
Multibody System Dynamics
https://doi.org/10.1007/s11044-023-09904-w

A redundantly actuated 2-DOF 3RRR PKM with flexure joints:
less is more

Dustin Berendsen1 · Aditya Sridhar1 · Ronald Aarts1

Received: 31 March 2022 / Accepted: 23 March 2023
© The Author(s) 2023

Abstract
The development of a planar manipulator with flexure joints and redundant actuation has
been considered before, showing that the redundancy can be exploited to increase the sup-
port stiffness and to reduce static actuator loads. In this previous design the manipulator’s
workspace has been defined to encompass all kinematically accessible end effector posi-
tions. In the current paper we reconsider the design philosophy. It will be shown that limiting
the workspace (“less”) ultimately results in a better performance in a larger area (“more”).

The dynamic performance of the manipulator is evaluated with a flexible multibody
model. The links can safely be considered as rigid parts, but the model has to account for
the nonlinear stiffness behaviour of the flexure joints undergoing relatively large deflec-
tions. The nonlinear spatial flexible beam elements implemented in the SPACAR software
result in numerically efficient models that have proven to be well-suited for design optimi-
sation. With such a flexible multibody model, the geometry of the manipulator is optimised
to maximise the workspace area while assuring a minimal parasitic natural frequency and
limiting the local stresses throughout the full workspace. Furthermore, the simulations show
that preloading of the flexure joints results in reduced actuator torques that are needed to
counteract the finite joint compliance for stationary positioning anywhere except for the
equilibrium position of the end effector.

The optimised design has been build and validated experimentally. A control system that
handles the actuator redundancy by minimising the 2-norm of the driving torques has been
synthesised. It is demonstrated that the setup’s behaviour is similar to the model and that in
particular the preloading significantly lowers the required actuator torques.

Keywords Flexure-based mechanisms · Redundantly actuated parallel kinematic
manipulator (PKM) · Nonlinear beam elements · Experimental system identification ·
Actuator torque balancing

1 Introduction

In [1] a redundantly actuated 2-DOF 3RRR parallel kinematic manipulator (PKM) with
flexure joints (Fig. 1(a)) has been introduced as “best of both worlds” for precision applica-
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Fig. 1 Designs of planar 2-DOF 3RRR PKM with compliant (or flexure) joints

tions. Using flexure joints deterministic behaviour can be realised because of the low level
of friction, hysteresis and backlash [9, 16]. Being also a redundantly actuated PKM, it com-
bines the advantages of PKM, i.e. the high stiffness, low inertia and large accelerations,
with an improved handling of singularities and optimised actuator loading made possible by
the redundancy [12, 14]. Simulations indeed demonstrated advantages of combining both
concepts. The flexure hinges in compliant manipulators inherently show a reduced support
stiffness for large joint angles. In a PKM with one or more redundant links, this reduction
can be limited. Furthermore, the redundant actuation offers a possibility to combine load
balancing techniques with preloading of the compliant joints to reduce the actuator efforts
needed to keep the end effector (EE) stationary at any position different from the equilibrium
position [1, 2].

A PKM with “classical” joints is typically operated throughout the complete kinemati-
cally admissible range [13]. Mimicking this behaviour with flexure joints is a challenge in
view of the required joint angles. Originally, the range of motion for flexure joints was lim-
ited to rotation of a few degrees. In recent years, more advanced joint concepts emerged [15]
that allow rotations in the order of ±45◦. Nevertheless, the inevitable build up of internal
stress and the decrease of the support stiffness at large deflections reduce the effective op-
erational range of the hinges. Hence we investigate in this paper how a similar performance
can be obtained throughout the same or even larger workspace area as before (“more”)
when the joint angles are limited (“less”). This can be accomplished by using longer links,
which come with the drawback of an increased mass resulting in lower unwanted natural
frequencies. The longer links can still be beneficial if the larger mass is compensated by
an increased support stiffness due to less required joint rotations. The optimisation of this
trade-off is presented in this paper as well as an experimental validation. For this purpose,
a setup that aims to be a proof of concept to demonstrate the most relevant properties in
terms of natural frequencies and required actuator torques has been build.

2 Design optimisation

In this section, the steps involved in the mechatronic design of the manipulator are ad-
dressed. At first, a relatively simple low-order kinematic and dynamic model is used. In
Sect. 2.1 the main kinematic properties are outlined. The 2-DOF equation of motion is for-
mulated in Sect. 2.2 and used in Sect. 2.3 to evaluate the stiffness balancing with preloaded
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Fig. 2 Workspace definitions. (Colour figure online)

joints. Basically this concludes the low-order modelling of the manipulator, which is used
in Sect. 2.4 to propose a controller for position feedback control that can handle the actuator
redundancy.

The achievable performance of the feedback controller is directly linked to its closed-
loop bandwidth [5], which in turn is limited by so-called parasitic natural frequencies. These
frequencies can be understood from a flexible multibody model of the manipulator. Being a
2-DOF system, there will be two relatively low natural frequencies associated with the ma-
nipulator motion according to these two DOF. These frequencies can be computed from the
low-order model of Sect. 2.2, which only depends on a few lumped system parameters like
link masses and joint rotational stiffnesses. The parasitic natural frequencies result from any
other mode shape the manipulator can exhibit. To simulate this behaviour, a more advanced
model is needed. To develop this model, first the selection of favourable flexure joint types
is addressed in Sect. 2.5. Next, the geometric parameters that describe the manipulator can
be defined, with which a parametric flexible multibody model of the manipulator is built in
Sect. 2.6. Then, finally, the optimisation procedure is proposed in Sect. 2.7.

2.1 Kinematic analysis and definitions of the workspace

The three arms of the 3RRR PKM are assumed to be similar, and the actuators are located
at the corners of an equilateral triangle, see Figs. 1 and 2(a). At first, a simplified kinematic
model is used to determine the reachable workspace and the required joint rotations. The
rigid links are connected with ideal rotational joints. Two important geometrical parameters
are the total length L of each arm and the distance R of each actuator to the centre of
the triangle. The workspace reachable by the EE is bounded by three circular arcs with
radii L, of which an example is shown in red and labelled “Def n 1” in Fig. 2(b). This is the
workspace that has been considered in [1]. The worst case dynamic performance is found
in the corners of this area where two arms are fully stretched. In these locations the support
stiffness will be lowest as several joints are at or close to their extreme rotation angles.

The blue curves, labelled “Def n 2”, in Fig. 2(b) present a first alternative workspace
definition. Instead of trying to move to all reachable locations, the corners are cut off, e.g.
by limiting the workspace to the enclosed blue circle. It can be shown that using longer
arms, i.e. larger L, and restricting the joint rotations, a larger workspace area can be reached
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Fig. 3 Rotation ranges of the
joints

with the same ratio between mass and support stiffness as before [17]. Although this is an
improvement, it appeared that for controlled EE motion still difficulties arose from singular
behaviour near the three locations on the enclosed circle where one of the arms is fully
stretched.

Hence a third definition of the workspace is presented with the green curves, labelled
“Def n 3”, in Fig. 2(b). This workspace is a circle that is some fixed offset radius Ro smaller
than the maximum enclosed circle such that the (near) singularities are avoided. This results
in even more reduced ranges of the rotations for the joints as presented in Fig. 3. The joint
angles in this figure are computed for a manipulator where the total arm length L is split into
equal halves for the upper and lower arm, respectively. The three figures show the required
ranges of motion for the shoulder (θr

s ), elbow (θr
e ) and wrist (θr

w) joints, respectively. These
ranges of motion are illustrated in Fig. 2(a) for the maximum workspace of “Def n 1”, but
are smaller for the two workspace definitions shown in Fig. 3. The required rotational ranges
are presented as functions of the so-called (linear) workspace ratio, which is defined as

rws = √
Aws/Afp, (1)

where Aws is the workspace area and Afp is the triangular area of the manipulator’s footprint.
It can be seen that the third definition of the workspace requires smaller joint angles to reach
the same area. A drawback is that the arm length increases even more compared to “Def n 2”,
which could result in less support stiffness as will be examined in the dynamic analysis of
Sect. 2.6.

2.2 2-DOF dynamic model

A low order 2-DOF model is derived first. It should capture the main low frequent dynamic
behaviour and will be used for the control synthesis. The low order model can be obtained
relatively straightforwardly, e.g. using the Euler–Lagrange equation for the kinematic model
of Sect. 2.1 supplemented with (link) masses and (joint) rotational stiffnesses. The result can
be expressed in the usual way as

M̄(q)q̈ + C(q, q̇)q̇ + Q(q) = AT (q)τ , (2)

where q are the two independent coordinates for which it is convenient to take the EE coor-
dinates xee and yee . Matrix M̄ is the configuration dependent (reduced) mass matrix; C ac-
counts for the Coriolis terms; Q represents the (nonlinear) stiffness contributions and the
transpose of the Jacobian matrix A transforms the three actuator torques τ into effective
forces on the EE.
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Fig. 4 Potential energy (in J) stored in the flexure joints (left), balancing clock springs (middle) and combined
(right)

2.3 Stiffness balancing with preloaded joints

The term Q in Eq. (2) is directly linked to the finite stiffness of the flexure joints for their
rotation in the in-plane compliant direction. In the neutral configuration of the manipulator
with the EE in the centre, this term is zero. To position the EE at locations near the extremity
of the workspace, this term can be quite large and even result in actuator saturation mak-
ing these locations unreachable. Lowering the stiffness is mostly not possible as a reduced
stiffness in the compliant direction typically also results in an undesirable reduced support
stiffness. However, as outlined in [1, 2], preloading of the joints can result in lower required
actuator torques. Such preloading can be implemented by installing flexure joints that are al-
ready rotated in the neutral configuration, or alternatively by adding preloaded clock springs
in parallel to the flexure joint.

A quick way to evaluate the effectiveness of these clock springs follows from an analysis
of the stored potential energy. Knowing the kinematic configuration of the manipulator,
Sect. 2.1, the potential energy stored in all flexure joints can be computed as a function of
the EE position, see Fig. 4(a). With zero potential energy in the neutral configuration, the
energy stored increases towards the boundary of the workspace.

Similarly, the energy stored in the preloaded clock springs can be evaluated. It appears
that this energy can decrease when moving towards the boundary with adequate settings for
preload and stiffness [2]. Figure 4(b) shows an example where the minimum energy level
in the workspace is arbitrarily set to zero. This energy distribution can be manipulated by
using clock springs with a different stiffness and by varying the preload. More details on the
clock springs are given in Sect. 2.7.

Combining these plots gives Fig. 4(c), which illustrates that for the manipulator with
these balancing clock springs still some positive stiffness is observed, but significantly less
compared to the unbalanced case. In this way it will be possible to reach the full workspace
with reduced actuator torques.

2.4 Controller synthesis

Reconsidering the equation of motion (2), it can be seen that any specific motion can be
accomplished by applying the effective force on the EE as follows from the right-hand side
of this equation. In other words, the actuator torques should be such that the term AT (q)τ
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equals the left-hand side of this equation. Because of the redundant actuation, there is no
unique solution. Let us consider, for example, the stationary positioning of the manipulator,
in which case only the stiffness has to be handled, i.e.

AT (q)τ = Q(q). (3)

From this equation it can be seen that knowing one valid solution for τ , all other solutions
can be found by adding any vector from the null space of the Jacobian matrix AT . A common
procedure is to select the set of torques τ that minimise a specific norm. Considering the 2-
norm, the solution equals

τ = (AT (q))† Q(q), (4)

where ()† indicates the (Moore–Penrose) pseudo-inverse of the matrix [8].
It can be noted that in view of possible actuator saturation, the use of the ∞-norm [19] is

more adequate as this minimises the largest required actuator torque. However, it was found
that the benefit from this norm was relatively small and hence the simpler computation of
the 2-norm will be implemented in the setup.

For controlled motion, the required effective EE force is generated by a control system,
where feedback and feedforward control can be combined. Feedforward makes use of sys-
tem knowledge by evaluating the equation of motion (2) to compute a feedforward force in
real-time for a prescribed trajectory (q, q̇, q̈). Relevant parameters of the manipulator need
to be estimated. In this paper only relatively slow motions are considered, and hence only
stiffness feedforward will be applied, i.e. Eq. (3).

In addition, feedback control is used to account for model inaccuracies in the feedforward
control and disturbances. PID-control will be implemented following the approach of [5].

2.5 Parametric model

As pointed out at the start of this section, the achievable control bandwidth in general de-
pends strongly on the parasitic natural frequencies of the manipulator. To simulate these
frequencies, the 2-DOF model of Sect. 2.2 does not suffice, and a more elaborate flexible
multibody model is developed in the next section. For such a model, the joint concepts have
to be detailed first and their relevant dimensional parameters are defined.

In the previous design [1], the shoulder and elbow joint are butterfly joints, see Fig. 5 [7].
This joint type is used at the shoulder location for its small pivot shift compared to many
other flexure joints. This is also favourable in the current design as at the shoulder the rota-
tion is driven by a motor with a fixed rotational axis.

For the elbow joint, it is essential that the flexure can handle rather large rotations as can
be seen in Fig. 3. Although other, more complex joint types [15] may offer a larger range of
motion, the butterfly hinge is considered to be adequate for the present proof of concept of
the manipulator.

In the previous design, the basic working principle of the butterfly hinge was also used in
the wrist joint to connect the three arms. A disadvantage is the need of an intermediate body
that can give rise to an additional rotational DOF at the EE, which can result in unwanted
parasitic vibrations or even loss of the redundancy. Hence a so-called tri-cartwheel joint,
see Fig. 6, is proposed for this connection. This hinge shows a larger pivot shift, and more
stresses will occur in the deformed leaf springs, but for the considered range of motion this
appears to be acceptable.
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Fig. 5 Schematic representation of the butterfly joint. The grey parts are the deformable leaf springs. Both
rigid connections for the links are green and the rigid intermediate body is coloured blue. (Colour figure
online)

Fig. 6 Schematic representation of the tri-cartwheel joint. The grey parts are the deformable leaf springs. The
green parts are all rigid representing three connections for the links and the connection between all flexure
parts in the centre, which is also the location of the end effector. (Colour figure online)

For design optimisation, the overall model of the manipulator with the joints is expressed
in a set of parameters, see Fig. 7. To limit the computer time needed for the optimisation,
the number of parameters is limited to a reasonable number as will be explained next. Some
parameters are fixed by design, or it is known beforehand that some extreme value is the
most likely outcome, see Table 1(a). Table 1(b) lists the varying parameters with lower and
upper bounds.

At manipulator level, the link lengths and the location of the actuators strongly affect the
workspace ratio, as defined in Eq. (1). The radius R at which the actuators are positioned,
see Fig. 7(a), is fixed to the value used in [1]. The link lengths L1 and L2 of upper and
lower arm, respectively, are taken identical and are described by a single design variable,
the length ratio Lr defined as

Lr = L

R
= L1 + L2

R
= 2L1

R
= 2L2

R
. (5)
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Fig. 7 Design parameters

Table 1 Design parameters of the 3RRR PKM, as defined in Fig. 7

(a) Fixed parameters (b) Variable parameters with lower bound (lb), upper
bound (ub) and optimal value (opt, Sect. 2.7).

Parameter Value Unit Parameter lb ub opt Unit

ξs 22.5 deg As 9 20 12.0 mm

ξe 30 deg Ds 10 60 16.9 mm

R 230.5 mm Ae 9 20 15.9 mm

t 0.4 mm De 10 60 30.5 mm

hs/e 40 mm Dw 10 60 56.4 mm

hw 50 mm Lr 1.1 1.8 1.34

βs −90 0 −0.1 deg

βe −90 0 −71.3 deg

βw −30 30 20.0 deg

Ro 0 50 25.9 mm
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Fig. 8 SPACAR multibody model
of the redundantly actuated
flexure based 3RRR PKM

This length ratio Lr is varied within reasonable bounds. A final parameter at manipula-
tor level affecting the (effective) workspace is the offset radius Ro that was introduced to
exclude singularities from the workspace labelled “Def n 3” in Fig. 2(b). This radius can
vary from zero, i.e. effectively the workspace defined as “Def n 2”, to about a quarter of the
(maximum) length of the links (L1 or L2).

At hinge level, the leaf springs are characterised by their length, width h and thickness
t . The latter two dimensions are fixed for all joints. It is known that the thickness t of the
leaf springs tends to be minimised as it reduces stress build-up without affecting the support
stiffness too much. Its value will be motivated in Sect. 2.7. The width h is the out-of-plane
dimension of the hinges in Figs. 7(b) and (c). It is fixed to the values listed in Table 1(a).

For the optimal performance of the butterfly hinges for both shoulder and elbow joints,
it has been found that the clearance angles ξs and ξe as indicated in Fig. 7(b) need to be
minimised [18]. Hence these angles are fixed to the minimal estimated required clearance
angle for the expected range of motion.

Finally, the stiffness properties of the joints depend on the other dimensions listed in
Table 1(b) and on the hinge orientation angles βs , βe and βw . These angles describe the
respective hinge orientations from a global point of view, see Figs. 7(b) and (c).

2.6 Flexible multibody model and parasitic natural frequencies

The manipulator as outlined in the previous section, see, for example, Fig. 7(a), is modelled
to evaluate and optimise its dynamic properties, especially in terms of required actuator
torques and natural frequencies. For this purpose, a flexible multibody model of the manip-
ulator has been defined in the SPACAR software package [11]. In this model the manipulator
is composed of rigid and flexible spatial beam elements, see Fig. 8. The links of the manip-
ulator and intermediate bodies in the flexure joints are modelled with rigid beams, basically
describing the mass and inertia properties. All leaf springs are modelled with nonlinear flex-
ible beam elements in which all six deformation modes are considered to be flexible, i.e.
elongation, torsion and bending in both directions. This has been proven to be an accurate
and efficient approach [1, 15, 18]. In particular, the nonlinear stiffness in all directions is
evaluated accurately with a rather small number of elements even for leaf springs undergo-
ing relatively large deflections. Stiffening due to constraint warping is included as it may be
significant for the wide and short leaf springs in the joints [10].

The relevant dynamic properties of the manipulator model in Fig. 8 are evaluated in the
neutral configuration and with the EE positioned at the edge of the workspace with maxi-
mum displacements in negative and positive y direction. From an analysis of its behaviour
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in the complete workspace, it is known that these positions are most critical for actuator
requirements, stress limits and drop in parasitic natural frequencies.

The mechanical model does not immediately reveal the optimal actuator torques. Instead,
one of the possible solutions is found and Eq. (4) is used to compute the 2-norm optimal
actuator torques. The natural frequencies and accompanying mode shapes follow from an
eigenvalue analysis of the mass and stiffness matrices of locally linearised models in the
three considered EE positions. The lowest parasitic natural frequency found in this way is
considered in the optimisation to be outlined next.

2.7 Design optimisation

Ideally, metal flexures and bearingless motors should be used for a high performance manip-
ulator. As pointed out in the introduction, the system considered in this paper should mainly
be a proof of concept to demonstrate the main expected characteristics of a redundantly
actuated PKM with flexure joints. High accuracy and high performance are not the main
targets at this stage. Then the basic control scheme of Sect. 2.4 suffices and relatively low-
cost manufacturing techniques can be used. More specifically, the mechanical components
of the demonstrator are realised with 3D printing. Some larger parts are printed in PLA with
the FDM process, which is relatively cheap. The flexure hinges require a higher accuracy
and lower tolerances for the thin leaf springs and are printed in nylon with the SLS process.
Using this material, it is not possible to apply preloading by installing flexure joints that are
already rotated in the neutral configuration as they will quickly unload due to relaxation. For
that reason, preloaded clock springs are mounted in parallel to the flexure joint, as was also
suggested in Sect. 2.3. Furthermore, direct-drive rotational motors are used to actuate the
system, although the bearings in these motors to some extent sacrifice the otherwise fully
compliant behaviour of the manipulator.

The aim of the design optimisation is to achieve an improved performance compared
to the previous manipulator shown in Fig. 1(a) [1]. Such improvement concerns unwanted
parasitic natural frequencies, maximum stress in the deformed flexures, range of motion,
manipulator dimensions, required actuator torques or any combination of these criteria and
possibly even more. If multiple of these aspects are optimised simultaneously, their relative
weighting has to be specified. For a fair comparison between new and previous designs, it is
not trivial to define the weighting factors. Hence the optimisation focusses on enlarging the
workspace of the manipulator for fixed outer dimensions and with constraints that assure the
parasitic natural frequencies are at least as high as previously [1] and that stress limits are
satisfied.

Taking these considerations into account, the workspace for the test-setup is optimised
for the parametric model outlined in Sect. 2.5. The fixed value for the flexure thickness
of t = 0.4 mm in Table 1(a) is close to the minimal thickness that can be printed reliably
with used SLS process. Ten design parameters have been defined in Table 1(b). Material
properties are given in Table 2 for the materials and parts introduced above. Table 3 lists
the constraints. The first constraint imposes that the stresses remain below the maximum
allowable stress, Table 2, with a safety factor of 1.5. The next constraints require the parasitic
natural frequencies to be at least as high as in the previous design [1], as explained above.
The remaining constraints take the actuator limits into account. The upper arms are actuated
with Maxon EC45 Flat 70 W motors that offer a maximum nominal torque of 0.128 Nm.

The MATLAB script fminsearchcon is used for the optimisation. It implements a
direct search method where nonlinear inequality constraints are included by means of a
penalty function [4]. As the goal is to obtain the maximum workspace, the inverse of the



A redundantly actuated 2-DOF 3RRR PKM with flexure joints: less is more

Table 2 Material and parts
properties of the test setup Material Property Value Unit

PolyLactic Tensile strength 45 MPa

Acid (PLA) Young’s modulus 3.5 GPa

Density 1250 kg/m3

Nylon Tensile strength 45 MPa

PA2200 Young’s modulus 1.7 GPa

[6] Density 930 kg/m3

Clock springs

Lesjöfors SCS

0.5 × 3 × 5 [3] Stiffness 0.0321 Nm/rad

Table 3 Nonlinear inequality
constraints Property Value Unit

Maximum stress ≤ 30 MPa

First parasitic eigenfrequency ≥ 45 Hz

Second parasitic eigenfrequency ≥ 50 Hz

Balanced driving torque ≤ 0.1 Nm

Non-balanced driving torque ≤ 0.4 Nm

workspace ratio rws of Eq. (1) is minimised. The constraints for the natural frequencies and
stresses are evaluated in the neutral configuration and in the two critical EE locations on the
border of the workspace, as explained in Sect. 2.6.

The obtained optimal values for the parameters are included in Table 1, and a CAD model
of the manipulator is shown in Fig. 1(b). Figure 9(a) illustrates the first natural frequency
throughout the workspace. Clearly, it satisfies the constraint. Similarly, Fig. 9(b) shows that
the second natural frequency is well above the constraint in the workspace. It can be verified
that the other constraints are not violated either. The parasitic natural frequencies do not vary
much, which shows that the support stiffness remains rather constant. The accompanying
first vibration mode in the neutral configuration is presented in Fig. 9(c), from which it is
clear that this is an out-of-plane vibration.

Evaluating the optimised design, it appears that it results in a further increase of the
workspace area while the first simulated parasitic natural frequency is kept above 45 Hz.
More specifically, the workspace ratios as shown in Fig. 2(b) are respectively rws = 0.1922
in the original “Def n 1” (red) [1], rws = 0.2167 for “Def n 2” (blue) [17], but it can now be
increased to rws = 0.3532 (green).

Finally, it should be noted that the driving torque constraint in Table 3 can also be met.
For the selected clock spring (Table 2), it was found that optimal balancing of the driving
torques is obtained when the clock springs in the shoulders and elbows are preloaded by
mounting these springs with initial deflection angles of 233◦ and −120◦, respectively.

3 Experimental results

The redundantly actuated manipulator with flexure joints described and designed in the pre-
vious section has been built to be able to validate the expected dynamic behaviour exper-
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Fig. 9 First and second parasitic frequencies and mode

imentally. This applies in particular to the (parasitic) natural frequencies, which will be
concluded from the estimated frequency response function in Sect. 3.1. It should be noted
that even though high accuracy was not a goal for the proof of concept of the manipulator,
some basic controller tuning is needed to be able to move the manipulator through its work-
space, Sects. 3.2 and 3.3. With this motion, the required actuator torques are measured, as
presented in Sect. 3.4.

3.1 System identification

The dynamic behaviour of the actual manipulator has been characterised with system iden-
tification where a multi-sine excitation is used to estimate the frequency response of Fig. 10.
In agreement with the equation of motion (2), the redundant actuation and the sensing of
the motor torques and rotations are transformed to two degrees of freedom being both in-
plane forces Fx , Fy and translations xee , yee of the EE. This experiment is performed at 14
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Fig. 10 Identified frequency response functions (FRF) in 14 different EE locations (red) and average (blue).
(Colour figure online)

locations in the workspace (red curves). The blue curves indicate averages of these measure-
ments.

In the theoretical equation of motion, the translations in x and y directions of the EE
near the neutral configuration can be modelled as decoupled motions. In the FRF plots, this
is confirmed as the diagonal terms are larger than the off-diagonal cross-coupling terms.

The first parasitic natural frequency appears to be about 500 rad/s or 80 Hz. This fre-
quency is higher than expected in Sect. 2.7. A possible cause could be a larger stiffness.
Manufacturing tolerances can result in a slightly different thickness of the leaf springs that
strongly affects the stiffness properties. Additionally, the model does not account for flexible
shaft couplings that are installed between the actuators and upper arms.

The higher natural frequency could be beneficial for the controller stability. Unfortu-
nately, the FRF plots also show an anti-resonance (or zero pair in the transfer function) near
30 rad/s or 5 Hz. Even worse, in some of the FRF curves this zero pair is combined with a
phase lag of −180◦ instead of the usual phase lead of +180◦, which indicates these are non-
minimum phase zeros. Such zeros will make it hard or impossible to achieve a high control
bandwidth. Although these anti-resonances and accompanying zeros can be simulated in the
SPACAR models, their existence was not included in the design optimisation.

3.2 Controller tuning

The observation in the previous section of a mainly diagonal plant can be used to apply a
diagonal controller as well. In this way the settings of the PID-controller are found quite
straightforwardly [5]. However, to handle the destabilising effects from the anti-resonances
described in the previous section, the PID-controller is supplemented with a notch filter.
Setting the filter frequency at about 495 rad/s or 79 Hz, a stable closed-loop system could
be obtained with an open-loop crossover frequency of about 18 rad/s or 3 Hz.
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Fig. 11 Tracking of a circular
reference path. (Colour figure
online)

3.3 Reference tracking

To demonstrate the controlled motion of the EE, a circular reference trajectory is defined
close to the boundary of the workspace, see Fig. 11(a). An initial linear segment is added
to move the EE from the neutral configuration to the circle. The actual motion is included
in the plot. It shows reasonable tracking accuracy with some occasional small spikes. These
may be caused by cogging effects of the (direct-drive) motors or other disturbances that
are only weakly suppressed as the controller bandwidth is rather limited. Also noticeable is
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Fig. 12 Experimentally determined actuator torques for the unbalanced (a/top) and balanced (b/bottom) ma-
nipulator

an increased noise level in the lower right corner of the circle. This is due to quantisation
noise of the digital encoders that measure the rotation with a resolution of 512 lines per
revolution, so 2048 counts per revolution. In this experiment only two encoders were used,
which results in an output singularity in this region. This can be avoided by exploiting the
redundant sensing. Figure 11(b) presents the actuator torques during the motion, which will
be discussed in more detail next.

3.4 Stiffness balancing

As outlined in Sect. 2.3, the preloading of the flexure joints plays an important role in re-
ducing the actuator torques needed to cope with the stiffness of the joints. The balancing
of the actuator torques is investigated by positioning the EE throughout the workspace with
and without preloading of elbow and shoulder joints. Figure 12(b) shows that with preload-
ing the maximum torques of all actuators stay well within the imposed limit. Without this
preloading, it can be seen in Fig. 12(a) that the torque limits are already exceeded before the
edges of the workspace are reached. Hence only a smaller area is shown.

4 Conclusion

This paper shows a new design approach for a planar 2-DOF 3RRR parallel manipulator
with redundant actuation and compliant joints, i.e. flexure joints. The goal was to maximise
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the workspace area in which a similar or better performance could be realised as before [1]
in terms of the first parasitic natural frequency. It turned out to be beneficial to limit the
workspace to an area that avoids (near) singular manipulator configurations. In this way
the ranges for the joint rotations are restricted so that the joint support stiffnesses of the
deformed flexures are reduced less. This allows for the use of longer link lengths, which in
the end results in a significant increase of the workspace area. In addition, a new concept
is proposed for the wrist joint connecting the three arms in the end effector. A flexible
multibody model has been built where the leaf springs in the flexure joints are modelled with
the nonlinear beam elements of the SPACAR software. The parameters in this model have
been optimised to obtain the largest workspace area while satisfying constraints regarding
the parasitic natural frequencies, local stresses and actuator limits.

A hardware implementation of this manipulator has been realised. Although the me-
chanical parts of this setup have been manufactured with relatively low-cost 3D printing, it
demonstrates some of the main features like the sufficiently high parasitic natural frequency.
However, it also appeared that the closed-loop performance is considerably limited by the
existence of anti-resonances or transfer function zeros that could have been predicted by
the SPACAR flexible multibody models, but were not taken into account during the design.
A further increase of the workspace area could result from applying a more advanced joint
type for the elbow joints allowing larger rotations. For true high performance, the flexure
hinges should be manufactured from different material like metal. Also, the use of friction-
less actuators, like pure torque motors, should be considered. Attention should be paid to
using sufficiently accurate sensors and taking advantage of the sensor redundancy. Finally,
to handle higher velocities, the stiffness or position dependent feedforward control should
be supplemented with the acceleration, velocity and position dependent inertia effects of the
equation of motion (2). These improvements will be considered in future research where
also in-plane rotation of the end effector will be added as a third DOF to a redundantly
actuated PKM in order to increase the practical applicability of this type of manipulators.

The setup in particular proved that preloading of the shoulder and elbow joints results
in a significant reduction of the required actuator torques in agreement with the modelled
prediction.
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