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Abstract

We prove limit laws for infinite horizon planar periodic Lorentz gases when, as time
n tends to infinity, the scatterer size p may also tend to zero simultaneously at a
sufficiently slow pace. In particular we obtain a non-standard Central Limit Theorem
as well as a Local Limit Theorem for the displacement function. To the best of our
knowledge, these are the first results on an intermediate case between the two well-
studied regimes with superdiffusive /nlogn scaling (i) for fixed infinite horizon
configurations—Iletting first n — oo and then p — O—studied e.g. by Szdsz and
Varju (J Stat Phys 129(1):59-80, 2007) and (ii) Boltzmann—Grad type situations—
letting first p — 0 and then n — oco—studied by Marklof and Téth (Commun Math
Phys 347(3):933-981, 2016) .
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1 Introduction

In this paper we are interested in limit laws for infinite horizon planar periodic Lorentz
gases with small scatterers. The Lorentz gas, a popular model of mathematical physics
introduced by Lorentz in 1905 [23], is a dynamical system on the infinite billiard table
obtained by removing strictly convex scatterers from R2. We study the periodic model
when these scatterers are round disks of radius p € (0, 1/2) positioned at the points of
the Euclidean lattice Z2. This table can be split up into countably many compact cells,
each congruent to the unit square, which can be also regarded as the 2-dimensional
flat torus. As usual, a point particle on the table moves with a unit velocity vector
along straight lines inside the table, and collides elastically—angle of incidence equals
angle of reflection—at the scatterers. This billiard flow produces a billiard map for
the Poincaré section of outgoing collisions. The phase space of the billiard map in
a single cell is M = 90 x [~7, 5], where O is a round disk at the origin with
radius p. The phase space representing all cells together is M = M x 72 and the
displacement function k, : M — 72 indicates the difference in cell numbers going
from one collision to the next. As O is strictly convex, the billiard is dispersing, and
the dynamics has good hyperbolicity properties.

For any p € (0, 1/2), the horizon is infinite which means that the time between
two consecutive collisions—and accordingly, «, : M — 7*—is unbounded. This
corresponds to corridors, that is, infinite strips on R? parallel to some direction £ €
72\ {0} which do not intersect any of the scatterers of the infinite billiard table. Both
the number and the geometry of these corridors depend on p. Hence, the value of
the parameter p strongly affects the asymptotic properties of the dynamics, and in
particular, plays a central role in our exposition.

1.1 Recalling limit laws for fixed p € (0, 1/2) astimen — oo

A consequence of the infinite horizon is the superdiffusive behaviour of «, with p €
(0, 1/2) fixed, captured in the first place in the Central Limit Theorem (CLT) with non-
standard normalization. To recall this result along with its refinements, we introduce
some notation to be used throughout this paper. Let T, : M — M be the billiard
map, recall that it preserves the canonical invariant probability measure p. Set

n—1 ; 1 10
knp = kpoT], S=—{01) (1)
—0

Choosing the initial point on M according to p, we can regard «, , as a family of
random variables. Throughout we let = stand for convergence in distribution. We
recall the CLT with non-standard normalization: for every p € (0, %) there exists a
positive definite matrix ¥, such that:

For fixed p € (0, 1/2), % — N(0,3,)asn — oo. )
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Periodic Lorentz gas with small scatterers

This result was conjectured by Bleher [5] and proved rigorously via two different meth-
ods: Szasz and Varju [31], and Chernov and Dolgopyat [11]. In the setting above, the
requirement of having two non-parallel corridors (presentin [11, 31]) is automatically
satisfied because the scatterers are positioned at the lattice points.

It is important to note that there is an explicit formula for X,, which involves the
scatterer geometry for fixed p, see for example [11, Formula (2.1)]. A computation
(similar to our proof of Lemma A.4) shows that

lim (47p?)%, = %, 3
p—0

where ¥ is the diagonal matrix given in (1). To compare these results with our Theo-
rem A below, we point out the following direct consequence of (2) and (3):

K

n.p
(Wamp)~l/nlogn

= MN(0, ¥)asfirstn — ooandthenp — 0.  (4)

The method of proof in [31] relies on the existence of a Young tower for T}, as in
[9, 34] and an abstract result of Balint and Gouézel [4] along with several additional
properties of («,, 7)) established in [31]. One notable feature of this method is that it
provides a refinement of the CLT (2), namely the Local Limit Theorem (LLT):

For fixed p € (0,1/2), (nlogn)u(kn , =0) - ®x,(0) asn — oo, )

where @y is the density of the Gaussian random variable on the r.h.s of (2).

The method of proof in [11] exploits exponential mixing for the sequence {x, o
T)}n>1. The authors of that work develop an argument based on standard pairs to
establish a bound on the correlations for «

For fixed p € (0, 1/2), there exist épAe (0,1)and C, > 0 ©
sothat | [k, -kp0T)dp| < Cp- 90 foralln > 1.

Using (6), the CLT (2) is proved in [11, Proof of Theorem 8 a)] via blocking type
arguments; we refer to Denker [17] for a classical reference. Furthermore, as shown
in [11, Proof of Theorem 8], the limit law (2) together with a tightness argument for
a truncated version of «, provides another refinement of the CLT, namely, the Weak
Invariance Principle (WIP):

For fixed p € (0,1/2) and s € (0, 1), KL""“’HM}\(/';LI'S;I'"’%L"”'p) converges as

n — oo to a Brownian motion with mean 0 and variance X,.

)

Similar versions of the CLT (2) and the WIP (7) hold for the flight time function taking
values in R2, see [11].

In a different direction, a further important consequence of the LLT (5) established
in [31] is that it allows one to study mixing of the infinite measure preserving billiard
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dynamics on the entire lattice M = M x Z2. This can be modelled by a Z? extension
10, ¢, 0) = (T'(0.9). L+ knp (6. 9)).  (6.9) €M, €L

The dynamics fp preserves the measure i = p x Leby2, where Lebza denotes the
counting measure. Let us introduce the notation Mg := M x {§} C M for& e 72,
and furthermore, for brevity, let Mgy := M x {(0, 0)}, where the label O refers here
to the origin in Z2. An immediate consequence of (5) is:

For fixed p € (0, 1/2), (nlogn)u(kn,, = 0) = (nlogn)it(MoN f”p_”./\/lo)

— ®5x,(0) as n — oo. (8)

A first refinement of the LLT (5) and of the mixing statement (8) was obtained by
Pene [28] who proved the analogue of these statements for the class of dynamically
Holder observables. Later on, Péne and Terhesiu [29], building on the results in [4],
obtained sharp error rates in the LLT and the mixing for dynamically Holder observ-
ables, including observables supported on compact sets. Furthermore, [29] establish
optimal error rates for mean zero observables.

1.2 Recalling results as first 0 — 0 and then n — oo (Boltzmann-Grad limit)

In [24, 25], Marklof and Strémbergsson studied the Boltzmann—Grad limit of the peri-
odic Lorentz gas. This corresponds to letting the scatterer size p — 0 and investigating
the displacement in the rescaled continuous time 7 = pt (so that the mean free path
remains bounded). In particular, [24] proves that, in this Boltzmann—Grad limit, the
displacement of the particle converges, on any finite time interval, to an explicitly given
Markov process. Marklof and Téth [26] then studied the large time asymptotic of this
Markov process, and obtained the CLT and the WIP with non-standard normalization
VTlogT.

These results on the Boltzmann—Grad limit scenario hold in any dimension, not just
ind = 1, 2 as the results mentioned in the previous subsection. For more details, we
refer to the original references. What is most relevant for us is that [26, Theorem 1.1]
and [26, Theorem 1.3] are reduced to discrete time statements that can be formulated
in terms of the behavior of «;, ,, in the limits p — O firstand thenn — oo. In particular,
[26, Theorem 1.2] states for d = 2 that:

Kn,p

(VA4m p)~1/nlogn

= N(@0,%) asp— 0followedbyn — co, (9)

where «, , and X are as in (1),! while [26, Theorem 1.4] is the corresponding WIP
which, when d = 2, reads as (7) with the main difference of the limit paths: p — 0
followed by n — o0, as opposed to fixed p.

1 Actually, [26, Theorem 1.2] is stated for the flight time function taking values in R2, as opposed to
the displacement function taking values in 72, but these are equivalent as the difference between the two
processes is uniformly bounded, see Remark 6.5.
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Periodic Lorentz gas with small scatterers

In [26], the authors state that an open problem is to consider the joint limit p — 0
and n — oo. In the Boltzmann—Grad limit scenario with diffusive behaviour, this
type of question is answered by Lutsko and Téth in [22] for random Lorentz gases, in
dimension d = 3, where, on top of the initial condition, additional randomness comes
from the random placement of the scatterers. However, their model is very different
from the model considered in [26] and it is characterized by diffusion (Brownian
motion with standard normalization).

1.3 Mainresultsas 0 — 0and n — oo in the joint limit

Our main result takes a step in answering the open question in [26] for the planar
periodic Lorentz gas. It reads as follows.

Theorem A Let ky,,, and X be as in (1), and let

V/nlog(n/p?)
Vit p

There exists a function M (p) with M(p) — oo as p — 0 such that,

bn,p =

Zn—’p = N(0, %), asn — oo and p — 0 such that M (p) = o(logn).
n.p

A precise expression of M(p) is given in Theorem 7.1 in Sect.7. At this stage we
mention that M (p) depends on the rate of correlation decay for Holder observables
as p — 0. How this decay rate depends on p is not known and we do not attempt
to study this in the present paper. However, we comment on some relevant aspects of
correlation decay below.

In the remainder of this section, we make some further comments on how our results
compare to various other works, and on some key ingredients of our argument.

Comments on the rate of correlation decay Statistical limit laws in dynamical set-
tings in general, and our results in particular, are strongly related to effective bounds
on time correlations. For several decades, it has been a major problem to prove expo-
nential decay of correlations for Holder observables in dispersing billiards, that is,
bounds of the form:

‘/M Y1 Y20 T} du| < C,(Y1, ¥2) - 0 foralln > 0, (10)

where Y| : M — Rand ¥, : M — R are centered, Holder continuous observables,
and ép < 1 may depend on the Holder exponent, while C,, (1, ¥2) > 0 on the Holder
norm of these functions, and both constants depend also on p (i.e. on the billiard
table). Several powerful methods have been designed to prove bounds of the form
(10), in particular using quasi-compactness of the transfer operator on Young towers
[34] or anisotropic Banach spaces [14], coupling of standard pairs [10, Chapter 7]
or most recently, Birkhoff cones [13]. However, each of these methods involve some
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non-constructive compactness argument which is the reason why there is no explicit
information available on how the rate of decay (i.e. C,, and ép) depends on p. For
instance, in the framework of quasi-compact transfer operators, this corresponds to
having effective bounds on the essential spectral radius, but not on the spectral gap.

In fact, depending on the method, ir; and > may belong to a larger space (that
contains Holder functions), however, these spaces do not contain the unbounded
observable «,. Hence, even for fixed p, it requires additional effort to obtain cor-
relation bounds for unbounded observables, in particular, to derive (6). As mentioned
above, in our context of the infinite horizon Lorentz gas, (6) was proved by Chernov
and Dolgopyat in [11, Proposition 9.1], which is an important reference for our work.
Let us also mention [3, Lemma 3.2] on a similar bound for the induced return time
arising in dispersing billiards with cusps, and the more recent paper [32] where corre-
lation bounds for unbounded observables are studied in an axiomatic framework that
includes further billiard models. Nonetheless, all these works consider the large time
asymptotics of a fixed billiard system. To treat the simultaneous scaling of p — 0
and n — oo, in Appendix C of the present paper we extend [11, Proposition 9.1] in
two directions. On the one hand, on top of the mere existence of some é‘p > (0 and
z§p < 1in (6), we explicitly relate these constants to C,, and ép of (10), as expressed
in (66).> On the other hand, to exploit correlation bounds of the type (6) when taking
the joint limit, these have to be combined with the action of the perturbed transfer
operator R, (t) (introduced below) as stated in our Proposition C.1.

Comparison with results on the random Lorentz gas To compare our Theorem A
with the results of Lutsko and Téth on the random Lorentz gas, it is important to
emphasize that although both [22] and our paper consider a joint limit of scatterer
radius tending to 0 and time tending to infinity simultaneously, the settings of these
two papers are quite different. In particular, the starting point of Lutsko and Té6th
is the Boltzmann—Grad limit of the random Lorentz gas, and accordingly, [22] can
handle situations when time tends to infinity at a sufficiently slow pace in relation
to the scatterer size tending to 0. In contrast, the starting point of our work is the
superdiffusive limit in the infinite horizon periodic Lorentz gas with fixed scatterer
size (see Sect. 1.1 for a summary of previous results), and accordingly we can handle
situations when time tends to infinity at a sufficiently fast pace in relation to the scatterer
size tending to 0.

It is also important to note that under the condition M (p) = o(logn) we have

bup — 1
(Wamp)~l/nlogn '

which shows that our Theorem A is indeed a direct analogue of both (4) and (9). To
simplify the exposition, we omit the case d = 1 (i.e., the Lorentz tube), but believe
that similar results can be obtained by the same arguments.

Further comments on some corollaries of our result and some elements of our proofs
A main advantage of the current method of proof via spectral methods is that it allows
us to obtain (with no additional effort) the LLT (5) and the mixing statement (8) with

2 We will also use the notations Yo =1— ép andy, =1— 15,;.
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Periodic Lorentz gas with small scatterers

appropriate limit paths p — 0 simultaneously withn — o0, as opposed to fixed p. For
the LLT we refer to Theorem 7.3 and for the mixing result we refer to Corollary 7.5.

We mention up front that unlike in the fixed p scenario with main results recalled in
Sect. 1.1, we cannot exploit the existence of a Young tower because it seems undoable
to build such a tower in a fashion that it depends continuously on p. Instead, we prove
Theorem A via the Nagaev method on Banach spaces of distributions introduced by
Demers and Zhang [14-16] in the spirit of the spaces constructed in Demers and
Liverani [12]. See Aaronson and Denker [1, 2] for a classical reference on the Nagaev
method in (Gibbs Markov) dynamics beyond the CLT with standard normalization
(that is 4/n). However, as we shall explain below, the standard pairs argument in [11]
plays a crucial role in our proof.

We end this introduction summarizing the main steps and challenges of our proofs.
A main difficulty comes from the fact that as p — 0, more and more corridors open
up and controlling their number and geometry is a non-trivial task. Another challenge
for the proofs of Theorem A and the LLT in Theorem 7.3 comes from the fact that the
spaces in [14—16] cannot be used in a straightforward way even in the infinite horizon
case with fixed p.

The Nagaev method requires: (1) the existence of a Banach space (B, || ||5) on
which the transfer operator R,, of T, has a spectral gap; (2) that the perturbed transfer
operator (R, ()} = R(e'™ . ) for € B) has sufficiently good continuity estimates
IR, () — R,(0)|Ig < Clt|"; the larger v > 0, the better.

Regarding 1), using a Lasota—Yorke inequality on a strong space 3 and a weak
space B,,, Demers and Zhang [14—16] established the spectral gap for every fixed p,
see Sect. 4. This is the main reason why we resorted to the use of such Banach spaces.

Regarding 2), as in Keller and Liverani [20], one could work with the weak space.
For infinite horizon billiards, continuity estimates in the strong or weak Banach spaces
in [14—16] have not been obtained previously. In Sect. 5.2, we give continuity estimates
in such Banach spaces (strong or weak); the estimates there rely heavily on a version
of the growth lemma, namely Proposition 3.1. These continuity estimates are O (|¢]")
for v < 1/2 with explicit dependence on p, in both the strong and the weak spaces.
This exponent v is too small to obtain the asymptotics of the leading eigenvalue of
R, (t) directly. Therefore we resort to a decomposition of the eigenvalue in several
pieces (see the proof of Proposition 6.3) and exploit the standard pairs arguments in
[11] to deal with some parts of the estimate, see Appendix C. Along the way, we give
anew proof of the LLT (5) for fixed p which is new at an abstract level as well, namely
by working on the Banach spaces [14—16] in the absence of good continuity estimates
but in the presence of exponential decay of correlations.

The paper is organised as follows: In Sect.2 we recall some basic properties of
hyperbolic billiards and also estimate widths of corridors that open up as p — 0. Sec-
tion 3 gives the Growth Lemmas, following [14—16] but with estimates made explicit
in terms of p, and including sums over unbounded number of corridors (this is the
reason why the estimates are worse than for the usual Growth Lemmas). Section4
introduces the Banach spaces and recalls the proof of the spectral gap property for the
unperturbed transfer operator R, showing that the p-dependence can be controlled.
Section 5 is devoted to the continuity estimates of the perturbed transfer operator R, (1)

@ Springer



P.Balint et al.

and Sect. 6 gives the asymptotics of the corresponding leading eigenvalue. The precise
statements and proofs of the limit theorems are gathered in Sect.7.

The appendices give further technical details on corridor sums (Appendix A), dis-
tortion (Appendix B) and decay of correlations by a combination of tower and standard
pair arguments (Appendix C).

2 Preliminaries on Lorentz gas on 72

Our general reference on hyperbolic billiards is Chernov and Markarian [10], the con-
ventions of which are followed in our exposition, except for some minor differences.
In particular, we use coordinates (6, ¢) € S! x [—%, %] on M, where

e 6 e S! in clockwise orientation describes the collision point on the scatterer (so
the corresponding point on d O is (p sinf, p cosH));

e ¢ € [—5, F] denotes the outgoing angle that the billiard trajectory makes after a
collision at a point with coordinate & with the outward normal vector Ny at this
point (so ¢ = 7 corresponds to an outgoing trajectory tangent to O in the positive

O-direction).

In these coordinates (6, ¢), the measure u has the same form du = % cospdepdo
for all values of the radius p > 0. Integrals involving the displacement function «,,
however, do depend on p. If the flight between (x, £) and (7, (x), £ + k,(x)) goes
through a corridor for a long time before hitting a scatterer at the boundary of this
corridor, then the angle at which the second scatterer is hit is close to £7-. This sparks
another long flight in the same corridor, i.e., ||k, (T,x)|| is large, too.

In the remainder of this section, we record some properties of 7, and k. In Sect. 2.1
the geometry of corridors is described, with special emphasis on the asymptotics
of small p. In Sect. 2.2 we focus on the singularities, which, in addition to strong
hyperbolicity, are the other main feature of the map 7, : M — M. In Sect. 2.3, the
hyperbolic properties of T, : M — M are discussed. Some lemmas of technical
character are moved to Appendices A and B.

Notation: For functions (or sequences) f and g, we use the Vinogradov notation ' < g
and the Landau big O notation interchangeably: there is a constant C > 0 such that
f < Cg. Similarly f =< g means that there exists C > 1 such that C~!g < f < Cg.

2.1 Corridors and their widths

Let Oy denote the circular scatterer of radius p placed at lattice point £ € Z2. The
computation of u(x € 90y x [—~7, %] 1 kp(x) = (p, q)) is based on the division of
the phase space in corridors. These are infinite strips in rational directions given by & €
72\ {0} for p sufficiently small, that are disjoint from all scatterers (but maximal with
respect to this property), and they are periodically repeated under integer translations.
As soon as p < % there are infinite corridors parallel to the coordinate axes. If
p < }T\/E, then corridors at angles of £45° open up, and the smaller p becomes, the
more corridors open up at rational angles.
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Periodic Lorentz gas with small scatterers

L] [ [ ] L] [ ] [ ] . - ®
-

° ° - ° °
° ° ° °
[ [ P - ° °
o / ] / ° ° ° ° ° °

Fig.1 Corridors tangent to the scatterers at 0 and & = (3, 2)

Given 0 # & € Z? and p > 0 sufficiently small, there are two corridors simultane-
ous tangent to Op and Og, one corridor on either side of the arc connecting 0 and &.
The widths of the corridors are denoted by d,,(§) and d, (§), see Fig. 1.

Lemma2.1 If p =0and &£ = (p, q) € Z? is expressed in lowest terms, then
~ 1
do(§) = do(§) = —.
€]
For p > 0, the actual width of the corridor is then d,(§) = czp (€) = max{0, |€|" —
2p}.

Remark 2.2 Let us call these two corridors in the direction & the &-corridors. They open
up only when p < do(§)/2 = do (&) /2. For p = 0, the common boundary (called
&-boundary) of the two &-corridors is the line through 0 and £. The other boundaries
are lines parallel to the &£-boundary, going through lattice points that are called £” and
&’ in the below proof. For & = (p, ¢) (with gcd(p, g) = 1), these points &’ = (p’, ¢’),
&" = (p”,q") are uniquely determined by & in the sense that p’/q’ and p”/q" are
convergents preceding p/q in the continued fraction expansion of p/q. In particular
|€’], 1€”| < |&]. In the sequel, we usually only need one of these two &-corridors, and
we take the one with &’ in its other boundary.

Proof If (p,q) = (0,+£1) or (&1, 0), then clearly dy(§) = &0(5) = 1, so we can
assume without loss of generality that p > g > 0. Let L be the arc connecting (0, 0)
to (p, q). The corridors associated to & intersect [0, p] x [0, g] in diagonal strips on
either side of L.

Let % = [0; ay,...,a, = a] be the standard continued fraction expansion with
a > 1, and the previous two convergents are denoted by ¢’/ p’ and ¢” / p”,say ¢” / p” <
q/p < q'/p’ (the other inequality goes analogously). Therefore ¢'p — gp’ = 1 and

/s /i

q"p" —q'p" = —1.Also
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(a—Dq'"+q" q ¢

(@=Dp'+p” p p

are the best rational approximations of ¢/p, belonging to lattice points &' above L
and £” below L. The vertical distance between &’ and the arc L is |¢' — p’ %| =

%|q’p —-plql = % The vertical distance between L and £” is

1
((@a—1Dp' + p”)% —(@a—q"+4") = ;((a —D@p' —4'p)+ar” —q"p)

1
= ;(1 —a+(aq +q"p"—(@ap"+ p"g"

! "/

1 1
=—U—-a+algp —q p))=—.
p p

The corridor’s diameter is perpendicular to &, so dy(€) is computed from this vertical
distance as the inner product of the vector (0, 1/p)” and the vector £ = (p, q)7
rotated over 90°:

Tratn) ()= =
p2+q2 1/p p p2~|—q2 |é;-|
The computation for c?o(f ) = |£]7 ! is the same. O

2.2 Singularities of the billiard map

In the coordinates (0, ¢, £) € S! x [—5. 5] % 72 (or xZ if it is a Lorentz tube), the
size of the scatterers p doesn’t appear, but it comes back in the formula of the billiard
map T, and in its hyperbolicity. Also the curvature of the scatterers is = 1/p. We
recall some notation from the Chernov and Markarian book [10] (going back to the
work of Sinaf), bearing in mind that we have to regg several of their estimates to track
the precise dependence on p. The phase space is M = M x Z? = Urez2 Me, where
each M is a copy of the cylinder S! x [—%. 71, see Fig.2.

Let So = {¢ = £75} be the discontinuity of the billiard map corresponding to

grazing collisions. The forward and backward discontinuities are
Sp=UoT,"(So) and S_, =UT5(So).

so that T) : M\ S — M\ S, is a diffeomorphism. We line the curve Sy with
homogeneity strips Hy bounded by curves |[£75 —¢| = k"0 and |+ 5 —¢| = (k+1)77°,
k > ko, for a fixed number g > 1. The standard value is ro = 2, but as distortion
results and some other estimates improve when rq is larger, we choose the optimal
value of r( later.

The set S_; consists of multiple curves inside M, one for each scatterer from
which a particle can reach Oy in the next collision. In Fig. 2 we consider the corridor
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Periodic Lorentz gas with small scatterers

b=+5
b=-F
0=0

Fig.2 The parameter subset M with singularity lines and k, = &' — M&

Fig.3 A corridor collision map from O_g and O, to Og

in the direction of & € Z2, and drew the parts of S_; coming from scatterers O¢, O_¢
and O_, ’ for some scatterer on the other side of this corridor.

Lemma 2.3 For the &-corridor, let (6—¢, 5) € My be the point of intersection of Sy
andthe part of S_ associated to the scatterer O_g, and (O, %) € Mo, kp = E'—ME,
be the point of intersection of Sy and the part of S—1 associated to the scatterer
Ok, = Og'—py¢ at the other side (i.e., the &'-boundary) of the &-corridor; see Fig. 3.
Let (Glép, ¢,’{p) be the intersection of the parts of S_1 associated to the scatterers O_g
and the scatterer O, L See Fig.2. Then

d, (&) 0
Ot —6 | =-L 1 0(—))
16— = B, mM<+ £

T g - m@%h0<p L+W£m».

and

& M jglVM

@ Springer



P.Balint et al.

g\

€l ~ psind,

Fig.4 Illustration of the proof of Lemma 2.3

Proof The angle 6_¢ refers to the point where the common tangent line of Oy and
O_g touches Oy. For the value 6y, kp = &' — M&, we take the common tangent line

to Op and Ok, which has slope pr—g‘) (1 + O(ﬁ)). This is then also [0_¢ — O, |-

Now for the other endpoint of this piece of S_j, consider the common tangent line

. d ..
to O_¢ and Ok, which has slope tano := (Mp——(lé))lél(l + O(m))» hitting the

scatterer Oy in point P and when extended inside Oy hits the vertical line through the
center Op in point Q. Let also R be the tangent point of Oy to the corridor, and Q’ is
the point on Og R at the same horizontal height as P, see Fig.4. Then |RQ| = |§|sin«
whereas |0gQ'| = p — (J€] — p sin 9,20) sina = p cos G,Qp. The latter gives

6 = %sina(l—(?(ﬁsine)): M(l—@(ﬁ—i))
p p €] oM &l M

The triangle AP O Q has angles qﬁ,/(p, o+ 7 and G,Qp, which add up to . Hence

mu@)<1_c)<p I J@x@p>> an

oM €l M jgM

T ’ r_
E_qj'(/’ —Ol—i—@Kp -
as claimed. O

2.3 Hyperbolicity of the Lorentz gas with small scatterers

The derivative DT, : 7 M — T M preserves the unstable cone field

qzkwmeMﬂg%@<H—p} (12)

T do — Tmin

This is [10, p. 74] in the coordinates & = r/2mp, and we can sharpen this cone by
replacing tpip by t(x), the flight time at x before the next collision. The derivative of
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Periodic Lorentz gas with small scatterers

the inverse of the billiard map preserves the stable cone field

P <Ld—¢<
Tmin 27T dO —

CS ={(d0.dp) € TTM:—1— —1}. (13)

Clearly, these cone-fields are transversal uniformly over M, and S, is a unstable (or
stable) curve if n > 0 (or n < 0).

In the billiard literature it is common to use a pseudo-norm, the p-norm for unstable
vectors, defined as ||dx||, = cos ¢ dr. When restricted to the unstable cone, the p-
norm is non-degenerate. With the notation R(x) = ﬁ, the expansion/contraction
factor A on unstable vectors in the p-norm satisfies

2Tmi
A > 14+ T(xX)RE) > 1+ TminRmin = 1 + ;“

This proves uniform hyperbolicity of the billiard map.
In our coordinates the p-norm can be also expressed as ||dx||, = 27 p cos ¢ do,
and it is related to the standard Euclidean norm as

V1+ (48
C

¢ 472 p2 + (%22
ldxllp =
oS ¢

ldx|l =
27 p cos ¢

lldxllp-

The expansion of DT}, of unstable vectors is uniform in the p-norm, see [10, Formula
(3.40)]:

DT,(d
I DT, (dx)]l _1 7(x) K + _
ldx|l, cos ¢ dr 0 COoS P

dp . t(x) Ld_qb 0 COS ¢
ar’ <1+2nd9+ T(x) )

Expressed in Euclidean norm, this gives, for DT, (dx) = (d0;, d¢),

IDT,(doll _
lldx|l

4712,02+(%1)2 7(x) . 1.d¢  pcos¢ (14)
42p2 + (%)2 p COS Py 27 do T(x) )

For later use, if T, (x) is in the homogeneity strip Hy, then cos ¢; ~ k70,

3 Growth lemmas

As already mentioned in the introduction, the main line of our argument uses per-
turbed transfer operators acting on the Banach spaces constructed in [14] and [16].
These works, as essentially all other methods studying statistical properties of hyper-
bolic billiards, rely on appropriately formulated growth lemmas, which quantify the
competition of the two main dynamical effects, singularities and expansion, in these
systems. The constructions of [14] and [16] involve several exponents, which thus are
present in our setting, too. Additionally, we have to introduce some further exponents

@ Springer



P.Balint et al.

as we study perturbed transfer operators. Before stating the growth lemmas, here we
include a table summarizing the role and the interrelation of these exponents. Essen-
tially, we use the same notation as in [14] except for some subscripts o, and in fact
some of the constants reduce to their value in [14] if ro = 2.

ro > 2 is the exponent of the homogeneity strips:
Hyy = {1 £ 5 — ¢l € [(k+ D7, k7)),
O<v< % - % the exponent of k, in the continuity estimate for the
0

transfer operator,

go=1-— f(: 2'1’ upper bound on ¢ in the Jensenized growth lemma, see (25),
op < min (ﬁ §0> needed for [[14], Lemma 3.7] for general ry,

S0 = lag%(;o“) 0 used in Lemma 6.1,

0<qg0<po< ﬁ cf. Lemma B.2,

0<po< mln{ , Do — qo}-

15)

We use a class W* of admissible stable leaves defined as C? leaves W in the phase
space such that all its tangent lines are in the stable cone bundle, their second derivative
is uniformly bounded, W is contained in a single homogeneity strip, x, (x) is constant
on W and there is a p-dependent upper bound on |W |, namely

sup |[W|=3p:=cp", (16)
wews

where the small ¢ > 0, to be fixed below, is independent of p.

Let W € W* be an admissible stable leaf. The preimage Tp’] (W) is cut by the
discontinuity lines &1 and boundaries of homogeneity strips into at most countably
many pieces V;. Note that we may have to cut the pieces V; further into curves W; of
length < 8.

3.1 The growth lemma in terms of V;

The particle can reach the scatterer Og at the origin from corridors in all directions,
indexed by (&, &’) € W, see Fig. 3. If the previous scatterer is ¢ itself, we call this
a trajectory from the &-boundary; if the previous scatterer is at lattice point £’ — M&,
the trajectory comes in from the &’-boundary, see Remark 2.2. To each such scatterer
and homogeneity strip Hy belongs at most one V;, and the contraction |7, V;|/|V;]| is
governed by (14), where the distortion 7, : V; — T,V; is uniformly bounded, see
Appendix B.

Proposition 3.1 Assume 0 < v < % — ﬁ Then there is a constant C > 0, uniform

in p, v and ro such that

T, Vil _ .
Z|p(V>| G =Clo+p )
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for every stable leaf W € W?.
Remark 3.2 (i) Since |W| < 8y < cp", there is 6, < 1 such that

A
Y Iy (V) v £3Ce+o <.
Vi i

for p sufficiently small, and ¢ chosen appropriately small. In addition, we assume that

) c 3|/<r0+1)
81 € (0, 80/2) is such that O,e~?°1

=:0) <1 a7
for distortion constant C; from Lemma B.2;
(i1) As later we will need v > %, we can take ro = Sand v = %.

Proof The homogeneous admissible preimage curves Tp_1 W = U;V; are obtained by
partitioning according to
e incoming corridors &;
o for a fixed corridor &, the scatterer on which V; is located. Accordingly, k,(V;) =
Mg — &' for some M € N, and the summation is over M,
e for a fixed scatterer, the homogeneity strip containing V;, that is, V; C Hy for
some k.

If W is on the scatterer Op and V; is on the scatterer Og/_p¢, then both of these

scatterers are tangent to the same corridor. The trajectory makes and angle ~ i’/}@)

with the corridor and there is a lower bound on the collision angle given by (11). This
puts restrictions on how M is related to k; as reflected by allowed intersections of
homogeneity strips and M-cells on Fig. 2. In particular

k> Clpdy &)~ M)™ (18)

which determines the range of k for M fixed.
We sum over the homogeneity strips for & and M fixed on the £’ boundary.

T,V; MY 1

Z |/<p(V,-)|V | |")/|l| < ,0||§;||M Z o
ViGME/*ME ! oM %
kz(max{C(rp@),l}) 0

11 1_ 1 3,1
<<,02’0+2|E|v_ldp(§')2 70 M "2 7

11 3.1 _3,. 1
<<p2r0+2|%-|" 2t Y 2+2r0’

where we used that the exponent % - 2170 of d, (&) is non-negative. By our assumption

that v < % — ﬁ, this expression is summable over M, and therefore the sum over the

&’-boundary of the entire &-corridor is

T,V; 1,1 3,1
Y kol '|”v,|" < p?Tm g
1

corridor &
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The sum over homogeneity strips for £ fixed on the £-boundary is no different:

T, Vil pl§l” 1 _
o koWl == < > — < plg

. 70
v Vil §1 =k

Next we sum over all opened-up corridors, indexed by all the “visible” lattice points
inside a sector of angle |W|/+/1 + 472, because only trajectories from scatterers
within such a narrow sector can hit Og at coordinates in W. The “visible” corridors
will be denoted by Wyy. It can happen that a single corridor, or even a single scatterer
in a corridor blocks the entire sector, and we reserve one term for |£| > 1 (which is
the worst case because the contraction of T}, is the weakest). Apart from this corridor,
and since we need an upper bound, we can replace we replace |W| by a stable curve
of length §p, and apply Lemma A.6 fora =1 —vanda = % -V — 2170. This gives

T,V 1.1 3,1
2 eVl '|”T|' <pt+ Y plel T 4 pP IOlE TR
Vi ’ £)evy
< p+p "8+ p' " log(1/p) + p' 8y
+p7"80+ p' "V log(1/p) + p* V8!
<K p+p 8+ p " log(l/p) +p' 85"
Since 8o = cp” and v < % this completes the proof. O

3.2 The growth lemma in terms of W;

The pieces of preimage leaf V; C Tp_1 (W) emerge by natural cutting at the disconti-
nuity set S1 and the homogeneity strips, but even so, their lengths can be larger than
80, the bound of admissible stable leaves. We therefore need to cut them into shorter
pieces, denoted as W;. In the worst case, each V; needs to be cutinto §,, ! pieces, which
gives the estimate

T,W;
Dl (W)l % =C (05" +07") <0, (19)
1

1

Although this estimate suffices for some purposes, it is not always good enough for
larger iterates T’f’. The next lemma (which follows [14, Lemma 3.2] or [16, Lemma
3.3]) achieves an estimate, uniform in n, for v = 0.

For the next lemma we recall some notation used in [16]. For W € WW*, we construct
the components Gy (W) of Tp_k W inductivelyonk = 0, ..., n. Thatis Go(W) = {W},
and to obtain Gy 1 (W) first we apply Proposition 3.1 to each curve in Gi (W), and
then we partition curves that are longer then &g into pieces of length between §p and
80/2. We enumerate the leaves of the k-th generation Gy (W) as Wik.
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Lemma 3.3 There is a constant Cs > 0, independent of p, such that

[T W
2. =6 20)
wieG,(wy i
and
ns | TrWh
Z |Wl| | o 1| <C17§ (21)

S neo— s
WG, (W) ML

forall ¢ €0, 1).

Proof Define L; as the collection of indices such that Wl-k € Gy (W) is long, i.e.,
|Wl.k | > 81 fori € Ly, and In(Wj’.‘) as the collection indices of W such that their most
recent long ancestor is Wj]»‘ € Gk(W). If for some Wi no such long ancestor exists,
then set k(i) = 0 and W;] belongs to Z,,(W); if W} is itself long, then set k(iz) = n.
Fix some j € L. As for Wi € In(W]]?) the preimages under T;’_k of T;’_k Wi need
not be cut artificially (they are already short), and due to the distortion bound from
Lemma B.2,

T, W) T
2 m o= for 6y = 0P (22)

ieIn(W]’.‘)

Recall that by our assumption & is so small that 6; < 1. In the estimate below, we
group W/ € G, (W) according to their most recent long ancestors.

R D

k=1 Wkeﬁk(W) 161',1(Wk i€Z, (W)

I WY
A

n —kyn kyrk
[T "W Y im0t |7, Wl
< To T e iy gn
Z Z Z |Win| IW]k| 1

k=1 W}‘eﬁk(W) iezn(wjf)

n
—k o—1 1k yi/k 7
<> > ertsNiTiwk + ey

k=1 W}eck(W)

n
<cstwy ot ter < ¢y, (23)
k=1

where we have used that for fixed k and Wk e L (W), () |Wk| > §1, (ii) the Tk Wk

are pairwise disjoint subcurves of W, and (111) |[W| < 61.By Jensen S 1nequa11ty and
(23),

@ Springer



P.Balint et al.

[WHs |T) W

1—vs l—g
Z i p i =Z<|W|) US|T;’1W1'H|< ZlT/:le < Cl=s
—wis wr - & \Iwy wi =\ & W :

which proves the second statement. O

It is worth including the following bound, which follows from (22) by Jensen
inequality:

wn|S | TPWh _
||wl||g P e forallg [0, (24)
i

2

i€Z,(W)

Remark 3.4 For further reference, we state a version of (21) forv > 0, n = 1. Let

_ 1 _ 2rgv
S0 = 1 ro—1°

LD ALWHIWE o foralice 0. @9)
Wil Wi

This follows by Jensen’s inequality from (19), applied with ﬁ in place of v. The

1 1 : - =3
7 — 3,5 For the choices ro = 5, v = g we have

1
S0 = 1g-

4 Banach spaces and spectral gap

For the exponents pg and g defined in (15) we define the Banach spaces (of distribu-
tions) CP0, B, B,,, (C9)’ in analogy to [16],> We recall that (C%)’ is the topological
dual of C%,

Given W € W, let my be the Lebesgue measure on W, and define

W W,apy = W[ cOs W [¥lcro,  [Wlcr = ¥lco + Hy (¥), s

fora > 0, cosW = |W|~! fW cosp dmwy (note that cosW < k770 if W C Huy),
and H{{,O(l/f) the Holder constant of v along W. Also let dy (W1, W») stand for the
distance between leaves as in [14, Sect. 3.1] or [16, Sect. 3.1]; in particular, if W and
W, belong to the same homogeneity strip, dw (W;, Wy) is the C! distance of their
graphs in the (6, ¢) coordinates, and otherwise infinite.

3 Note that our set-up fits the conditions (H1)-(HS) in [16, Sect. 2.1] with f(x) = f(0, ¢) = cos¢ and
kp =1lin (H1),r, =rg +1in (H2),& = % and 1o = 1 in (H3), pg = in (H4) and yp = 0 in (HS).

1
ro+1
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Periodic Lorentz gas with small scatterers

Given W € W* and h € C'(W), define the weak norm.*

IrlB, == sup sup /hwdmw. (26)
WeWs  yjecrow) JW
W/|W,0,pofl

With gy < po fixed we define the distance between functions d (¥, ¥») in the same
way as in [14, Sect. 3.1]. We define the strong stable norm by

|h]ls == sup sup /hlpdmw. 27
WeWs  yecto(w) w
¥ W00 <

Choosing ¢y € (0, o) and By € (0, min{eg, po — qo}), we define the strong unstable
norm by

|7l := sup sup sup
EZE0 Wi, WoeWS 1y eCPO(W),
dWi,Wa)=e [Wilct gy <1

dgy (P19 <e

gho

/ hl//] dmw —/ hlﬂzdmw‘ . (28)
(%4} Wa

The strong norm is defined by ||h||g = || h|ls + cu |||, Where we will fix ¢, < 1 (but
independent of p) at the beginning of Sect. 5.2.

Since CP0 C B C By, C (C%) (see Sect.4.1), wehave ||h]lg, + |kl < Cllhlcr.
As in [16], we define B3 to be the completion of C! in the strong norm and B, to be
the completion in the weak norm.

4.1 Transfer operator on B

Throughout we let R, : L'(m) — L'(m) be the transfer operator of the billiard
map T,. We recall that [14, Lemmas 3.7—3.10] ensure that: i) R, (CYY c Band as a
consequence R is well defined on B; 3,,; ii) the unit ball of 5 is compactly embedded
in By, and iii) C?* C B C B,, C (C%)'.

It follows that R, is well defined on B and B,,, and we also let R, denote the
extension of this transfer operator to B,,.

4.2 Lasota-Yorke inequalities

Using Proposition 3.1 with v = 0 and Lemma 3.3 we obtain the analogue of the
Lasota—Yorke inequality [16, Proposition 2.3]. As our set-up fits [ 16], our only concern

requires p < y. However, this is needed only to ensure that the inclusion By, < (CP)’ is injective, cf.
[16, Lemma 3.8] Since we do not use this property, we can take y = 0 in the definition of the weak norm,
and avoid additional restrictions on py.

4 In the definition of the weak norm [16] uses test functions with ||y 5, , < 1 for some y > 0, and
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is the dependence on p. It is important to point out that our all estimates in Sect. 3 and
Appendix B are independent of p, except that §; < §p K p".

Lemma 4.1 (Weak norm) There exists a uniform constant C > 0 so that for allh € B
and for alln > 0,

IR B, < C - CslihllB,.

where Cy is given by (20).

Proof For W € WS, h € C'(My), ¥ € CPO(W) with [/ |w aq, py < 1,

Wﬂ
/WRZhwde— > / |DT"¢ o T dmy.

W'eG, (W)

Using the present definition of the weak norm,

Jw. Tolcroqw,
/ Rihydmy <Y / Al wwwoTplcpo(Wl.)cos(Wi")de.
W' eGy (W) DTy |

From here on the argument goes almost word for word as the argument in [16, Sect.
4.1], except for the use of equation (20) (the analogue of [16, Lemma 3.3(a)] with
¢ =0). O

Lemma 4.2 (Strong stable norm) Take 81 as in (17) and 0y as in (22). There exists a
uniform constant C > 0 so that for all h € B and alln > 0,

1Rl < € (B! 4+ €70 A" ) [l + €57 lhlls,

Remark 4.3 The compact term CSI_“O 715, in Lemma 4.2 is the only point in the
Lasota—Yorke inequalities where a p-dependence arises, via §; = cp".

Proof The argument goes almost word for word as the [16, Argument in Sect. 4.2],
except for the differences:

i) We use of equation (21) with ¢ = « instead of [16, Lemma 3.3 (b)] (also with
¢ = ap) in [16, Equation (4.5)]. In particular, using the present definition of the stable
norm, with the same notation as in [16, Sect. 4.2], we have the following analogue of
[16, Equation (4.5)]:

nT _
Z / |DT" Yo T; — Iﬂ,) dmw
WieGn(W)
_ |Wn|(10 |Tan| 3
<K AT\ Rl Z |W|°‘0 |W"| < ATDh)s,

Win €Gn(W)
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where we have used the distortion bounds of Appendix B and Formula (21) (with
S = o).

ii) To obtain the analogue of [16, Equation (4.6)], as in [16, Sect. 4.2], we split the
sum

Jwyn TV
ZZ > W% (cos W)~ /hﬁdmw

k=0 jeLi jeT, (Wk) P

into a term for k = 0 and further terms for k = 1, ..., n. For k = 0, we use the strong
stable norm and (24) (the analogue of [16, Lemma 3.3(a)]) with ¢ = «g, giving a
contribution < || A ||s0f(17°‘°). For the terms k = 1, ... n, we use the weak norm, (21)
(the analogue of [16, Lemma 3.3(b)]) with ¢ = «g, and the fact that |W}‘| > § for

Jj € Ly (W), resulting in a contribution of O (||4]|5 8_0‘0) O

w

As in [16], dealing with the strong unstable norm is the most delicate part of the
Lasota—Yorke inequality. The only difference from [16, Argument in Sect. 4.3] is that
we apply (20) (instead of [16, Lemma 3.3 (b)]) multiple times. Note that our bound
in (20) is independent of p, so no p-dependence arises here.

Lemma 4.4 (Strong unstable norm) There exists a uniform constant C > 0 so that
forall h € B and for alln > 0,

IR, < C - Cs- A" |[R]ly + C - Cy - nih]s.

Proof Given Wi, W, € W* with d(W;, W>) < ¢, we may identify matched and
unmatched pieces in Tp_” We, £ = 1,2. The estimates of [16] on the length of the
unmatched pieces apply, thus we may estimate their contribution by the strong stable
norm using (20) (instead of [16, Lemma 3.3 (b)]). As the length estimates give £%0/ 2
Bo < ap/2 is essential here (cf. [16, Formulas (4.10) and (4.11)], noting that y = 0
in our case).

To bound the contribution of the matched pieces we use, on the one hand, the strong
unstable norm (as in [16, Formula (4.14)]) and, on the other hand, the strong stable
norm (as in [16, Formula (4.17)]). Here again we rely on equation (20) which plays
the role of [16, Lemma 3.3 (b)]. Bo < po — qo ensures that after division by &Po the
proof of Lemma 4.4 can be completed. O

5 Perturbed transfer operators
A standard way of obtaining limit theorems for dynamical systems is via the perturbed

transfer operator method. In Sect.7 we will use the spectral properties of the family
of perturbed transfer operators R, (¢), t € R with R,(1)h = R(e'"™*rh), h € L'(m).
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5.1 Continuity properties

By definition, Iép(O) = R, . Take 0 < v < % — 2170 as in Proposition 3.1. In this
subsection we show the following continuity estimate:

(R, (1) — Ry(O)hllg < Cop~"1t|” k5 (29)

for some uniform constant C.
The argument goes parallel to Sect. 4.2, except that this time we need the estimates
(i) for v > 0 and (ii) only for n = 1, we rely on (19) and (25) instead of Lemma 3.3.

Lemma 5.1 Assume (16). Then there exists a uniform constant C > 0 so that for all
heb,

IR, (™ — D) g,, < Cp~"It|"IIAll,-

Proof The argument goes similarly to the argument in [16, Sect. 4.1] restricted to
the case n = 1. More precisely, for W € W', h € C'(My), y € CPO(W) with

|¢|W,a0,p0 =< 1,

Jw, T
|DTp|

/ R, (€™ — D)hyyr dmy = Z (e'™» — 1)k Yo T,dmy.
w

ieGi(w) Wi

Using the definition of the weak norm and the inequality |¢/* — 1] < x",

/ Rp(e" — Dhyrdmy < [t]” Y
w

ieG(W)

[Jw, Tplcrow,
|£7T|()|1// o Tylcrow,) cos(W;) dmyy .
o

/ 2115, lico (Wi)]"
Wi

From here on the proof goes the same as the argument in [16, Sect. 4.1] except for the
use of equation (19) instead of [16, Lemma 3.3 (b)]. O

Lemma 5.2 There exists a uniform constant C > 0 so that for all h € B and for all
n=>0,

IRy (e » — Dh)|ls < Cle|"p " Ih s
Proof This time we are only concerned with n = 1, and do not need a contraction
of the strong stable norm. Hence, an argument analogous to the proof of Lemma 5.1

suffices, with the weak norm replaced by the strong stable norm. Accordingly, we
use (25) with ¢ = «g instead of [16, Lemma 3.3 (b)]. O

Lemma 5.3 There exists a uniform constant C > 0 so that for all h € B,

IR, (™ — DY)l < Clel” (p=" - Ilhllu 4 p~" - llAll5) -

@ Springer



Periodic Lorentz gas with small scatterers

Proof As with the proof of Lemma 4.4, the argument goes similar to [16, Argument
in Sect. 4.3], restricted to the case n = 1. The matched and unmatched pieces can be
again identified, this time for Tp_1 We, £ = 1, 2. Then, as in the proof of Lemma 5.1,
the factors [¢]” and |k, |" arise. Clearly «, is constant on each of the (matched or
unmatched) pieces, and takes the same value on any two pieces that are matched.
Accordingly, the various contributions can be estimated in the same way as in proof
of Lemma 4.4, with the only difference that, by the presence of the factor |«,|",
throughout the argument (19) is used instead of (20). O

Equation (29) follows from the definition of the norm in 5 together with Lem-
mas 5.1, 5.2 and 5.3.

5.2 Peripheral spectrum and spectral gap

Choose 1 > o > max{A %0, Gl(l_aO), A~9}. By Lemmas4.1,4.2 and 4.4 and arguing
as in [16, Eq. (2.14)], we obtain the traditional Lasota—Yorke inequality for some
N > 1, provided ¢, in the definition of || |5 (below (28)) is chosen small enough in
terms of N. That is,

IRY 15 < oMkl + C37“llhl5,. (30)

Combined with the properties collected in Sect. 4.1 (that is, the relative compactness
of the unit ball of B in B,,), equation (30) shows that the essential spectral radius of
R, is bounded by o and that the spectral radius is 1.

Let I1, be the eigenprojection (that is, the projection on the eigenspace of R,)
corresponding to the eigenvalue 1. In particular, IT,u = u is the invariant measure
for T,. Since forevery p, T, is mixing, the peripheral spectrum of R, consists of just the
simple eigenvalue at 1. Thus, for every p > 0, the eigenprojection IT, corresponding
to the eigenvalue 1 of R, can be also characterized by

M,h= lim R"h, 31)

m—00 P

forall h € B.
Let Q, be complementary spectral projection. From here onwards, we exploit that
for every p > 0, there exist y, € (0, 1) and C, > 0 so that

105118 < Cp(1 —yp)" (32)

for every m > 1. Altogether, RZ’ = I, + O, where Q, satisfies (32).

6 Asymptotics of the dominant eigenvalue
To establish limit theorems (such as Theorem 7.1 below) we study the asymptotics

of Eﬂ(e”"mvpl) = E,L(Iép(t)ml), ast — 0 and m — oo via the properties of
R,(0)h = R,(e!™rh), h € B.
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We already know that for every p € (%, %), 1 is a simple eigenvalue of R »(0) =R,
when viewed as an operator from B to B. Due to (29), ﬁp (t)is C" (int) from B to B.
It follows that for ¢ in a neighbourhood of 0, ﬁp () has a dominant eigenvalue A, (7)
(with A,(0) = 1).

Let y, be as in equation (32). The continuity properties together with (32) ensure
that for any é € (0, y,) and ¢t € B;(0),

Ry = 3,(0)" T, (1) + Qp ()™, 10,0 lI5 < C,(1 = y,)™, (33)

for some C,, > 0 and l'[,o(z‘)2 =TI1,(1), ()0, (t) = Qp(t)I1,(t) = 0. Further, for
all t € Bs(0),

M,(1) = / (u— Ry(1)) " du, (34)
lu—1]=8

for all ¢+ small enough. A standard consequence of (29) and (32) is that for every
8 € (0, yp) and for all u so that |u — 1] =4,

Il — Ry(0)™" — = Ry(0) Mg < Co™ 111"l — Ry ()~ Isll (e — Ry (0) I
<Cp 7y, 2t (35)

Hence, [|T1,(1) — M, (0) |5 < Cp 1" p ™"y, el
The rest of this section is allocated to the study the asymptotics of A, (f) as t — 0.
The following property was used in [6, 7, 21] (see [7, assumption (H2)]) for the
study of eigenvalues of perturbed transfer operators in the Banach spaces introduced
in [12]. Here we use it to obtain an adequate analogue for the present set-up.

Lemma 6.1 Take sy = %&OH) as in (15). Let h € B and v € CP°. For every
corridor with boundaries determined by O¢ and Oy, there exists a constant C > 0
independent of p and & so that

3 . s
= C”h”S|U|Cq0dp(g)7_s0|§|_1p_§+SON—§+SO'

‘/ hvl{,(p=§/+1\/5} dm

Proof Let{W;}¢c be the foliation of the set {x, = £’ +& N} into stable leaves. We can
parametrise these leaves by their endpoints (¢, ) in Sp, then L is an interval of length

d, (&)
¢ < 3

according to Lemma 2.3. The lengths of these stable leaves |W;| < ¢’ for
24,©®
pN >
on the C! stable leaf W, and it can be parametrised as (w¢(¢), ¢) where w is C ! with
—% % <w'(¢p) < —% because of the direction of the stable cones, see (13).
Let v be a measure on L that produces the decomposition of Lebesgue measure m
on {k, = & + &N} along stable leaves. We have v < m, (and dv/dm is bounded
above). Since we need to partition stable leaves W, by the homogeneity strips Hy near
So into pieces Wy := W, N Hy, we get an extra sum over k > k(c) := [(c/)~'/"0].
Then

another constant ¢’ < again by Lemma 2.3. The measure dmy, is Lebesgue
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Periodic Lorentz gas with small scatterers

'/hvl(xp=Ns+é'}dm‘ =

> / hvdmy, dv()
Lkzk(c') Wk

< [|v|cq0 Z/ h—— dmy, dt
L Koty ) Wk [v|cao
< [vlca ||h||.y/ > |W2,k\%_1/005¢\/1+|w/(¢)|2d¢ de
L\ k=k(e) Wex

< [vlcao 1Alls f D W |k romotheo gy
Lk

llcao Il ¢ k(ch)!mootroth=ro

3 1. _S5.
& Jvlcm lhlls &1~ d, ()20 p7 2 FONTIHY,

IA

1—ag(ro+1)

for sg = T

, as claimed. O

Using (35), Lemmas A.2 and 6.1 we obtain the asymptotics of the eigenvalue in
Proposition 6.3 below.

- 2 2
Lemma6.2 Fort € R?, let A(t. p) = Y e <1 /) L5 Then
P |t Lo
lim —A(t,p) = — = (Zt,t) for T =T as defined in (1).
p—0 2 T 0 =

Proof The coordinate axes p = 0 and ¢ = 0, and the two diagonals p = ¢ and
p = —q divide the plane into eight sectors. Here we count counter-clockwise with
the first sector W directly above the positive p-axis. Let y = y(t, &) be the angle
between the vectors ¢ and &. Let @ = arctang/p and 6 be the polar angles of & and
t € R? respectively, so y = 6 — a. For the first sector Wy, taking into account that for
every & there are two &/, we have

3 dp(é);(|t,é>2 o Y dp(é)z(:;cos »)?
(¢.8)evw; (&,8)ev;
P Z dy(€)*(cos 0 cos a|&| + sin @ sina[£])?
(&,8)ev; 4
2 N2
:2|t|2 Z dy(§) (pco|s§9|+qsm9)

(¢.5Nev

The eighth sector Wg directly below the positive p-axis gives the same result with —g
instead of ¢, and sectors W4 and W5 above and below the negative p-axis give the
same results as sectors Wg and W;. Therefore

2 2
> S Y P+ i)

(§.§)eV 1 UW4UWs Uy (£.8)ev
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The same result holds the remaining sectors with cos 6 replaced by sin6 and vice
versa. Putting the results on all eight sectors together, we get by Lemma A.4

d 2 ’ 2 -1 _» 2
3 P& M8 o ) (151 P2+ )

(£.£)ev 51 (£.£)evw 51
=t Y gl —4p +4p7E]
(£.6)ev
= P L 2+ (o) = 2 E 1t o).
= —— U=z = — 0
4“(2) 2p 2 T
Hence (X1, 1) = lim,_,¢ 2A(t p) = -, as required. O

For the result on the asymptotics of the eigenvalue in Proposition 6.3, we will
also assume some correlation decay type results. Namely, we assume that there exist
p-dependent constants y, € (0, 1) and C, > 0 so that for every j > 1,

< CpltP(1 = 7p).

‘ @@ —toridu—( [ @ —1ay)
Mo Mo

(36)

More generally, we assume that that there exist p-dependent constants y, € (0, 1) and
C, > 0o that forevery j > 1 and every m > 0

‘ (eile _ 1) . Rp(o)lﬂ(eith _ 1) (ei[’(p _ 1) o ij dM
Mo

_ (elle _ I)Rp(o)In(elIKp _ 1) d“f (el[Kp _ l)dﬂ/
M M
- C(/ (ir — l)d,u)/ (@ — 1) (€™ — 1) o T] du
./\/l() MO
. 3 _ .
ve( [ @ =nan)| = Erra-gm. (37)
Mo

where C = 0if m = Oand C = 1 if m > 1. As justified in Proposition C.1 in
Appendix C via the argument used in [11, Proof of Proposition 9.1], assumptions (36)
and (37) are natural.

Proposition 6.3 Assume (32), (36) and (37), and let A(t,,o) be as defined in
Lemma 6.2. Let v € (3,3) and 8 € (0, 3 min{y,, 7)), ensuring that (33) holds.
Then for any 8y < 8%V~ andt € Bs,(0),

- log(1
1 _)”P(t) = A(tv p)%i)'tl) + E(tv ,0),
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where |E(t, p)| < C_'/J 17 21t +Clt12p~2 for C_’p and y, as in (37) and some uniform
constant C.

Remark 6.4 1t is possible to shrink 8y further to 89 < e~ ™*{Cr¥p Lo leading to
E(,p) = 0(|t|210g [1/¢]). This would mean that in the proof of main results in
Sect.7 we would work on this very small neighborhood and obtain the same range of
n and p in the final statements. We find it more convenient to work on the neighborhood
Bs,(0) as in the statement above.

Remark 6.5 Let g, be the flight function taking values in R? as opposed to the dis-
placement function «, taking values in 7?. A similar statement holds for the dominant
eigenvalue of the perturbed operator R, (€''9r). The proof is similar to the one below
using that |g, — k| < 1.

Proposition 6.3 In the notation of Banach spaces of distributions (see, for instance,
[21]) for h € C?° we write (h,1) = (1, h) = [hldm and (m, h) = [ hdm, where 1
is both an element of 3 and of (C%)’. Let v, (1) = % and recall that v, (0) = 1.
Recall also that for every p, A,(t)v,(t) = Iép (t)v,(¢) for ¢ small enough, and that
Ap(0) = 1. Since (v,(¢),1) =1,

1= 2A,(1) = 1= (Ry(Dv, (1), 1) = (1 — ™) + (R, (1) — R,y (0) (v, (1) — 1), 1)
cpu(l =€)+ V(t, p).

With the meaning of inner product clarified, for ease of notation from here on we
will write V(t, p) = fM(e”"ﬂ — D(vy(t) — 1)dm. We recall the terminology in
Remark 2.2. For & = (p, ¢) with ged(p,q) = 1, we let &’ = (p’, ¢') be the point
uniquely determined by £ in the sense that p’/q’ is convergent preceding p/q in the
continued fraction expansion of p/q; in particular |§'| < |&|. Recall that W is the set
of all such pairs (&, &’) with |£| < 1/(2p). With this specified, we write

p(l—e™ 0y = 37 3 (@ END —Dule, =& + NEY.

(§.8)ev N=1

Using the fact that [ «, du = 0, we compute that

W=y = 3 Y (O i 4 NEY) e, — € + NED
(£,£)ev N=1
w
= 3 Y (MEO— 1~ it + NE)) i, = € + NED

(£.§)ev N=1

+O |l Y. €l Y. Nulk, =&+ N&}

(¢.8Nev  N>1/J1|
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AU
= Z (1.6 + N&udl, = €' + NeH + 0(r)

(£,£)eV N= 1
= 1(t, p) + O (1)),

where the involved constants in the last big O are independent of p. Further, using
Lemma A 4,

1/1¢]
1 d,(&)? 1
Itp)=— > L= > —
4 €] N
lE1<1/(20) N=max{1,d,(£)/(2p)}

1
2 2
+0 | |t E D E 4p° N |§]

(¢.8)ev N<max({1,d,(§)/(2p)}
1/1z]
1 dy(&)? 1 _
D DL D DI A (k)
P e1<1/0) N=max{1.d,)/(2p)}
_ log(1/]]) Z dp(é)

2 -1
e 687+ 0 (1P og1/p)

[E1=1/2p)

Hence, with A(t, p) as in Lemma 6.2,

. - log(1
u(l — ey = A, ”)M +0 (ItPp"10g(1/p)) .
np

Thus, 1—2, (1) = A(t, p) 24 E (1, p), where E(z. p) = O (|t]?p~" log(1/p))+
V(t, p). It remains to estimate V (¢, p). Note that

(T, () — T, (0)1) (I, (1) — 1, ()1
—1= I1,(0)1
v (1) W, (0D PO = LoD
Hence,
W(TL(0) — TLyODD) [ o
Vi, = »—1)d
“ ) WLon Ly T

S, €7 = DI, (1) = T, (0)1dm

(T, (1)

= Ii(t, p) + (2, p).

Estimating I, (¢, p). Since fMo kpdpu = 0, we have

(@@ =T [ e
Ii(t, p) = (L, (01) Mo(e 1 —itkp)du.
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Now, by (35) and Lemma 6.1,

/M (M, (1) = Ol de =Y > /M Liy=¢+ve) [ (T, (1) = T, ()1

(6,8)ew N=1

o
5 1 _3
< D IETEMp T, () — T, (0))s Y N7

(§,8)ev N=1
<CpVy, 2" (38)

for some uniform C. Using also that |eix —1—ix| <xY,foranyy € (0, 2],

[I1(t, p)| < C,o_”yp‘2|t|”|t|2“’/2 /M o>V dp < Cp_”‘ly;2|t|”/2+2,
0

where in the last inequality we have used Lemma A.5. Note that for |f| € Bs,(0) with
8o < y;l/(3v—1)’ as in the statement, |7|"/% < ygu/Gv—l) < 7/3 forallv € (%, %). Thus,
[ (1, p)| < Cp~" e~

Estimating I(t, p) Recall that (32) holds and that § is chosen so that (34) holds.
Using the definition of I, (¢) and noting that for every p, (u— R, (0))~ H=0-w,

(Mo (1) = Mp(O)1 = /| 1y ™ RoO Ro(0) = Rp(O) e = Rp (@)™ 1

= / (1 =) u— R, (1) " (R,(t) — R, (01 du.
lu—1]=48

Thus,
L, p) = / (el e — 1) (I —w) = Ry(0) (R, (t) = Ry(0))1 dudm
Mo lu—1=3
= Ji1(t, p) + La(t, p), (39)

for
Ji(t, p) = f (" — 1) (= w7~ = R, (0) " (Ry(t) = R, (0))1 due dm

Mo u—1|=5
and

Dt p) :=/ (" —1) (=" (= Ry ™" = = Ry0)7")
Mo

lu—1|=5
(R, (1) — Ry (0))1 dudm

=/ ("™ -1 (I =) = Ry() ™ (Ry(1) — Rp(0))(u — R,y (0)) ™"
Mo lu—1|=4
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x (Ry(1) — Ry (O)1dudm =: Ki(t, p) + K2 (1, p),

where
mmm=f (" P — 1) (1 —w) " — Ry(0) " (R, (1) — R, (0))
My lu—1|=8
x (U — R, (0)" (R, (1) — Rp(0)1 dudm
(40)
and

Katop) = [ @) (1 =w (= Ry ™ = = Ry07")
Mo

lu—1|=5
X (Ry(t) — Ry(0))(u — Ry (0)) "R, (1) — R, (0)1 dudm.

We first treat K> (¢, p). Note that for u in the chosen contour, || (1 — R, (1)) g < Yo L
Using (35), for all such u,

[ (6= Rpen™ = = Ro)™") (R 1) = Ry ) = RyO) ™ (Ry (1) = Ry (O

< Cop Py,

This together with Lemma 6.1 gives that

[o¢]
Kool s X X [ [ gl 1
Mo J|u—1|=68

(6.6 ew N=1

x )(u — Ry = (= Ry(0) T (Ry (1) — Rpy(0)(ut — Ry (0) " (R, (1) — R, (0)1| dudm

o0
—3v,,— — 3450 — 1+ -3 —3v., =3, 3v+1
<Py, YD jEIm Tt 3 NTE < Cp 7y P
(¢.8)ev N=1

Hence, [Ka(t, p)| < Cp~ly, 2 |12 "~ = Cp~ 'y, 3 |t] y, forall || € Bs, with
8o < 5OV Tt follows that | K2 (7, p)| < Cp~ ||

Estimating Ji(t, p) in (39) and K1(t, p) in (40) These terms are in, some sense,
independent of the Banach space 5 (see the explanation below) and can be analysed
either via the correlation function (36) or its generalization (37). The rest of the proof
is allocated to this type of analysis.

We start with Ji (¢, p) defined in (39), which is easier using (36). Recall that R 0(0) =
R, and flu—llzé(] —u)"2du = 0 due to Cauchy’s theorem. This gives

o0
Ji(t, p) =/ (€™ — 1) (A =w)™" Y u 'R Ry ("™ — D)1 dudm
Mo lu—1|=48 =0
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2 00
— itkp __ Dd ) [ 1 — -1 —j—1 d
( /Mo(e )du |M_”:(S( W™y u u

Jj=0

o0
2/ 1t —u)—‘§ u—f—‘/ ("™ — 1)R) Ry(e"? — )1 dm du
lu—1|=8 — Mo
j=0

2 00
— (el™r — 1)d,u) / A=—w)™Sy w7 au.
<fM0 lu—1]=48 ;)

Swapping the order of the integrals is allowed due to (36). The quantity
. i1, . 2
( (eltlcp _ I)R/j)+ (ell‘Kp _ l)d/L _/ (eltl(p _ 1) d,U«)
Mo MO

decays exponentially fast. Hence, we can write

o]

Jl(z,m:/ (=)™ Y u™!
lu—1]=48

j=0
2
x (/ ("™ — 1) (" — 1) o T/™ dp — ( (e'*r — l)du> )du.
./\/l() MO

) 2
Using Lemma A.5 to control the dependence on p, (fMO(emcp — l)dp,> <

C|t|?p~2. Next, recall that (32) holds and that § < %min{yp, 75}. Note that for
lu — 1] = 8, we have |u|~U+D « (1 — p,/2)"UFD. This together with (36) gives

11t p)] < C, 12 1 —ul” 1Ziul I (1= )
lu—1]=48
> 1_Vp ]+1 2 1
C,lt <2C t A‘.
< p||2<1_p/2> o 1]

An argument similar to the one above used in estimating Ji (¢, p) with (37) instead
of (36) allows us to deal with K (¢, p) defined in (40). Compute that

Kl(t, p) = / (ei”(p — 1) (1 _ M)_l Z I/t_m Zu—jﬁp(o)j(eitl(p _ 1)
Mo |lu—1|=8

m>1 j>1

X R, (0)™ (/™ — 1) dudm.

Let

E(t,p)=/ (ei’””—l)dM/ (1—u!
Mo lu—1]=48
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xZuijZLfm/

=1 m=l M

_ 1_ —1 —j —m/ ith_l d
/Ml:a( WY u N MO(e )du

j=1 m=>1

("0 — 1)R,(0)" ("*» — 1) dpdu
0

X / (€™ —1) ("™ — 1) o T] dpdu
Mo

. 3 .
_ itkp _ d / _ —1 —J -m g
(/Mo(e 1) M) |u—1|:6(1 WS u S w T du

j=1 m>1

— (E\(t, p) — Ex(t, p)) / @ — 1)du — Es(t, p).
Mo
Using (37), we obtain

Ki(t,0) = Et, p)| = Colt® 3 lul ™ 3 Jul (1 = 7)< 4C, 117,72,

m=>1 j>1

where in the last inequality we proceeded as in estimating J; above.
Finally, we need to argue that E is bounded by |¢|?. First,

Ei(t,p) = / A=w™ > u i) u*"’f (€™ — 1)R,(0)" ('™ — 1) dpdu
lu—1]=8 My

j>1 m>1
— / 1- u)—2 Z u—m/ (ein(p -1 (ein(p — 1o T,ll)n d,udu
lu—1|=8 el Mo
:/ (1 —u)fzzufm
lu—1]|=4 m>1

2
x / ("0 — 1) ("™ — 1) o T} dpudu — (/ (el — 1)du> du
Mo My

2
+ ( (e — l)du) / A —w)2Y wdu=E{(, p)+ EL(t p).
Mo lu—1]=8

m>1

Using (36), we have that |E| (7, p)| < 2C,, |t]? vyl

Also, E»>(t, p) = f‘u_”:s(l —u)~2 i uJ fMO(e”Kp —1) (" —1)oT] dn
and again by (36) and Cauchy’s theorem, |Ea(t, p)| < 4C, |t|*p,2. Finally,
Es(t, p) = 0. Altogether, |K;(z, p)| < 8C, |t 7,72 o

7 Limit theorems and mixingas p — 0

The first result below is the non-standard Gaussian limit law, known to hold when the
horizon is infinite. It is a precise version of Theorem A stated in Sect. 1.3.
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Our main contribution lies in characterizing the limit paths allowed as p — 0; this

is done up to the unknown y,, C, in (32) and C_’p, Vp asin (37).
Throughout this section, the notation is the same in Sect. 1.1. In particular,
+/nlog(n/p?)

T e
with Lemma 6.2. We recall that — stands for convergence in distribution with

respect to the invariant measure /.

Theorem 7.1 Let y,, C, be as in (32), let y,, C_‘p be as in (37) and let C be as in
Proposition 6.3.

Set M(p) = max{pr;Z, pZC_'p)?;Z} + C. Let p — 0 and simultaneously n — oo
in such a way that M(p) = o(logn). Then

, and the variance matrix X are defined as in (1), in agreement

ey N, D).
bn,p

Remark 7.2 A similar statement holds for the flight function ¢,. The only change in
the proof is the use of Remark 6.5 instead of Proposition 6.3.

Proof Throughout we let § < % min{y,, 7,}, so that we can use Proposition 6.3 with
8o = 84/Gv=D By (33), for ¢ € Bs,(0),

Eu(e™mr1) = Eu(Ry(0)"1) = A, (1)" / M,()1dpu+ / 0,1 dp
Mo MO
= Ap(t)"/ Hp(t)l du + O(Cp (1— yp)").
Mo

Note that the assumption M (p) = o(log n) ensures that, for p small enough, ﬁ €

Bs,(0) forall ¢ € R2. Hence, as n — oo and given the range of n, equivalently as

p— 0,
E ( (t)) A ( ! )/ m ( ! )u ‘ﬁo
it— | | — 2 ,
g P bu,p ! bu,p Mo g bu,p

forall + € R2.
Also, it follows from (35) that |1, (ﬁ) —,0)llp — 0,as n — oo and

given the range of n, equivalently as p — 0. Thus, a standard argument based on the
dominated convergence theorem shows that as n — oo, equivalently as p — 0,

. Kn,p)) <t )n
E,lexp|it - A
“( P < by *\bu,

t
bn,p

— 0.

n
It remains to understand A, ( ) as p — 0. Since 8y = 8%/3"~D, we can apply

Proposition 6.3 to obtain

"(1 ~ (bt,))
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no [t L BYARS
=— A . p | log(b, ,/|t ol(C,772+Cp ) — )
8mp <bn,p p) 08Gnp/ i)+ << or e ><bn,p) )

By assumption, M (p) = o(logn). Hence, as p — 0,

(67,7 o) (L)

n,p

s __ o\ 4mlt)?p? M(p)
=(C,72+Cp?)— =0 At =o(1) -t = 0.
(€07 +07) tozinron = © Ulogn ) 117 =00 1P

Now, given that A is as in Lemma 6.2,

n - t PA(L, p)
—A(—, ,0)=—2— ZA(I,P)=—2.
4o \bu,p log(n/p*) p log(n/p?)
Also, using Lemma 6.2 and recalling the range of n,
[t b A, b
lim A( , p) log <L”> = lim Lpz)log <"_P)
p=04mp  \bn,p |] p—0log(n/p*) |1

AP (*//; V ljgﬁ(? ) = (=1, 1),
t

where in the last equality we have used Lemma 6.2 and the uniform convergence
theorem for slowly varying functions. Putting the above together,

t \" ) t 1
(1) e (15 ) oo ().

forany t € R2. This completes the proof of Theorem 7.1 by Levy’s continuity theorem.
(]

The next result gives a local limit theorem as p — 0, again up to the unknown y,,
Cy and y,, C - This is possible due to the present proof based on spectral methods
which produces the fine control of the eigenvalue in Proposition 6.3. The present proof
of local limit theorem for the infinite horizon is new even for p fixed. We recall that the
only proof of such a local limit is given in [31] via the abstract results in [4] for Young
towers. Our proof relies on Proposition 6.3, which is new in the set-up of the Banach
spaces considered here and it relies heavily on Appendix C and on Proposition 3.1
(which provides useful continuity estimates).

In the notation of Theorem 7.1 we let @y be the density of a Gaussian random
variable distributed according to A/(0, ¥) and recall from Sect.4.1 that C?° C B.

Theorem 7.3 Assume the assumptions and notation of Theorem 7.1; in particular
M (p) is defined in the same way. Let v € CPY(M) and w € L*(M), fora > 1.
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Let p — 0 and simultaneously n — oo in such a way that M (p) = o(logn). Then

E, () E, (w) N
vl =Non"d,u—M—<I>z< >—>
VM =M (bip)? oy

uniformly in N € 7.

Remark 7.4 A similar statement holds for the flight function g,,. By a similar argument,
using Remark 6.5 instead of Proposition 6.3, we obtain (b, p)zp,({qn, o €V]H —
@5 (0)Lebp2(V), for any compact neighborhood V' € R? with Lebpo(0V) = 0. A
uniform LLT for g, can be obtained by, for instance, a straightforward adaptation of
the argument used in [27, Proof of Theorem 2.7].

It is known that for every p > 0, k, is aperiodic, i.e., there exists no non-trivial
solution to the equation ¢/’“» g o T, = g. The aperiodicity of «, has been used in [31]
(in fact, in [30]) to provide LLT for fixed p. Given Proposition 6.3 and the aperiodicity
of k5, the proof of Theorem 7.3 is classic, see [1] and for a variation of it that provides
the uniformity in N, see, for instance, [28, First part of Proof of Theorem 2]. The proof
below recalls the main elements needed to obtain the range of n in the statement.

Theorem 7.3 Let 8y = 8*/ V=D be so that (34), (32) and Proposition 6.3 hold for all
[t| € Bs,(0). Since k, is aperiodic, a known argument (see [Lemma 4.3 and Theorem
4.1] [1]) shows that ||I§p(t)”||3 < C,(1 — yp)", for all |t| > &p. It follows that
IE. (R, ()" 1)| < |IR,(1)"l5 < Cp (1 — y,)" forevery |t| € (8, 7). Thus, using that
veCP CB,

1 . ~
vlge, ,=nywo Thdp = —[ e_”N/ R,()"vwdpdt
/M ten.p ] ° 47[2 [—m,7)? M i

1 / —itN/ D
= — e Ry(t)"vwdudt+ 0 (C, (1 —y,)"
472 (50502 M 4 ( P P )

— 1 —itN n n ~ . n

=12 /[750750]28 Ap (1) /.M I'Ip(t)vwdudt—i-O(Cp(l_yp) +Co(1—7p) )
7‘1 n

= 47r21(,0,f)+0(cp (L—y)"). (42)

Recall that w € L%, a > 1 and set b = a/(a — 1). Using the Holder inequality,

I(,o,t):/ e N, ()" dt/ vdu/ wdp
[—8,8]% M M

+/ ey, (z)”/ (T, (t) — T1,(0)vwdpdt
[-8,8]% M
=/ e N, ()" dt/ vdu/ wdp

[—8.8]? M M

1/b
10 (uwnm(m / I (1) ( / (L, (1) — np(0>)v|bdu) dt).
[75,5]2 M
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Recall v € B. Using (35), (29) and Lemma 6.1 and proceeding as in equation (38),

1/b o _
(/ (M) = Tl dp) ™ = Cp~"y; 2l = Co2ll,
M

for some uniform C and some ¢ > 0. In the last inequality we have used that |f| < §p.
Thus,

I(,o,t):/ e N, ()" dt/ vdu/ wdp
[—80,801? M M

+0 (Ilelmmp‘2 / 11 [2p )" dr) -
[—80.801?

With a change of variables,

1 —iu u "
I(p,t):—Z/ e tmod, du / vd,u/ wdp
(bn,p) [—80bn, p.80bn, p 1> bn,p M M
) n
u
'O—%/ |1/l|8 )\p ( )
(bn,p)‘ [_SObtl,p»BObn,p]z bn,p
Given the range of n in the statement, we use (41) to obtain
iu N u \" N
47{2/ e ’”wap( ) du—CD):( ) =0.
[~80bn.p-80bn. 2 bn.p bn.p

To deal with the big O term in (43), we use that by (41) there exists a uniform constant

n,p

. -2
Since M(p) = o(logn), we have n > exp (Cp~2). Thus, (bn/;)zﬂ <5

+0 (”U)”La(u) du) . (43)

lim
p—0

o2

3
(bnvp) [_BObn,pasObn.p]z

o2

2
du < 7/ e dy.
= 2
B, p)*E Ji—sobn. 3000, 12

|u|®

logn _
)2+£ -
P

n,

o (ﬁ) as p — 0. Putting these together and using (43),
n.p

)f vd/L/ wdu‘:O.
M M

This together with (42) gives that as p — 0,

1 N
vlge, ,=mwo T du — by <—)/ vdu/ wdu‘
‘/M thnp } P (bn,p)2 bn,p M M

=0 ((bap)* Cp (1 = 1p)") = 0D,

. 2 N
lim |47~ 1(p,t) — Oy
p—0 bn,p

where in the last equation we used that M (p) = o(logn). This concludes the proof. O
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Periodic Lorentz gas with small scatterers

Itis known that the local limit theorem for «, and the billiard map 7}, (with p fixed)
implies mixing for the planar Lorentz map f"p (again p fixed), see [28]. In fact, sharp
error rates in local limit theorems and mixing are also known, see [28] for the finite
horizon case and [29] for the infinite horizon case.

We recall from Sect. 1 that the Lorentz map f‘p defined on M = M x Z2 is
given by f‘p(Q, @, 0) = (Tp(0,9), L +Kk,(0,¢)) for (0,¢) € M, £ € 72, Let =
u x Lebyy, where Leby, is the counting measure on Z2. An immediate consequence
of Theorem 7.3 is

Corollary 7.5 Assume the assumptions and notation of Theorem 7.3. Let p — 0 and
simultaneously n — oo in such a way that M (p) = o(logn). Then

lim ‘(bn,pﬁ/Avwofpd@—/Audﬁ /Awdﬁ‘ =0.
=0 M M M

Remark 7.6 The class of functions in Corollary 7.5 is rather restrictive as the functions
v, w are supported on the cell M. Given the work [28] (see also [29, Sect. 6]), it is
very plausible that the present mixing result can be generalized to a suitable class
of dynamically Holder functions supported on the whole of M. Since the involved
argument is rather delicate and not a main concern of the present work, we omit this.
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A Estimates on corridors
A.1Estimating P(k, = &' + N¢)

Given a corridor associated to &, there a neighborhood Uy of xg = x¢(§) in d0¢ x
[— %, %] of initial conditions x such that the next collision occurs at a scatterer on the
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2
——
@@ @

Fig.5 A corridor and coordinates («, 0)

opposite side of the corridor. For this situation, [31] use the coordinates (¢, z), where
«a is the angle the trajectory of some x € d Oy makes with the tangent line at xg, and
the intersection point is y = xo + z&, see Fig.5.

Lemma A.1 In coordinates (z, «) the volume form in a neighborhood of xy = x0(§)
is

1
|é—| sinadadz = —cos¢pdfdo.
4mp 4

Proof The part sin « da dz can be understood because the Liouville measure of the
billiard flow projects to a form cos ¢ d¢ dr for any transversal section parametrised by
arc-length r and with ¢ the angle of the trajectory to the normal vector at the collision
point. When this section is the line y = xo+x&, wehavea = 7 —¢,socos ¢ = sina.
But to get the correct normalizing constant, we give a more extensive argument. From
Fig.5 we have

T p(1 —cos0)
— =90 , t = — 44
> +oa+¢ an o &= psinf (44)

After making o and z subject of these equations, we see that the change of coordinates
involved is

(.2) = F(0 ¢)—(1—9—¢ p (ﬂaninG))
,2) = 9 =13 — Sy )

’ E tan(j — v —

The Jacobian determinant is

-1 -1 aF, F
(i -

|det(dF)| = -
36 99 a0 Lo

0 ( cosf >
=—|———— +cosb .
€] \tan(F — 6 — @)

Thus, using (44) and some trigonometric formulas,

& _|&lsina p < sin 6

S nadads; =
dmp MOz an(% — 0 — )

+ cos 0) dod¢
0 dwp  |&]

1
= 4—(cosa sinf + sina cos6) d0 d¢
4

1 1
= —sin(ae +0)dOdp = — cos(¢p) db do,
4 4
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2 Z

Fig.6 [z, z1] given by two tangent lines for 2p > % (blue) or 2p < % (red)

as claimed. O
The following is [31, Proposition 6] in more detail:

Lemma A.2 Suppose that the scatterers have radius p > 0 and the width of the
corridor given by & is d,(§). Then

u(lx € 90y x [—%, %1 : 1y (x)

1
= Ng|+&')) = NEp min{4p?, d,()*N72}(1 + O(N 1Y),

where &' as in Remark 2.2 is the integer vector on the boundary of the corridor opposite
to the &-boundary.

Proof We take the region in (z, «)-coordinates where k, = N& +£&’. In the z-direction
this is an interval [zg, z1], where for z = zg, there is only one line connecting O and
Oy » namely the common tangent line of Og and Oy ,—&. For z = zj there is also is
only one line, namely the common tangent line of Og and O, see Fig. 6. These two
lines are obtained from each other by translation over one unit &, so 71§ — zo& = |&].
However, if p is small compared to N, these two tangent lines are the common tangent
lines at the upper sides of Og and O, » and at the lower sides of Qg and O, ,-In this
case

2 2p(NIEI+ED) p
s~ 208l = e = T 4,@ 120 +O(dp<s)+2p)‘ @

This also shows that the transition between the two cases is when 2p = %
For each z € [z0, z1], the range of possible values of « is again bounded by the «’s
obtained at the tangent lines to O, ,—& and O, - Therefore, see Fig. 7,

_ _4® %©)
o € ton@. on@1 = [ () arn (2 ) |
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dp(£)

- a1(2)
()

Fig.7 The parameter interval [a(z), o (z)] given by angles between two tangent lines

Since || < |£| (see Remark 2.2) and z < |£| as well, each « in this interval satisfies

= ¥H1+OW") and

dy(§)
N2|g|

a1(2) —ap(z) = (1+OWN™). (46)

Integrating the density given in Lemma A.1 for the case 2p > d” ©) (so |z1—z0l = |&])

and using |z1 —zo| = |&| and the approximation cos oo —cos @1 ~ 5 (ozl +og) (a1 —g)
gives:

a1(z) H] H| 21
——sinadadz = — cos(ag(z)) — cos(a1(z)) dz
a0 (z) JT,O 47[:0 20

_ EL dp®) dp®)
4mp NIE| N7IE|

£
1 dp(§)? O
471Np E|N2 <1+O(N ))'

(1+0WN"h)

Now for the case 2p < d”lf,g) , see Fig. 7 with small version of O, s We have

€ [a(2), a1(2)]

. [ < dy(§) ) ( dy(§) +2pcosai(z) >]

.= | arctan - arctan - s
NIE|+ Q —z—2psina N|§|4+ Q —z—2psina

sostill o = ¥5 + O(V=2) and 1 (2) — a0 (z) = 75 (1 + O(N ).
Integrating as before gives, using (45) and the fact that d,(§) + 2p = |§ |~! from
Lemma 2.1:

o1(z) z
/ / : ﬂ sinada dz |fr,|0 / l cos(ap(z)) — cos(a1(z)) dz
[¢7 20

o) 4P
_ &l 20N dy(&) 2p
4mp dy(§) +2p NIE| N|&|

2
- 4nT;Np (1 + O(N71)>

(1+ON"Y)
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as required. O

A.2 Corridors sums

Let ¢ be Euler’s totient function, i.e., the number of integers 1 < ¢ < p coprime with
p- The following lemma is classical number theory, but we couldn’t locate a proof of
the full statement.

LemmaA.3 Forevery a > —2, we have

a+2

N 1
> npn) = a3 e

n=1

. . . 2
where ¢ is the Riemann ¢ -function, so {(2) = 7.

Proof Let u be the Mobius function. A standard equality is ¢(n) = Zdln w(d)g.
Therefore

N N " N N at]
Dot =3 )G =33 d i (5)

n=1 din n=1 din

N T " N | /N2
= Z Z dpu(dym™" = dg;duu(d)m (g) (14 0(1))

d=1m=1
Na+2 N /‘L(d) Na+2 1
=-—— ;_dz (14 o0(1) = o @(1+0(1)),
oo wp(d) _

where we used the Dirichlet series identity ) ;7 | &5 = ﬁ fors = 2.
As an aside, there are asymptotic formulas for s > 2

p(p) ¢s—=1) N o(p) N 2 4
2 =2>22"" and 2 2 — 4+ O((log N)3(loglog N)3), (47
D 2(s) an 2 4_(2)+ ((log N)3 (loglog N)3), (47)

p=1
see [19, Theorem 288]. O

In the course of this paper we denote, for a fixed value of p, the set of corridors
that are “visible” from the origin by W. As described in Lemma 2.1, these can be
characterized by pairs (£, &) € Z2 x Z* where £ = (p, q), ged(p,gq) = 1 and
|€] < (2p)~!, while &’ may denote either the first or the second convergent preceding
& in the continued fraction expansion of p/g, see Remark 2.2. Sums of the type in the
following lemma are used throughout the paper.
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LemmaA.4 We have

2 2w (zp)—(a+2) l:fa > —2:

T a2t
Z 1£1* { = |log p| ifa=-2;
(§.6)ew <-2 ifa < 2.

Proof Using the two coordinate axes and their bisectrices, we divide the plane into
eight sectors and for each sector, we sum the scatterers in S. Circular sections of
radius R have asymptotically 7 as many points as triangular sectors with base R.
Also, every corridor direction in this sector comes with two corridors (£, &) and
(&,&”). By Lemma A.3, their sum is, fora > —2,

16 41
Yo~ Y =4 Y et~ ),

(§.8)ev 4 0<g=<p=(2p)~! 1<p=<2p)~! 2+at@
If a = —2, then a similar computation gives < |log p|, and for a < —2, the series is
. o0 4
summable: 47 3, 0,1 #(p)p? < dn [T x%dx = 57 O

LemmaA.5 For p € [1,2), the p-norm of the displacement function satisfies

licollir < (p2—p)~ 17 p~ L.

Proof Take p € [1, 2). We estimate over all &-corridors similarly as in Lemma A.4:

1
P PNP i 2 2N—2
[l di <2 SN minde?, d (6N )

lel=2p)~! N21
1 ldp(§)/(20)] o
s X Y AN e Y 4PN
P e1<@p N=1 N=1dy(§)/2p)]
1 (1 _ 1 _ _
< %(;(2@2 P+ 50’ ”) Yo e
lel=2p)~!
2 (1 L] )(2 -
~ (= —) "
(@ \p 2-p
Taking the p-th root gives the result. O

LemmaA.6 Let W € W? be a stable leaf, and let Wy stand for all lattice points

& = (p, q) € V that can be reached from Oq with coordinates in W. Then for every
1

aed,n,

Do ET < p W+ og(1/p) + p* W]
(¢.8)evw

Proof There is an arc W € S! of length |W| < | W] such that every lattice point that
can be reached from Oy with coordinates in W has its polar angle in W. Due to the
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symmetries in the 72 it suffices to study W C [0, /2], so the lattice point & = (p, q)
in this sector satisfy 0 < g < p and tan(W) C [0, 1]. In fact, we will start by assuming
that tan(W) € [l]—o, %].

Because p> + g> > 2pq for all (p,q) = &, we have Z(S,E/)E\Pw E7¢ <
2—a/2 Z(é,é’)e‘l’ WIW(%)' We will apply an estimate from [33, Theorem 2.2],
which, in our terminology, reduces to

1
> )2 14 ( ) =Cq p“‘Z/ Y (x)dx 4+ 0(p' " log(1/p))
(.8)eW

+0| e ¥ d “k(f) e

£#0 d=2p)~! k<(2pd)~!
|t

where C is a constant depending only on a, and ¢y, (£) is the £-th Fourier coefficient
of x = Y(x)x™%.

Ify = IW’ then these Fourier coefficients are not summable, so we first smoothen
1y t? a function ¢ with supp(y) concentric to W and [ supp(¥)| = [W| = 3|W|.
On W itself, ¥ = 1 and on the two interval components 1 is a translated copy of the

function fy : [—@, ‘2&] — R defined by

1 . 27x X

1
= - — —sin— + —.
fw () 5" 5n |W|+|W|

Then [y dx = 2|W| and integrating by parts twice gives an estimate of the Fourier
coefficients of x — ¥ (x)x 4.

W)™ i
|cw(e>|<<‘/—(2ﬂ€)2 ; dx'<<

|We2

because supp(y) is bounded away from {0, 1} (so x~¢ doesn’t blow up) and
(Y (x)x~*)" = 0 outside supp(y/).
The Dirichlet series of the Mobius function can be estimated as ’Z ,Elz/l(zp 9] nk)k=

< (2,0d)1_“. We use this and the fact that £ € N has O (£1/%) divisors to estimate the
last big O-term in (48).

k 2p)*!
lep@ Y d Y “k(a) (fv)w D lep@l 301

teN PRI k=2pd)~! teN d=@2p)~!
die die

(2p)'—e ZW" 2p)*~!

@ Springer




P.Balint et al.

Hence (48) becomes

1 q 1 q)
1 (2 - 1
2 (pq)*/2 W <p> > (pq)*/? v (p

(£,8)ev (£,6")eV
< P THW] + p*og(1/p) + p WY,

as required.

It remains to consider the cases that tan(W) 4 [%, %]. Suppose instead that
tan(W) C (0, %] (we ignore £ = (0, 1) and & = (1, 0)). In this case, we give an
injection between the lattice points in the W-sector with coprime coordinates to the
set of lattice points (with coprime coordinates and comparable norm) in a sector of
comparable width, but near polar angle % Indeed, set Q. = {g/p : 0 # p,q €
Z,gcd(p,q) = 1} U {0} and Z¢p, := {(p,q) € 72 : gcd(p, g) = 1}, and define the
Calkin-Wilf map f : Qcp — Qcp as well as g : Zop — Zcp by

1
H —7
1—x—2[x]

frix g:(p.q) = (p—q+2plg/p] p).

The f-orbit of 0 enumerates all non-negative lowest-term rationals, see [8], and g is the
same map expressed on the collection of lattice points. Since f 2((0, %]) C (%, %]
and |g(£)| < 4|£|, the second iterate g> provides the required injection. In case
tan(W) C [%, 1) we use g°. O

B Distortion properties

Throughout, a uniform constant is a constant that is independent of p.

Let us recall some terminology and notations from [10, Chapter 4]. Unstable curves
generate dispersing wavefronts, which are evolved by the free flight, and then leave
traces of unstable curves on the scatterer at the next collision. For wavefronts it is

convenient to use the Jacobi coordinates (d¢, dw), and an important quantity5 Q= ‘é—‘g" s

the curvature of the wavefront. Let Q™ and QT denote its value immediately before
and after a particular collision, respectively.

On the scatterer, the traditional coordinates are (r, ¢) yet, we prefer to use the
p-independent (0, ¢) and take advantage of

4 _ o d
a0~ TP

5 Usually called B in billiard literature such as [10], but we write €2 to avoid confusion with Banach spaces
B.
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First we relate 2~ to the slope of the unstable curve: %@ = pQ cos¢p + 1.

do
Differentiating with respect to 6 gives

1 d*¢ dQ~ do
———— = ——pcos¢ — pQ2” singp—. 49
2w d? = ao PSP a0 “9)
Lemma B.1 There exists a uniform constant C > 0 such that for any C* smooth
unstable curve W there exists nw such that for n > ny on all components of Ty W
we have

d*¢

702 <Cp. (50)

Thus we may restrict to the class of regular unstable curves for which (50) holds.
Also, this shows that as p — 0, the unstable curves limit in a C? sense to straight
lines of slope 2.

Proof The properties of the free flight are not effected by shrinking the scatterers or
using the 6-coordinate. Thus

0<Q < (Tmin)_1

and, by (49), it is enough to show

A <C
do | —
to prove the lemma. Now % = (271,0)%, and the evolution of % is discussed

in [10, section 4.6]. Following the notation there, introduce

dQ. &

5:—’ = —
1 dE 1=

and use superscripts — and + to denote pre- and post-collision values of these quan-
tities, respectively. [10, Formula (4.37)] states

Q- 3
—F = <§> F[ + Hy,
where

. 6p " 2sing + 6p Q™ cos ¢ sin ¢
- 2p~ ! + Q cos )3

H

and by the analysis of [10, page 81]:

e [ remains constant between collisions
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e there exists a uniform constant ® < 1 such that % <0,
e there exists a uniform constant C; > 0 such that |H{| < C;. This remains valid
for shrinking p as the denominator scales with p—> while the numerator scales
with p—2.
Hence it follows that |Fi(n 4+ 1)| < ©3|F(n)| + C, where Fi(n) is the value of F)
between the n-th and the (n 4 1)st collision. This implies that there exists C» > 0 and
nw (depending on the curve W) such that for any n > ny we have |Fi(n)| < C.

Now |£]| = |Ff|-(§2’)3 < (3 for some uniform C3 > 0, and finally [10, Formula
(4.24)] states

A~
—— =& cosp — (Q7)?sing,
dr

which thus implies that ‘%‘ < Cy4 for some uniform constant C4 > 0. This bound
completes the proof of the lemma. O

It follows that regular unstable curves can be dparametrised by the coordinate 6, and
for any smooth function f : W — R, % = %, where x is (Euclidean) arc-length
along the curve—dx? = d#> + d¢? (not to be confused with the arc-length r along
the scatterer).

Let us also recall that an unstable curve is homogeneous if it is regular and contained
in one of the homogeneity strips Hy = {(6,¢) : 7 —k™0 < ¢ < T — (k+1)7"°}.
For such curves, analogous to [10, Formula (5.13)], we have

ro+1

|[W| < Ccos "0 ¢ (51)

for some uniform constant C > 0, where ¢ corresponds to any point of W. (This
follows as the slope of the curve is uniformly bounded away from 0 and o0.)

Distortion bounds are stated as follows. Let W be a homogeneous unstable curve,
and assume that for some N > 1, W,, = Tp_” W is a homogeneous unstable curve for
n=0,1,....,N.Forx € W,letx, = T,"x € W,. Let Jw T, " (x) and Jy, T, " (x,)
denote the respective Jacobians.

LemmaB.2 Consider W and N as above and y,z € W arbitrary. There exists a
uniform constant C4 > 0 such that

1
llog JwT, ™ (y) —log JwT, N (2)| < Ca|W|0+T.

Proof The lemma relies on the inequality

d -1
log Jw, T, (xn)| <

Xn cos ¢, (52)

for some uniform C > 0, cf. [10, Formula (5.8)].
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Using this formula the argument in the proof of [10, Lemma 5.27] can be repeated
literally:

[log JwT, ™ (y) —log JwT, ™ (2)]

IA

|log Jw, T, ' (yn) —log Jw, T, ' ()|

d —1
log Jw, T, " (xa)

n

IA

| Wy, | max

(@)

N-1 1 1
=C E [Wy| 0t < ClW o+t
0S¢I’l n=0

(53)

where we have used the chain rule, (52), and (51) and the uniform hyperbolicity.
It remains to prove (52). Here we essentially follow [10, pp. 106-107]. We have

1 d 2
log JW,ITp*I(xn) = logcos ¢, + 5 log <47T2p2 n (dzﬁ},;) >

1 dni1 )
_21 472 02
2 °g( i +<den+1

—log (2p_1fn+1 +cospp1(1 + fn-HQ;_H)) .

We consider the derivatives of these terms separately. As noted above, differentiation
with respect to 8, and x, can be interchanged. By Lemma B.1, the derivative of the
second term w.r.t. 6, is uniformly bounded. The same applies to the derivative of the
third term with respect to 6,41, while

dxpiq
dx,

= Jw, T, " (xn)

is uniformly bounded from above. The first term gives the main contribution: as cos ¢,
is not bounded away from 0, the derivative of its logarithm is

C
<

<C .
~ cos ¢y

’ d(log cos ¢y,)
dx,

d(logcos ¢y,)
do,

The fourth term is the logarithm of the quantity

2:0_1"-'n+1 +cos g1 (1 + T11+IQ;+1)

which is bounded from below, but not from above. It is thus (more than) enough to
show that, when taking the derivative, all contributions to the numerator are uniformly
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bounded. This holds immediately by the previous discussion for all the terms except
2 ddr"—“ which requires further investigation. Note that
P axp

Tut1 = dist(P(xy), P(xn11))

where P (x,) and P (x,+1) are points on the billiard table (and thus on R2) associated
to the points x, € W, and x,11 € W, on the two scatterers, respectively. In an
appropriate reference frame P(x,) = (pcosb,, psiné,) hence the 6,-derivatives
of both coordinates are < p, and the same holds for the 6,4 -derivatives of the
coordinates of P (x;+1). Thus

dtps1
dx,

< Cp,

which is sufficient for our purposes. O

C Decay of correlation for .

The main result of this section is the justification of (37), that is
Proposition C.1 There exist ép > 0 and ﬁp < 1 such that

e forany j > 1 we have

V (@™ —1) (™ — 1) oT]du —/ (e'r — l)d,u/ @™ — 1) du
My Mo My

< Gl (54)
e furthermore, there exist C_’p > 0 and f}p < 1 such that for any j, £ > 1 we have
‘/ (e — DRE (e — 1) (¢ — 1) 0 T dpt
Mo

_ (e — 1)Rf;(e”"ﬂ — l)du/ (" —1)du

My Mo
_ (/ (ei"r — l)du)/ (@ — 1) (€™ — 1) o T] du
Mo MO
. 3 _ 2 el
+ ( ("0 — l)du) ‘ < C P54 (55)
Mo ?

The p-dependence of this exponential rate gives the main source of unknown depen-
dence on p in the main results of our paper. During the proof we will point out the
exact sources of unknown dependence of C » > 0and 15,, < lonp.

Let us make some comments on the relations of the two estimates of Proposition C.1.
We will first prove (54) with some ép > 0 and 19,, < 1 that we can explicitly relate
to the correlation decay rates of the map 7, on Holder functions, as expressed in
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A

(66) below. Then we extend our argument to obtain (55) for some C_‘p > Cp and
f?p € (z§p, 1). Obtaining relations similar to (66) for the constants Cp and 1§p seems
quite difficult and we do not push this point.

The proof of Proposition C.1 consists in: a) reconsider [ 11, Proposition 9.1]; b) only
for (55), work with a version of R, with spectral gap in a Banach space embedded in
some L? space with p > 1. Item a) is needed in order to obtain the bound |7|? and the
decay of correlation in j. Item b) is needed to obtain the joint decay in j and £. Item
b) is possible because for every p > 0, there exists a Young tower A, and a tower
map T, associated with the billiard map 7); this is ensured by the construction in
[9, 34]. We emphasize that we will not exploit any fine dependence on p of Tx, (the
mere existence is enough), which is why this part of our arguments can be worked on
the Young tower A .

C.1 Standard pair argument

In this section we reconsider [11, Proposition 9.1]. Let us introduce truncation levels
H, H > 0 to be fixed later and

/ .
Ky =Kp L, 1<H Ky, =Kp—K

k) =Ky 1 _p
o =Ko b, <A P

As |kp| < |&]m on Dg . the truncation «, restricts k, to the cells Dg ,, with m <
Hig|™"
The result we will use in the proof of Proposition C.1 below is

Lemma C.2 For any ¢y > 2 we have
(i) [ licpl )"l o T) dp < CH2H~'p3,

i 1y 1
(i) [ licp) - Iyl o T) din < Cllog pl - (H 70 log H p=3 7Y + Hz“"PM)‘

Furthermore, for any q € (1, % - m) andc € (% , % - 1),

(i) [ 1|9 k"9 0 ij du < CHIYVHI-2p=3,
(i) [ K19 - iyl oT) dp < C(H—%+q+c(q—1)+ﬁpc(q—1)—q—2—v+Hc<q—2)+q+1

p—l—q—c<2—q)>_

Remark C.3 Let q(rg) = % — 7(7r—g_1), the upper bound on ¢ for ry fixed. Furthermore,

letci(q) = 2+l and o (g) = 12_{] 1_/ ;0 — 1, the lower and upper bounds on ¢ for ¢ fixed.

Note that ¢ (Zﬂ is increasing in g, while c2(q) is decreasing in ¢, and c1(g(rg)) =
c2(q(ro)). Also c1(1) = 2 and ¢2(1) = oo, which is in accordance with the conditions
on c¢g. Note also that:

_ 1
2rg *

1—L
e The condition ¢ < ¢2(q) = zq_roz — lisequivalenttog +c(g — 1) < %

This ensures that the power of H in the first term of (ii) is negative.
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e Since ¢ > c1(q) = %, the power of H in the second term of (ii) is negative.

e Choosing H = H¢, the power of H in (i) is also negative, again for ¢ > c1(q) =
q+1
2—q"

Standard pairs and families Let us recall some terminology related to standard
pairs, see also [11, page 29]. A standard pair £ = (W, hy) is a regular unstable
curve W that supports a dynamically log-Holder continuous probability density Ay .
As such, it can be regarded as a probability measure on the phase space M, which
will be denoted by ¢, too.

A standard family is a collection of standard pairs G = {{,}, a € A equipped with
a probability factor measure Ag on A. This induces a probability measure Pg on M.

For a standard pair £ = (W, hy) any x € W splits W into two subcurves, let
rw(x) denote the length of the shorter, and let Z, = sup,. e U(rw < o). By
Holder continuity of log Ay, £ is equivalent to the normalized Lebesgue measure on
W and thus Z, =< |W|~!. This generalizes for the Z-function of a standard family

Zgx= [ )]%V(:l)dmw.

The T),-image of a standard pair is a countable collection of standard pairs. Hence,
the image of a standard family is a standard family. Given a standard family G, forn >
1, G, denotes the T/ -image of G. It follows from the growth lemma (Proposition 3.1)

that there exists ¥ < 1 and C{, C» > 0 such that

Zg, < C19"Zg + Ca8y "

where 8g < p" (see (16) and Remark 3.2, part (i)). As consequence, for any standard
pairand n > 1

Zg, < Cmax(Zg,,p"). (56)

Cells For & € 77 such that the corridor is opened up, and for m € Z let D¢,y C M
denote the set of points for which x, = mé& + &’. The geometric properties of D ,
and its image T, D¢ ;, will play an important role in the argument. T, D¢ ;, is depicted
in Fig.2. A similar description applies to D¢ ,,; it is delimited by a long singularity
curve, decreasing in the (6, ¢) coordinates, which is connected to the boundary of M
by two shorter decreasing singularity curves, of length = (|£|pm)~!/?, running at a
distance < (|&|m)~2 from each other. Further properties:

o w(Dgm) = u(TyDg ) < p~11&173m 3 (due to the factor cos ¢ in the measure);
e an unstable curve may intersect D¢ ,, in a subcurve of length < C(|§ [m)~2;

1
e T,D; ,, intersects homogeneity strips of index k > C(p|&|m)>0

If £ = (W, hy) is a standard pair, then it can intersect D¢, in a subcurve
of length < C(|&|m)~2, thus the intersection has probability bounded above by
C(1Elm)~2|W|~! < Z,(1&|m) 2. It follows that for a standard family G we have

Pg(Dgm) < C(IElm) ™ Zg. (57)
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Our argument below follows the proof of [11, Proposition 9.1] taking into account
that the corridor structure depends on p

—1.~
Lemma A.4 several times, we get

Proof of Lemma C.2 For item (i), using (7, 'DSm) < p~lm31E173 as well as

|z

H] o)
/IK 7 ley" o TJ17du < CY N IEMIEIT Y Y mUmt u(Dem NT, " Dz )
& é‘ m=1 n%*i
&1

%
<Cp7' Y Y g1 Z
£ m=1

-3,3/-3
mi |

iy M 8

1§
< Cp_] ZHLI-H'%-'—] Zﬁq—Zlél—l < CcHIt ga—2,-3
¢ 3

We will take H = H€ for ¢ > 0 to be determined. To get a negative power of H, we
need g <2andc > %.

For the proof of (ii), we need to estimate

/|K”|q lkpo Ti17dp <CH Y [E[1IEN
— =

3
<07
3

I

[e¢]
> (D N T, Dy ).
m=1

(58)
For different ranges of the indices, we will use two different estimates to bound
w(Dem NT, - Dy

;). On the one hand, as before, we have

W(Dem NT," Dy ) < (D ) < Cp ' |E[ ™

(59)
For the other estimate, foliate Dy ,, with unstable curves |W| of length < (|§|m) 2

The image of any such curve stretches along 7, D ,,, crossing homogeneity strips with
1

indices k > C(p|&|m)?0. The piece of T, W in the k-th homogeneity strip will be

denoted by T, Wy, it has length =< k~"0~!, and its preimage has length

1P p
Wi < ko~ ! =
Wl |€]mkro

|§|mk2r0+1

as the expansion factor of T, on Wy is =< p~!|&|mk’. Equipped with the conditional
measure induced by u, W is a standard pair £ = (W, hy), and its image is a standard
P

family T, ¢ associated to the curves T, Wy. To obtain the Z function, we use that the
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weight of | T, Wi| within this family is ka‘l’ thus
| Wil - pl&1Pm? 1
Zr ¢ =< Wi kot
Tpt Z 1 W] i Tp | Z 1 € |mk2ro+1
k=C(pl&|m) %0 k=C(p|&|m) %0

1,1
<pmlgl Y kT < (pmlE? T 0.

1
k>=C(pl&|m)¥0

This analysis applies to all the curves in the foliation. Accordingly, o conditioned
on Dg ,, can be regarded as a standard family G, and the Z-function of its T,-image
satisfies

1y 1
Zg, = C(pmlgN™" .

For further iterates, it follows form (56) that

Zg, < Cp~"(mlgN? 0.
Now we apply (57) to get

w(Dem N T, "Dy 1) = 1(De m)Pg, (D; ;) < Cpa(Dg.m) Zg, 1€ h >
~ 54 L 54 1
< CIEIm gl 2 om0 pm Y, (60)

We split (58) into two parts. If m < m¢ (for some ¢ > 0 to be determined), we use
(60) and get

_H
I8l

m
2D JEIMEN Z " 2t Den 0T, Dy )
& ¢ =1
S igal a . Syl
< CoT Y DI 3 e e
& ¢ m=4L

<Cp —l-vpg— 3+q+e(q— 1)+2,O qu —c(g—1) Z|§|q72
§ 3

3 1
—x —1 A — —_g—)—
<CH 5+q+c(q )+zr0p0(q D—gq-2 v,

where we have used that because ¢ + c(qg — 1) < % the contribution of m is

2r’
l

1-
summable (this condition is equivalent to ¢ < c2(g) = =2 2, cf. Remark C.3). Note
that if ¢ = 1 then this contribution is independent of c; however, there is an additional
factor of |log p| - log H.
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For m > m¢ we use (59) and get
o0 o
DD JEEN D mt Y i u(Dem N T, D )
£ ¢ m=t  si=m¢
o0 o
= CoT YD IEIETE D0 mt Y ™
& ¢ m:% m=m¢
o0
<Cp 'Y D IEMIEET Y meamRt
& ¢ H

m:m

< CHC(q_2)+q+1p_l Z |§-|L‘(2—61)—1 Z |§|q—3
§ 3

< CHc(q—2)+q+1p—l—q—C(Z—q)’

and in case g = 1 we still have an additional |log p| factor. The condition of summa-
q+1

bility c(q¢ — 2) + g < —1 is satisfied because ¢ > = Summarizing, we need

3 qg+1
1<q<2, - <Z—-—,
=q< q+clq—1 <3 I pp

<ZcC.

First we may fix ¢ such that

3 1 +1 2g — 1 6

s+ I =T 6 <2 ——

2 2 2—gq 2—gq 7—1/ro
g+1

and then we can fix c slightly larger than = such that the conditions are still met.

The range of allowed ¢ depends on ry, it can never exceed %; for the traditional ro = 2
the upper bound is %, while for ry = 5 the upper bound is %. O

C.2 Exploiting the existence of a Young tower for T,

Let (Ap, Tép’ % A,,) be the corresponding one-sided Young tower (i.e., with stable
leaves quotiented out) and let R3 = be the transfer operator of T3 . Let ko be the

A

version of k, on A,. We will also use the notations K/, /2;/, K;)//, /2;)’” for the Young
" k!, respectively, hence for example

tower versions of the truncations /c;), K//)/ NS I
/Q;) = /Qp . 1|,gp|§H. Since «, is constant on stable leaves, we have for any j, £ > 0,

(€™ — 1) RO ("™ —1) (" — 1) o T] dp
Mo

= fA (e — D RE (@ —1) (" —1)oT] duz,. 61)
P
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Let r be the roof function of the tower (A pr MR, ). Werecall thatif d := ged(r) > 1,
then for every p > 0, R A, when viewed as an operator acting on the Young Banach
space BA,, C Lp(,U«Ap), p > 1, has a spectral gap (see [9, 34]). As clarified in
Remarks C.4 and C.5, the decomposition of R A, we shall need in the proof below
holds when d > 1.

Before proceeding to the proof of Proposition C.1, we recall one property of the
norm the Young space B A, C LP(u Ap), p > 1 that we shall need in the proof below.
(The precise definition of B A, is not important in the proof below, and we omit it.)
For any function that is constant on the partition elements of the Young tower, the
involved seminorm is zero. This is the case for /2;) and thus, ||/€;,|| B, < H (and a

similar version holds for &,").

Proof of Proposition C.1 We first prove the statement for the case when £ = 0 and point
out the required modifications when £ > 1.
Case £ = 0. Given (61), in this case we need to show that

~ .

2 ~
(e — 1) (e'*r — l)oT] JHA, / (e — 1) MA,,) < Cplt|? v,

A/’
(62)

for some p-dependent constants &, < 1 and C‘ > 0.

Throughout this proof, we let K;, o /c;,” K ” also denote their corresponding ver-
sions on the tower A, and the context in Wthh they appear will make it clear which
version we are referring to.

Write

(emcp 1) (elth 1)OT] d/'LA _f (eucpt elKﬂ[) (eucpt I)OT] d/'LA
Aﬂ

uc t iKpt it J _
(e l)-(e/’—eﬂ)oTApduAp
+ [ (e”‘ﬂr —-1)- (ei'(//)”t — 1o Ti d,LLAp
A, ’

=/ eil(pl (e lK 't —1- (ele 1o Tép d:U“Ap

Ap

iK J iK't J _
+ (eP—l) e/’ OTA/)~(€/’ —I)OTA/)d,LLAp

/ S P l)oT’ dug, = Lt p)+ DL(t, p) + I3(t, p).

For I3(¢t, p) we use the exponential decay of correlation (see Remark C.4 below
for the case that the roof function r of the tower has gcd(r) > 1). This gives the only
source of unknown dependence on p in the case m = 0. More precisely, for every
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p > 0, there exists 6, < 1 and C, > 0 so that

I3(t. p) — / (" — 1 dpg, / (%" = dpy,
Ap

1Kt itk t
< C,p 0] "' — 1By, lle' ol HiBs,

<C,0JHH |t]”. (63)
Thus,
2 - N )
L, p) — ( A ("0 — 1)z ) < C,00H H It
P
+ ‘/A (e"™p! — Ddpg, f (0" — Ddug,
P
_/ (eilzpl _ l)dl‘LA / (eiKpl _ l)dl‘LA
n 14 Ap 14
=C, 0JH H|t)* + 7 (t, p)l.
By definition,

|J(r,p>|=]/ @' —ydp | (0" —1)dp
My My

_ (eikpt_l)duf (eil?pt_l)du‘
Mo Mo

and we note that J (¢, p) is bounded by the sum of

/ (@ D) dp [ 1T 1 dp < o2 f o Loy f W dy
My Mo Mo

and a similar term with H instead of H. Using the Holder inequality (with exponents

3 + 5 and = 5) the tail behaviour of «, and Lemma A.5, we obtain that

/M ool Ly to iy dit < licpll2itsor (gl > HDI—D/2 & o=t H=0-),
0

Also f,/\/(o |KZ/|d,u = ||Kp||L1(M) < ;0_1. Hence,

(1, p)| < 111202 (H—“—‘” + A7), (64)
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Finally, note that

2 7 Jj _ 2 ’ " J B
I, p) + Ia(t, p)] < It / |xp|-|xp|oTApduAp+|z|f_ kpl - Ikp" 1o TS dus,

Ap Ap

= |l|2 </M0 |K;)/| “lkpl o Tip du + //\/[0 |K;)| . |K//)W| o T‘Alp du) . (65)

For this £ = 0 case, if we fix any ro > 2 (taking into account that H=H €0), then
we may bound the coefficients of 112 in |J (z, p)| from (64), |11(¢, p)| and |I2(¢, p)|
from (65), respectively by

1 ) 11 . N
p—ZH—(l—B); H—gp—zt + H2_‘0p‘?_‘0, Hz‘top‘3,

where in the bound for |I1(z, p)| the exponents of H and p have been slightly

decreased to bound the logarithmic factors. Fixing ¢y = 15—1 and 6 = ‘5—1, all these

are dominated by H -3 ,0_25*2. On the other hand the coefficient of |¢|% in |I3(z, p)| is
5

C,0H = C, QAZH% . Thus letting H = (C;1 é;jp’z'?z) " we conclude that all
terms are dominated by

2 Lo A

S el H, =6] (66)
p > UVp="0p.

|

_ 352 %7 A%] A _
o~ B Cyl (0, thuswelet C,=p

Case ¢ > 1. The main differences in this case come down to dealing with integrals

containing unbounded terms « and /" in such a way that can gain exponential decay

P P
in £ and then proceed as in the case £ = 0 treated above. To do this, we exploit that

BAp C LP(MAP)~
Using (61), we need to estimate

o itRy o itk, ity _ J _
J(, p) = /A,,(e »—1) RAp(e P —1) (e I)OTAdeAp
itk ¥4 itk _ itky _
— Ap(e [ I)RA,,(e - l)duAp A,,(e I l)duAﬂ

— | (" — Ddug, / (%0 — 1) (ei"%r — DoT/ dug,
Ap Ap

By Remark C.4, for every p > 0 and for every £ > 1,

14 itk itk _ _ itkp 14 itky

RS (e p—l)—ép(e P Ddug, =05 @ 1. 105 @~ Dls,
<C, 0!, (67)
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for some p-dependent C,, and 6, < 1. This is the first source of unknown dependence
on p. Since 859 C LP(MA,,)’

105, € = DllLrs ) = Cpy. (68)

for some p-dependent Cg. This is the second source of unknown dependence on p.
With these specified, we can write

s = | D D@ Do T dn,
- /A p (" — 1Y (" —1ydug, fA p(e"“?p ~Ddug,
=E{t, p)— G, p).

Rearranging as in the case £ = 0,
E(t, p) = /Ap(ei/?pt _ ei/?,gt) Qgp(eincp -1 (ei/%pt ~ Do Té’p d“Ap

n /Ap(eix;,t ~ D QeAp(em%p 1) (et — ey o TL{p dpg,

+ DO @ 0@ = 1o dug,

= /A,, ei¥nt Q%p(e”fﬂ — D" = 1) (@ — 1) o Tgp dug,
+ /Ap ("' = 1) 0f (" — e oT] ("~ oT] duj,
+ 5 (@' — 1) Qgp (@0 — 1) ("7 — 1) o Tgp dug,

= Ei(t, p) + Ex(t, p) + E3(t, p).

Let g € (1, % - 7r06_1) so that Lemma C.2 holds. By the Holder inequality with
% + ql =1 and (68),

i , -
|Ev(tp) + Ex(t, ) = 105 (€% = Dlliogug ) 1P 11151165 0 T lzoguy )

e itk 2 ’ m J
TNQ5, €™ = Dllerug ) 11171 Kyl - liep ] 0 T3, Lo qug,)

0 AL .2 ” A J ’ " J
<C,0,l1 (|||Kp| kol o TAp ”L”’(Mp) + k)l - 1) | o TAp ”L"(Mp)) )

Similar to estimating (65), using Lemma C.2 and Remark C.3 and without trying for
1

optimal bounds, we can pick g close to 1 and ¢y < % suchthatco(g —2)+qg+1 = —s.
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For these values,

~ _1 =
|E1(t, p) + Ex(t, p)| < CCOOS |t|P H 5 p 0. (69)

Next, let

_ it 14 itk iK't J _
L) = [ @91 @4 @ 1@ 1ot dns,

I,

(EHK//” _ I)Qgp(ei”%p — 1)dl’LAp / (eitK/,)/, B l)dMAp
Ap

P

and note that

E3(t,p) — G(t, p) = L1(t. p) — / (¢ — &™) 04 ("' —1)dpz / (" —1)dug

A, , ?JA, ’

itk [/ itk _ itk itic) _
- /A,,(el o — 1)QA/](€' P =1dug, /Ap(e’ Ko — ! )dpg,
=L@, p) — L2(t, p) — L3(z, p).
By the exponential decay of correlations as in (63) as well as (68):
L1 p)| < Co6JH HItPIQY (" = Dllirgiy,) < Cp Cp by e H'F,

where as before ¢y < % Finally, by the equation before (64), we have
ILa(e. )| < 1% p ™ HZUDIQF (@ = DllLrus ) < Co CRogIR p~ HTOY.

A similar argument applies to L3 (¢, p).
The conclusion follows with a similar choice of H as in the case £ = 0 treated
above. O

Remark C.4 Let r be the roof function of the one-sided tower map (A o5 Ap)- If
d := gcd(r) > 1, then T is not mixing on the Banach space B A, However, the
underlying billiard map 7, is mixing and thus,

[ Ri¢-ydu— 0asn — oo, (70)
M

for ¢, € B with f/vl ¢du =0.1f gcd(r) = d > 1, then the eigenvalues on the unit
circle are the d-th roots of unity. Hence,

Ry, =Tj, +0Qx = dZmHQA, M3, 04, = Qx Mz, =0,
A=l
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where IT, denotes the projection on the (generalised) eigenspace 3 Apn of eigenvalue

XA, and Q A, is the complementary projection. The Banach space B A, on A o can be
written as the direct sum

Bz, =Bn®Bg for Bn:=®u_B53, ; =ker(Q3) and Bg =ker(Tl ),
(71)

As the kernels of projections, By and B are closed R A, -invariant subspaces of B3 p,
and hence Banach spaces themselves. Also, as clarified below, for every p > 0, the
restriction Rz to Bg has spectral radius less than 1. That is, for every p > 0, there

exists ép < 1 so that
IR} ls,, < 05 Il - (72)

Consider the lifted version of ¢: ¢A,) (x) = fux) pomdua, ex) where £(x) is the

stable leaf through x € A and ja ,.t(x) the measure on this leaf emerging from the
disintegration of the measure p 4, of the two-sided tower. The transfer operator R A,
on the one-sided tower satisfies

[ ®o-Tau= [ R 05,05, dus, 73)
M A o

If T3 ¢4, # O, then there exists Y5 € Bz such that [, R’iquép YA, din, 7
0. (In fact, taking ¥z = TIz ¢, we get I Ri’;(ﬁAP Y, Ay, —
VR A, ¢ Apmdu &, 7 0.) This contradicts (70) and/or (73). Hence ¢5 € Bo
and, for the operator norm [[R ¢35, < || Rs, |5, I 195,15 < 0 163, 15,-
Property (72) follows.

Remark C.5 We note that mixing of the underlying map 7}, is not required for a useful
version of (67) to hold. Indeed the property of Oz in (67) holds independently of
mixing and for this we just need to work with (72), which holds for d > 1. The
downside of using (72) directly is that in assumption (37) we would have to extract
> sd—; M5 ("7 — 1) instead of [, ;(¢'*» — 1) d . We found it more convenient to
work with the ’clean’ assumption (37).
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