(P * ) in Az is analogous. Finally
Az S ¥ llLe20) so the first inequality in Eq. 3.5 is proven.

For the second one write

/|R,-aj<<o<Pw>>|s/ |R,~(a,-<o(P*w))|+/ IR (3, (P % y)] = A3 + As.
20 20 20

IA

A

Using Holder, the L9 (RY)—boundedness of the Riesz transform and arguing similar to what
we have just done for the term Ay,

N+l 1/q
A3 SUQ) 7 (/2Q |90 (X)(P *w)(f)|qdi>

Nel g g - 1/q

U (/ZQ (P 9)(X)] dx)
N 5 q 1/q N

<o) (/ (/ Ly_)',vdy) di) <07 W lieo-

20 \J20 |y — X|
Analogously,

N+l

1/q
N+1 _ _ _ N+l
Ay SUQ) » (/ lp(%)d; (P *W)(X)|qu) SUQ) 7 IYlLao).
20
by an argument similar to the one of A,. O

Proof of Theorem 3.1 Take x € %Q and write P;(y) = P(x — y). We have to show that

[(P * @v)(X)| < 1. Write
[(P s @u)(X)] < [(P*@v)(X) — @(X)(P * v)(X)] + @llooll P * Voo
< (P xgv)(x) — (X)) (P xv)(x)| + C.
Let ¥ be a C! function such that = 11in2Q, ¥ = 0in (4Q)¢ and |V | < £(Q)~ 1.
We need to resort a standard regularization process. Take x € C°(B(0, 1)) such that
f x(x)dx = 1 and set x.(x) = ¢ " x(x/e) and P® = y. *x P. We want to estimate
|(P® % @u)(X) — 9(X)(P° ) (X)| (3.6)

uniformly on yx and €. Since, as ¢ tends to zero, Eq. 3.6 tends to |(P * ¢v)(X)— ¢(X)(P *
v)(X)| for almost all ¥ € RV*!, this allows the transfer of uniform estimates.

|(P® % @u)(X) — @(X) (P % v)(X)| = [(v. () PE(F) — (X)) PL())]
|, ¥ PE (9 — @@ + (v, (1 = ¥)e (@) Pf)|
A+ B.

IA
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To estimate term A, we will show that 4(¥) = £(Q)N ¥ (3) PZ(9)(@(3)—¢(¥)) is admissible
for 4Q and then apply Lemma 3.4. Since the function

¢ =¥ () (@) — X))

satisfies |[Volloo < £(Q)7!, for ¥ # y we have [PE(3)| < |x — 77V and by the mean
value theorem and Lemma 2.1,

BFVPEDI S IVellool® — 317N S e@)Mx — 317N,

we have

d
IVhll1 o) ,§6<Q>NZ(Q>*1[1 D <o,

o IXx =3IV~

which is condition (1) in Lemma 3.2. To show (2) in Lemma 3.2 for the function # we have
to prove

A IR; 10, 0l L1 st S EQY, j=1,2,- N, G.7)
e

Applying Hélder’s inequality for some g > 1 to be chosen later and using the L9 (RV)-
boundedness of the Riesz transform R, we have

/ IR;j8;hC. D1 80,)dt = f |Rj3;h(x, 1)|dxdt
419 80,

4l

/ QPR ;1) (-, 1)l o vyt
4l

IA

N

K(Q)N/p/ 19;h(, Dl Le@nydt.

4Ig
To estimate the last integral, write

192G, Dl Loy S QY (100 PEll Laquny + 199 PE Nl Lo mn)) = At + As.
Using that | Vélloo < £(Q)~! and

~

1 < 1
=3IV~ V=l e =y

IPED] = 1(Xe * PO < (3.8)

we get

1/q
/ Apdt = K(Q)N/ </ |3j¢(y,t)P,-f(§)|qdy) dt
41Q 4]Q 40,

< Z(Q)N—I/ dt </ dy )”q
~ 41Q It - S| 401 |.X - y|(N_1/2)q

S HQ)

<[z

_%/ dt
a1y VIt — 5]
< )N,
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Removable Singularities for Solutions of the Fractional Heat...

chosing 1 < ¢ < N/(N — 1/2). Notice that |(xe * 3; P)(F)] < for j # 0.

1
|)‘,|N +17
Therefore, using the mean value theorem and arguing as above we get

/ Ay dt = ((Q)N / 49 P o mnydt
41Q 4IQ

1/q
wo)™ (/ W@)«p@)—so@)a,-P;(y)Wdy) di
4IQ 40,

z(Q)N—lf dt (f dy )”q
a1y VIt =51 \Jag, |x — y|N=1/2a

N_1 dt
seoi [ S
419 VIt =]

< )N,

Since Eq. 3.7 holds, /4 is admissible for 4Q and by Lemma 3.4 we get A < 1.
To estimate term B = |(v, 1- W)go()E)P;f)| we will use Lemma 3.5, i.e. the fact that
there exists xg € Q such that

N

I(P* yv)(Xo)| S 1.
Since || P % v|oo < 1, we clearly have |(P * (1 — ¥)v)(Xo)| < C. The analogous inequality
holds as well for the regularized potentials appearing in B, uniformly in €, and therefore

B < llgllscl{v, 1 = ¥)P)| < [{v, (1 — ¥)(Pg — Pe)) + C.
To estimate | (v, (1 — 1//)(Pf — Pfo))|, we decompose RN+ \ {X} into a union of rings
ZeRV:2%(0) <1z -7 <2M'Q)). kel
and consider functions {¢y} in CHRN+Y supported in
Av=(z e RV 20(0) < 2 - 71 = 220(0)), keZ

such that |[Vgrlleo < (2%¢(0))~! and such that Yrwk=1in RN+ {x}. Since x € %Q,
the smallest ring Ay, intersecting (2Q)¢ is A_3. Hence

(o 3wt = et - 23|

k=-3

(v Yt —pops = P2
kel

(v, (1 =) (PF = PP

IA

+ 3 (vt = wyees = P2l
keJ

I being the set of indices k > —3 such that supp ¢x N4Q # @ and J denoting the remaining
indices (i.e. kK > —3 with ¢ = 0 on 4Q). Notice that the cardinality of / is bounded by a
dimensional constant.
Set
g =L)"Y ol —¥)(Pf - PE),
kel
and fork € J,

N e e
& =24 (2 (@) gk (P — PE,).
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We will show now that we can apply Lemma 3.2 to g and gi, k € J. Once this is available,
Lemma 3.4 will give us

L@V o) + Y27 (25@) N I(v. gu)l
keJ

S+ 27k g

keJ

(v, (1 = ¥)(P§ — P

IA

Notice first that the support of g is contained in a cube A Q for some A depending only on
N. On the other hand, the support of g is contained in 2¥*2Q. To apply Lemma 3.2 we
have to show that

IVelLing S K(Q)N7/. IR; (@)l L1 200p)dt S LN, 1<j<N, (3.9)
Mo
and fork € J,

N N .
IVailiLiaing S (2°UQ), / o, 1R800 dl S (2UQ)T 1< <N,
Q

2k
(3.10)
We check first Eq. 3.9. Using Lemma 2.1,

|P{ () — Pg,(M)Idy +/ 19, (P§ () — Pﬁo(i))ldi>

4 QNsupp(¢x)

1
19;8ll16.0) < €OV (—
% 10)

AQNsupp(¢x)

1 dy dy N
ol <— [ 7> <o,
Z(Q) X QNsupp(gi) |y _XIN AQNsupp(er) |y _X|N+l

N

The estimate for [|9;g||1(,¢) is analogous. For the second inequality in Eq. 3.9, let 1 <
q < oo and p be its dual exponent. Apply Holder’s inequality, the fact that Riesz transforms
preserve L (RY) and argue as in the estimates of the integrals of A| and A, (using Eq. 3.8)
to obtain:

/ IR;9;8C, Dl 12n0,)dt 5/ LONPIR;8;8(, Dl La2r0y)dt
)\]Q )JQ

S /[ LONPN18;8(, DllLaroydt
Mo

S eNPeo)N = ¢(Q)N.

To show the first inequality in Eq. 3.10 we have to prove [|0; gk |l 11 2x+3 0) < (ZkE(Q))N

and [0kl 11 2k+3 9y S (2kz(Q))N, 1 <j < N,ke J.Forthe L' —norm of 3;gx we will
use

- - 2€(Q) - .
0 PEG) = 01PN S gy FEAL KEL ISj SN G
Notice that Eq. 3.11 comes from a gradient estimate and Lemma 2.1. Hence
Q) 1

o k ok N -
|8jgk( 3t)| = 2 (2 z(Q)) (ZkE(Q))N+2 2kE(Q)’

which is 118 gkll 12439y S (€)Y, 1< j < Nk e J.
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Removable Singularities for Solutions of the Fractional Heat...

To show [19:8kll 1 2x+3 ) < (2k€(Q))N, we consider different cases. Write x =

(x,1), y = (y,u)and x9g = (xg, t0). If t —u > 0 and tp —u > 0 a gradient estimate together
with Lemma 2.1 gives us

£(Q)
ke 2’

Ift—u < 0and fo —u < Othen |3; P{(3) — 9; PL (3)| = 0.1If r —u and 79 — u have different

0
signs, say t —u > 0 and #p — u < O for example, thenfor y € A, k € J,

|9, P (¥) — 8 Pg, (DI < y €A, kel.

_ (t —u)?
o, P <
|l X(y)|N|)E—y|N+1 |)E—y|N+3
< 1 2(Q) < 1
kN FT T @ke(@)N T2 T ke N+
Notice that this last case only happens in a set of measure smaller or equal than
C2ke(0)Ne(). Putting this estimates together we get

|9, PE (3) — 0 P5, ()]

0

¢ 2keonNe N
19: gkl L1 43 0y S24 24 E(@NY [M%(M(Q))N“ + W] < he)

So the first inequality in Eq. 3.10 holds. Moreover

5. k+3 N A,
/2k+21Q IR;j8j&k(-, )l L1 ars3 g dt S [2“2[(2 CONNPIIR; 8k (- D)l Lara gyt
S f @O P119j 8k (-, Dl a3 i
2k+21Q

< QNP )@ e

= k0",

which is the second inequality in Eq. 3.10.
Take x € (%Q)C (x = (x, t)). Then consider

1
2k0(Q)

(P 0@ = |0, 0P| = @7 |0, €0 0P| S 6N U@ =1

because the function f(y) = LN go()'z)PJ%8 (y) is supported on Q and satisfies

IV flloe < €QN (IVOllooll PElloe + @lloc IV PElloc) S LN e(0) ™M = ()",

which, by Corollary 3.3, implies that f is admissible for O and we may apply Lemma 3.4
to obtain |(P? * ¢v)(X)| < C also in this case. O

4 Capacities and Removable Singularities

Given a compact set E C RV *! we define

172
Vel (E) = sup (v, 1) @1
where the supremum is taken over all distributions v supported on E such that

||P * U||L00(RN+]) < 1. (42)
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We call y(f)/ 2(E) the %-fractional caloric capacity of E. We also define the capacity
y(l,/ 2+(E ), in the same way as in (4.1), but with the supremum restricted to all positive

measures v supported on E satisfying (4.2). Clearly,
1/2 1/2
Ve (E) < v/ (E).

We say that a compact set E C RV*! is removable for bounded %—fraotional caloric
functions (or %—fractional caloric removable) if any bounded function f : R¥+*! — R
satisfying the %—fractional heat equation in RV+! \ E, also satisfies the heat equation in
the whole space RV +1,

Denote by the HY (E) the N-Hausdorff content of the compact set E C RV +

Lemma 4.1 For every Borel set E ¢ RN+1
12 12
v (E) < vo/*(E) S HAL(E),

and
dimy(E) > N = yg (E) > 0.

Proof Just by the previous definitions, y¢ 5 (E) < o *(E). To prove v *(E) < HA,(E)

first notice that we can assume E to be compact. Let v be a distribution supported on E
satisfying Eq. 4.2 and let {A;};<; be a collection of sets in RN+ which cover E, and such
that

> “diam(A)N < 2HY (E).

iel
For each i € I, let B; be an open ball centered in A; with r(B;) = diam(A;), so that
E C ;¢ Bi- By the compactness of E we can assume / to be finite. By means of the
Harvey-Polking lemma [8, Lemma 3.1], we can construct C* functions ¢;, i € I, satisfying:

® suppy; C2B; foreachi €1,
* |IVgillo S 1/r(Bi),
2ier @i =1inUig; Bis

Hence, by Corollary 3.3 and Lemma 3.4
(v, 1)] = \ Do) S rB)N = diam(AnY S HI(E).

iel iel iel

Since this holds for any distribution v supported on E satisfying (4.2), y(f)/ 2(E) SHY(E).
To prove the second assertion in the lemma, let E C RM*! be a Borel set satisfy-
ing dimgyg(E) = s > N. We may assume E to be bounded and we can apply the well
known Frostman lemma. Then, it follows that there exists some non-zero positive measure
w supported on E satisfying 1 (B(x, r)) < r® forall ¥ € R¥*!land all r > 0.
Thus, by Lemma 2.1, we deduce that for all x € RN+

_ 1 _ . .
[P s (@) < [ Wdu(y) < diam(E)* V.

Therefore,
1/2 w(E)

vo (E)y> — "~ > 0.
© 1P s pell oo vy
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Removable Singularities for Solutions of the Fractional Heat...

We say that a compact set E C RV*! is removable for bounded %-fractional caloric
functions (or %—fractional caloric removable) if any bounded function f : RN+l — R
satisfying the %—fractional heat equation in R¥+1 \ E, also satisfies the heat equation in
the whole space RV *1,

Theorem 4.2 A compact set E ¢ RN+ js %—fmctional caloric removable if and only if

ve2(E) = 0.

Proof 1t is clear that if E is %—fractional caloric removable, then yé/ 2(E) = 0. Con-
versely, suppose that E ¢ R¥*! is not %—fractional caloric removable. So there exists
some function f : RV*! — R satisfying

||f||Loo(RN+l) < o0,

and ®2(f) = 0in RN\ E but ®/2(f) = 0 in RVt (in the distributional sense).
Since E is compact there exists some (open) cube such that £ ¢ Q and ©'/2(f) # 0 in
Q. Consider the distribution v = ®1/2( f). Since v does not vanish identically in Q, there
exists some C* function ¢ supported on Q such that (v, ¢) > 0. Now take g = P * (pv).
By Theorem 3.1,

||g||Loo(RN+l) < o0,
and thus, since supp(pv) C QNE = E,

1
J/(:)/2 (v, 1) (v, ¢) 0.

(E) > =
gl Looqmn+1y 18Il Loomm-+1y

From the preceding lemmas, it is clear that, for any compact set E C RV*1,

e ifdimy(FE) > N, then E is not removable for bounded %—fractional caloric functions,
if HV(E) = 0 (in particular if dimg(E) < N), then E is removable for bounded
%—fractional caloric functions.

Thus the critical Hausdorff dimension for 1 —fractional caloric removability (and for ')
is N.
We consider the operator
Tv=Pxv,

defined over distributions v in R¥*!, When W is a finite measure, one can easily check that
T u(X) is defined for p-a.e. ¥ € RV*! by the integral

Tu(@) = / PG - ) du().
For ¢ > 0, we also consider the truncated operator
T = [ PG 5du).
[X=y|>e

1
loc

Tuf=T(fw), Tuef =Te(f ).

whenever the integral makes sense, and for a function f € L; (u), we write
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We also denote

Tip(x) = sup [Teu )], T f (x) = sup [T (f ) (x)1.

e>0 >0

We say that T}, is bounded in L2(u) if the operators T}, . are bounded in L2(w) uniformly
one > 0.
Given E C RV*!, we define the capacity

Vo2 (E) = sup u(E), 43)

where the supremum is taken over all positive measures w supported on E such that
17 pll poo @1y < 1, ||T*M||LOC(RN+I <1 4.4
Here T* is dual of T. That is,

T* (%) = / P — %) du(i).

Notice that by definition,

~1/2 1/2
V®<+(E) S V(a{+(E)

In the next theorem we characterize )7(3)/ 3_ (E) in terms of the positive measures supported
on E such that T, is bounded in L?(p).

Theorem 4.3 For any set E ¢ RN,

~1/2
Vo 2 (E) ~ sup{u(E) : supp i € E, [ Tull 20y 1200 < 1}

with the implicit constant in the above estimate independent of E.

Proof Denote

S = sup{p(E) : supp e € E, [ Tull 1200 1200 < 1)-

The arguments to show that )7(1)/ i(E) ~ § are standard. Indeed, let ;. be a posi-

tive measure supported on E such that Yo +(E) < 2u(E), ITpllpoogy+1y < 1 and
||T*u||Lw(RN+1) < 1. By a Cotlar type inequality analogous to the one in [12, Lemma 5.4],
say, one deduces that

I TepllLooquy S 1, 1T pll ooy S 1,

uniformly on & > 0.

To obtain the boundedness of the operator 7}, in L?(u) we will use a suitable T'1 theorem
with respect to a measure which may be non-doubling (see for example [20, Th 3.21]).
Since 7), and T}; are bounded in L, as a consequence of the result in [9], to apply the T'1
theorem in our case it is enough to check that the weak boundedness property is satisfied
for balls with thin boundaries, that is, < T, x5, xg >=< Cu(2B), if B is a ball with thin
boundary. A ball of radius r(B) is said to have thin boundary if

w{% : dist(¥, dB) < tr(B)} < tiu(2B). (4.5)

Let’s consider a C* function ¢ with compact support in 2B such that ¢ = 1 on B. Then

|<TMxB,xB>|5A|TM¢|du+j;|TM(¢—xB>|du.
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Using Theorem 3.1 one can see that the first term in the right hand side is bounded by
Cu(B). To get a bound of the second term we will use that B has a thin boundary. Using
the boundedness of K, property (a) in Lemma 2.1,

/|T - XB)|dM</ / D o)
28\B JB |X — ¥

du(y) _
[ [0 e,
S0 JrgBdisEon)~2-ir () JB |x — ¥l

Given j and x ¢ B such that dist(x, dB) ~ 277r(B), since i is a measure with N-growth,
one has

dpG) _ 3 / dp() _ <~ wBE 27 (B) _
anly +2.
fB Ix —yIV Nk [F—y|~2-kr(B) |X X =y~ Z kBN <

Therefore, by 4.5

f Tu@—xp)ldn S Y (+2)ui% distE, 9B)~2 I r(B)} £ Y =~ IE2 0B <ueB).
Jj=>1 j=0
Consequently, the weak boundedness property is satified and by the 7' 1 —theorem it follows
that 7}, is bounded in L% (), with 1Tl 2 (uy— 12y S 1 So we deduce that S 2 Ve +(E).
To prove the converse estimate, let ;. be a positive measure supported on E be such that
1T ”LZ(M)ALZ(M) < land § < 2u(E). From the L%(u) boundedness of T,., one deduces
that 7 and T* are bounded from the space of finite signed measures M (RY 1y to L1 ().
That is, there exists some constant C > 0 such that for any measure v € M (RN+1, any
& > 0,and any A > 0,

n({x e R | Tu@)| > A}) < C U
and the same holds replacing T, by T,*. The proof of this fact is analogous to the one of
Theorem 2.16 in [20]. Then, by a well known dualization of these estimates (essentially due
to Davie and @ksendal) and an application of Cotlar’s inequality, one deduces that there
exists some function 2 : E — [0, 1] such that

M(E)Scfhdu, TR Wllse@very < 1, IT*G0)lpoeqnsry < 1.

See Theorem 4.6 and Lemma 4.7 from [20] for the analogous arguments in the case of
analytic capacity and also Lemma 4.2 from [12] for the precise vectorial version of the
dualization of the weak (1, 1) estimates required in our situation, for example. So we have

P = [ hau~ uE)~s.

5 The Existence of Removable Sets with Positive Hausdorff
Measure HN

In this section we will construct a self-similar Cantor set £ ¢ RV*! with positive and finite

HYN measure which is %—caloric removable. To obtain this result we need the following
theorem, showing that certain distributions are actually measures.

@ Springer



J. Mateu, L. Prat

Theorem 5.1 Let E C RN*! pe a compact set with HN (E) < oo and let v be a distribution
supported on E such that
1P *v]o < 1.

Then v is a signed measure, absolutely continuous with respect to HN Y| g and there exists
a Borel function f : E — R such thatv = f HN|g and I f Nl Looqpnpy S 1-

In what follows, we say that a distribution v in R¥*! has N —dimensional growth, if for
any cube Q C RN+1 and any C! function ¢ admissible for Q, |(v, )| < E(Q)N.
Theorem 5.1 is a consequence of Lemma 3.4 and the following result.

Lemma 5.2 Let E C RNt be a compact set with HV (E) < oo. Let v be a distribution
supported on E wich has N-dimensional growth. Then v is a signed measure, absolutely
continuous with respect to HN|g and there exists a Borel function f : E — R such that

V= fHN|E and ”f”LOO(’HN\b) g 1.

Proof First we will show that v is a signed measure. By the Riesz representation theorem,
it is enough to show that, for any C*° function ¥ with compact support,

[(v, ¥)| = C(E) ¥ ]l co- (GRY

where C(E) is some constant depending on E.
To prove (5.1), we fix € > 0 and we consider a family of open cubes Q;, i € I, such that

E C ey, Qis
€(Q;) <eforalli € I, and
X:ielg E(Qi)N < CHN(E) +¢.

Since E is compact, we can assume that I, is finite. By standard arguments, we can find a
family of non-negative functions ¢;, i € I, such that

® cach ¢; is supported on 2Q; and cy; is admissible for 2Q;, for some absolute constant
c>0,
> ier, 9i = 1 on ;¢ Qi and in particular on E.

Indeed, to construct the family of functions ¢; we can cover each cube Q; by a bounded
number (depending on n) dyadic cubes Rl.l, ---, R!" with side length E(Rij ) <€(Q;)/8 and
then apply the usual Harvey-Polking lemma ([8, Lemma 3.1] to the family of cubes {R; ;}.

We write

[ ) < D 1w, @)
i€l

For each i € I, consider the function
_ iy

1¥lloo + O IVl
where V = (Vy, 9;). We claim that ¢ n; is admissible for 2Q;, for some absolute constant
¢ > 0. To check this, just note that ¢; v is supported on 2Q; and satisfies

Ni

1
\% i oo = \4 illoo o0 illoo \4 oo<7 oo v 00+
IV(@i Yoo < IV@illoo 1Y lloo + l@illoo IVl S oD [Vlloo + IV

Hence,
1
Vhillo S -
T 00))
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So, by Corollary 3.3, the claim above holds and, consequently, by the assumptions in the
lemma,

(v, mi)l S @™,
From the preceding estimate, we deduce that
] < D 1w @)l S 0N (1 lloo + €00 1V llso)-
ielg ielg

Since £(Q;) < ¢ for each i, we obtain that

v, ¥}l < 21: EOHN (W lloo + £ IV lloo)
iely
S (HVE) + &) (I¥lloo + e V¥ lloo)-
Letting ¢ — 0, we get

L, ¥) S HYE) 1Y lloos

which gives (5.1) and proves that v is a finite signed measure, as wished.
It remains to show that there exists some Borel function f : E — R such that v =
£ HN | g, with I F oo ) < 1. To this end, let g be the density of v with respect to its

variation |v|, so that v = g |v| with g(x) = %1 for |v|-a.e. x € RN+1 We will show that
. V|(B(X,r))
imsup ——o——

r—0 r

<1 for|v|]-ae X € RVNtL, (5.2)

This implies that |v| = f’HN |E for some non-negative function f < 1. This fact is well
known (see Theorem 6.9 from [11]).
So to complete the pzoof of the lemma it suffices to show (5.2) (since then we will have
v =g fHN|Eg with |g f] < 1). Notice that, by the Lebesgue differentiation theorem,
Iim —— lg(y) —gx)|dv|(y) =0 for |v|-a.e. x e RN+,
r—=0 [V[(B(x, 7)) JB@.r
Let x € E be a Lebesgue point for |v| with |g(x)| = 1, let ¢ > 0 to be chosen below, and
let ro > 0 be small enough such that, for 0 < r < ry,
1
—— lg(y) — g ldvI(y) <e.
[vI(B(x,r)) JB&,r

Suppose first that
(B, 2r)) < 2V v|(B(&, 1)), (5.3)

and let ¢z , be some non-negative C* function supported on B(x, 2r) which equals 1 on
B(x, r) such that ¢ ¢z , is admissible for the smallest cube Q containing B(x, 2r), so that

/ @z, rdv

= ‘/sﬂz,r(ﬁ)(g(i) —g(f))dIVI(?)‘

N
<t

Now observe that

‘/wf,rdv —g(x)/ o5 dlV]

5/7 lg(y) — g dIvI(y)
B(x,2r)

IA

e V|(B(F,2r) < 2V |(B(x, 1) < e/w,rd|v|.
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Thus, if € is chosen small enough, we deduce that

/%z,rdIVI = Ig(f)l/%z,rdlvl < 2‘/§0)E,rd‘)

Therefore, using again that ¢z , = 1 on B(x, r), we get
(B, r) SV (5.4)

To get rid of the doubling assumption (5.3), notice that for |v|-a.e. X € RN*! there exists
a sequence of balls B(x, rr), with r; — 0, satisfying (5.3) (we say that the balls B(x, r¢)
are |v|-doubling). Further, we may assume that r;, = 2", for some /; € N. The proof of this
fact is analogous to the one of Lemma 2.8 in [20]. So for such a point x, by the arguments
above, we know that there exists some kg > 0 such that

[[(B(x, ) S fork > ko,

,SrN.

assuming also that x is a |v|-Lebesgue point for the density g. Given an arbitrary r €
(0, 7)), let j be the smallest integer r < 27, and let 2% be the smallest Jj < k such that the
ball B(x, 2%) is |v|-doubling (i.e., (5.3) holds for this ball). Observe that 2k < T'ky- Then,
taking into account that the balls B(x, 2") are non-doubling for j < i < k and applying
(5.4) for r = 2%, we obtain

[[(B(X, 1) < [V|(B(F,27)) < 20U 1y (B(x,2%)) 2000 okn < pim iy N,
Hence, (5.2) holds and we are done. O

Next we will construct a self-similar Cantor set E C R¥*! with positive and finite mea-
sure HN which is removable for the %—fractional heat equation. Our example is inspired
by the typical planar 1/4 Cantor set in the setting of analytic capacity (see [6] or [20, p. 35],
for example).

We construct the Cantor set E as follows: we let Eq be the unit cube, i.e. Eg = Q0 =
—(N+1
[0, 1]¥*1. Next we replace Q° by 2V+! disjoint closed cubes Q} with side length 2 o

such that they are all contained in 0" and each one contains a vertex of Q0.
We proceed inductively: In each generation k, we replace each cube Q]]‘._1 of the previous

. o Cpy Nl . . _
generation by 2Vt cubes Q{f with side length 2(=075" which are contained in Q’; and
located in the same relative position to Qﬁ_l as the cubes Q{, R QéN 41 With respect
to Qop.

: : : k(N+1) R el g

Notice that in each generation k there are 2 closed cubes with side length2™ ~  *.

We denote by Ej the union of all these cubes from the k-th generation. By construction,
Er C Er_1. Welet

o0
E=()E (5.5)
k=0
. . Ak —(N+D) . ek Ak .
Itis easy to check that dist(Q;, Q) > C(N)2™ ¥ " fori # h,andif O, O} are contained
—(N+1)

in the same cube Qlj‘._], then dist(Qf, Q’,‘l) <27w k. Taking into account that, for each
k>0,

Sk(N+1)

Z z(Qk)N — 2k(N+1) . 2—k(N+1) =1
l ’
i=1
by standard arguments it follows that

0 < HY(E) < .
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Further, %" | coincides, modulo a constant factor, with the probability measure 1 sup-
ported on E which gives the same measure to all the cubes Q{F of the same generation &,
that is u(QF) = 27k(V+D,

Theorem 5.3 The Cantor set E defined in (5.5) is removable for %— fractional caloric
functions.

Proof We will suppose that E is not removable and we will reach a contradiction. By
Theorem 4.2, there exists a distribution v supported on E such that |(v, 1)| > 0 and

||P Xk U||LOQ(RN+1) < 1.
By Theorem 5.1, v is a signed measure of the form

v=fu, I f ooy S 1

where p is the probability measure supported on E such that M(Qf.‘) = 27kWN+D for all
i, k. It is easy to check that u (and thus |v|) has upper growth of degree N. Recall that T
denotes the operator Tv = P % v, defined over distributions v in R¥+!. Then, arguing as in
[12, Lemma 5.4], it follows that there exists some constant K such that

T,w(x) < K forallx e RV*L (5.6)

Forx € E, let Qé the cube Q{f that contains x. Then we consider the auxiliary operator
Tov(¥) = sup [T (Xgw+1, gt V) (B
k=0 *
By the separation condition between the cubes Q{F, the upper growth of |v|, and the
condition (5.6), it follows easily that
T.w(@) <K' forall X € E, (5.7)

for some fixed constant K'.

We will contradict the last estimate. To this end, consider a Lebesgue point xo € E (with

respect to u) of the density f = 5—; such that f(xg) > 0. The existence of this point

is guarantied by the fact that v(E) > 0. Given ¢ > 0 small enough to be chosen below,
consider a cube Qf.‘ containing xo such that

1 / _ _
— [f () — f&o)ldu(y) <e.
Q% Jor
Given m > 1, to be fixed below too, it is easy to check that if ¢ is chosen small enough

(depending on m and on f(Xp)), then the above condition ensures that every cube Q?
contained in Q{.‘ such that k < h < k + m satisfies

1
5/ F0) (@) = (@) <2/ (o) n(Q: (5.8)

Notice also that, writing v = v — v, since f(xp) > 0,

v‘(Qb:/Qk f~3)dpG) S/lef(&)—f(io)ldu(i) < e (0.
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Let z = (z,u) be one of the upper corners of Q;‘ (i.e., u maximal in Qé‘). Since
|T(XQ1:<\Q/:(+mV(Z)| < 2T,v(z), we have

~ 1 _ 1 ym 1 o

Tov(@) 2 5 1T (kg gtsm) @) = 3 1T (i grimv @] = 3 1T (xgpy grimv I
Using the fact that dist(z, Q]g \ Q1§+m) > K(ng*'”), we get

VD m@D o MOD v,
Z(Q];_m)N_ Z(Q];_m)N 2—m(N+1)g(Q§<)NN .

|T(XQ§\Q§+'"V_)(Z)| 5

To estimate |7 (x ok\ gk vT)(Z)| from below, recall that our kernel is

t
P(x) = mxwm-
Then, by the choice of z, it follows that
PZ—3) =0 forallje QX\ Q. (5.9)
We write
k+m—1
IT (gt gtV @) = /QQ\Q’?'” PE-y)dvt(y) = };{ /Q’g\Qf;‘“ P@EZ =3 dvF ().

Taking into account (5.9) and the fact that, fork < h <k +m — 1, Q? \ Q;’H contains a
cube Qif'H such that for all y = (y, s),

0<u—s~|j—z~eQhh,
using also (5.8), we deduce

vt

_ - + _ _
fQ’;\Qi’“ PZ—-y)dvT()) 2 W 2 f(xo)

n(@hth )
W = f(xo),
j

Thus,
T (g gt @ Z (m = 1) f (o).

Together with the previous estimate for |7 (x 0%\ gk v7)(2)], this tells us that

Tv@ 2 (m—1) f(x) — C2"'F e,

for some fixed C > 0. It is clear that if we choose m big enough and then & small enough,
depending on m, this lower bound contradicts (5.7), as wished. O

6 Neither Analytic Capacity nor Newtonian Capacity are Comparable
1/2
to ygo

In this section we will show that, in the plane, the capacity yé)/ % is not comparable to analytic
capacity nor to Newtonian capacity; two classical capacities related to complex analysis
and potential theory with critical dimension 1, as y(})/ 2. More precisely, we will construct

two sets, the first one will be a compact set E£; C C with y(})/z(El) > 0 but vanishing
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Newtonian capacity. The second example we will be a compact set E; C C with positive
analytic capacity but removable for the %—fractional heat equation.

First we recall some definitions. For a compact set E C C, the analytic capacity of E is
defined as

y(E) = sup{| f'(c0) |},

where the supremum is taken over all analytic functions f : C\ £ — C with |f| < 1 in
C\ E and f'(c0) = Jim 2(f(z) — f(c0)).

The Newtonian capacity of a compact set E C C can be defined as
1

|z — w]

C(E) = sup{u(E) : spt(n) C E, / du(w) <1 forz e C}.
C

It is well-known that if E C C is a segment of length £, then y (E) = ¢/4 and C(E) =0
(see [20, Proposition 1.4] and [6, Corollary 3.6] respectively).
We will prove that if £y C C is a horizontal segment then y(])/ 2(E 1) > 0. On the

other hand, if E, C C is a vertical segment, y(])/ 2(E2) = (. Consequently C(E) is not

comparable to y(})/ 2(E 1) and y(f)/ 2(Ez) is not comparable to y (E3). The result reads as
follows.

Proposition 6.1 Let L be a positive number. Set E; = {(x,0) C R? : 0 < x < L} and
Ey ={(0,) CR>:0<1t <L} Then

a) v 2(E) > 0.

b) v (E2) =0.

Proof a) Let xg, be the characteristic function of E and consider the positive measure

n = xgdx
and the function
fla.s) = (Px*xg)(@a.s).

where P is the fundamental solution of the %—fractional heat equation in R2, that is

t
P(x,t) = ——= x>0 - Clearly f(a,s) =0if s <0. Fors > 0 we have
x2 412
L L — _
f(a,s) :f ;dx = arctan a — arctan - <,

0 (a—x)%+(s)? s s

so that E L
ezt =2

b) Assume that yé/ 2(E2) > 0. Then there exists a distribution S supported on E, such
that ||P * S|lcc < 1. Approximating the distribution S by signed measures (take for
instance the convolution of S with approximations of the identity in the variable ), we
can assume that there exists a signed measure v supported on the segment

E.={0,1): —e <t < L+¢}

for some small ¢ > 0, satisfying || P % v||s < 2. Since P is a non negative kernel, there
exists a positive measure p supported on E, with w(E;) > 0 such that

1P plloo = 2. (6.1)
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To get a contradiction we will show that Eq. 6.1 implies ;1 (E;) = 0. Since, by Lemma 3.4,
the measure u has linear growth, given n > 0 we can take ¢ € (—e&, L + ¢) such that

u{©, 1) :c<t<L+e}) <n.
Set F ={(0,¢): —e <t < c}.ByEq. 6.1, forany (0, s) € F there exists £ = £(0, s) >

0 such that
s+¢ t—s
——du() <n.
/S =2 n) =n

Hence, since F is an interval, there exists a finite number of almost disjoint intervals
N

Iy = {0} X [sy.Sn + £a]. 1 <n < N, suchthat F  |_J I, and

n=1

sn+ln Sn+Ln Ly
w(ly) = f du() < / du(t) < nt.
Sn Sn t S

— on

Consequently,

N N
W(Ee) < (F) +10 S Y wly) +10 <1 (Zzn + 1) <nlc+e+),
n=1 n=1

which means u(E;) = 0 and we get the desired contradiction.

7 s-Capacities and s-Growth fors € (1/2, 1)
Let || - ||« » denote the norm of the parabolic BMO space:
Iflp = sup - 1f = mofldm,
0 Jo

where the supremum is taken over all s—parabolic cubes O C RNt dm stands for the
Lebesgue measure in R¥+! and mg f is the mean of f with respect to dm.
Now we introduce the yg) capacities for s € (1/2, 1). Given a compact set E C RN+L
we define
Yo (E) = sup{|{v, )|}, (1.1
where the supremum is taken over all distributions v supported on E satisfying

1

(=AY 2% P)les <1 and ||3117E(v * Po)lls,p < 1. (7.2)
Notice that for s = 1/2 we obtain y(_l)/ 2,
The capacity yg is called the s-fractional caloric capacity of E. We set yg | (E) as
in Eq. 7.1 but with the supremum restricted to all positive measures v supported on E

satisfying Eq. 7.2. Clearly

v +(E) < v§(E).

We are now ready to describe the basic relationship between the capacity y¢ and parabolic
Hausdorff content (the d-dimensional parabolic Hausdorff content will be denoted by

HL, )

Theorem 7.1 Let s € (1/2,1). For every Borel set E ¢ RN*t1
Vo (E) < v&(E) SHYTPU(E)
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and
dimy p(E) > N +2s — 1 = y§(E) > 0.

To prove Theorem 7.1 we need to study the growth conditions satisfied by positive
measures and distributions with properties Eq. 7.2.

7.1 The Case of Positive Measures
We state first two lemmas concerning the case when the distribution v is a positive measure.

But before going to the next lemma, recall that a function f(x, ) defined in RN+ g Lip(a),
0 < o < 1, in the ¢ variable if

[f(x, 1) — fx,u)l
”f”Lip(a) = sup o <0
xeRN t,ueR |t —ul

Lemma 7.2 Lets € (1/2, 1) and let i be a positive measure in RN+ with upper parabolic
growth of degree N + 2s — 1 with constant 1. Then,

| Py //L”L,'p(]_%) S L

Proof Letx = (x,1), X = (x,u), and ko = %()E + X). Then, writing y = (y, s), we split

|Ps % (%) — Py x pn(X)] < / |Py(x —y, 1 —5) = Ps(x — y,u—s)[dp(y)
D_’_JEO‘]IZZW_)H])

+/ PyGr—y, 1=8) = Pyt — v 1t — ) dp ()
[y—%olp <2|Xx—%|,

=L+ DL

. . - . Bl
To shorten notation, we write d := |X — X|, = |t — u|2 . Then we have

I3 / sup (9 Ps(&)] |t — uldu(y).
=1 2kd<|y—¥gl,<2ktld ge[x—3,5—7]
Since by property (3) in Lemma 2.2
1

if§ € [x—3,% =315 — %ol ~ 24,

we deduce that

< k+1 _
2 <ZM(Bp(-x072 d))| < —ul
~ (zkd)N+2s ~ d
k>1

Next we deal with I;. Writing By = B, (xo, 2d), we have
I < Py % (XBy)(X) + Py % (XB 1) (X).
Observe now that by Lemma 2.2

_ 1 _
0= PG @ S [ e du)
yeBy |X - )’|,,

< du) S d* ' =t —u"" %,

/' 1
T Jir—slp<da 1X =3I
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The last estimate follows by splitting the integral into parabolic annuli and using the
parabolic growth of order N 4 2s — 1 of u, for example. The same estimate holds replacing
X by X. Then gathering all the estimates above, the lemma follows. O

Lemma 7.3 Let s € (1/2,1) and let . be a positive measure in RN+ which has upper
parabolic growth N + 2s — 1, with constant 1. Then

1—L
I, = Py *H”*,p S L.

Proof Let Q C R"*! be a fixed s-parabolic cube. We have to show that there exists some
constant ¢ (to be chosen below) such that

-1
f|af ¥ Poxp—coldm S QN
0

To this end consider a C*° test function X5 which equals 1 on 50 and vanishes in (6Q)°.
We also denote X(sg)c = 1 — X5¢0. Then we split

-4+ 1—L -
/'at ¥ Pyxp—coldm < / 19, * Py * (Xsom)|dm
o o

-5 ~
—I—/ 10, * Ps* (X50)c1) —coldm =: 1, + L.
0

To deal with the integral /1, we use Lemma 2.2 and write

1—L - 1 ~
10, * Pgx(Xsom)|dm S/ ———5-*(X5om) dm < /
/Q rooTme o WV TR e 6

Taking into account that, for y = (y, u),

1 - 1 1
|y|N—1 W%s - |y|N—1+s/2 u3/4’

— % (xom) dj.
o YIVT 542

and writing Q = Q1 x I, where Qg is a cube with side length £(Q) in RY and Ip is an
interval of length 2(0)%, we deduce that for ¥ = (x, t) € 60,

1 1 1
PR (e @ = /yegl ey /uelg =
S U@ = 1(0).
Thus,
/Q 10,77 Py % (Zsomw)ldm < £(Q) 1(60) < £(Q)N.

1—4L ~ - _
Next we will estimate the integral I, taking cp := 9, 3Pk ( X(50)c 1) (X)), where X
is the center of Q. To show that I, < 2(Q)N*25 it suffices to prove

-4 - _ 1—L ~ _
18, = Ps*x Xis0)n)X) —08 »Psx(Xs0cm)(Eo)l S 1.

In turn, to prove this it is enough to show that

-4 ~ _ 1-4 ~ -
18, > Psx (X50)em)(X) — 8 * Psx (X50cm)(P) S 1 (7.3)
for x, y € RV*! in the following two cases:

® Casel:x,y e Qoftheformx = (x,t),y = (y,1).
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® Case2:x,y € Qoftheformx = (x,1), y = (x, u).
Proof of 1.3 in Case 1. Let ¢ = X(50)c. We split

18, 7% Py () (x, 1) — 8, % Py x () (v, 1)
‘/ P W, w) = P @0 _/ Pox @00 = Pox @01

lu — 122 lu — 125
- / | Ps x (o) (x, u) — Py *(¢u)(x t)l
B lu—t]<22£(Q)> u— 1>~ %
+/ | Ps x (pu)(y, u) — Py *(W)(y,t)l
lu—1]<225¢(Q)> lu — 1>~ %
+/ [Pyx (pu)(x, u) — Pyx (pp)(x, 1) — Pk (pu)(y, u) + Pox (p)(y, l)l
lu—t]>225€(Q)> u— 1%
=: A + Ay + B.

First we will estimate the term A . For u, ¢ such that |u — ¢| < 22°¢(0)%, we write
| Py () (x, u) — Py (u)(x, )| < lu — 2| |0, Py * (@) ll oo, (14225 0

Observe now that for each 7 = (z, v) € (1 +22)Q (see property (3) in Lemma 2.2)

|0; Py * (¢1) (2] 5/ ;N dpw)

G0 |7 — Wy K(Q)

by splitting the last domain of integration into parabolic annuli and using the growth
condition of order N + 25 — 1 of w. Thus,

u—1l

“oy

|Ps # (Pp)(x, u) — Py x (@) (x, | S
Plugging this into the integral that defines A, we obtain

1
M<f =t QM)
T s () u—iFs T HQ)

By exactly the same arguments, just writing y in place of x above, we deduce also that
Ay <1

Concerning the term B, we write

B < / | Py x () (x, 1) — Py *(d)u)(y Ol ,
— Ju—=2200 u— 1> %
P P,
+/ | Py o (pp) (x, u) — *(dw)(y,u)l — B, + By,
lu—1]>22£(Q)> u— 1

By Lemma 2.2, it follows that for £ € Q,
dp(z)

|Wﬂ*w)@ns/ <) ?
a sor [E—ZIN

Therefore,

| Py % (@) (x, 1) = Py % (@) (v, D] < Vi Py (@) lloo. ¥ — y| S L(@Q)*
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Hence B; < 1. For B, we split the integral into annulus Ay = {u € R : |u —t| =~

(2%2(0))*} and write

B — / [Ps * Q) (x, u) = Py x () (v, W)l ,
2 = : u
lu—t]>226(Q)> lu—t>~>
_ Z/ | Py * (@) (x, u) — Ps s (P (y, u)l du
o A

1
u— 72

For u € Ay, using Lemma 2.2 we get
| Py % () (x, u) — Py s (pu)(y, u)
dp(z)

|Cego ) — 21N
SO)N{lz—(xg,w)|<3¢(Q)}

+ f |Py((x. 1) = 2) — Po((yu) — D|dn)
BO)N{lz—(xg.u)|>3£(Q)}

<

~

du(z)

] |Cego ) — 21
SO)N{lz—(xg,u)|<3¢(Q)}

S
|x — ¥l -
. (g, u) =z !
(5O)N{Iz—(xg.u)|>3L(Q)}
SO +LQUQ)F 2 = 0()> .

Therefore

Y 25—1 ¢ 2s—1
B 5/ (Q) _du < (Q) <1
lu—11>22500)% |u — t|2 > Q)2 =%

So (7.3) holds in this case.
Proof of (7.3) in Case 2. As in Case 1, we write

0, % Pyx (b, 1) — 8, > Py x () (x, )]

_ V Py ()0 v)= Py x (W), 1) / Py (1) (x, v) — Py # (1) (x, ) ‘
- v— dv
<

1 1
lv—t>~> lv—ul*"x

_L
25

/’ [Py (pu)(x, v) — Ps x () (x, )| dv
h [o—1]<227¢(Q)%

v —1f?
+/ | Py s (pp) (x, v) — Py * OISR,
o122 6(Q) lv—ul* =
+f Pox @G v) = P x (@G 0) Py (@) v) = Pox @ 0|
o—t]>226(0) v — 1>~ % v —ul> =

= Al +A,+B.

The terms A’ and A/, can be estimated exactly in the same way as the terms A and A;
in Case 1, so that
A+ A, S 1L
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| Py % (@) (x, v) — Py % (¢p) (x, 1) dv

Concerning B’, we have
1
v—t 27% vV—u 27%
| |

B < /
lv—t]>2%€(Q)

+/ — P @) — Py ) ()| d
lo—1>226(Q)% |v — ul>~ %

Taking into account that, for |v — t| > 22£(Q)%,

1 1

f—ul Q¥

~ 1~ 1
lo—tP~5 -t

L 1
v—t>"5  Jo—ul>

and that, by Lemma 7.2, P % (¢u)(x, -) is Lip(1 — %) in the variable ¢, we deduce that

1—L
— T 1
Ty T LY R N )
[

1> Q)% [v — 3% v t|>256(QP v — uf>" %
1—L
This concludes the proof of |3, * P * plls,p S 1fors e (172, 1). O
7.2 Growth Condition and Admissible Functions

When s € (1/2,1), we say that a C' function ¢ is admissible for an s-parabolic cube
0=01x1p,01C RY and Ip C R, if it is supported on Q C RN+ and satisfies

f (= A0 (. )ldxdt < L@V (7.4)
RNH

and
1

19:plloo < @ = @ (7.5)

N
As in the case s = 1/2 (see (3.1)) recall that (—Ay)/?¢ ~ Z R;0j¢, with R; being the
j=1
Riesz transforms with Fourier multiplier &; /| |. Then, for an s-parabolic cube Q C RN+
0 = Q1 x Ig with 01 C RY and Ip C R, one can write

N
/ (=80 (e, Dldxds % [y, far | 3 Rydjp(x. )ldxds
RN+I1 j=1

N
= X 1, Jew IR0 0. Dldxdt
j=1
Therefore if ¢ satisfies (7.5) and
/ / IR;0;0(x. ldxdi < €@V, forl < j <N,
IQ RN

then ¢ is admissible for the s-parabolic cube Q, s € (1/2, 1).
Let’s remark that the analogues of Lemmas 3.2 and 3.3 also hold in this context and if ¢
is a standard test function supported on an s—parabolic cube Q = Q| x Ig C RN+ with
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19:¢lloc < €(1g)~! = €(0Q)™ and [|Arpllee < £(Q)72, then ¢ is admissible for Q. In
fact, arguing as in Eq. 3.2 we have that

/N (=AY Po(x, 1)|dxdt ~ /N | Ay %y k(x, 1)|dxdt
R

ot
f / f oty N)J'rldydxdz
1o JRVM 20, Jo, 1x — ¥l
A 9
// / | v<,0(yN )l|dydxdt
1p )20, Jo, |x — ¥l

QN ke (0NN

v k)T

+E(Q)N+2S_1 5£(Q)N+2S_1-

For these values of s, the analogous growth condition to Lemma 3.4 reads as follows.

Lemma 7.4 Lets € [%, 1) and v a distribution such that

_1 1-4
(=AY "2 P)llooc <1 and |3, = (P * Ve, p < L.

If  is an admissible function for an s—parabolic cube Q C RNT!, then

(v, @) S €@V

Proof
v, @)l = (v, ®%¢ x Pg)| < [(v* Py, (=A) )| + [{v x P, 8i9)| = I + L.

1

5 <s < L, if we consider the Fourier transform of (—A) ¢, we get

Notice that since

(CAY@)E) = 1617 = [£2 7 E]g.

Hence we can write (—A)*¢ = (—A)S_% (—A)%go. Therefore, since ¢ is admissible for the
s-parabolic cube Q, (7.4) is satisfied and so

=S

I = [{(vx Py, (=) 9)| = {(— A)A_f(v*P) (—2)f

(SN ST | (ool
N

IQ xR

IA

A

Z(Q)N—O—Zs—l.

We deal now with I,. Notice that
_ 14 1
0o =c 9, (Orqp * W),

for some constant c¢. This identity can be easily seen by taking the Fourier transform (on the

1
variable t). Set g = 0, % ——— s Then

1—L
L= |(vx Ps, dp)| = lcll{d, ¥ (v* Py), g)l.
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Write Q = Q1 x I, with Q1 C RY and Ip C R, and let cg be the center of the interval
1. Because of the zero mean of d;¢ (integrating with respect to ¢) it is easy to check that

|g(x, t)| decays at most like |t|_1_2ix at infinity. Indeed, for ¢t ¢ 21y we have

@(x,u) 1 1
lg(x,0)] = f ———du| = / duep(x, u) - — = | du| (7.6)
Ig |t—u|2\ Ip [t — u|2s [t —col>
(1 (1 Y/ 2s
< 10 gl s 12 HOT
It —col'tx Jio It —col'ts |t —col|'tx
where c is the center of 0. And fort € 41,
_1 _1 _
1gCe, D] S 19uplloclp)' ™5 S elg)™ 5 = ()" (1.7

1
Since [ g dm = 0, writing f = 8,1 = (v * Py), we have

L = cl|(f. &)l =

C/(.f—me)gdm‘

N

/ |f—me||g|dm+/ (f —mof) g dm
20 RN+1\20
= Dy + In.
Hence, due to Eq. 7.7,
D1 S 1S lep LML) < (@M

For I, we split the domain of integration in annuli. Write A; = 210 \ 2i=1g fori > 1.
Remark that for an s-parabolic cube Q = Q1 x Iy, we denote

2iQ — 2in X ZZSiIQ,

so that 2/ Q is an s-parabolic cube too (notice that if Q is centered at the origin and we
consider the parabolic dilation §, (x, t) = (Ax, A1), % > 0, wehave 2/ Q = 8,i (Q)). Then,
using the decay of g given by (7.6), we get

o0

He)*
s . Z 5(2’ )1+2s </:45ﬂsuppg - meQf|dm +/

lmyig f —me|dm) .
A;Nsupp g

(7.8)
To estimate the first integral on the right hand side, recall that suppg C Q1 x R. Using
Holder’s inequality with some exponent ¢ € (0, 00) to be chosen in a moment and the fact

that f € BM O, (together with John-Nirenberg), then we get:

/ |f —maigfldm
AjNsupp g

</2,~Q If - mziQfl"dm>q m(supp g N2 Q)7

IA

. N+2s N . 2 1
SERIQ) )T ')

i Nog ﬂ/
=L2'Q)7 T L) .

For the last integral on the right hand side of (7.8), we write

/ i f —mofldm <im(2 QN suppg) <iE(Q)N €2 Q).
A;Nsupp g
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Therefore,
oo Y 2s . N oo N .
In S ZM(Qi)% (M"Q)q+2 U7 +it(@N e Q)ZS)
—(210)
_ LT UQME K i(4 ) i
Tt 2.2 (1 " ?> '

i=1
Choosing ¢ > N, we get
In S QN

7.3 Proof of Theorem 7.1

The inequality y(f)’ L(E) < Yo (E) comes from the definition of the capacities. For the
second inequality we assume E to be compact and let {Q;}; be a covering of E by s-
parabolic cubes Q; C RN+ with disjoint interiors. By a parabolic version of a well known
lemma of Harvey and Polking (see [8]), there exist functions g; € C0°° (2Q) satistying
>_;&j = linaneighborhood of U; 0, Eqs. 7.4 and 7.5.

Let v be a distribution with compact support contained in E such that Eq. 7.2 hold. Then,
using Lemma 7.4

|(v, 1)| < Z|(v, g < ZK(Q_,»)NJFZS*I.
J j

Thus, y3(E) < CHYF2-1(E).

The second assertion in the theorem follows a standard argument that we reproduce for
the reader’s convenience. Suppose E C RNT! is a Borel set with dimg (E) = o >
N +2s — 1. By a parabolic version of Frostman’s Lemma (that can be proved by arguments
analogous to classical ones replacing the usual dyadic lattice in R¥ ! by a parabolic dyadic
lattice), there exists a non-zero positive measure p supported on E such that w(B(x, r)) <
r® for all ¥ € RV*! and r > 0. We have to show estimates Eq. 7.2 with v replaced by ..

® The parabolic BMO-estimate in Eq. 7.2 is just a consequence of Lemma 7.3. Therefore
1-5%
119, = Py *M”*,p ,S L.
1
e Toprove A2 Ps * ulloo < 1, apply the second property in Lemma 2.2,

_1 , dp(x) NP Vi
A2 P n(3)] S /W:/o u((x 2 1% = 317V > uhdu

& —1
= / w((F - 15 = 5| < u T ))du
0

OO —
= / M(B(i,uNHl'—l))du (7.9
0
00 5 wE S
m/ 7M(B(y’r))dr</ — dr+/ Wl
0 rN+2s ~ 0 rN+2s u(E)l/“ rN+2S
a—(N+2s—1)
R u(E) T« .
O
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8 s—Capacities and s-Growth in Case s € (0,1/2)

Now we introduce the y capacities for s € (0, 1/2). Given a compact set E C RN*! we
define

Yo (E) = sup{l{v, )|}, (3.1)
where the supremum is taken over all distributions v supported on E satisfying properties

Eq. 8.2 listed below. Before we write them, to get some intuition, let’s consider the case
s € (1/4,1/2]. Then 2s € (1/2, 1]. In this case, the second condition in Eq. 7.2, that is
1

1—A . . .
19, * (v Py wp S 1ohas1— % € (—1, 0) and can be rewritten as (via Fourier transform

~

with respect to the  variable) ||v * Py % K|, S 1 with K(f) =

-
1>~

Hence, the distributions v admissible for the capacity y§(E), 0 < s < 1/2, will be the
ones supported on E and satisfying

IR W Pllo <1, 1<j<N and [vsPi# Klsp<1. (8.2)

Here Rs,. is the Calder6n-Zygmund operator with kernel the symbol *; denotes

N
| x|N +2s”
convolution with respect to the ¢ variable and K is the kernel

1 M) 1
K= ; — *...*71 N (83)
|[|M(M+1—Z) |1|M(M+1—Z)
where M = % (for a real number A, [A] stands for its integer part) and we convolve
M -times the kernel.
Notice that for s € (0, 1/2),

N
(—A)Yp =) RDp). (8:4)

j=1

We say that a CM*! function ¢ is admissible for an s—parabolic cube 9 c RNt
0 < s < 1/2, (recall that we write Q = Q1 x Ip with Q C RM and Ip C R)if

1
IViolloo < o)) (8.5)

andforO<k<M+1

1 1
ol < = : 8.6
” [(/)”00 — E(IQ)k K(Q)st ( )
Now the growth condition in this case reads as follows.
1 1 M) 1
Lemma8.1 Lets € (0,1/2), M = [ 1] andset K = ———— " ——
- |[|V(M+1_Tx) |t|ﬁ(M+1—§)

Suppose that v is a distribution satisfying

IR P)llos <1, 1=j<N and |viPs Kllup <1,

Then, if ¢ is an admissible function for an s—parabolic cube Q C RNt we have

(v, )| S LN THL,
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Notice that if s € (1/4, 1/2], for example, then 2s € (1/2, 1] and M = 1. In this case

K = — T and the condition |[v* Ps * K ||, , < 1 can be rewritten (via Fourier transform
1>

with respect to the ¢ variable) as ||8 % vk P)ls,p S 1 (here 1 — 5= € (—1,0)), which is
the same condition as in Theorem 7.4.

Proof
(v, @) = (v, ® @ % Ps)| < [(v* Ps, (=A) @) + [(v* Py, &)l = 1 + Do.

Using (8.4) and the s —admissibility of ¢,

I < ZnRé(v*P)noo/ 0jpl dm < 6@V

j=1

To estimate I, write Q = Q1 x Ig, with Q1 C RY and Ip C R, and let ¢ be the center
of the interval /. We claim that 8, = g %, K, with [ g dm =0,

lgtx, DI SO, tedlp. (8.7)
and
Y 2s i
lgx, 0] < Lﬂ, e (2lp). (8.8)
It —col™™>

< 1, arguing as in the proof of

Once Egs. 8.7 and 8.8 are available, since [|v * Ps * K|4 p
theorem 7.4, we get

L=|(vxP,gxK) =|(vxPsxK,g) < e(QNt>-1,

Indeed, since f g dm = 0, writing f = v % Py x K, we have

I = |c|l{f. &)l =

c[(f—mgf)gdm‘

S [ i -mosiiglam+ [ (f=mof) g
20 RNH\QQ
= Iy + Ipn.

Due to Eq. 8.7,
L1 Sl p LCQNTZ ()™ < ¢(@)V 2L

For Iy, we split the domain of integration in annuli. Write A; = 2/Q \ 2!=1Q fori > 1.
Remark that for an s-parabolic cube Q = Q1 x I, we denote

2iQ — 2in X 22Si1Q7

so that 2/ Q is a parabolic cube too (notice that if Q is centered at the origin and we consider
the parabolic dilation 6, (x, t) = (Ax, A1), A > 0, we have 210 = 8,i (Q)). Then, using
the decay of g given by (8.8), we get

U ( / / )
In < |f —msipfldm + [maigf —mgo fldm ).
2 Zz(le)HZY - 2o ansupp 200 O
(8.9)
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To estimate the first integral on the right hand side, observe that by definition suppg C
01 x R. Using Holder’s inequality with some exponent ¢ € (0, co) to be chosen in a
moment and the fact that f € BM O, (together with John-Nirenberg), then we get:

q . 1
/ |f = maigfldm < </ |f_m2iQf|qdm> m(suppg N2' Q)¢
AiNsupp g 210

N+42s

. . 1
SO T WOV @O
. N N
= Q') Q).
For the last integral on the right hand side of (8.9), we write

/ Imyigf —mofldm Sim(2 QNsuppg) <it(Q)N (2 0)*.
AjNsupp g

Therefore,

o Y 2s ) N N )
b5 Y O (1@ 0 Q)T i)Y (@ o)

P g(zi Q)1+ZS
_ E(Q)%Z(Q)NJ'_ZS > iy i
- g R (2 y).

i=1
Choosing ¢ > N, we get
Ip S U@QNTEL
We still have to show claims Eqs. 8.7 and 8.8. Notice that (by taking Fourier transform with
respect to t),
1/2 1
Orp = (3t/ )ZMat(P *t Y
1%~
This identity can be understood better if we distinguish two cases.

*[K:g*[K,

(1) Case M even. We can write
1

25

8,<p:8tM+l<p *y * K.

Set g = BtM +1(p *t . Then d;¢ = g * K. The zero mean of d;¢ (integrating

jo| =M
. L . T B
with respect to 7) implies that |g(x, #)| decays at most like || =3¢ at infinity. To see

this notice that for ¢ ¢ 2/ we have

1 dup(x, u)
M+1 u
sl = (@ —— ) | = | [ 22 2a
|u|25 IQ |[—u|2:
1 1
= Oup(x, u) - — = | du (8.10)
Ig |t —u|2s [t —col>
el (1 Y 2s
s 0 [ gt s 9 - O
It —col'*> Jio t —col'™* |t —col'x

And fort € 41,

(1l _1 _
lg(x, O S 1Y pllactTp) 5™ < t(Ig)"z =)
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(2) Case M odd. We can write

1
o =37 MB,MgO* K=gxK,
the last equality being a definition for g. Notice that for ¢ ¢ 21,

lg(x, )| = fR T v

0 o013 (1) ’ _
lu—rt|2s

all‘\/l(p(x,u) du’ ~

auw(x,f:)du’ .

1 1
2 Ju—t] @ Ju—t|2s

So arguing as in Eq. 8.10,
Ho»

lg(x. DI < o
It —col' T

And fort € 41,

M (x,u)—0M p(x,t
lg(x, )] < fSIQ 18,” p(x M)l Pl )‘du + ||8tM§0”OO f(SIQ)‘ | dlu =T+ Tx.
U—s

L_m+1 5|25 M+

u—t|25
To estimate 77, apply the mean value theorem and Eq. 8.6 to get

g / M < bty S = e()!
1 < S s = .
LM Jspy 1y — g i-m ~ 0

Integrating and using Eq. 8.6 we get

T< f M oyt = u)!
2 = N s = .
Z(IQ)M (5Ig)F |u _ t|%—M+l

Therefore for t € 41,
lgte, Dl S @)~

Therefore the claims Eqgs. 8.7 and 8.8 are proved and also the lemma. O

Now we can state a result analogous to the first statement of Theorem 7.1 but for s €
0, 1/2).

Theorem 8.2 Let s € (0, 1/2). For every Borel set E ¢ RNt1
Vo (E) < v§(E) SHYNT(E).

The proof is analogous to the one of Theorem 7.1 but using Lemma 8.1 instead of Lemma
74. We leave it for the reader. Although we think that the second statement of Theorem 7.1
should hold for the case 0 < s < 1/2, we are still having some technical problems to
show it.
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